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XKu3znb xopowa mem, ¥mo 6 neit MONCHO
3GHUMANTBCR MAMEMAMUKOL
Jleonapn, Ditnep

Om asmopa

B yweOHOM M3aHWM TIPEANAraloTes HECTAHAAPTHHIE METOMBI peLICHUN
YPaBHEHUIi U HEPABEHCTB M3 PAIIMUHBIX PA3IENOB MaTemaTHkH (anrebpa, TpH-
TOHOMETpHA M reometpia). Ux mpmmenenwe Tpebyer or abUTypHEHTOB He-
cxoneko HeolbitHBIX paccyxnenwii. Helnanue M HEMOHWMaNWE HECTAHAApT-
HBIX METOZOB CYHIECTBEHHO yMEHBmAET 00718CTH YCNEHIEO pEemiaeMbliX 3a1ay
no MateMarvke. Tem Gonee, 4To Takve METOLE, KaK NPABHJIIO, HE U3y4alOTCA B
obmeoCpazosarensHOM wKoNeE,

Ilpu pemenun 3axau, NpenaraemMulX Ha BCTYITHTENbHEX KOHKYPCHbBIX
NVCHbMEHHBIX 3K38MEHaX MO MATEMATHKE, Pa3peuIaeTcs npiuMeHeHne modbix
H3BECTHHIX abHTYpHEHTaM HecTanAapTHBIX Metoxos. Ilosromy HacToswee
yueGHoe u3manue OyaeT nojyesno, npexze Bcero, aburypuenTaM upH noaro-
TOBKE K NOCTYTUICHHIO B BY3.

3HaHHE MECTAHOAPTHBIX METOZOB M MPHEMOB PEIICHHN 33434 NMOBbIUIER-
HO# CJIOWHOCTH CriocOOCTBYET Pa3sBHTHIO Y WIKONBHHKOB H a0HTYPHEHTOB He-
CTAHAAPTHOTO MATEMATHYECKOIO MLILUICHHS, YTO ABIETCA HEOOX0AWMEBIM yC-
NOBVWEM LIS TIOCHEAYIOMErO YCNETIHOTO H3YMEeHHA BEICILEH MATEMATHKH B BY-
3ax ¢ yrTyOlICHHBIM H3y4eHHEM MATEMATHKH.

MHoOrue n3 NPUBEACHHBIX B NOCOOHH 3aja4 NMPEANAranich B TEYEHHE paka
NOCNEOHMX JIET Ha BCTYMHTENBHEIX 3K3aMeHax 110 Maremarike B benopycckom
FOCYARPCTBCHHOM YHHBEPCHTETE. ’

Hacrosmee wananue npencrasnser coGoil ucnpasnennoe w nepepaboran-
Hoe nepenixanue ydeOHOro nocobux apTopa «MaTeMarnka I CTapueKacc-
uukoB. Hecranmaprabie MeToasr pemenns 3agaw» (Muuck: Asepcae, 2003).
Tlepepabotxa xocHynachk obbema nocobus (nobasneno Gonee 40 HoBBIX 3axaY),
8 TAKKE W3IMEHEHWA METONOB PEMEHHA YAaCTW 33184, NPHBEACHHEIX B HACTOS-
mem nmocobum.

[Nocob#e anpecoBano WKONBHUKAM, AGHTYPHEHTAM, YUHTENIAM MAaTEMaTHKH
06ure0bpazoBaTeNbHBIX UIKOJN, PYKOBOAUTENAM IIKONLHEIX MATEMAaTHYECKHX

KPYXKOB ¥ NPENONABATENAM BY30B, MPHHHMAIOLINM BCTYITHTENbHBIE KOHRYPC-
HBIE IK38MEHHI TT0 MATEMETHKE,



PA3LEN 1

Memod ¢hyHKkyuoHanLHOU NodcmaHOBKU

Meroa pyrxunoHanbHoil MOACTAHOBKH ABNACTCA, NOXANYH, CAMBIM pac-
MPOCTPAHCHHEIM MCTOROM PEHICHHN CIOXHHIX 3aA84 IIKOJNBHOH MATEMATHKH.
CyTh METOZA COCTOHT BO BBEACHHR HOBOH mepeMeHHOR y = f(x), mpumere-

HHe KoTopo#t mpUBOAMT K (onee MPOCTOMY BHIpaXeHHIO. UacTHhiM CriyuaeMm
(YHKUHOHANBHOH WOACTAHOBKH ABJIAETCA TPHIOHOMETPHYECKas MOACTAHOBKA
(cM. paszen 2).

OCHOBHASA TPYAHOCTH PELNEHWA 331849 METOAOM (QYHKUHOHANbHO/R MOA-
CTAHOBKH 3aKITIOYACTCA B TOM, YTO 38YacCTYIO TPYAHO Yraaars BHA caMmoif noa-
CTRHOBKH W BWA ypaBHeHHH (AN HepaBeHCTB), TAC 3TY MOACTAHOBKY MOWKHO
HCNIONB30BaTh, B HACTOANIEM pa3AeNe mpeaiaratoTca Hanbonee ¥acto BCTpe-
YAIOUIHECH YPABHEHHUA X HEPABEHCTBA, KOTOpHE 3¢ dexTHBHO pemaloTcs METo-
JI0M QYHKUHOHANHHOH MOACTAHOBKH.

3apauu 1 pelweHns

@ Penmrs ypasnenne
Vi —x 42+ Ve —x+7 =25 - 2x+21. RN

Pewenue. Beegem HOBYIO MEepeMERHYI0 Xt -x+2= y, toraa u3 (1.1)

BBITEKaeT ypaBHEHHE J;+,/y+5 =,’2y+l7 ,rme y20.

[Tockonbky ofe yacTH AaHHOTO ypaBHEHHA REOTPHLATEILAK, TO Mochne
BO3BEACHHS B KBAAPAT O6EHX ero 4acTel NoMy4aeM PaBHOCHILHOE YPABHEHUE

y+2Jy’ +5y + y+5=2y+17. Orciona crexyer
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Jy2+5y =6, y2+5y—36=0 Hpy=-9, y,=4.
Tax xax y 20, To ann Haxoxaerun kopreii ypasnennn (1.1) veoGxommo
PaccMOTPETH ypaBHEHHE xtox+2=4, KOPHAMH KOTOPOro asasiores x; = -1
HXxy=2,

¢ Omeem: x,=-1, x,=2.

@ Pemurs ypasnenne

Vr-24v2x-5 +x+2+3v2x-5 =12 | (1.2)

Pewuenue. O603naunm 2x-5 =y (ouesnano, 410 y20). Torza y* =

2
=2x~5 pmu x= y +3

. B rakoM cnywae
y2+5 (y+1)z
x-2+42x- =-2—-2+y=-—-2—,

2 2
x+2+32x- =yT”5+2+3y-§";—3)

u u3 (1.2) nonyyaem ypasHeHue

LygﬂJ&’L?JQ wm
2 2

|y+1] +]y+3|=14. (1.3)

Mockrombicy )20,10 |y+lj=y+1, | p+3|= y+3. B ol cBa3B ypas-
nenne (1.3) npuanmaer sun y+1+y+3=14. Orciona nomywaem y=35,

J2x-5=5 H}x,=15.
¢ Omeem: x =15.

Pemuts ypasnenune
Yr(x+5) +643 =5 Y (x+5). (1.4)

Pewenue. Herpynno sunets, uro x >0 & npy 310M x; =0 SRAAETCA KOP-~
HeM ypaBHeRHus (1.4).



Momod QyHkyuoHansHOU NOOCMEHOBKU 7

PRSI

Tlycrs Teneps x # 0, Toraa o6e 9acT ypanuenun (1.4) paznenam Ha {lx—J

1 NOJYIHM
1’ x+5Y . ,4’i+6 0. (1.5)

Ecsiu 0603Ra4UTDL i y , T0o ypaBHeHue (1.5) npyeuMaeT BIX KBal-
X

paTHOro ypaBREHHA y2 -5y+6=0, XOpDHAMH KOTOPOTO ABAAIOTCA }) =2 H
¥ =3.

PaccMOTPHM YpaBHEHWA 14’ﬁ =2 # ;’is =3, oTKyAa cneayer, ¥To
x x

x2=— nx3-ﬁ

1
’ X3——.

¢ Omeem: x, =0, x, = 3 7

Pemnts ypasHenue

Ju-%—fﬁ» /x’-lf-=o. (1.6)
X X

Pewenue. O603nauuM x° = y. Tax xak l2-|—320 Hx —%20 s TO
x x
x* 212 nm y22‘/§.

B Tarom ciyuae ypasHenue (1.6) npuRAMaeT BHA

’12-E=y— ’y-ﬁ. .
y y

Tak kak y 2 2J§ , T0o 00e wacTH ypaBHeHus (1.7) MOTYT MPUHHMATE TONb-

KO HEOTPWUATEbHBIE 3HAYECHUA. l'loarromy NOCJIC BO3BEACHHA B KBajpaT obenx
yacreit YPasHCHUA NONYYaeM PABHOCHAbLHBIC YPABHCHHA

l2-£=y2—2y,’y—l—2~+y—'—2,
y y y
y2 +y-12=2y ’y-g .
y
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Ecnu o6e sacT# ypaBHeHus pasaenuth Ha ), a 3ateM ofo3HauuTh

’y—£=z,rononyqaeu y+|—l—2=2 y—E wm 2z’ +1=2z. Orciona
y ' y y

cnenyer, 9to 2 =1, ‘(;—T;zﬂ umn y =4.

Tockonexy x2=y,'ro x2-4,r._e. x=-2 H x5=2.
® Omeem: x,=-2, x,=2.
PeurnTs ypasienue

V2x+3+x+1=2y2x* +5x +3 +3x-16. (1.8)

Pewenue. Tlepenumem ypastesne (1.8) B Buae
V2r+3+dx+1=2J(2x+3)(x+1) +(2x+3)+(x+1)-20.  (1.9)

[onoxum, yto V2x+3 =u #H Jx+1=v, Toraa w3 (1.9) nomyyum ypas-
HEeHHE u;kv=2uv+u2+v2—20,rne u20uv20.

N3 ypaBHeBUs u+v= 2uv+u’

+v2-20 ToNMy4aeM KBAaIApPATHOE ypamHe-
HHE OTHOCHTENLHO u+V BHAA (u+v)2 —(u+v)-20=0. Orcroma cnenyer,
yro u+v=—4 nu+v=5 . Takkax u20 w v=20,T0 u+v=S5.

Tak kag V2x+3 =u u Vx+1=v , TO u =222 =1. CnenpoBarensHo, no-
RyHaeM CHCTEMY ypaBHEHHH
u+v=_,,
(1.10)

w? -2/ =1,
Kopusvu cicrembl ypassennit (1.10) spnmores # =3, v =2 u 4, =17,
vy =-12 . [lockomexy u20 8 v20,10 u=3.

Omnaxo u =+/2x+3 , nosromy 3=+2x+3 nm x»=3.
¢ Omeem: x,=3.

PewnTs ypasHenue

7=40. (1.11)
x+9)
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Pewsenue, 1ns npeoGpazopanun JieBoi wacTu ypasHenus (1.11) socnons-
3yeMCs OUEBHIHBIM DABEHCTBOM a® +b* =(a—b)2 +2ab. Torna w3 ypasne-

1.11) suiTexaer x—-&-J1+£xi-40mm
wna (111 x+9 x+9
2 2 2
X I8 =0, (1.12)
x+9 x+9

2
Ecnn 8 ypaBHerHn (1.12) nonoxuTh _x+_9= ¥, TO NOMYYHM ypaBHEHHE
X

y? +18y—40=0, KODHM KOTOPOrO PaBHK y; =—20 M y, =2. Taxum obpa-

Xz Iz
30M, HEOOXOAHMO PAacCMOTPETH ABA YPaBHEHHs ——=-20 U ——=2,
x+9 x+9
T.e. x*+20x+180=0 u x*-2x-18=0. TepBoe ypaBHeHMe ZeHCTBHTENb-

HBIX KODHE#H HE HMEET, & H3 BTOPOTO HOJYUaeEM X, 5 =119,
® Omeem: x,=1+19, x, =1-/19.
Petouts ypasHenue
x Y x Y
(_.) +(_—) =2, (1.13)
x-2 x+2

Pewenue., ina npeoOGpazosaHus JIEBOK Y4CTH ypaBHenHa Oynem ncnonn-
30BaTh paBeHCTBO @’ + b7 =(a+b)2 —2ab. B taxom ciyqae ypasuenne (1.13)

2
"PHMernmx(x+x)-‘x X =2 e
xX-2 x+2 x-2 x+2
2 \2 2
f‘ ~2. =2, (1.14)
x° -4 x -4

2

B ypaBnennn (1.14) nonoxnm, ¥ro —;—4: ¥ » H NONyYHM KBAAPATHOE

ypasherue y’-y-2=0, KODHAMH KOTOPOro ABAMIOTCA yy =-~1 H y, =2.
2

2
Tak xax —> i ¥ , TO PACCMOTPHM XBA YPABHEHHA.
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2
zx =-1,3x" =4 wm x|2=i&.
- s 3

1. Ecmn yy=-1,10

2 ‘:
2. Eomm y,=2, 10 2x =2. OueBuAHO, AAHHOE YPABHEHHWE KODHEH He'
x

HMeEEeT,

23 243

4 Omeem: x =3 =T

3
Pewnts ypasnenue
) ]
x" 48 x 4 '
—+—==10- =~=]. L15
3 4 (3 X) (19

x 4 :
Pewtenue. BeegeM HOBYIO NEPEMEHHY) y = 33 [Mockonbky nepas .
x . i
gqacth ypasHenns {1.15) crporo nonoxurenssa, 0 ¥y > 0.

2 2 2
Tax xax y2=(§-—%) =%—§+l—? UK %+j—§=3y2+8, T0 ypas-

nenwe (1.15) MOXHO nepenucaTh Kak 3y2 +8=10y win
3y°-10y+8=0. (1.16) j

4
Ksanpatroe ypasaerne (1.16) uMeeT aBa MONOXHTENBHBIX KOPHA Y = 3

# y,=2. Tak xak y =§-%, TO INA NOJNYYCHUS KOPHEH ypaBHEHUS (1.15) 5

HEeoOX0AUMO pacCMOTPETh COBOKYIHOCTD XBYX YPABHEHWI OTHOCHTENLHO Ie- |
PEMEHHOM X, BHAA x 4.4 " x4 wm x’-4x-12=0 wu;
3 x 3 3 x A

x*-6x-12=0.
Orcioga nomyyaem Hersipe koprs ypasuerws (1.15) sapa x, =-2, x, =6, |

b =3-V21u x4=3+s/ﬁ.

¢ Omeem: x, =-2, x, =6, x3=3-s/2_l, X, =3+21.
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fIpusesanne, PaccMOTPHM HECKONIBKO #HOH METOR peltieus ypasuenns (1.15).
Jina 37010 00¢ YacTH YpaBHEHHS PAIICAHM Ha 3 ¥ NOTY4HM

X 16 10 (x 4]
— — — | ——— ] 1.17
9 4! 3[ . WD

Kak »n npn pewenun ypasHenns (1.11) 8OCROMB3YEMCA  PaBEHCTBOM
2+b’=(a —4!7)2 +2ab » ypasrenne (1.17) nepennutiem B BHAC

{x 4]’ x4 10 (.x 4)
_——— 2 — [ -
3 x 3 x 3 \3 «x

2
(5_1] _l‘l.[i_.‘.‘.)+§= , (1.18)
3 x 3 3 x/ 3

Ecnn BBECTH HOBYIO TIEPEMEHNYIO ¥ =§—i , To U3 ypasveHus (1.18) nonyyaem
x

ussecTHoe ypasrenue (1.16).

Pewruts ypasseuwne
x*-8x* +17x* ~8x+1=0. (1.19)
Pewenue. Hetpynro yGeautses, 4o moaGOpoOM HAHTH KOPHM ypaBre-
HuR (1.19) npakTHueckn HEBOIMOXKHO. Takxe oueswano, uro x# 0 (B mpo-

THBHOM CIydae nocie noAacTaHosku x =0 B ypasHenwe (1.19) nomysunu 651
TpoTHBOPEUKE).

Tak kak x # 0, To o6e gacru ypasHenns (1.19) pasnenum Ha xn npeod-
pasyewm €ro K BUAY

(f +l2)-8(x+i)+17 =0. (1.20)
X

x
[TonoxnmM, Yo x+~l-= y, Toraa P -l-lz‘: y2 =2 n u3 (1.20) nomysaeM
x X

KBAZpaTHOE ypaBHeHHe y2 -8y +15=0, KOPHAMH KOTOPOTO ABJAIOTCA ¥; =3
H Py = 5.

Hanee, paccmotpum Ipa ypaBHenms x+l=3 M x+l=5,-r.e.x2-3x+
: X X

*1=0u x*-5x+1=0. KopRSME niepBOre H3 3THX YPaBHEHHi gBIfloTCS
3+45
Xa= ;F » 3 BTOPOTO — X34 = Si;/ﬁ
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3+5 =3—J§

. X
2 ' 2

_5+J2_l _5—~/2_l

¢ Omeem: x, = K=

X3

IIpumenanue. Ypastenus suaa (1.19) Ha3LIBAIOTCA CHMMETPHYECKNMH YPaB-
HEHHAMY HETBEPTOH CTETICHM,

Penmuts ypasneane

26t 4308 32 - 3x42=0. (121)

Pewenue. MNepsonayanbio yoemmes B Tom, 910 x =0 He ABNRETCH Kbpneu

WCXOXHOTO YPaBHEHHA, a 3aTEM pasfenuM o0e 4acTH ypaeHeHus (1.21) Ha x?

¥ IO WM PaBHOCHbHOE YPaBHEHHE

2(;:’ +l2]+3[x—l)—3 =0. (1.22)

X X

2

O6o3nagnm x—l=y, Toraa x +L2=y2+2 H 13 (1.22) nomywaem
x b 4

KBAIPATHOE YpaBHEHHE OTHOCHTENIbHO NEPEMEHHOR y Buaa 2 y2 +3y+1=0,

KOPHAMH KOTOPOrO SBIAIOTCA ), = -% H y, =-1. Jlanee, paccMOTpUM XBa

cuywas.
I- ECJI" x—l:—l,mrm 2x2+x_2=0 H xl2 =-]tJﬁ .
x 2 2
2. Ecmn "‘l=-1,T0ma X 4x-1=0wu x3.4=—l;‘/5-.
X
¥ Omeem: =-1+4J!—7’ & =-l-.4‘/l_7 » %3 =—1;J§, xy ='_|;J§.

ITpumevanue. Ypasaenns Buaa (1.21) Ha3HIBAIOTCA BO3BPATHHIMH YPaBHe-
AUAMM YCTBEPTOM CTENEHM.,

I@ Pemuts ypastenne
x+1 4l
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PSR

Peisenue. NNockonbky x =0, TO HHCHHTEND W 3HAMCHATEND JieBOH 9acTH
ypaBHERHS (1.23) MOXHO pasfieNUTs Ha <. Toraa

x2+

3

f =ﬁ. (1.24)
LT

X

1
Ecii nONOXHT® X+—=y, TO X +—lz-=y2—2 # 13 (1.24) nonydaem
x X

2
y-2. -?—51- win 15y° —41y-30=0. Koprsmu mocseanero YPaBHCHHS AB-
y
AFOTCA -0 HYy =3
y ] 3 2 5 M

1
Tak xak y = x+—, To cornacro HepapeHcTBy Koumn (cM. pasnen 3), mme-
x
eM ] yl > 2. NMo3ToMy TIpH PEeHICHHH TAHHOTO MPHMEPA HEOOXOMMMO PacCCMOT-
peTb TONBKO OJHO YpaBHEHHE x+l= -132 ,T.¢ 3x*-10x+3=0, KOPHAMH KO-
x

TOPOTro ABAAIOTCR X, =3 H x2=-;-.

¢ Omeem: x, =3, xz=%.

@ PewniTs ypaBReHe
6x> - x* =20x+12=0. (1.25)

Pewenue. Ecnn 06e 3actH ypasHeHna (1.25) yMHOXHTS Ha x+-;- , TO mo-
NyYAM CHMMETPHYECKOE YPABECHHE HETBEPTOH CTENCHA
6x‘+2x’-f51x’ +2x+6=0. (1.26)

Tax kak x =0 He samAeTcs KOpHeM ypasserms (1.26), 10 oe ero uactu
Paszennm na x% u NOMyIHM

6[12 +—12-]+2(x+l)—ﬂ=0. (1.27)
x) 2

X
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1 :
Tonoxum x+l=y,10rna x2+—2=y2—2 # u3 (1.27) cnenyer ypas- -
x x

HEHHE I2y2 +4y—65 =0, XOPHAMH KOTOPOTO ARJIFIOTCR Y, =% Hy, =—-§-. _
PaccMoTpHM ABa cliyvas,
1. Ecnn x+l=£,m 6x -13x+6=0 n x =2, x2=3.
x 6 2 3

2. Ecm x+l=-%,ro 25 +5x+2=0n Xy=-2, X, =—-;-.
X

Ypasuenue Tperheil crenenu (1.25) moxer uMeTs He Gonee Tpex aei-
cTBuTENbHHX KopHeH. [To3ToMy xoTA 6B OAHO W3 HAWAEKHBIX IHAYEHMH
X{s Xy, X3, X4 SBNRETCA NHUTHHM.

1 ]
Tax KaK npu 3HAYEHHUH X = -3 COMHONHTENb x+5 oGpamaerca B HONb,

TO KOPEHb X = —% RRANETCA ANA ypaBHeHnA (1.25) moCTOPOHHHM.

3 2
® Omeem: x, =3 0= s =-2.
@ Peuuts ypaBrenwe
2 -3 v 2t -3 1267 ~3x 4120, (1.28)

Pewtenue. TlepBonauanvio ybeaumes, uro x =0 He sBnserca KopHeM
ypasrenus (1.28). Tlonoxum x» 0 W pazaennm obe yactu ypasnewus (1.28)

wa x°. Toraa nonyanm
(,s+_'3_)_3[,2 +-|7]+2[x+l]—3=0. (129
X

X X
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¥ ypaBHeHHe (1.29) npunumaer BuUI y3 —3y—3(y2 - 2)+ 2y-3=0,
},3 _.3y2 -y+3=0 umu (y2 —1)(y-3) =0. Orcioga nonyyaeM KOpHU KyOH-
4ecKOTO YPaBHERUS ¥, =11 v yy =3,

Tak kak y = x+i— » To cornacHo HepasencTsy Komwn (cm. paznen 3) ame-
€T MCECTO HEPABEHCTBO l y| 2 2. B 3710it cBA3M HEOGXOARMO PacCMOTPETb TOJb-
KO OHO YPaBHCHHE, 3 HMERHO x+l= 3 wm x’-3x+1=0. Kopramu no-

X
35
CHEAHETO YPABHEHHA SBNSIOTCA X 5 = T

34-\/5 X = 3—\/5

2 't

¢ Omsem: x, =

Mpumenanue. YpareHna suna (1.28) HA3BLIBAIOTCA CHMMETPHYECKHMH ypaB-
HEHHAMH LIECTOH CTETICHH.

Pemutt ypaBHeane

¥ 220 —6xt +4x° 4652 -2x-1=0. (1.30)

Pewenue. Tak kak x # 0 (B TOM MOXHO Nerko yGeaHTBCS), TO 00e YacTH
ypasenus (1.30) MowHO paziemwTs Ha x° . Torza

(xa_%]_z(xz +Lz)_6[x_%]+4=o. (1.31)
X X

1 1
ONOXHUM x —— =y, TOTAR
x

3 1 1 ¥ 1 3
X —g=lx-—1 +3{x—=|=y +3y,
X X x

2, 1 1y 2
X 4= x-—] +2=y" 42
x X

¥ ypastenue (1.31) npruumaer Buz y’+3y—-2(y2+2)—6y+4=0 MR

3
Y =2y* -3y =0. KoprsMu nocnemiero ypaBHeHAs sBamioTca y, =0,
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¥, =3 u y; =—1. PacCMOTPUM TPH YPABHCHHS OTHOCHTENLHO NEPEMEHHOH

BHIA x——l-=0, x——|-=3 " x—-l-=—l. KopraMmi ypasueruii .\'2—l=0:«
X x x

£ -3x-1=0 wu x’+x-1=0 sBATOTCA, COOTBCTCTBEHHO, X2 =%l

3+ 13 . —1245

Xeg =
2 56 2

X34 =

' —1445
® Omeem: x, =1, x,=-1, x;= X = 5
] 2 3 5 2 ’

-1-v5
.

3+413 N _3-13
2 *

2 4

Xg =

Hpumenanue. Ypasrenus suna (1.30) Ha3IBAIOTCA BOZBPATHLIMH YpaBHE-
HUAMK WECTOH CTENCHH.

@ Peunsts ypasHeHHe A
=T +ax® =21 +6xt =200 +4x2 - Tx+1 =0, (1.32),

Peiuenue, MNockonsky x=0 He FBAAETCH KOPHEM ypaBHEeHus (1.32)
{8 37TOM Nerko ybeauTbes), To 00e vacTH ypaBHeHHa (1.32) MOXHO pasaeiHTh '4

Ha x4 H QLIS 3TOTO NOJAYYHTH PABHOCHIIBHOC YpaBHEHHE

[x‘ +—‘4-)—7(x3 +—'3-}+4[.r2 +—lz-)-21[x+—l~)+6 =0, (1.33) ]
X x x x 4

1
MonoxuM x+—=y, TOrRQa
X

12 1 1y 1 1
y2=(x+—) =xz+—2—+2, y3=(x+—) =x3+~—3+3[x+—J i
X

X X X X
oo 2
y =(x+—) =x +—4+4[x +—2J+6
x X X
2, 1 2 3,13 4 |
Orciona nonywaeM x"+—=y -2, x +—5=y -3y ¥ x +—=
x x x

=yt —4(y2 --2)—6=y4 —4y2 +2,

B 37oit cBa3m ypaenenne (1.33) npuanmaert aun
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(v'-4" +2)-7(y*-3y}+4(y* -2)-21y+6=0.
(QTCIONA BHITEKACT YPABACHHE y‘ -7 y3 =0, KOPHAMH KOTOPOTO SBIAIOT-

1
es y=0 v y,=7. Tak kax y=x+—, TO COrnacHo nepaseHcTsy Kommn
x

(cm. paspen 3) umeeM y < -2 WM y 2 2. CrefoBatenmsHo, TpeSyercs paccMoT-

7+3J5

i
peTh TOABKO ONHO YPaBHEHWe x+-; =7, KOTOPOE HMELT KOPHU X5 = .

2
7435 7-345

2 T

¢ Omeem: x, =

IIpumevaunue. YpasHenna suaa (1.32) HasbIBAIOTCA CHMMETPHYECKWMU YpaB-
HEHHAMH BOCBMOH CTeNeHH.

PeluuTs ypasnenne

2 2 3 2
(x +4x+8) 307 41452 +24x=0. (1.34)

Pewenue. Tlepenumem ypasnenue (1.34) B sune
2 2 2 2
(x +4x+8) +3x(x +4x+8)+2x =0. (1.35)

Tak xak x =0 we aBnaerca koprHem ypasHenus (1.35), To pasnemmm obe
qactu ypasHeuus (1.35) na X u TIONYYHM PABHOCHALHOE €EMY YPaBHEHHE

2 2 2
[x +4x+8] +3(x +4x+8]+2=0‘ (1.36)
X X
2
Beenem Hosyio nepemenrmyio y =ﬂ§:_8 H u3 ypasreruA (1.36) no-
x

TYyYnM ypasHeHue y2+3y+2=0, KOpHAMH KOTOpOro fABNAIOTC J; =-1 H

x x ) e )
KOPHel He limeer, a BTOPOE YpaBHEHHE WMEET 11Ba KODHS X, = {!Z Rx,=-4,. -~ .
T

’Omeem: x=-2,x,=-4.
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Hpumevanue, Ypasneune suaa (1.35) Ha3LIBACTCA OAHOPOAHBIM YPABHEHH
BTOpOii CTENEHH, g

Peunsrs ypasnenue
3
(x2—6x—9)2 =x(x2 -4x-9). (1.37{

Peiuenue. HenocpeactseHnoi noacranoskoii yoexaaemes, yro x =0 nq
ABNIAETCA KOpHEM ypaBHeRua (1.37). 1
MNycrs x#0, Toraa pajaenum obe wactu ypasHenus (1.37) na x> w no-
JyYUM

2
(x-6-—2) —x-a-2. (138)

[Nonoxum x—6—§= y, vorna ypaeHenuwe (1.38) npurmmaer BuZ
y2 =y+2, orkyna nomydaem y, =-l u y, =2.

Tax xax x-6-—%= yu y=-1, y, =2, 10 neobxoxumo p8CCMO‘Tpe'l'b§
J(BA YPaBHCHUA X — 6—% ==lux- 6-% =2, Iepsoe ypasHeHHE HMEET KODHH.

5+61 4
7 a KOPHSMH BTOPOr0 YPaBHCHHS SBIAIOTCH X3 =—| U X, =9.

%2 =
¢ Omeem: x,=5+;/6_l,x2=5—;ja,x3=—l,X4=9. g
1
Penints ypabueHue
(x-1)(x-2)(x~-4)(x-8)=10x. (1.39)§

Pewsenue. l‘lpeo6pa3yeu JeBy10 9acTs ypasHenua (1.39) cnemyiomum 06-
pasom:
(x-1)(x~2)(x-4)(x-8)=

=((x-=-8)){(x-2) (x-4)=

=(.r2 -9x+8)( 2—6x+8).
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e
CnenoBareisao, ypasrenue (1.39) paBHOCKNLHO YPaBHEHHIO
(x2 ~9x+8)(x* -6x+ 8)=10+". (1.40)

DNockonsky x =0 e saserca KopHem ypasnenusn (1.40), To oGe ero gac-
TV MOXHO PA3JENHTL Ha x°.Torna

(x—9+§-J(x-—6+§-)=IO.
x X

Nycts x—9+§=y,'rorna y(y+3)=10 mm y* +3y—-10=0. Kopus-
X

MH TIOC/EHETO YPABHERNA NBNRIOTCE ), =2 H y, =-5.
PacCMOTPHM XBa YPGBHCHHS OTHOCHTEABHO MNEpeMeRHol x,

T.e x-9+§=2 H x—9+§=—5.0monamywmmupamux ypas-
X X

wenns x° -11x+8=0 u x> —4x+8=0, KopHAMH nepBoro ypaBHEHHUA ABJIA-

11+ /89
2

0TCH Xy = , @ BTOpOE YPABHEHNE KOPHEil HE MMeeT. .
¢ Omeem: x, = “+2J§, X, ="_2J§§.

Pewnrs ypasnenne

2x 13x
2 o3 -
2x°-5x+3 2x"+x+3

6. (1.41)

Pemenue. Ilepsonayansio ybeammced, 410 x =0 He ABIFCTCA KOPHEM
ypasrennn (1.41). Janee, nononuM x » 0 ¥ pasgenuM Ha X MUCITHTEND ¥ 3Ha-
MeHarens ofenx xpobeii neBOH 4acTH ypesteHna. Toraa NoMyuuM ypaBHeHHe

2 5+ 13 =6 (1.42)
2x-5+= 2x+l+=
X X

Beenem Hosyio nepemenHylo 2x+2 = y. Torma u3 (1.42) cnenyer ypas-
x

2

wewe 2_, 13 _¢ KOTOpOe PaBHOCHIBHO KBAAPATHOMY YPaBHEHMIO
y=5 yp+1
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2 y2 -13y+11=0. Kopramu nocnenuefo YDaBHCHHA SBIAIOTCA ), = %

y=1.
D waxosknenus kopHeit ypasrenus (1.41) Heofxomumo pacemoTpel

3 1 3 3
IBa ypaBHeHHA 2x+—= 5 H 2x+>==1, KOTOpBIE MOXHO NepenucaTh B G
x o )

niee ynoGHOM MIA pelteHns BUAE, T. €. 4x’ -1ix+6=0 u 2x*-x+3= ‘:_
3
KopHaMM mepROro ypaBHeHws ABIAOTCE Xy =2 U X = e & BTOPOE ypaBHeHH

KOPHE# HE HMEET.

® Omeem: x,=2, x, =%.
Pewmnts ypasrHeHue
Yx-297 +Y(x-1)? =7- ~30x429.

Pewenue, llepenviinem ypasnerue (1.43) 8 Buae

Yx-29) + Y(x-1) = 7-Y-29)(x-1). (14

Ecmn o603saunts Yx-29 =y B Yx—1=v, To oTcIona U U3 ypasnenny
{1.44) cnemyer cHcTeMa ypaBHEHHH

v -y =-28,

W v =T—uv.

M3 gepsoro ypaBHeHus cucremsl (1.45) monywaem ypasuemi '
(u—v)(u2 +uv+v2) =-28. Ect NpHHAT, BO BHHMAHHE BTOPOE YDABHEHUS]
cuctemst, 1o (u—v)(7—uv+uv)=-28 wm u-v=-4.

CrieZioBaTeNsHO, HMEET MeCTO v =u +4 . [10ACTaBHM BoIpKEHUE v = i + 4
BO BTOpOE ypasHewnue cHcremst (1.45) 1 nonyqnam :

u? +(u+4) =7-u(u+4),
T.e. w +du+3=0mn u=-3, uy=-1.
Tak xak Yx—29 =4 w =-3, u, =-1, 10 TpebyeTca paccMOTPETH A8E

YDa8BHEHHS OTHOCHTENIBHO NMEPEMEHROH X, T. €. Yx-29=-3u Yx-29=-1 .
Orcroaa RETPYIHO NONYUHTh X; =2 W X, = 28. 1
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& Omeem: x, =2, x; =28

ﬁzﬂ PeutiTh ypaBHEHHE

Ji+1-¥2x-6=2. (1.46)

Peuwsenue. BBEAEM HOBBIC NEPEMEHHBIC ¥ M vV CIEAYIOMAM o0pa3oM:
r+1=u n ¥2x—-6=v, B TakoM cnyuae ypasuenne (1.46) npunuMaeT BuA

y-v=2,tne u20, Tak kak u° =x+1 u v’ =2x~6, 10 v’ —2u’ =-8.
CrefoBaTe/ibHO, HMEEM CHCTEMY YPaBHEeHMIt

u-vy=2,
{ 147

V-2ut=-8 ,

roe u20.
W13 nepeoro ypasseuns cucremsl (1.47) cnenyer u =v+2. Toraa u3 gro-
pOrO ypaBHEHHMS TIONy4aeM KyOWuecKoe YpaBHCHHE OTHOCHTENBHO NMEPEMEH-

Hoit v Buma v° —2v —8v=0, KOPHAMH KOTOpOro apamotes v, =0, v, =-2
Hv;=4 Takwax u=v+2,70 4, =2, 4, =0 1 u; =6, 1, e. TpeGyemoe ne-
papeucteo % >0 spinonHsercs. Ilockomsky ~x+1=u, 71O x=u’-1 u

x=ul =123, xy =l ~1==1, x, =ul -1=35,
¢ Omeem: x,=3, x=-1, =35,

@ Pemnrs ypasuenue
(34-x)x+1-(x+1)B4-x =30

34— x -Yx+1

- (1.48)

Pewenue. Boeniem HOBbIE NEpEMERNBE Y34—x =u ¥ Yx+1=v, Torma

wv—uy’
"3 ypasRerus (1.48) nMeeM 4 # v 1 ———— =30 wim uv-{u+v)=30.
u-v
Tak kax u=334-x n v=x+1, 10 ¥’ +v' =35, Ussectwo, wr0

3

3 3
(”"’V) =u +v3+3uv-(u+v). Otciona ¢ yweroM, 410 +v° =35 u

uv'("+v)=30, nonayuaeMm (u+v)3=u3+v3+3uv-(u+v)=35+3-30=125,
T.e. U+y=9§,
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Mockonsky uv-(u#+v)=30 u u+v=35, T0o uv=6. Kopramu cucre g

u+v=35,
ypapHeHu#H ABNSIOTCH ) =2,v, =3 H uy =3, v, =2, OueBUnm
w==6 A

YTO 3€CH HEPABEHCTBO ¥ % V BBIMONHAETCA.
Tak xak Y34-x=u u 4 =2, u;=3, 10 YP4-x=2 u YPB4-x=1

Orcrona nonyuaem x; =26 U x; =7.

¢ Omeem: x,=26, x,=1.

@ Pewuts ypaBHenne

Seoaelerd | [T

1.49
s (

Pewenue, ObnacTsio ROMYCTHMBIX 3RAYEHUN TIEPEMEHROA X B ypaB
AnH (1.49) apasrores x 2 4.

Mycts y=vx—4+Jx+4, torna y* =2x+2yx’-16 u YpaBHe-
nue (1.49) npunvMaer BUA y-y2—12 WIH y2 ~y=12=0. Orciona non ‘
eM =4 wn y,=-3.Takkak y= Ji-4+Jx+4, T0 y>0H =

CnenosarenbHo, HMEEeM YpPaBHEHHE Jx=4+Jx+4 =4 Mocne Bo3BENE-]
HHA B KBampar ofGemx ero vacreil monyuaem 2x+2vx 2_16=16 wun 2

Jx -16 =8-x. Orciona cneayer, uro x < 8. Tak kak x 2 4, TO KOPHU ypas-;
Helusn (1.49) nexar Ha oTpeske 4 < x <8, 4

Bo3sesem B kBanpar obe 4acTi ypaBHeHH Vil -16=8-x u noayy
ypasuerne x2 —16 = (8—x) . Orciona ceayer 16x =80 wm x, =S5.

¢ Omgem: x,=5.

Pemuts ypasrenue 1
3 3 )
64["—*3) —(ﬁi] = 63. (1.50))
x-1 x+2 3
Pewenue. O603Ha UM 4-1”—? =uu % =v, Toraa ypasnexue (1.50)
x- X

NPHHMMAET BHI
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u -} =63. (1.51)
Kpome TOro, HMeeM

u- v—(x+3)(

B TakoM cliydae

1 ) 3(x+3) _3uv
-1 x+2 (x- 1)(x+2) "4

W=y =(u—v)(u2 +uv+v2)=

=(u-v) ((u vy +3w)-%[97?2+3w]=63.

NMycts y = uv, Toraa ypasuenue (1.51) MOKHO nepenucars kax

(a2 2
ﬁ.[%+3y]=63, Z{3=v--+y]=‘l, (357 +165)=

4 4116
3)° +16y° - 448 =0. (1.52)
EanncreenmniM Koptem ypaeaenin (1.52) asairerca y, =4.Takkak y =uv,
x+3 x+3 4(x+3) 1
u=4. Hy= =,
x-1 x+2’ (x I)(x+2) 5
¢ Omeem: X =_H._

5

@ Pewnts ypanteuue

Wr+Ja—x? =x+4. (1.53)

Pewenue. OGRacTsI0 ZOTYCTHMBIX 3HAYEHHI MEPEMEHHOH X B ypaBHe-
HAH (1.53) sensmorcs 0S xS 2.

Nepenumem ypaskenne (1.53) B suxe J«t— xt=x-4Jx+4 um
Ja—d =(Vx-2)'. (1.54)

Mycrs Jx =y, voraa 0< y <2 u nocre BosseneRns B kpaAPaT 0Geux
“acredt ypasnenus (1.54) nonyuaem 4-y* = (y—2)4 unn { y-2)4 +y' =4,
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(y-2)+y

BpezeM HOBYIO MEPEMERHYI0 Z = y-1. Torxa yparHexue

(y—2)4 +y* =4 npunumaer eux (z-l)‘ +(z+l)4 =4, Orciona cnexyer
6uKBagpaTHOE ypaBHEHME ' +6z2-1=0, KOPHSMH KOTOPOro ABJIAIOTCA
22 =V10-3 wn z,=% Jio-3. -

Tak kak OSySs/f nz=y-1,T10 —1sz<2-1. [Noatomy neobxonu-
MO YOCHNHTECA B TOM, YTO HaliieHHEIC 3HAYEHHA 2, H 2; YHOBJIETBOPAIOT YC-
noBuio —1$z<V2 -1,

TMokaxeM, 4To \NE -3<V2-1. Jna 31010 BO3BEAEM B KXBampar ole
vyactn TpebyeMoro HepaseHcTsa. Torzma J0-3<3-2J2, J10<6-242 , |
10<36-242+8, 12¥2 <17 wm 288<289. Taxum opalom, mony4HIH
oueBAIHOE HepaBeHCTBO. CrenoBarenbHo, Z; < JE -1.

Teneps y6emimca B TOM, 9T0 2, 2 —1. Hepasencrso -JJI'6—3 >-1

PaBHOCHILHO HEPABEHCTBAM \]s/ﬁ -3<1, V10-3<1 wm Y1054, Mocnen- |
Hee HEpaBERCTBO OYEBHAHO.

Tlockonsky y=z+l m x=y°, vo yu:li\Nﬁ—3 B Xx)2=

=\10-2+24V10-3.
¢ Omeem: x, =\10-2+2YV10-3, x, =10-2-2y410-3.

Pewnrs ypasrenue
rxe6dxe2=18. (1.55) 3

Pewenue. ycts Jx+2 =y,Torags y20 u x=y2—2.Bmxou cIyuae
ypaBuenue (1.55) npruHuMaeT BrI (yz —2) (y2 —I)+6y= 8.

Orciona moMyyaem y4—3y24+6y-16=0, (y4—16)-3y(y—2)=0,f
(yz+4)(y+2)(y-2)—3y(y—2)=0 unn

(r- 2)(,1'3 +2y 4 y+ 8) =0. (1.56)
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i

Nockomeky y20, T0 y3+2y2+y+8>0. B a3Ttoif cBA3uM M3 ypaBHe-
e (1.56) crexyer, uto y, = 2. Tax xak Vi+2=y, 10 Jx+2=2 nm x =2,

¢ Omgem: x =2,

Ilpumeqanue. Ypasnenue (1.55) MoxHo pewnTe ApYruM crocoGoM, KCNoNb3ys
At ITOTO CBOHCTBE MOHOTOHHOCTH SHATHTHUCCKHX dyHxuuid (cM. paszen 4).

Flocxonbky x+220,710 x2-2.
Mycrs -2<x<0. Torna x* <4, x<$0, 6Vx+2 <62 u

X +x+6Jx+2<4+6J2 <18,
T. ¢. ypaBaerue (1.55) na orpesxe -2 < x < xopueii He HMeeT.
Mycts Teneps x>0. PaccmoTprM dyuxuuio f(x)= Pax+ofr+2.
OueBRAHO, 9TO Ha NONOXKHTENLHOA YBCIOBOK nomyock OX dymams y = f(x)
ARNAETCA. HENPEPLIBRON W BoIpacTalomch. ChesosarensHo, ypasuenve f(x)=18

HE MOXET UMETh Gonee OZIHOMO NOJIOKHTSILHOTO KOpHA.
HenocpeacTseHHEM N0OAGOPOM HAXOMMM CAWHCTBEHHBH ONOKHTEAbHBIN
Kopens ypastewns (1.55) puaa x, =2.

Pemuts ypaBneHue
(8x+7)* (4x+3)(x+1) = %. (1.57)

Peiuenue. Ecnn o6e wacth ypasnernus (1.57) yMHOXHTL Ha 16, TO MoIy-
uuM (8x+ 7)2 (8x+6)(8x+8)=72.

Nonoxum, yto 8x+7=y. Torna NPHBEAEHHOE BHIllE YPABHEHUE NPH-
HitMaer Bun y° (y-(p+1)=72 wm y* -y?=72=0. Orciona nomywaem
¥ =9 wm =3, y,=-3.

Tak xak 8x+7=y u y, =3, y,=-3,10 8x,+7=3, 8x, +7=-3 W
S

, xZ = -,

4

.\'l = -

2

L} Omgem; X, =—.12-, X, =-2

g
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PewnnTs ypasHerue

(x2 +x+2)(x2+2x+2)=2x2‘

Pewenue. Henocpeacrpennolt noacTanoBkod x =0 B ypaBHeHue (I.SV
YycTaHaBOWBACM, YTO X =( He gBNSETCH €TO KOPDHCM.

TMycts Teneps x % 0. Toraa o6e wacTr ypaBHeHus (1.58) paznesmm Ha x
H NONYYUM YPaBHCHHE
[x+1+£)-(x+2+z)=2. (1.59
x X

2
BeeneM HOBYIO NIEPEMERHYIO X+— = ¥, TorAa ypasHenye (1.59) npuunm
x

pan(y+1)(y+2)=2 wm y? +3y=0. Orctona nonysaem y =0 u y, =3
PaccMOTpHUM ZBa YPABHEHHA OTHOCHTENBHO NEPEMEHHON X .

Ecmm x+2=0,‘ro x*+2=0 H YpaBHEHHC KOPHEH He HMeeT.
X

Ecmm x+3=—3,ro X +3x+2=0u ==, x, =-2.
X

® Omeem: x,=-1, x, =-2.

29) Peumrts HEHHE
ypas |
Jx+dx-fi-x =1. (1.60

Pewernue. Ecnu BBECTH HOBBIE NEpEMERHBIC u=x, v=il-x

w=+x—v, 710 n3 ypasHeHus (1.60) nomywaem cucrtemy H3 Tpex ypasHe
OTHOCHTEJILHO MEPEMEHHBIX &, V, W CIEAYIOWUM BHIA:

u+rw=l1,

V=1-u? , (1.61
2

w=u-v,

rae u20,v20u w20. ,
M3 nepBoro W Tpertsero ypaenenwit cucrems (1.61) cnenyer (l—u)2 =

= 4’ —v wim v=2u—1. EcTH nonyuennoe supaxenne v =2u—1 nox



Memod yaioranHod nodemarHoexu 27

4
50 BTOPOE YPABHEHHE CHCTEMEL (1.61), o (2:4--1)2 =1-u’ u u =0, u, =§.
Ozuaxo 1 =0 ABJAETCA NOCTOPOHHHM KODHEM, FMOCKOALKY TPH 3TOM
y=2 1= -1< 0, a 3T0 IPOTHBOPEIHUT ONPEACIICHHIO NTIEPEMEHHON V.
AK U=vVX H --4" TO "&
Tak K¢ = 5 ’ Xy 25 .
16
Q.O;mmn: x =2—5.
Pewth YPaBHERHE
3x-1 2-x
22xl _ Q254 (1.62)
3x-1
Pewsenue. Bsenem HOBY10 nepeMenHyio 2x+1=y, Torma P =
< x

=Z——=—-—y —=~——=-——5. Ecm ripy 9ToM etne 0603HaYUTD

3 1

— -

s : =
% =z, 10 ypasHenne (1.62) MoxHo nepenucats xak 22 -2 2 =1, [lycts

: 2\/5 u
2" =u, TOrna NONYyYaeM ypaBHEARE —— — —==1 N
u 32

w2 +\2u-4=0, (1.63)
The u>0,

TlonoxwTensabM kOpHeM ypasrenus (1.63) spnsercs u, = V2. Tak KaK

z=log, u, y=25—z wr=2"1 0 21=%’}’|=“5 ux=2.

2
¢ Omeem: =2
fpumevanue, Cywectpyet Gosiee npocToe peweHHe ypannenui (1.62). Ana 3roro
330 3aMeTHTH, YTO 3x-1 + 2-x =1. Ecan npu atom 0603Ha4HTL 3x-} =y,
2x+1 2x+1 2x+1
2-x
T s |-y u ypasuenue (1.62) npumer sux 2° -2'” =1, Orciona nerxo

Honysuts 27 =2 wan p,=1.
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3x-1 3x; -1
I —_= =1, - =2.
OCKOJILKY 271 yny TO 2% 41 1 win x
@ Pewmuts ypasuerne
2 2
457F_10. 2" 427" =0, (1.64)

Pewenue. Tocxombky 2% >0, 10 pasnemim 06e aacTH ypanuenus (1.64)
Ha 2%* W NONTYYHM PaBHOCHIBLHOE YPABHEHNE

Jut-4x 0. 2'2-2* +16=0, (1.65)

2
Ecnu nonoxuts 2° ~2* = y, 10 ypasHenwe (1.65) IpUHAMAET BUA KBAA-
PATHOTO YpaBHEHHA y2 =10y +16 =0, xoTopoe la;mee'r MOJIOXUTENBHBIE KOPHH
N=2wuy=8.

2Xz -2x

Tak kak =y, TO HeOOXOANMO PECCMOTPETh ABa YPaBHEHUS OTHO-

CHTEITLHO fNIEpEMEHHOR X BHIA x*-2x-1=0n x*=2x-3=0, petias KoTo-
pbie nosydaeM HeThipe KOpHA HCXOXHOTO ypaBHenus (1.64), a umenwo

¢ Omeem: x, =1+42, Xy =1-42, x=-1,x=3.
@ PemwTs ypaBREHUE
logy; (2x+1)=1+1log m(2x4+x3). (1.66)

Pewenue. U3 ypasnerus (1.66) cnexyer, aro x>0 v x =1 . [IpeoGpasyem
JIEBYIO H NIPABYIO 9aCTH YPaBHEHNA CICXYIOMHM 00pasoM:

log y(25+1)=3-log, (2x +1)= —>

.
2x41 X

4,3 3
l+l°gm(2x + X )=1+logm(2x+l)+log '—2x+:x =

=3+3-log gy x=3+6-log,,,x.
Takum o0pazom, ypasreHie (1.66) nmpuaHMaeT g

IOg 2re1%



Memod QyHiuuoHansHol NOACIMEHOBKY - 29

e

Beenem HOBYIO mepeMernyto log, . X =y, Toraa w3 ypasuenus (1.67)
cneayer 2=3+6y HIH 2y2 +y—1=0. KopHAMH KBaZPaTHOro ypaBHEHMS
y

1
FBIAOTCA Yy =-1 H y2=§-.

1
Takkak y=log, ,x ¥ y =-1, y2=5,m'rpe6ye'rcupaccuo1‘persm

YPaBHEHHA x = > 1“, x=J2x+l HIH 2x2+x-l=0, x> -2x-1=0.
x

Pewas npuseieHHBIEC BHILE YPaBHEHHS W OTGHPas MPH 3TOM TONLKO NO-

1 \/‘
NOXKHTENBHEIE KOPHH, TIONYYaeM X, =-2- Hx=1+42.

4 Omaem: x, =%, X =1+2.

PewnTs ypaBHenne .
g (x+ x~2]) = log, (5x -6+ 5}~ 2]). (1.68)

Pewsenue. U3 ycnosns cexyer, 4To 06/1acThio ONpPEREICHHA TIEPEMEHHOT
x B ypaBHeHuu (1.68) sensmiorcs x>0 m x =1,

Nycts y = x+jx—2|. Torza ypasuenue (1.68) npunmmaer pux log V7S i
=log, (5y—6) nm log, y* =log,(5y~6), rxe y> g Orciona nonyyaem

KBAADATHOE YPABHEHHE y2 -5y+6=0, xopaamn xofoporo ABNAIOTCK Y, =2
Hy, =3,
Tax kak y = x+|x~2|, To paccMoTpnM COBOKYNROCTS IBYX ypasHermit
x+jx-2|=2;
(1.69)
x+[x-2|=3.
Myers O0<x<1 mam 1<x<2, vorza |x-2|=-x+2 W u3 nepsoro

YpaBHenna coBokynmHocTH (1.69) nonygaeM oueBHWAHOE TOXZECTBO 2=2,
T.e. 0<x<l u1<x<2 FBIMOTCA KOPHAMH ypasHenus (1.68).

Mycts x22, Torma [x—2j=x-2 u w3 coBokynHoCTH ypasnenw# (1.69)

Moyyaem x+x-2=2 u x+x-2=3,1.e. ;=2 H X, ?%'
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CrnenoBarenbHo, KOPHAMH ypaBHeHHS (1.68) TBNFIOTCA MPOMIBOABAGIE IHA-

qeHHA x u3 uHTEpBanoB 0 < x <1 u 1<x<2,aTaKkxke x, =%.

¢ Omeem: 0<x<1,1<x<2, x, =§.

Pewnts ypasHeHHe
sinx+\12-sin2x+sinx-\}2—sin2x=3. (1.70)

Pewenue. BuinonwuMm 3aMeHy nRepeMeHHHIX, NyCTh SinxX=u H

Jz-sin2x=v.1‘axxax -l<us<slu vzl,rq u+v 2 0. Kpome Toro, nmeem

wl+ =2,
B TaxoM cayvae u3 ypasHeHus (1.70) monyuaem CHCTEMY ypaBHEHUH

{u+v+uv=3,

(1.71)

W+v?=2.

Ecnn nonoxwTe u+v=r n uv=5, 10 cucrema ypasHenuil (1.71) npu-
r+s=3,
HHMBET BUR | TNockoneky u#+v20, 10 » 20. Orciona nonyuaem
ro-2s=2

r=2 # s=1. CnenosarenbHo, HMeeT MecTo u+v=2, uv=1 0 &, =v, =1,
. . n
ITockonbky u=sinx u y, =1, 70 sinx=1 u x =3+2;rk, rae k£ —

I€N10€ YUCHO.
z
¢ Omeem: x, =?+27tk ,rie k — uexnoe uucno.

ITpumenanue. Tlpu pemennn ypasnenus (1.70) MoxHO Bunonsuts Gonee cnoxk-
HYIO 3aMeHy NepeMeHHEIX 8inx + J2 -sin’x = y . Tak xax

y? =sin?x + 2sinx- V2 -sin’ x + 2-sin? x = 2+ 2sinx-v2—sin’x

2 -
TO sinx-JZ—sin2 x=2 2 2 K ypasHeHnHe (1.70) npuHHMaeT BuI

2_
y+£—-2-—3--3 win y2 +2y-8=0,rae 0<y<2.
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MOAXOANIMMM KOPHEM AAHHOTO YPaBHEHNA SBASCTCA Y, =2.
PaccMOTPHM ypaBHeHie Sinx+v2-sin?x = 2. OTCION8 HETPYaHO NOMy-

. n
uute sinx=1u x =3+2Kk,rne k — uenoe unco.

1.35] Pewnts ypaBHeHue
tgx + cigr + tg2x +ctgx +tg’x + cig’x = 6. (1.72)

Pewtenue. Tlycts tgx+ctgx =y, TOrHa tg2x+ctgzx=y2-2, tg3x+
+ ctg’x = y3 -3y wu ypasrenue (1.72) npuHuMaeT BRI KyOHueckoro ypasHenus
OTHOCHTENBHO NepemeHHOl ¥, T.€. y° +)° —2y—-8=0. Tak kak y° +y° —
—2y—8=(y—2)(y2+3y+4) U] y2+3y+4>0,ro y=2=0mm y =2.
Tak KaK tgr+ctgx =2 WK tgx+t—l-—=2,'ro tgx=1 % x =-:£+zk.me
gx

k — uenoe uncno.

2
¢ Omsem: x, = YRk k,rae k — uenoe uwucno.

Pewnuts ypasnenne
. 3x . o
2sin>"=3sin (x+60 ) (1.73)

Pewuenue. Iycts %.—. y.,Toraa x=2y H ypasnenne (1.73) npumer sux

2sin3y = 3sin (2y+60°). Ecnu nonoxums y+30° =2z, To OTCIOA3 BONYIHM
NOCINEAOBATENLHOCTD PABHOCHIBHEIX YPABHEHHI
2sin(3z-90") =3sin 2z, ~2cos 3z =3sin 2z,
3sin2z+2cos 3z =0, 3sin z-cosz+cos3z=0,
3sin z-cosz +4cos’ z-3cosz =0,

cosz-(3sin z+4cos’ z-3)=0, cosz-(4sin2 z2-3sin z-l)=0. '
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OTCI0A8 ClIEAYET, 9TO HEOOXOAMMO PACCMOTPETE IBA YPABsHEHMS.

1. Ecnu cosz =0, 10 z; =90" +180°n, rae n — uenoe uucno.

2. Ecm 4sin’ z-3sin z-1=0, 10 Sinz=1n sinz=~%. Tak xak U3 yc-
nosus cos z=0 cnemyer sinz==1 (a ciyuait cos z=0 6w paccmor-

)k+l

pen Bue), TO z; =(~1 arcsin%-o-lso"k ,Tae k — nenoe uHCno.

Tlockonsky y=z-30" u x=2y,70
» =60"+180°n, y, =(—l)*+l amsin%-iio" +180°k,

x =120° +360°n , x, = (~1)" 2arcsin—— 60" +360°k .
4

¢ Omeem: x =120"+360"n, x,z(—l)“'hrcsini——w"-k%()’k, rae

n, k — uensie YHCIA.

PewnTs HEPABEHCTBO
x+16

X+8 X+ 7—_=8-—l-— (1.74)
X+

Pewenue, U3 uepasescrsa (1.74) cneayer, qto x2-8.
Beeznem HOBYIO NEPEMEHKYIO Jx+8= y.Torma

.x:+8(3-—Jx+8)=x+8—8~/.\r+8+l6=y2 —8y+l6=(y—4)2.

Tak kak Vx+8=y, 70 x+8=y2, x+l6=y2+8 W Hepasencteo (1.74)
TIPHHAMAET BUR

2
y +8
_dl< _ 175
ly-4 3510 (1.75)
Mockonbky |y-4|20, to u3 Hepasemctsa (1.75) cneayer, uro
y2+8
2 lo>0, 2y-10>0 wm y>S5. B Takom ciysae |y—4|=y~4 u uepa-

BeHCTBO (1.75) npuHiMacT BvA
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y-4< (1.76)

2y-10°
Ecn y>5,70 2y-10>0 n n3 Hepasencrsa (1.76) nonysaem (y—4) x

x(2y-10)<y’+8 nnun y’-18y+32<0, pemenueM KOTOPOrO FBINIOTCH
2<y<16.0anako y>5,1oraa 5< y<16.

Onmako y=+x+8,Torna x=y2—8 H17<x<248.
® Omaem: 17 < x<248.

PelmnTs HepaBeHCTBO

2
1’x——+£+~—-l<1}2x—|+(—x—~;—ll-. (1.77)

Pewenue. O0naCcTHIO ROMYCTHMBIX 3HAYEHHUI IEPEMEHHON X B HepaBeH-

ctae (1.77) seasmioTen xzé. O60o3HaunM x-%zu | ir-:—l-=v. ITockonbky

xZ%,ro uz20uv20.

B at0# cBs3u u3 nepasenctsa (1.77) cnenyer

utv<N2? +207. (1.78)

Tlockoneky u+v 20, TO MOXKHO BO3BECTH B kBaapaT 06¢c JacTH Hepa-
Bencrea (1.78) u mpH 3TOM NORYYHTH PaBHOCHABHOE HEPRBEHCTBO

W +2uv+v? <2u? +2v wm (u—v)2 >0. MNocneanee HEPABEHCTBO BEPHO
BCET1a, KPOME CIIYuas, KOra ¥ =V,

+
Mycts u=v, 1.6 Jx—% # le- Orciona nonyyaeM HepaBeHCTBO

x*—14x+9#0 wm x¢712\/l_6.

Tax xax x 2-;— W7~ 2\/13 > %, TO pemeHueM HepaseHcTsa (1.77) ;m.;m-

OTCH —;~s.:< 7—2Ji5, 7—2Jl—0<x<7+2\ﬁ3 " x>7+2\/!3.

00m¢m:%5x< 7-2410, 7-2T0 <x<7+210 1 x>7+2410.
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Pewnts nepageucTso

x=2 X
;’3 =2 |+(-§-) . (1.79)

Pezuenue. IlepBoHavaNnbHO IHCTHTEND A IHAMEHATEITH Apobn B neBoi vac-

™ HepasencTsa (1.79) paszenum Ha 2° . 3arem 06osnauHM (-;—) =y u nepe-

meM HepasercTso (1.79) B BHGE ————— >y —_—2 l+ . Orciona cnemyer, 9TO

W=y
y>lin
:{y-; 0. - (1.80)

Pewmas wepasencTo (1.80) c yuerom Toro, wre y>|1, nmomyvaem

I< <3 Mockomky —[z)x rol<[3]x<2mm0<xsl
ar r=\3)" 2) °2 '

® Omeem: 0<x<1.

Petmars HepaBeHCTBO

—3+|<>g,x°<,f7+log2 x. (1.81)

Pewenue. O60maumm log, X = y . Torzaa repasencrso (1.81) npuimma-
eT BHA

Jy+7>3y-3, (1.82)
rae y2>-7.

TipeacranuM Hepaserctso (1.82) B Buze J;ﬁ>3(y+7)—24. Ecim
00O03HAYHTD Jy—:?-:z,mmeeunepaaenc'mo z>3zz—24,rne 220.

Pemennem RepaBencTsa 322-2-24<0 TIp# YCIIOBHH, ¥TO z >0, ABIA-
orcs 08 2<3. Takkak Jy+7=zn 2<3,10 Jy_+_7<3 Wi y<2,

Wrak, nmeem —7 <y <2, [lockomky log, X = ¥, 10 =7<log, x’ <2

V2 2

WiH T%S—Sx < 4. Orciona cneqyer ——2<xs-—-u-]-6—s x<2.
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2 2

2 2<xE——, —<x<2,
& Omesem x TRRT: x<

PelnuTs cHCTEMY ypaBHeHHit
y=x-y,

(1.83)
L3(x-2p)=2(x+y)*.

Peiuenne. HetpyaHo BRACTE, 9T0 X; =0, y, =0— xopum cucremut (1.83).
[TostouM, 4yT0 x= 0 u y+0. Torma ana nosicka Apyrux xopned cHCTEMBI

ypasHeruii (1.82) nepeMnOXHM NeBLI¢ B NpaBhie 4aCTH 0GOUX ypasHenuit aan-
Ho# cuctemsl. Torna nonyuuM ypastenue

3y(x-2y)=2(x-y)(x+).
KOTOPOE PABHOCH/IBHO YPABHEHHIO
23 - Py+ant -2y =0. (1.84)
Tak kak y# 0, a ypasnenine (1.84) sniterca OOHOPOAHHIM ypaABHEHHEM
TpETBEH CTENeHH, TO pa3fieNluM Ha y3 obe wactn ypasuenns (1.84), a sarem

x
OB03HAUNM ~=7Z,
y

Torna monywiM 2z°—z° +4z-2=0 wm (22--[)(22 +2)=0. Tax xax
22 +2>0,70 2z-1=0 HIH 2 =%.
x 1 x_1 -
[lockomky —=z # 2 =—, T0 —=—, flogctaBamM y=2x B nepsoe
y 2y 2
ypaBHenue cucremut (1.83) u nomyunm 2x” =x-2x wm x(2x+1)=0. Oz

1
Hako x # 0, Toroa x2=—-2- Hy,=2x,=~],

¢ Omeem: »=0=0;x =—%-J'z =-L.

Peumms cxcreMy ypastieRunit
2+ y oy =72,

P +x oy =36.

(1.85)
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Pewsenue. Henocpencraennroit noacranoskoif B ypasHenma cucremsi (1.85)
HeTpyAaHo yoemuTnes, uro x #0 v y = 0. Jlanee, yMHOXHM BTOPOE YPaBHEHHE

Ha 2 M BLIYTEM €TO H3 NEPBOTO YpaBHEHMd, TOTAR x? +ny_y—2y2 -
-2xJa; =0. Tax kak xy #0, TO pa’zuesHM NONYYCHHOE YPaBHEHHE HA X).

Toraa nomy4aem
1,,‘[2_21_ J£=o. (1.86)
y ¥ x y

Myems Jz = z, Toraa u3 (1.86) nomyyaem ypaBHeHWE HETBEPTOH CTENEHH
y

oTHOCHTENBHO z BHIA z' -2z +2-2=0, KOTOpPOE PABHOCHNLHO YPABHEHHIO

(z-2)(23+1)=0. IMockoneky F:z u x#0, To z>0. B sroit cBIIN
y
2+1>0mz=2.

x
CnenoBatenbHo, HMEEM J: =2 " x=4y.3aTeM NoOACTEBHM BHIPAXKCHHE
y

x =4y Bo BTOpOE ypaBHeHue cucreMmsi { 1.85), Toraa y2+4y 4y2 =136 W
Y +8y|yk=36. (1.87)

Ecmu >0, 1o w3 (1.87) nonyuaem 9y° =36 u y,=2. Eam y<0,10

|y |=—y wu ypasuenne (1.87) npuHuMacT BHA ypaBHCHHA —7 ¥ =36, KOTOpOe
HE HMEeT KOpHEH.

Mockoneky x=4y n y, =2, To x, =8. [loAcTanonkoi RallfeHHBIX 3Ha-
vyeHu#t x u y B ypasrerus cucremst (1.85) ybexmaemca B Tom, uto x; =8 H
Y =2 ABAAIOTCA €¢ KOPHAMH.

¢ Omeem: x, =8, y,=2.

lpusevanue, Panenctso x=4y npn pemeHnu cucremul ypasuenuit (1.85)
MOXHO NOJYYHTH Hpowe. [U1s IT0F0 JaNNYI0 CHCTEMY HEOOXONHMO NPEACTABHTS

Vx(x/x + pfy)=12,
w/;(x&+y\5)=36,

Ha BTOpoe ypaBHenHe. Toraa nomyunm {'L =2 um x=4y.
y

2 3aTeM NEPROE YPaBHEHHE CHCTEMH PA3IeNTs
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p————

PemuTs CHCTEMY YPaBREHHH

Jl—3x-l=,15y-3x,
,’5—$y+ Sy-3x=35.

Pewenue. BHNonHHM 3aMeny TEPEMEHHLIX MO CCAYIOWIEMY TPABHITY:
J-3x=u, JSy-3x=v m 5-5y=w. Torna ms cHcTemu ypasmensii
(1.88) cneayer u=v+1 W w=5-v,rne u20,v20 n w20.

2

(1.88)

Tax xak u —vz_w2=l—-3x_5y+3x_5+5y=_4 Hu=v+l, w=5-v,
1o nonysaem (v+1)* -2 ~(5-v)’ =4, ¥* ~12v+20=0 u v, =2, v, =10.

Ecau v; =2, 10 % =3 u w; =3. OTciona nosayuaeM CHCTEMY YpaBHERHi

KOPHAMH KOTOpOH ABIMOTCHA X) =—— W y, =——. [loacra-
Sy-3x=4, 3 5

HOBKOM yOexaaemca, 4To HaiicHHas Napa 3HAYeHUH X, H ), YIOBJIETBOPAET

cucteme ypasheHuit (1.88).
Ecan v, =10, 10 4 =11 u w, =5, Tak kak wy <0, TO B ITOM Crnyyae

KODHeiA Her.

¢ Omeem: x, =-§, n =—§.

PemuTs CHCTEMY YpaBHEHHH!
{ij+_2y+3x-y+2 =3,

2x+y=T7.

(1.89)

Pewesue. O603RaTAM Qx+2y=u q Q/x—y+2=v. Torma u° +v’ =
=X+2y+x-y+2=2x+y+2=9 u cHcreMy ypaeHenuii (1.89) moxnO ne-

Penucath B BHAC
u+v=3,
(1.90)
w+v =9,
Kopusmu cucremsr ypasnernit (1.90) sansiores ) =1, vy =2 B uy; =2,

szl.
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Tak Kak {}x+2y =unw=Lu=2,17 x+2y=1n x+2y=8. Ecnu
MIPUHATL BO BHUMAHKE BTopoe ypasHeRHe cuctemst (1.89), To nonyyaem nge
CHCTEMBI YPABHEHHI OTHOCHTENBHO MEPEMEHHBIX X,) BHUAA

{x+2y=l, {x+2y=8,

2x+y=7, |2x+y=7,

t
[leprag U3 ABYX CHCTEM WMEET KODHM X, =?3, n= ‘%, a u3 BTOpOI

CHCTEMDI TIOTMYHaeM X =2, ¥, =3,

¢ Omsem: x,=§, y,=-§: X,=2, y,=3.

Peunrs cncteMy ypaBHennit

x y 1

—+J——-=—+2,

J; x \[x—y (1.91)
\“}x3y+\4}xy3 =342 .

Peauenue. Ouepunano, uto x#0 n y = 0. [puciem 3HaYeHUN nepeMen-
HBIX X,y WMEIOT OAHHAKOBbIC 3HAaKU. B JieBoif YacTH BTOPOFO ypankeHns cHc-

Temsl (1.91) BriHeceM 3a ckobku ‘{Ixz y2 = Jx? , TorAa
JE o
y ¥x Xy
,/_—xy°[4\/2+{/ZJ=3~/5 .
y x
x

Beezem HOBRLIE TIEPEMEHRSIC ‘d: =u M Jxy=v.Torga cucremy ypas-
y

3

(1.92)

Henui (1.92) MoxHO nepenHcaTh Kax

u2+L=—l-+2 .
utov
(1.93)

v- [u+%)=3~/5 ,

rae u>0u v>0.
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Bo3ssenem B KBAOPAT BTOPOE YpaBHeHHe cucreMs {1.93) u Bocnons3yeMmcs
TIEPBLIM YPABHEHHEM, TOTAZ

1Y 1
v (u+—] =18, v* [u2+2+—2]=18,
u u

v (-1-+4]=1s wi b +v-18=0.
14

Tak xax v> 0, TO NOAXOAAMUM KOPHEM YpaBHEHHA 4% +v-18=0 se-
nsetrca v, =2 . Ecan HalimeHHoe 3HaWeRMe v MOACTaBHTH BO BTOpOE ypaBHe-

2

nre cucteMsl (1.93), To noayuum ypasHeHHe 2’ -3y2u+2=0 u w=—
u2 = JE .

x
Tak Kak 4 = 4/— ® v=[xp, TO HEOBXOAUMO PACCMOTPETE ZIBE CHCTEMBI
Y

YPaBHeHHH

2 s
y 2 41\

Jry=2 Jry=2.

Orcioza nonydaeM OTHOCHTENbHO MPOCTEIC CHCTEMB! YPaBHEHHH OTHOCH-
TENLHO MEPeMEHHBIX X H y BHZA

z_1 x_
y 4 ’u y ’
xy=4 xy=4.

HerpyaHo ycTaHOBHTS, YTO KOPHAMH CHCTEMb! ypaBHeRuii (1.91) seasiorca
X =-1, W =-4; x2=l, ¥y =4; X3 =-4, y3=--1 A X, =4, Vs =1.

* Omeem: n=-Ly=-4;x,=\y=4; =4 =-1; x,=4,y,=1.
Pewvite cncremy ypasnennii

x3+y3—23—xyz+ll=0 '

Loyl -xmyz-21=0, (1.94)

—x3+y3+z3—xyz—3=0 .
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Pewenue. Ecnu cnoxurs ypasHenns cucremsl (1.94), 1o 24 y3 +2 =
=3xyz+13. Eciu 3aTeM H3 NONYYEHHOr0 YPaBHEHHA BHIYECTH MOCIEAOBAd

TENLHO TPETEE, BTOPOC H NEpPBOE ypaBHEHHS cucremnt (1.94), To nomyynm
HOCHJIBHYIO CHCTEMY ypabHEHi

X =xyz+8§,
y3=m—4, (1.95
23=xyz+12. :

TepeMHOMUM COOTBETCTBEHHO JIEBEIC M TIPABLIC HaCTH YPaBHEHMI CHCTe
mpl (1.95) n npr 3roM 0GO3HaYWM Xyz =u. Toraa nomyuuMm ypasHe

u’ = (u+5)(u—4)(u+12) wm 134 -84~240=0. Koprsmu xeazparn
60
YPABHEHHS ABNAIOTCA % = —4 W U, TS

Ecmu u; =4, T0 x,3,2, = —4 H U3 cHcTemsl ypashenuit (1.95) nonyvae
xf =—4+5=I,yl3 =—4-4=-8, z,3=-4+l2=8 wmx =1,y =-2,2z=2

Ecrm u, = %, TO X, yzzlz = % M U3 cHCTeME! ypasnenwii (1.95) cneny 1

5 2 6

5 6
¢ Omeem: xl:l, y,=—2, z,=2; xzzm; y2=3_l§a 22‘_‘?-
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Memod mpuzoHomempuyecxoll
noocmaHoeKu

K uHcny HecTaHAapTHLIX MECTOLOB PEmICHUA ANTeOpaHYecKHX YPasHCHuH
OTHOCHTCS METOZ, OCHOBAHHHIA Ha NMPHMEHEHUH TPHTOHOMETPHYECKOH moi-
craHosku. Mcnons3ossHue Takoro Meroda menecoobpa3Ho B TOM Citywae, Ko~
TA2 UCKOMBIE YPBBHEHHA HANOMWHAIOT H3BECTHBIC TPHTOHOMETpHU4ECKHE (op-
MYZB.. JTO OTHOCHTCA MPEMMYILECTBEHHO K YDABHEHHAM (CHCTEMAM ypasHe-
HHIf), pelICHHE KOTOPHIX OOBIMHBIMM NMPUEMaMH BECHMA 3aTPYAHMTENBHO, Y
KOTOpbIe MOC/E BBEAECHHA TPHTOHOMETPHUECKMX NOACTAHOBOK CBOASATCA K H.e-
CNOXHBIM TPHNOHOMETPHUCCKHM ypaBHeHHAM. CyTb TPHIOHOMETPHHECK: O
NOACTAHOBKH COCTOHT B 38MEHE HEN3BECTHOH NMEPEMEHHOH X TPHNOHOMET pH-
yeckol (ywxuweH, HaNPHMEP, X =COS® WIH X =1g®, 8 TAKKE B 3aMEHI2 X

HEKOTOpOH PyHKuMei, 3aBHcAwel oT sinw , cos® Wi tgw .

[Tomywentbie KOPHH TPHTOHOMETPHYECKHX YPaBHEHUWH MO3IBOAMIOT J:1ax0-
IUTL KOPHH MCXOAHMX YPABHEHWI, KaK B TPHTOHOMETPHYCCKOH, TAK H.'B aN-
rebpawgeckoii dopme. Cnexyer 0co00 OTMETHTS, UTO TPHNOHOMCTPHUi>CKHE
YDaBREHUN HMEIOT, KaK TIpaBUIIO, GecKoNeuHoe YHCO KOPHEH, @ HCXOMHEIE aR-
reSpanyeckue ypaBHEHHA — KOHETHOE HX YHCJIO.

3apaum 1 peuleHus

@ PewnTs ypaBHenne
x+J|—x’=J:7(2x2-l). Q@.n
Pewsenue. Tax xax 06NacTsio JOTYCTHMBIX 3Ha4eHHi ncpeme.nnoﬁ xXB

Ypasrenuw (2.1) ssnmorca —1 < x <1, TO MOKHO CRENATH 3aMEHY X =C0S®,
e 0< o < 7 . B Takom ciryuae ypasnenwe (2.1) npauuMaer Bra
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cosa+ |sine |= V2 (2 cos’ w- b). 2.2)
Mockomky 0 S w< 7,70 sinw2 0 ¥ |sin@ |=sinw . B 370k camsu m (2.2)
nonyuaem
cosa)+sinw=\/50052a),
cos@+sin@ = V2 (cosw +sinw)(cosw -sin ) ,

(cosw+ sinm)(ﬁcbsa)— Zsinw-l)= 0.

. . . ’r
INycrs cos@+sinw =0, torma tgo=-1 u w:—zwm, rae n — ue-

3
noe uucno. Oxnaxo 0< w < 7 , noITOMY @, = T”

Tycms ﬁcosw-ﬁsina)-ho, TOTAA

V2. 2

3 T . .7 1
—Sin@—~—Co0sS®w=——, COS— SiN@W—8in—cosw=——,
2 2 4 4 2

2
. [ /z] 1
sinj@—= |=-=.
4 2

+ T kel A

Orciona cnexyer w——=( -1 Seak wm w=§+( Sk,

roer k — nenoe yweno. Tax kax ¢<w <z, 10 wz:%
3:: ~/5 n 6+\/5

1 =¢ . =C0§ —m = —— =¢os —= .

Tockombky x=cos@, T0 X; =cos y 3 R X, T 2
¢ ('itmaem: x =—-J-2:, X = J3+J§

. 2 4
@ P'emnTs ypasnenue

8x(2x2 - 1)(81‘ ~8x%+ l) =1, (2.3)

npudem” TpeOyIOTCA HRHTH TONBRO TEKME KOPHH, KOTOPHE NEXaT Ha UHTep-
pane (0, 1).
Penienue. Tak xak 0<x<1, TO MOXHO NMOJNOXHTP X =COS®, TAe
b
O<w< —; . B Takom ciygae ypasHeH#ue {2.3) MoxHO mpeobpasoBaTs cnexyio-

muM 06pa 3oM:
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8cosco(2cos2 w—l)(Séos‘ w~-8cos’ w+ l) =1,
8cosa)cc>52cv(—8cos2 wsin2w+l) =],

8coswcos20(1-2sin’ 20) =1,
8cosw - cos2w -cosdw=1. 24)
Janee, yMHOXHM 00c dacTH ypaBHeRHA (2.4) Ha Sinw (ITO MOXHO cae-

s
faTh, TAK K&k 0 <@ < 3 ) ¥ NOAYYUM PaBHOCHIbHbIE YPABHEHHS

8sinw - cosw -cos2w -cosdw =sine ,
4sin2w -cos 2w co8 4w =sinw ,

2sind® -cosd4w =sin®, sin8w =sinw .

Ecmm sin8w =sinw, 10 8@ =(—l)" @+xn,rae n — penoe yucno. Pac-
CMOTpPHUM ABA CITyuas.

1. Ecnmm n=2k,10 800 =0+ 2%k nwmm m=%xk,rzxe k — uenoe gwncio.

[ockonbky 0<a;<12t-,1~o k=14 o =—2;—r.

(2k+1)-7r, .

2. Ecnu n=2k+1 10 80 =-0+x(2k+1) nin o= e k —
uenoe uucno, Tak Kak 0<a)<%,1~o k=0,k=l na =%, N =%.

CnexosatenbHo, ypasHenue (2.3) MMeeT NHIBb TPH KOPHA, KOTOPBIC JIEKAT

2z 4 r 1
Ha nirepsane (0; 1), a nMenHo X, =COS T, Xp 008 H Xy =CO8 =

r 4 1
¢ Omeem: x =C0s=-, Xy =COST, Xy =
Pemurs ypasxenne
8x° —6x—1=0. 2.5)

Pewenue. Tocxonsxy x=0 He sBnxeTcs KOpHeM ypastenws (2.5), T0
Paszenum obe ero uactv na 2x . Torna
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l B
ax* =—+3. 2.6
* 2x ( ){

Ecnu x<-1 umu x>1, mnenaumypanueum&ﬁ)ﬁyne'rﬁomme4
a npaBas ero 4acTe — Menble 4. CnenosaTensHO, KOPHH ypaBHEHRS (2.5) Ha~
XOAATCA Ha oTpeske —1< x <1.

Mycrs x =cosw, rae 0< @ < x . Torma ypasrenue (2.5) npunnmaermm‘rpu—

FOHOMETPHYECKOTO YPaBHEHHA 8cos’ @—6cosw—1=0, 4cos’ w- 30050—%:
WK cos3w = l
27
KopHaMu ypaBHeHuA oosJa):% ABJIAIOTCH a)=£(6ni1), rae n — ue-

‘'z Sn r :
noe yucno. Tak xak 0s@<~x, TO W=g, By =m M By== Onsaxo,

z S iz
x=cosa),no3'rouyx1=cos;, 2=COST' 3=cosT.

¢ T Sm Tz
Omeem: x, = cos-g—, Xy =cosT, X3 =cosT.

PewunTs ypasHenue

Ve l-x=m, Q7.
Wi +1 -'

Pewenue. Tiponasenem Tpurouomerpuqecxylo 3aMeHy x=1tgw, rae

—5<w<3 B Takom cnyuae Jx +1= (TaKk xaK —%<w<£, T0.

cosw 2 .
cos® > 0) u ypasHenue (2.7) IPUHHMAET B TPHTOHOMETPHYECKOFO YPaBHe~

5
HUA —tgw:;cosw.

cosw %

. b .2 . 2 . |
Orciona nomydaem IjS|nw=5(l—S|n a)), 5sin” @ -2sin@-3=0,)
. . 3
sino=1 u smw=——5-.

n 3 . . 3 ,
Onnako —3<m<z, nostomy -l<sinw<1. Ecau smm=—§, TO!

cos =% H g = -—% . CaenoBarenpHo, HMeeM X =g =—-—
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3
& Omeem: x, -—Z'

5] Pewnrs ypansenme

x =35

x+ —. 2.8)
21 12
x>0,

Pewenue. Herpyano suaers, uTo ) wm x> 1. Banonrum 3aMeny
x°>1

x= —-]—- ,rHe O<ov < 325 B TaxoM ciryaae nepas 4acTe ypasHenus (2.8) npu-
sine

HUMAET BUR
1

—

1 i | 1
. + Sng == + ’
sinw 1 ) sinw cosa
sin’ @

a n3 ypaBHeHHSA (2.8) BHITEKSET TPHIOHOMETPAYECKOE YPAaBHEHHE BUAA

12-(sin@+cosw)=35sinw -cos@ 2.9)

Caenaem eie OHY 3aMeHy NEPEMEHHBIX, YCTH Z = SiN® + COS® , TOTAA
2

sinw-cos@ = = —1 H 13 (2.9) nonyuaes KXBampaTHOE YPaBHEHWE OTHOCH-
TENbHO nepeMenHod z, T. €. 3522 —24z-35=0, koprAMU KOTOPOro ABJALOT-
e zlz% H zzx—%. Tak x4k z=sin@+cos®w ¥ 0<m<%,1~o z>0 u

Z-1_12
2 257

. 7 . )
Sin® + cos @ =§ . C yderoM TOTO, UTO Sin@WCOS®W =
CHCTEMY TPHTFOHOMETPHYECKHX YPaBHEHHI
. 7
SIN@+Cos @ = 3

(2.10)
. 12
sinw - cosw=——.
25
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M3 ypaBrenwii cucrems! (2.10) cocraBHM KBAZpPaTHOE YPaBHEHHE OTHOC

. . . . 3
TensHo sinw Buna 25sin’@-35sinw+12=0 n nonyyaem Sno=-—

. 4 1 5 5
sinw=~—.TaKkKaK X=——,T0 X; == H Xy =~
S sin 3 4
5 5 ’-
® Omeem: x, ==, x,==.
153 257
Pemuts ypasnenne
1-x* =4x°-3x. 2.1}

Pewenue, OOnacTsio AONYCTHMBIX 3RaUeHHIA ypaBaernns (2.11) saasiore
=1 <x<1. B 370 CBA31 MOXHO BOCTIOAB30BATLCA TPHFOHOMETPHUUYECKO#H IO
CTaHOBKOi x =cos@, tae 0<w<x. Torma uz ypaBhenusa (2.11) cnexy

1-cos’ @ =4cos’ @~3cosw wm [sine|=cosdw. Mockomky 0<@w<z
T Sinw >0 H sinw =cos3w.

-

i
V4 Kl
YpaBHEHHE paBHOCHIBHO YPABHEHMIO COS 3w =cos(5—-m) Orciopa cie -l

T
XYET, 4TO 3a>=:t(5-a;]+2/rn,me n — LENoe YHCIIO.

PaccMOTPHM 188 CiTyqas.

et emaedim A

1. Ecom 3w=%-0)+21nz,1'o 0)=%+E£.Tax«xax 0sw<sz,10 ), =%=

H @ il ")4

2 =3 :

n -:i

2. Ecm 3w=—5+w+2ﬂn, TO a)——-‘-t--nrn Omnaxo 0<ow<sn, o«i

' 3z
3TOMY @y ===

TTockonbky x=cos@, To ypasReRHe (2.11) HmeeT TpH KOpHA, 3HATCHUA]
KOTOPAIX BHIYHCIAIOTCH N0 CIeXYIOMHAM GOpMynam:

,1 aY_ L, 2] 1
= = _= —] 1 — = fees —_— -
COS@y = Cos 8 2 ( 4+cos4) 5 [l+ 5 ] 5 2442,

PRPRPRUUIINER PR * -3 VPR LRI Y 4

B
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=Ccos® =cos-§£=- —l-»(1+cos-5-’£)=
2 2 8 2 4
1 n 1 V2 1
=== 1-cos— == f=| l-— =—--J2- 2
Jz( °°s4) 2[ 2} 7 V22
3

L4 L g JE
x3 = cosws = COS—4-= —008—4- = -—i- .

¢ Omeem: x,=-;- 2442, xz:—%\} -J2, xs"J—zi'-

PewsuTs ypaBHenne

=z =25 1+ 2x1-22. (2.12)

Pewenue. U3 ycnosus 3agauu cnegyer, 4ro -1<x<l. Honoxum
x=cos®,rae 0< o < 7 . Torsa ypasuenue (2.12) npurumMaet BUI

I-cos @ =2t:os2w—l+2cosa:-‘}l—coszm WIH

g3

sin-‘;i‘=2oos2a>—|+zcow- Isin @} @2.13)

Takkak 0<@< 7,10

. @
sin—
2

=sin-02i 8 |sin & = sin @ . B Taxom ciyaac 13

ypasnewns (2.13) nomyuaem J'Z_sin-;z:oos2m+sin2m 01 Jisin%’-:
= 2sin(2w+£).
4

Tockonmbky sin(Zw-«»%]:sin-azl, T 2(:)4--:-:-:(—!)" -%+ an,tae n —

nenoe yueno. PaccMoTpHM aBa Crydas.
l.Ecmm n=2k, 10 20+£=-a—,+27rk M m=—£+iik-, rae k — ue-
4 2 6 3
noe uucyo. INockomxy 0<S@w <z, 10 cpemn a)=-—’£-+4—’:;-"£ KOpRE#H

ypaBtenun (2.13) uer.
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2. Ecm n=2k+1,710 2a)+%=~£2’-+(2k+l)x Wi m=%+ﬂ;—,‘-, k

uenoe uncao. C yueroM 1oro, uro (<@ <7, OTCIORS TNONYYaEM KOPEHY

ypasHenud (2.13) Buga o, = % .
CaezoBarenbHo, €ANHCTBEHHHIM KOPHEM ypasHerus (2.12) nsuxe’rcxi.'
x= cos-st% = cos54° .

OTBET MOXHO OCTaBHTH B TPHTOHOMETPHUECKOI HOpME, @ MOXKHO BHIPA-
3HTb B pazukanax. OXHAKO AIA 3TOTO HEOGXOZHMO MOKa3ath, yro sinlg’ =

,/ - ,’ \1 - {
=.i.4££, COS]80 =__l.0_:.2i§_ H sin36o =_10.—4.2_J§.Tm X =C08540 =
V10-2J5 i

= sin36° = Y —X°
4

Ji0-245

¢ Omeem: x, = —

Pewmrs ypasHenue

1+2x1-x
2

+2x% =1, (2.14)

Pewenue. Tlockonsky X <1 , TO TIONOXHUM Xx=cos@, tac 0Sw<x.
Torna sinw 20 # ypasHenue (2.14) npuHAMaeT BHA

’1 +2sm2wcosa) =1-2cos’ @ (2.15)

Wi A
[sinawrcosw|=‘ﬁ-(sinza)—oos2 w). 2.16)

Jlesas wacTe ypaBRerusa (2.15) HeoTpHmaTeNbHAa, NOITOMY HMeEEM
1-2¢08’ @20 u coszws%. Tak xax npu 37oM 0S@ <7, T0 %Sws%
" lsin @ +cosm[ =sinw +cos@ . Caeaosarensuo, n3 (2.16) noxyvaem '

(sinw+cosa))(1 —ﬁsinaﬁﬁcosw) =0.
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Dycrs sin@+cosw=0, Torma tgwr=-1. Tak xax %Sws?’%, TO
in k7 4 n ﬁ
o =-‘4— H X =cosa)| =cos—4—=—008-;=——2—.
[lycTs l—s/isinw+\/§cosw=0,r. e.
sinw—cosa;=-‘£—-2.. 2.17)

iz .
Tak kaKk Ha OTpe3Ke -4—5 a)<7 uMeeM Stnw 2 Cosw , TO JieBas 4JacTh

ypasHenus (2.17) mnsercs Heotpuuarensrofi. [losromy nocne Bo3seAcHHR B
KBaApaT 00eNX ero JacTe NoyYacM PaBHOCH/IBHBIC YPERBHEHHA

l—2sinmcosm=% HIH sin2w=%.

Orcioma creayer @ =(-1)" = +—2-n , TAe n — menoe YHCHO. YCoBHe

stSBT BHINOJIAAETCS TONLKO ITPH n =1, T. €. a;z=—-7S° L]
x2=cos75°=cos(30°+45°)=£- Bl =.j3_~/5.
212 2 4
MOXHO NOKA3ATH TAKKE, UTO X; = 2;‘6 )

2 _Je-2

¢ Omeem: x, = =
=TTy

Pewwrs yparHeHue

s 1

Y I PP . S— (2.18)
(xz +1)Jx2 +1 Y

Peutenue. BonOMmMM TPUTOHOMETPHYECKYKO NOACTAHOBKY BHAA X = tga),

Tie ~%<m<£2r-. Toraa ypaBHeHRe (2.18) MOXHO NEPENNCATL B BRAE TPUTO-

HOMETPHYECKOro ypaBHEHHA
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——+1gw =cos’ w-| cosa|.
l COSG)I

T z E

Tak Kak —? <w< -5, TO cCOSw>0 u |cosw|=cosw . Toraa ypasHeHng
3

9

1+sinw 3 i

(2.19) npunHMacr BAN = cos” @ . O1cI0Aa nonyyaeM

CoOs @

A

. 4 . .
l+sinw =cos ®, l+sm(o=(l—s1n 20))2,

(l+sinw)-(l—(l-sinw)~(l—sin2a))) =0 um

-

sinw-(l+sina))-(sin 2¢v—sina)—l)=0.

FEER

Ecmn sinw=0,T0 @ =0 u x) =tgw = 0. [lockomeKy —%<w<§-,mj

1+sin@ > 0. ToaXonsmKM KOpHeM ypaBHerus sin ‘@ —sinw—1=0 ABNSCTCK

s‘““’z-‘T{ B Takom ciyuae cosw2_1/"’§2‘l, tga)2=_"‘/i2—_l,\ u

J5-1
X =tgm, =~ ——.

2

® Omeem: x, =0, x, =— J—gz——] .

PeumTs ypaBuenne
Sx

=—6x- 1-x% =2. (2.20)
l-x

Pewenue. O6nacTvio TOMYCTHMBIX 3HAYCHHH NMEPEMEHHOH X B ypaane-;
auu (2.20) aenseorea ~I<x<1.
O6o3uayum x =cos@, rae 0 <@ <7 . B Takom ciryuae ypaBHeHHe (2. 20)

Scosw
TPHMET BUI E I—6cosw-|smw|=2. Mockomky 0 <@ <7 , TO sm(o>0,4
sinw

]smw] =sinw W Scose

—6¢cosw-sine =2 . Orcioaa nomyuaem
sin@



Memod MpuUEOHONEMPUBCNOL NOICMaNoex 51

———
5(3080_ 6czosa)-smza) =2, Sctgw - 6cts¢;! =2 wm
sin@  sin“w+cos’ @ l+ctig’w
sctg’o - 2ctg’w-ctigw-2=0, 2.21)

Ky6unuecxoe ypasrenue (2.21) uMeer oaMH ACHCTBHTENLHEI KOPEHb

z
ctgw = 1. CaenosarensHo, w=:+zn, rae n — uenoe YHcno. Tax xax

N

2
0<w<7,710 & =—.JlockoNEKy x =Cos®@, TO X| = COS®, =T'

SN

& Omaem: x, = -5

@ Pewwrs ypasrenwne
2+J2—J2+x =x. 2.22)

Pewenue. ins onpenenchus o6nacTH AONYCTIMBIX 3HAYCRHIt nepeMen-

x22,
2—J2+x20.

HOWl x B ypaBHcHUHK (2.22) pacCMOTPHM CHCTEMY HEPABCHCTB ’

Orciona cnegyer, Tro V2sxs2.
Tockonbky V2 $x$2, 70 06ommaunM x = 2cos@, rze OSwsi:—.Bn-

KOM Cywac Aas jesoif 4acTH ypasHenus (2.22) HMECT MECTO ClICAYIOmas Ue-
NOYKA PABHOCHIILHEIX BHPAKCHHI:

J2+ 2-J2+x =J2+ 2—J2+2cosau-

=1’2+ 2— 4m2£—"2+ 2 2oos—-
1’2+ 4sm 1’2+2mn-—-- J sm-+cos—

afuggireli)

8 4
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Tpx BBINONIHEHWH NMPUBEACHHBIX BHWE MpeoGpaloBaHUil HCIIONB30BANCK

ToT dakr, uro 0505%. B nmanHOM ciyuae 005%)*20, sin%zo u
sinZ+cosZ>0.
8 8
o 7 ‘
CnenoBartebHO, HMEEeM ypasHEHHE 2-COS (E_Z) =2¢0S® , H3 KOTOpO-

®w
ro cnegyer, 4yro o=t [3—2)+ 2zn, Tie n — penoe uucno. Tak Kak

¥ 3
OLw<—, 10 & =

2 H ypaBHeHWe (2.22) uMeeT eAHHCTBEHHBIH KOPECHH

9
2z
X) =COS@| = COS— .

9

¢ Omsem: x, = cos%r.

@ JlokasaTs HepaBEHCTBO
2
(2x -2 +2x2—1) <2, 2.23)

roe -1<x<1.

Hoxazamenscmeo. [Nockonsky —1 < x <[, TO MOXHO NOJIOKHTL X = COS®?,
tae 0<w < 7. B TakoM ciywae HepaBescTBO (2.23) MOXKHO NEpenmcaTs B BAAC

2
(2cosa;-|sinw|+2¢oszw—l) <2 (2.24)
Tax kak 0S @ <7, T sinw20, |sine|=sinw n nepasencrso (2.24)

. 2

PABHOCHNBHO HepaBeHCTBY (sin2w+cos2w) <2. [onyyenHoe wepameH-
)

CTBO ABIACTCA OYEBWAHBIM, MOCKOABKY Sin 2@ +cos2w = V2 -sin(2w+z] v

a sin’ (2w+%) <1,

@ Nloxasars ABOHHOE HEPABEHCTBO
 Gnp(imw) 1
2 (I+x2)-(1+y2) 2

e Laatit et K -

(2.25

PREXEIIN =
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Jloxazamesscmso. Tlycrs x=tga ®u y=tgh, rne -%<a<§ "
-%<ﬂ<%.8ﬁmm
(x+y)-(1-xy) _(1ga+1gB)-(1 —tga-tgh)
(1+x2)~(l+y’) (1+tg’a)-(1+tg2p)
sin(a+B) cos(a+p)

= cosa-C(;Sﬂ cosla-cosﬂ =sin(a+I3}‘cos(a+ﬁ)=‘;"5i“2(a+ﬂ)

cos’a cos’ B

Tax KaK --;-s-—;—-sinZ(a +p)< % , TO HepaBerCTRO (2.25) 0Ka3aHo.

PemHTh CHCTEMY YpaBHCHHH
2x+x* y=y,
2y+ yzz xZ, (2.26)

22+2°x=x.

Pewenue. Tipeobpasyem ypasserus CHcTeMH (2.26) K Buay
[ 2

2y
iz= , 2.27)
1- y2

2z
1-2

x= 7

P T
Tlonoxmm, uto x =tgw, rae -3<w<3, B TakoM cryuae U3 CHCTEMBI

Ypasuenuit (2.27) cnexyer, aro y =tg20, 2z =tgdo K x=tg8w.

Tak kagk x=tge # x=1tg8w», 10 tgw =1g8w. OTciona cnexyer, 4To
8v=w+rk,t. e w=%k,rnc & — nexnoe wucno. Mockomsky ~%<w<§,
™ ke{-3-2,-1,0123}.
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Cnepoarensio, cucrema ypaBHeHWH (2.26) HMEET ClexyimHe KOPHE

T

x=tg—k,
g’l
2r

y=tg—k,
y 87

4
z=tg—k,
&3

rae ke{-3,-2,-1,01,2 3}.
¢ Omsem: cm. Buie.

@ Pemure cuicTeMy ypaBHEHUH

x+\!l-y2 =1,
yﬂll-—xz =J§.

Pewenue. Tak xak -1<x<1l u -1<y<1, 170 MoxkHO 0GO3HAT

(2.28"

x=cos@p u y=cosy ,rae 0<@<x u 0<y <x.BTakom cayyae VI-x? =

= sing, \}l - y2 =siny ¥ cucrema (2.28) NpUHHEMAET BHA CHCTEMBI TPHTOH
METPHYECKHX YPaBHeHHiH '

cosp+siny =1,
{cosy/+sin¢=\f§.
W3 cucremnl ypaBHEHHH (2.29) umeem COSZ¢=(I—Sil‘I ;u)2 H sin’ ¢r=
= (ﬁ»cosy/)z . Tlocxomeky sin” @+cos’ @=1,To
I=(~/§“c0sy/)2 +(1—sim;1)2 =
=3—2J§cosw+coszq/+1—2siny/+sin2w=

=5—2(sinW+J§COSW)s

T. €. sim//+\/§cosq/=2 WM sin(w+%]=l.
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7T
Or1cIoa ToNy4YaeM w=;+ 2zn, tae n — nenoe wucno. IMockonbky

oltn

n ¥4
0Sy ST,TO Y, = o M ) =Cos=

. 1
[TockoMBKY COS ) =73 ni<y<z,T0 8iny, =E 4 U3 IEPBONO ypaBHe-
s crcteMsl (2.29) nomydaem ¢os@ | =1-siny, =1-—=—. Takkak x =cos ¢,

1
L8] .xl =COS¢71=E.

B
=3

1
¢ Omeem: x =3 h=

PewnTh cHCTEMY YpaBHEHUH

axy(2 -1)=1,
(2.30)
24 y2 =1.

Pewenue. Tlockonsky X+ y2 =1, To 06o3HauMM x =SiN¢ B y=cos@,
The ~m<@p<rx.

B TakoM ciydae nepeoe ypaBHeRME cucTeMst (2.30) MOXHO 3aITHCaTs, Kak
4sing-cos g ~(2<sin2 P~ 1) =1, 2sin2¢-(~cos2p)=1 nmu sindp =-1. Kop-

HAMU ypaBHeHMA sinde = -] sBasioTes ¢=—%+%n=%(4n—l), TR n —
uenoe uwco.
Tak kak -7 <@<x, TO ¢,=—5?”, ¢2=—%, ¢3=3?’t H ¢4=7?”.

. . Sx
C yuerom TOrg, 4TO X=S§$iN@ H y=cos@, MONy4aecM x,=-sm?,

}‘|=cos§7i ¥ =-sinZ, y, =cos=, x —sin>% y —cos3—” x4 =sin %
3 s A2 8; 2 8’ 3 8 s /)3 8 s 4 8
"y4=cos7—”.
8

¢ Omeem: CM. BHIILE.
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Pemuts cHcTemy ypasHenuh

21

Pewenue. [Tyctv y = tgw ,roe -% <w< % . Toraa W3 nepsoro n

(tgw+ 1)2 )

ypaBreHns cucrems (2.31) cnenyer x=2—=l+sm2w HZ=
tg'w+1

=cos2w. Ecnu TpHrOHOMETpHYECKHE BLIDaKEHHS UM INEPEMEHHBIX X, Y,

TIOXCTaBHTh BO BTOPOE YpaBHEHHWE cHcTemsi (2.31), To
2c0820-(1+sin20-1) _ 2sin 2w -cos 20
tgw = 3 = 3 =-tgdw .
1-2cos” 2o I—2cos” 2w

Orcioza cnenyer tgw +tgdw =0, sinS50=0 n a)=%,rnc n —u

n

n
arcsio. [lockonexy —3 <w< >

2z T T
O AT 2= 420, G

2z
W5 =—,
5
Tak kak x=1+sin2@, y=1tgw W z=C0s2®, TOr4a KOPHEMY CHUCTE
ypasHenu#i (2.31) sBmAOTCA x,=l—sin4?”, )’1=‘3-5’-r-, 2z, =¢0s
. 2 4 2z
x2=l—smT,_ y2=—tg?, zz=cos?; x=1, y=0,

X -1+sin2—” -tg£ z —cosz—”' x -l+sinf-’-r- =tg
4 5 y Vs 5’ 4 5 ) 5 5 v Vs
4r
zg = COS—.
5

¢ Omeem: cm. Brwe.
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——

PemIHTh CHCTEMY ypaBHEHHil

x\)l -y +y\Jl—x =1,

(2.32)
. . 4

2arcsin x + 3arcsin y = -511.

Pewenue. Ilockomky -1<x<1 B -1<y<1, 70 nofoxuM x=sina H

y=sinf, Torna a=arcsinx n f=arcsiny. Otciona cmeayer, 4o

_%SaS% " —12'-5/3532'—. B rakom cnyuyse cosa 20, cos 520 wu cuc-

tema ypasrenwit (2.32) mpunuMaeT sua
sinacos #+cosasin g =1,
4 (2.33)
2a+ 3ﬂ = ;ﬂ.

U3 niepsoro ypasHeHHa cucrems! (2.33) nosyvaem sin{a+g8)=1. Tlo-

%
CKOMBKY ~# Sa+fB<w, T0 A+ 8= 7 CreaoBaTeNLHO, HMEET MECTO CHC-

¥ g
a+ﬂ=?,
TeMa ypaBREHUH KOPHAMH KOTOpOil ABNNIOTCE Q| =Z H
4 6
2a+3ﬂ=§:r,
ﬁ1=%.Taxxax x=sinag n y=sin§,10 x,=% u y,=1/2§-.
¢ Omeem: =.‘. =.\/-_3_
"’1 2’ N 2
PemnTs crcremy ypaBHeRH i
6 6
(4x3-3x) +(4y3 —3y) =1,
(2.34)

x2+y2=l.

Pewenue, Tax xax x2+y2 =1, TO OPEACTEBHM X =SiN®w H y =COS® , FAC

0<®<27 . Omaxo sin3w = -4sin® @+ 3sine 1 cos3w = 4cos’ w—3cosw
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TI03TOMY H3 [1€PBOr0 ypaBHEHWS CACTEMEI (2.34) nonyvyaeM TPHIOHOMETP
cxoe ypasrenyie sin® 3w +cos® 3w =1.
TiprBenennoe BBillie YPaBHERHE NpeobpasyeM crexytomum obpaiom:

(sin2 3@+ cos® fi(z))-(sin4 3w—sin’ 3w-cos’ 3w+ cos* 30)) =1,
2
(sin2 3w+ cos> 30)) ~3sin?3@-cos’ 3w =1,

sin’ 3w -cos’ 3w =0

Wi sinbw =0.

Ecom sin6w=0, 10 (o=£n, rne n — uenoe yucno. Tax
6 .
n V4 V4 y 4
0sw<2n, 10 @=0, @y=—, W=—, W;=—, Ds=—, O
=9, @=7 73 =7 =73 6
a)—zz'a)—7—”m-“—”a)—-:za)-s—”ucu—E
7=, BT D=5, Gro= 5 =T 1257

. 1
[lockoneky x =sinw u y=cosw,T0 x; =0, y =1; x2=5, =

X =_Ji y =l- X, =l ___0. X =£ =_l_ X =l —

3 2;3 2,4 s Ya y Xg 2:)’5 236 2ay6

x7=0, y7=-l; xsr_-__l_, y8=_£; X9=—£, y9=_l; xao=:
2 2 2 2 §

3z =0; x =—-—J—-§- y =l“x =—l 3y =£_

10 s 1 2 r 1 ) 12 2’ 12 2

€ Omsem: cm. Buue.

Yncna a,b,c,d Takoss, uto a’ +b° =1, ¢ +d®=1 u ac+bd =4
Buruucnuts ab+cd .

Peuienue. Tak xak a’+b° =1 u c2+d2=l, TO TOJOXHM & = Sin
b=cosa,c=sinfud=cosf,rne 0<as<2zxn0<f<2x.

B TakoM ciryuae ac+bd = sina-sinﬂ-o-cosa’cosﬂ:cbs(a—ﬂ) . O
K0, 110 ycsoBHIO ac +bd =0, nosromy cos(a-£)=0.
Tockonbky
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ab+cd =sina-cosa+sin f-cos f =
=-£-(sin2a+sin2ﬂ)=sin(a+,8)-cos(a—p)
u cos(a—$)=0,70 ab+cd =0.

¢ Omeem: ab+cd =90

p21] Yncna a,b,c.d Taxosw, wro o’ +5% =9, ¢* +d” =16, ad +bc212.
Jloxa3ars, uTo ~S< b+d <5.

Joxazamenscmeo. Tak xak A +b2=9 un c2+dz=l6, 10 0003HAYHM
a=3sina, b=3cosa, c=4sinf u d=4cosp, rae 0sas<2x «
0<p<2n.

Toraa ad+bc=12sina-cos f+12cosa-sin B =12sin(a+B). Mo yc-
nosuio ad +bc212, omwako I2sin(a+B)<12. Orciona cnenyer, uTO

12sin(a+p)=12 wm sin(e+p)=1. Ciexosarenso, a+ﬂ=§+2xn,

Tae # — LeJI0e THCHO.
B Takom cnyvae

b+d=3cosa+4cos f=

. =3cosa +4cos (-’-;—+ 2m:-a)=300sa+4sina =

= 5(-5- cosa +:;-sina]= 5-(cosa)- eosa+sinra-sina) =
=5-cos(a —a)) ’
Tie @ = arccos % .

Tak kak -5 5-cos(@-@)<5,710 -55b+d 5.

@ Ynucna a,b,c Taxoss, w0 ab+ac+bc =1. loka3ars, 9ro

a + b = 4abe
1-a2 1-b* 1-¢ (l-a’)(l-b’)(l-c’)'

(2.35)



60 Paaaen 2

Hokazamenscmeo. U3 1WKOMLHOrO Kypca TPHTOHOMETPHH H3BECTHO
AyIOLIee YTBEPXIEHHE: €CIH X+ Y +Z =7, TO

X

t
£

y b y . z
g=4+tg—-tg—+tg=.tg==1,
82 82 82 tgz 82
B 370 cBA3M U3 ycnoBrA 3axauM ab+ac+bc=1 MOXHO CAENaTL B

X
O TOM, YTO CyINECTBYIOT TAKHME UHCNA X, J, 2, 4TO a=th, b=tg

c=tg§ g x+y+z=x.Torna

o in=-cos>
a 83 _ S -cos3 _ sinxy _tgx
5= = = ==
1-a" 22 2X 2% 2cosx 2
4 2 cos 2 ) 3
tgx tgy gz tgx tgy tgz
2.35 = AU - W - i -\ - =
# PaBeHCTBO (2.35) MpHHMMaeT BHA St > 3 s
tgx +tgy + tgz = tgx-tgy-tgz, (

rae x+y+z=nx. 1
Tax kak x+y+z=7, 10 z=7—(x+y) # sepaxenwe (2.36) MOXNA
npeobpa3oBaTs cneayowHM o6pasom:

lgx+tgy+tg(7r—(x+y))= tgt-tgp-tg(x—(x+y)),
tgr+tgy—tg(x+y)=—tgx-1gy-tg(x+y),
tgx +tgy = tg(x + y) - tgx - tgy - tg{x+ y),
tgr +tgy = tg{x + y)(1 - tgr-tgy)
wg(x+y)= l—ﬁ% .
TIOCKOMBKY B Pe3y/IbTaTe HECTOKHEIX MpeoGpAIOBAHMH MONY UM W

BECTHYI0 (OPMYJTy TAHTEHCA CYMMBI JBYX YITIOB, TO CHpaBEMIABOCTD (POp
Jel (2.36) moxasana. CnenoeatensHo, paBenCTBO (2.35) Takke HMEET M
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Meéemddel, ocHoeaHHbIe Ha NPUMeHeHuu
YUC/TéHHbLIX HepaseHcMme

HeerauaapTHEIMH METOREMH B MAaTEMATHKE ABNINIOTCA TAIOKE METOXB, B
OCHOBY KOTODHIX TIONOXEHO MCMONb3OBAHKE W3BECTHBIX B MATEMATHKE YHC-
netibix HepaseHeTs (Komm, Beprymnn n Komn—DByHAKOBCKOTO), M3yUeHUIO
KO'TOpBIX B 001e00paz0BATENBHOMN LIKONE HE YACANETCA WM NOYTH HE YAENIA-
€T CA HUKAKOro BuWManws. OHaKO MHOTME MaTeMaTwaeckHe 3anagn (ocobeu-
A0 3aJa9H NOBBLIICHHOMH CIOXHOCTH) 3(PEXTHBHO PEWAIOTCA MMEHHO TAXHMK
meronaMu. B aToli CBA3M He3HAHHE MOCHEAHUX MOXET CYIIECTBEHBO OIPaHH-
YHTH KPYT YEHEMmHO PelaeMblX 3a18y.

[lepponayansmo npusenem Gopmymposky HepasercTsa Kowm, nepaseH-
crBa BepHynnu u Hepasencrsa Komu——ByssaKOBCKOTO, 8 3aTeM NPOHJLIIOCTPH-
PYEM HX NPUMENEHHE HA IPUMEPAX, MHOTHE K3 KOTOPbIX B3ATHI H3 POTPaM-
Mbl BCTYIMTEABLHAIX 3K3aMEHOB 110 MMCBMEHWOH MareMaTuke B Benrocynu-
BepCHTeTE, '

HepaseHncTBO Kowum

Nyets a,20, a, 20, ..., @, 20, Torza

+ay +...
478 1%, \"/alaz " @a3.t)

n

Tae n2 2. TipwseM BEpaBeHCTBO MPEBPAIIACTCA B PABEHCTBO TOTAA H TONBKO
Torna, koraa @) =a; =...=a,.

B uactrocTH, ecom 8 (3.1) nonoxurs 7 =2, 10
al+a2

2 nlaz . (3‘2)

3T0 HepaBEHCTBO uAWIE BCETO BCTPEWACTCA NMPH PEIICHMH LIKONMBHEIX 38-
424 no matTemaTHKe.
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1
Ecnut B (3.2) nonokuts @y =a H a, =—,rae a>0,T10
a

1
a+~22.
a
3nech HepaBEeHCTBO PABHOCHIBHO PABEHCTBY /MG IpU a =1, o
Cnenyer OTMETHTD, YTO HMECTCH AHANOT HepaBeHCTBA (3.3) AnR orp’[ i
TeNLHBIX JHAYCHHH a, @8 MMEHHO, eciiH @ < 0, TO A

a+ls—2 123.-
a

JlaHHOe HepaBeHCTBO MpeBpalLiacTC B PABEHCTBO Ipu a =—1.

HepaseHcTeo BepHynnu :
| 4

Haubonee pacopocTpaHeHHsIM ABIAETCA HepaseHCTBO BepryniH, KoTopé
dbopmysmpyercs B ciemylomeit gopme: ecnn x> —1, To ans ymoboro wdry
PanbHOTO /1 HMEET MECTO

(1+x)" 21+ nx. &)

[Tpwyem paeencteo B (3.5) mocTaraercA npu x =0 win n=1. '
Hapsxy ¢ (3.5) cymecrsyer Gonee ofuiee HepasencTso bepHyinu, Koty
poe coxepxuT B cee apa HEPAaBEHCTBA: -y
ecmu p<0wm p>1,10
(1+x) 21+ px, 334

ecnu 0< p<l, 10

(1+x)° <1+ px, ' (3.3

rne x>-1.

CnenyeT OTMETHTD, YTO PABEHCTBA B (3.§‘) # (3.7) IMEI0T MECTO TON
xo mpi x = 0. BepHo Taxke i 00paTHOE YTBEPAKACHHE.

HepaBeHcTBO Kowiu—bByHRKOBCKOro

JUIs IPOU3BONBHBIX Xp, X3,.e0y Xy B Yy, V3, .0y Y, HMECT MECTO

(3 +x20, +...+x,,y,,)2 S(x,z+x§+...+x,2,)(y12 +y§ +...+y;‘:), 3.

raenz2.
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[Tpuuem paseHCTBO B (3.8) ZOCTHTEETCA B TOM ¥ TONBKO B TOM CITyvae, KO-
(g GMCTR X; H Y, TPOMOPIMOHANBHEL, T. €. CYINECTBYET KOHCTanTa @ (a = 0)
aKas, Y70 A BCeX A =1,2,...,n BHIIONHACTCA PABEHCTBO X; = AV, .

Ha ocHOBE HCMONB3OBaHHA HepaBeHcTBa Komm—Byaskosckoro (3.8)
MOXHO JI0Ka33Th HEPABEHCTBO

(a+b)" <2*! (a" +b" ), (3.9)
KOTOpOE CTPABEIUTHBO LN ipow3sonblibix a(a 20), b(b20) u HarypareHo-

o 9Kcna n.

Hpumevanue, JlokazarenbcTso HepaseHcts (3.1), (3.5), (3.8) u (3.9) npueeacHo, 8
4acrHOCTH, B yuebuom nocoSun Cynpyua B. 1. «<MatemaTuka ans crapuieknace-
HHKOB: 33J8YH MOBHILEHHOH cnoxnocTi» (M.: YPCC, 2008).

Joxasarennctso 060o6ieHHoro HepaserncTsa bepuymu (3.6), (3.7) (a Taxxe aoxa-
3ATeNLCTEO APYTHX MHCACHHAIX HEPBBEHCTS) MOXHO MOCMOTpPETH B cTatse Copo-
kuna T. A, «IxcTpemym n HepaBenctaa» («MaremaTika B mxone», 1997, Ne 1),

3agauv U pewieHus

@ JlokaszaTs HEPABEHCTBO
(a+2)(b+2)(a+b)216ab, 3.10)
mea20ub20.

Hokazamenscmeo. Ucnoneiys Hepasencteo Koww (3.1), MOXHO 3amH-

cath a+222~/§, b+222J2b v a+b22Jab .
B taxom criyuae umeet mecto

(a+2)(b+2)(a+b)22V2a- 226 2Jab =16ab,
T. €. Hepasenctzo (3.10) aoxazaHo.
@ Roxasats HepabeHcTBO _
3(a’+b3+c3)2(a+b+c)(ab+ac+bc). (3.11)

Hoxazamenscmeo. Tipumenan nepaserctso Koum (3.1) npy 2 =3, nony-
H12€M NOCIIEROBATENBROCTS HEPABEHCTS

&+ +¢ 23abc, @ +b+¢ 2 3abe,
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& +b +c 23abc, @ +d+5 >3a%,
S+ +b ?_Babz, a3+a3+0323azc,
@+ +c 23acz, B+b e 2 3bzc, B+ 236,

Ecnu n1pocyMMHpPOBATh NEBBIC M ITPABKIE YACTH BCEX NMPHBEAEHHBIX BBILIE
HEPABEHCTB, TO NOJYyRacM 3

9(03+b3+c3)23-(3ab0+a2b+ab2+a2c+ac2 +bzc+bcz)=

=3.(a+b+c)(ab+ac+bc),

T. €. HepaBeHCTBO (3.11) xokasano.

@ JloxasaTs HEpaBEHCTBO
3@ +8°+)2(avbrc)(a +87+ ), (3.12

HAokaszamenscmso. Kax v npa Koxa3aTenbCcThe NPEABIAYIETO HEPABEHCTH
Ba, BOCTIONB3yeMca HepasercTBoM Komm (3.1) npu 2 =3, Toraa MoxHO Hamu-
catb

@ +d +b*23d%b, &’ +86° +5° 2 3ab?,
& +ad+c 23d% . @+ +e’ 23ac2,
B +b+ 2%, b+’ + 230,
Orciona nosnyvaeM
ti(a3 +B +¢° ) 2 3(a2b+ ab® +a’c +ac’ +b2c+bc2).
Ecnu k oferM 4acTaM MPUBELEHHOTO BHILIIE HepaBeHCTBa MPUOABHUTE BB
paxeHue 3(03 +b’+c’ ) , TO TIOMy MM

9((13 +b3+c3)23(a3 +I;3+c3+a2b+ab2 +a2c+ac2+b2c+bc2)=

=3(a+b+ c)(a2 +5 +c2),
U TeM CaMbiM HepaBeHCTRO (3.12) zokasano, o
Hlokasath, 410 ¢
&8+ 2 a* e+ -ac+c? -Jab. (.13)

rtne a20, 620 u c20.
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Hoxazamensecmeo, Hcnonb3ys (TpMOKABE) Hepaseﬂmo Koum (3.1} npu
n =6, nomyyaem

Frad+d+dd+8 4 26-9/a3-a3-a3-a3 bl =6-a2-\/bc,
@+ +8 46 +8° 2607 -Jac,
S+l v+ 4 2602 Jab .

Ecnu CHOXHTD N€BBIC W NPABHi€ YACTH NMPHBEACHHBIX BHINE HEPABEHCTB,
TO AOKAXKEM CTIPaBEIHBOCTH HepaBeHeTBa (3.13).

@ Jlokas3ars, uro
wbed < 2O vd® (3.14)
~ a+b+e+d '

rae a20,520,¢20,d20u a+b+c+d>0.

Hoxazamenscmeo. Taxk xax @20, 20, ¢20 u d 20, TO MOXHO npy-
MeHuTh HepaseHCTBO Koww (3.1) npu n=5. Toraa

Sed b+ +d* 253 @® b c*-d° =5abed ,
@+ +b° +¢ +d’ > Sabed , &+ ++& +d’ 2 Sabc’d
ua +b+c +d’ +d® 2 5abed?.
Ecim CI0XHTb NPWBEREHHEIE BbILLIE HEPABEHCTBA, TO
5(a® 5% +¢* +d°)25(a"bed + ab’cd + abe’d + abed® | wnm
@’ +b° +c° +d’ 2 abed (a+b+c+d). (3.15)
TNocxonsky a+b+c+d >0, To u3 HepaseHcTBa (3.15) BEITEKaeT TPEOye-

Moe HepaBeHCTRO (3.14),

Hokasars, ecnn abe =1, 10
Lililsainae (3.16)
a b ¢

1
Hoxazamenvcmeo. CornacHo nepaseRcTBy Koum (3.2) nmeem L+ -2

b
2
2~—, TaK KaK N0 YCHOBHIO i---‘-{-l-?-('-‘—c, 10 L+—12-2 2¢. AHAIOTHYHO
ab ab ab az b

1 1 11
MOXNCHO TMOKA38TE, 910 —+ 5220 W —+—22a. CnegoBaTenbHO,
c

a & b
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1 1 1 1 1 -1
—t— |+ S5+ |H| 5+ {2 2a+ 2D+ 2
(az bz] [az s ] (bz e ]

Orciona BHITEKAET CNPaseATHROCTS HepaBeHCTBa (3.16).

Jfokazath, YyToO

22t +1228% +4°. (3.1

Hoxazamenvcmeo, CornacHo Hepasencray Koww (3.1) umeem

A +1222 uad®+at vat 124945 4 a4 1=44°,

EcaH cloxuTs NPUBEJCHHbIE BBILLE nepaaeucrna, TO nomyunM (3.17).

Jlokazath, ‘n"o ‘
1+2a% +b® 2 3ab+ab’. (3.1

Hoxazamenvcmeo. JIna nokazarenscrsa (3.18) socnionssyemMcs (ABaxiH
nepasercTBOM Komw (3.1) ¢ r1onywnM ciieXyIOIHE ABa COOTHONICHHA:

a® +8% 2 2a? -8 =2ab° ,

1+14a? +a? +a +6° 26.§ 1.1 -a* -5 = 6ab,

OTKYZa cneayer a*+b%>2ab® u 2+3a% +b° > 6ab. Ecan cnowwre np
AEHHEIC BLIIE HEPABEHCTES, TO NOTyYMM HepaseHeTBo (3.18).

Aoxasars, uto

n n n
[a+b) +(b+c] +(c+a] 3.9
c a b

rae a>0, >0, ¢>0.

Hoxazamenvcmeo. CornacHo wepasenctsy Koww (3.1) mpy n=3 nmee
(a+b)" (b+c]" -(Ha)" J(“br (m)" (Ha]"
+ + 23 . . =
c a b c a b

=3[i[(a+b).(1;;:).(c+a)}»2 [ ab 2;{’1? ch‘a] [V a::] o
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Jlokasars HEPEBEHCTBO

2 2 2
°4+b4+c4s ]2+ 12+ '2, (3.19)
1+a° 1+ l+c 14a° 14b° l+¢

e a2 +b2+c* <3 ua#0, b20, c#0.

Hoxazamenscmeo. OueHuM NEBYIO 4acTs HepaseHcTsa (3.19), ucnonsiys
nepaseHcTBO Koww (3.3). Yimeer Mecto
2 2 2
1
a4+b4+c4= 11+|]+ IIS%+%+E
a b c
Iina npaBoi wacTi HepaseHcTBa (3.19) MOXHO 3anucaTsh
12+ 12+ 122
1+2° 1+b° l+c

> 3 2 2 .
{[(l-»az) (l+b2) (1+c2) 3+a’ +b" +¢*

0w

Mockonsky a” +b% +¢* <3, TO U3 NOCHGIHEro HEPABEHCTBA NOMTyYaeM
1 1 1 o 9 > 9 3

+ + 2 ==
1+a° 148 1+6* 3+a +b2+c*> 343 2

3
Tax kak neBas 9acTb HepapeHcrsa (3.19) MeHbIE MM paBHA > a npasas

3
Y4CTh — HEe MeHbINe 3 TO HepaBeHCTBO (3.19) nokasawo.

Hpusevanue. Tlpn 10xa3aTENLCTBE HEPABEHCTBA

1 . 1 + 1
1+a® 14b% 1+4¢°
66110 HCNONBIOBAHO HCPABCHCTBO

1 1 1 n?
—t—t =2 —
a a a, a+ay+..ta,

>3
2

KOTOPOE JOKA3bIBACTCH NYTEM ABYKPATHOTO NIPHMEHEHUS K €10 JIEBOH YacTH He-
paBencTsa Kowm (3.1).
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@ Jloxasarb, €CIH a® +b% +¢? =1,70

a(b+c)<§ ’ (3.20) 4
rae a20, 20, c20.

2
a
Hoxazamenscmeo. Cornacro Hepasenctsy Koy (3.2) uMeem —2—+ b >

2
2v2ab wu a?_wz 2 Jfac . Torna

l1=a®+b* +c° =%—+b2 +a?-i-c2 > Zab+\/5ac=~/5a(b+c).

Orcioza cnefyeT cnpaseIHBOCTb HepaBeHcTsa (3.20).

@ Jloxa3saTth HepaBEeHCTBO k
V22442 + 244242 <242, (3.21)!

foxazamenscmeo. Ouerinm nesylo yacTh HepaBeHcTda (3.21), nenom3ys
s 3toro HepaBeHcTBo Kown—Byuskosekoro (3.8), . e.

(Jz-m+\/2+m]’ ]

=(|.J2-\12+\/§ +l‘\l2+\/2+~/§]z <
<(® +1’)‘(2-42+J§+2+J2+~/§)=2-4=s.

Ortciona cnexyeT HepaBEHCTBO

J2-2442 £ 242442 V2442 <242 (3.22)

JIna NOKAa3aTENECTBA CTPOroro HepaseHcTsa (3.21) AeoGXOMMMO MOKA3aTH, |
410 8 (3.22) paseHcTBa GBITH He MoXeT. Flpeanonoxum, yto

JZ—\/2+\/§ +\!2+J2+\E =2J2.

D710 BO3MOXHO MWL B TOM ClIydae, koraa AepaBenctso Kouwm—Byus-
KxoBckoro (3.8) npeapamnocs B panencrao A 970 BO3MOXHO JHIIIL B TOM cny- b

V2 —Jz+_ J2+J2+J'

yae, Koraa




Memodsi, OCHOSEHHBIO HA NDUMBHEHUL YUCITEHHEIX HEDABEHCME 69

OueBUIHO, YTO JAHHOE PABEHCTBO HEBEPHO (ITOCKONBKY WHCAWTENH APO-
Geil COBNANAIOT, 8 3HaMenaTenu — Her). Cnegosatensho, HepasercTeo (3.21)
gOKa3aHO.

fIpumevanue. Hepasenctao (3.2]) MOXHO JOKA3aTh TaloKe INPH MOMOLIM Hepa-
reuctna Beprynnm (eMm. npumep c Gonee obmuM ycnoBueMm).

Jlokazats, uro

L 1 _2%4
—_—t—2 , 3.23
Yo ¥ Ya+b 325

rmea>0nb>0,

Hoxazamensemeo. Tipu foxazaTenscTBe HepaBeHcTsa (3.23) Gynem npu-
meHaTs HepaBeHeTBo Komu (3.2).

Hmeer MecTo a+b > 2 ,fab,'r. e. ‘a+b2‘\‘/§-§]ab am

LI 7
§jab ~Yarb )
Ecmu x nesoit yactu Hepasenctsa (3.23) npuMeHuTs HepabencTso Koun
(3.2), a 3aTeM BOCTIONE30BaThCA HepaBeHCTBOM (3.24), To nomyynm TpeGyemoe

1 1.2 _2%42
wepaseHcTBO (3.23), T.e. —+—=2 b2 .
P OB T B Yab Yars

(3.24)

Jloxas3aTe HEPABEHCTBO

2 2
LRI ) (3.25)
a-b

Taca>b w gh=1.

Hoxazamenvcmso. Taxk kax a > b, 10 a—b> 0. TIpwmenmm K ieroii yac-
™ Hepasencrpa (3.25) nepasencrso Kowm (3.2). Torma ¢ ydeTroMm Toro, 4ro
ab=1, nonyuum

a’ +5 _(a—b)2+2ab _ (a-bY +2
a-6 a-b T a-b

22, ’(a —b)-;%-g =2V2.

2
=(a-b)+—>2
(a-b)+—
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@ JloxasaTs HEpPaBEHCTBO

2 2
LAY (3.26)
b-1 a-1
rnea>1ub>1,
Jokazamenscmeo. Tlycrs a-1=x u b-1=y. Takkak a>1 n b>1,

10 x>0, y>0 uTpebyemoe HeparencTno (3.26) MOXKHO NEpENNCaTh KaK

28, (3.27)

tae x>0u y>0.

Hockomeky x > 0, To a4 gokazarenscrsa HepaseHCTBa (3.27) MOXKHO BOC-:
nonb3oBaThea HepasencTeom Koww (3.2) n npH 3TOM NONY9YHT> HEPABEHCTBA

xTHZ x wm (x+ l)2 2 4x. AHANOTHYHO MMEET MECTO (y+|)2 >4y . Kp

M€ TOro, u3secTHo 13 (3.3), uro LR AN .
y x

CrenoBaTensHo, NIEBYIO0 YaCTh HepaBeHCTRa (3.27) MOKHO OLEHUTD CHH3Y
2 2
+1 +1
(x41)” (+1) S ax 4y _ 4{i z] 54228,
y x y x

Orciona cneayeT cnpaBeAIHBOCTh HepaseHeTs (3.27) u (3.26).

Hoxazats, ecom a+b=1na>0,56>0,10

2 2
(a-f--l—] +(b +~1-] >3 (3.28
b 2

Q

ﬂoxaaame.nwmca. Hpem;apmenmo 33MTHWEM (B BCTTOMOTATEIIBHBIX HE-

2
x+
PAaBEHCTBA, 4 MMEHHO, X° +y° 2 -;-(x+ y)2 u xy s(_4y_), O6a 31 Hepa-

BEHCTRA BhITeKalOT U3 HepaBeHcTBa Koumw (3.2). KpoMe Toro, 31H HepaBeH
MOXHO JIETKO A0KA3aTh METOAOM OT NPOTHBHOTO.
B Takom cityvae
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2 2 2
(a-ﬂ-l] +(b+-l-) 2 1 ~(a+l+b+l] =
a b 2 a b

2 2 2
=l. a+b+a_+b :l. ]+L Zl. l+——i......_ -_-22,
2 ab 2 ab) 2 (a+b)2 2

T. €. HePaBeHCTRO (3.28) nokasano.

Joka3aTb HepaBEHCTBO

(l+l]-(l+l]29, (3.29)
a b

rae >0, b>0 u a+b=1.

Hoxazamenvemeo. Taxk xak a>0, >0 uw a+b=1, 10 w3 HepasencTea

Koww (3.2) suna % b Ja b cnemyer, uto Ja b < % HIH Lb 24,
a

C yuerom TOrO, w10 a+b=1 u Lbz 4, npeobpasyeM NEBYIO YacTh He-
a

pasencTsa (3.29) cnenyioumm obpazom:

])[ l) 11 1 a+b 1
l+=F1+=|=l+—+=—+—=l+—+—=
( a b a b ab ab ab

I PRLENE T RO U Wy
ab ab ab

Ortcrona cnexyeT cCnpaBeYIMBOCTD HEPaBEHCTRA (3.29).

Jlokazate HEPABRCHCTRO
n n
(l-l-g] +(l +é-) 22",
b a

Hoxazamenscmao, Bocniosbzyemes (Tpywxast) nepaseiicrsom Ko (3.2),
Nmeer MecTo cnemyoman uenouka npeobpasoBanuii:

(g ()
(G

tie a>0un b>0
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Hokasars, 41O

[a—l+l][b—l+l][c—l+l)sl, 3.30)
b c a

rae a>0,6>0,c>0 4 abc=1.

Hoxazamenscmeo. Tlockoneky abc =1, TO nepemMennsie @,b,c MOXRO

MPEACTaBHTD B BUIE a = bl , b= 2w c=Z. B rakom ciyyae HepaseHCTBO (3.30)
y z x

6yner paBHOCHABHO HEPABEHCTBY
(x-y+2)(y-z+x)(z-x+y)<mz, 331
e x>0,y>0,z>0.
BBezem HOBBIC MEpeMeHHBE u=X—y+2Z, V=y—Z+X K w=2—-X+),

u+v V+w u+w
Torma x = s y= > z= 3 A HepaBeHcTBo (3.3 1) npunumaeT Bux
(+v)(v+w) (e +w) > Buvw, (332)

rae ¥ >0,v>0,w>0, -
CnpasennuBocTs HepaBencTsa (3.32) nerko cnexyer H3 HepaseHcTsa Ko-

ik (3.2), Tak KaK ¥ +v 2 2\/1;, view22dvw u u+w22Juw
Cnenosarentho, TpeGyeMoe HepaBeHcTBo (3.30) mokazaHo.

Hpumeuanne. Joxasarenscrso Hepasencts (3.31), (3.32) moryr npeacrasnars’
€000M CAMOCTORTENLHBIC 33]a4H.

Hoxasars, eciv 3a+b=1,T0

1

3@’ +4° > e (3.33)
3 +b 2 %, (3:34)
3t 4542 é. (3.35)

Hoxazaemenscmeo nepasencts (3.33), (3.34), (3.35) 6ynem Bectr Ha oc-
HOBE pumMeHeHns Hepasercrsa Komu—Bynakosckoro (3.8).
Uwmeer mecTo
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1=(3a+b) =(l-a+1l-a+1-a+1-b6)' <
< (l2 +12+12 +12)(a2 +a’ +a 4—[)2)=4(3a2 +b2).
TaxaMm oOpasom, cnpanezmnnocﬁ» HepaBeHCTBa (3.33) mokazaHa.

1
Hcnonbays aokasanHOE HEPAaBEHCTBO 30’ +b% 2 e 3anumeM

1 3 1 3 1 3 t 3y

- {2 2 12 2 2 2 1 2
-l%s(3a2+b2) =[az-a2+a2-4121-02-4:2“’32-1;2 <

S(a+a+a+b)(a3+as +a3+b3)=(3é+b)(3a3+b3)

Tak kax 3a+& =1, 10 oTCI0Aa caenyer Hepasencrso (3.34). lanee, ¢ yae-

TOM HepaseHeTBa (3.33) noayyaem

-I%S(Saz +1P;2)2 =(l-az+l-¢32+t-a2 +lubz)2 <

54(04 +a* +d* +b4)=4(3a4 +b4)

T. €. COPaBEANHBOCTL HepaBeneTsa (3.35) Taroxe nokasaHa.

Jloka3arth, 4T0 €Cu eyt ,TO
¥ y

13+y3S2,

rre x20u y20.

(3.36)

HAoxazamenvemeo. J\NA OLEHKH CBEPXY BHIPAXEHHS >+ y’ NpYMEHUM

HepaseHcTBo Komyu—Byuakosckoro (3.8), T. e.

“

2
("3*Y3)2=[x%°x%+y2-y] <+ {2 407)

337

Tlockonsky mo yenosmio x°+y* <x?+y®, 10 us (3.37) cneayer

(x3 + y3 )2 < (x2 + y3)(x3 + yz) . Teneps npuMeHuM ﬂépanenmo Komu (3.2),

: 2
2 (e P erd s
Torna (x3 + y’) s(u&fl )
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OTCI022 BHITEKAET HEPABEHCTBO 24+ yJ <x?+ yz .
Janee, cornacho HepaBeHcTny (3.8), umeem

3 1 3 Y
(x2+y2)’=(xz,xz+yz.yz] (45" (x+9). (3.38)

Tak Kak x + y35x2+ yz, To M3 HepaBenctsa (3.38) monywaem

2+ y2 Sx+y.
3areM onsATh BocnoAB3yeMcs HepaBencTeoM Kowmn—ByHsakosckoro (3.8).
Vmeer MecTo

(41:4-}')2 =(l-x+l-y)2 s(l2 +12)-(x2 +y2)= 2(x2 +y2). (3.39)

Oxnnako .\:2+y2 Sx+y H x+y20, toraa u3 (3.39) cneayer x+y<2.

Tak Kak x3+y3$x2+y2, x2+y25x+y H x+y<2, TO HEPaBEHCTBO
(3.36) nokasano.

@ Jokasars, 4TO A MOGOro HATYPALHOIO 71 BSHITIONHACTCS HEPABSHCTBO

(2n-1)1s ™, (3.40)

oxazamenscmeo. Ipeobpazyem neByio wacrs uepaserctsa (3.40), wc-
a+b

2
none3ys kepasencTeo Komw (3.2), 3anucanHoe B BUAE ab S (T) .

Umeet mecTo
(2n—1)!=l«2-..‘-(2n-l)= )

=(1-(2n-1))-(2-(2n-2))-(3-(2n-3))...((n-1)-(n+1))-n 5
S(l+(2n—l))2 {2+(2n-2)]2 {34—(27:—3)]2”.“{01—l)+(n+l)]2 e

2 2 2 2

2 n=) -
=(n ) cn=nt",

MIpumenanue. Ecnu n 2 2, 70 HepaseHCTBO B Bhipakerun (3.40) GyaeT Crporum.
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@ Jlokasats, 4TO
50460 <70, (3.41)

Joxazamenscmeo. Tax K8k HMEET MECTO 59 +6' <2-6', o mnx noxa-
1aTEThCTBA HEpaBerCTRA (3.41) AOCTATOYHO MOKA3ATD, HTO

2.6 <70, (3.42)
C noMowsio HepaseucTBa Beprymm (3.6) MoxHO 3anHcaTs

10 10
(l] =(l+l] >I+£>2
6 6 6

Orciona cleayer CMpaBefIMBOCTb HepaseHeTBa (3.42). Cnenosarensto,
Tpebyemoe HepaseHcTso (3.41) noKasawo.

Jloka3aTs HEPABEHCTBO

Ps-a+is+4a <235, (343)

Hoxazamenscmeo. Bocnomssyemcs uepaBetcTtsoM bepriynmm (3.7), Toraa
nonywaem

315-_%+W=§/§~(1-§]%+315-(1+§)%s
<35 (1- ]R/’ (l+ ) 2-35.
T. ¢. HepaBecTBO (3.43) M0Ka3aKo0.

@ Jloka3aTh HEPABEHCTBO

fa-F(x)+4a+F(x) <2¥a, (3.44)

raie 0<F(x)<a.

Joxazamenscmeo. TlpeoGpasyem nepyio wacTs HepaseHcrsa (3.44) ¢ wue-
nonL30BaHREM HepaBeHcTsa (3.7), 1. e.
1
F(x)\t
+¥a. [l + -—(-i)-) <
a

c/a-p(x)+sja+p(x)=g/;.(,_ F_f:f)]
s%[l-%ﬂ+l+f%),2qg.

> |~
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i

Tak KaKk no ycnoBHio F(x) =0, To paBeHcTBa B HEPaBCHCTBE Bepﬂymm1

1

(3.7) "e byaer, NO3ITOMY AOKA3AHO CTPOTOE HEPABEHCTRO (3.44).

B.26] okasats, ecmn x, > 1, x, > 1, ..., x, >1,10 . i
1
J
|

X X2 Ko-| X
[I+L) {l-vl] [1+L] -(l+i] 22"
X3 X3 Xn X

. i

Joxazamenvcmeo, {ng nomyudcHUA HIDKHEH OLICHKH JICBOH 4acTy Tpe6ye-l
MOrO HEPaBEHCTBA MEPBOHAYAIBHO BOCTIONB3YEMCA HEPaBeHCTROM BepRynnn.
(3.6), a 3aTem HepasercTeoM Komw (3.2), Toraa ;

B
L R
A

CrnienoBarensRO, TpeOyeMoe HEpaBeHCTBO 0KA3aHO,

emeo s M s 2k

Pemwts ypasHenue
(165 +1)-(* +1) =16(x)'™. (3.45).
Peuwtenue. Acnonsiys nepasedcTso Komm (3.2), MOXHO 3amucats

16x™ +12 2V16x*° =8x'% ym+122\/y2°° =2y'%, 1.e. umeer Mec1'01
HEPaBEHCTBO (l6x2°°+l)- (ym+l)2l6~ (xy)m. 1

Orciona n U3 ypaHeHua (3.45) cnexyer, 4TO NPHBEACHHHE BHINIC Hepa—g
sercTea Komn ofpamalorcs B paBeHCTBA. A 3TO BOIMOKHO IHIIb B TOM CIIy-'

uae, xorna 16x°° =1 u y2°° =1. CenoBATeMLHO, HMEEeM x=tQ12- ny=zI1.

i

1 1 1
¢ Omeem: x,=——, y,=1; x,=—, n=-l; n=-g= ))'3‘1"'
1 52/5 | I 50(-2 {‘2 1
1 !
Xy ==, ¥ =-1. !
A 1
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@ PeauTs ypasHenwe

g} 2525 +9) = 4x+3, (3.46)
X

Pewenue. INepenmnem ypasnenue (3.46) B suge

,3, 252 -(212 +9) =4x% +3. . (3.47)

TMpumennam k neBoi uacTh ypasHenun (3.47) nepasenctso Komm (3.1)
npu n=3.Toraa

522 +5x +(2x2 +9)
3

EC/TR noNTyueHHOe HEPaBEHCTBO CPABHHTS C ypaHenweM (3.47), To BRAHO,
4TO NMPHMEHEHHOE BHIE HEPABEHCTBO KomM MpeBpaTHNOCH B PAaBEHCTBO.

A 7T0 BO3MOXHO, KOrza 5x2 =2x° +9 ,T.& X= +f3.
Henocpencraersolt nposepkoit ybexmaemes, 910 HaleHHBIE 3HARCHHA
n=v3ux= -3 sewmores KOpHAMU ypaBHeHHS (3.46).

& Omaem: x, =3, x, =3
Pemymsneme

+4Y 249 ’
("_] +["3 ]=4x3. (3.48)

25x* -(sz +9) < =4x% +3.

2

Pewenue. N3 ypasaenns (3.48) cnenyer, wro x > 0. Ecimn 06e wacty ypas-
Hens (3.48) pasanemyTs Ha x°, TO

6 3
(€+72?) +(§+%) =4, (3.49)
3 2

Tak xak x> 0, To cormacRo Bepanenctsy Komm (3.3) ameem —2—+T22
X

n %-}-22 2. Orciona caenyer, 410
X
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Caenoparenero, ypasHenne (3.49), a BMecTe ¢ HAM M ypaerenue (3.48),
KOpHeil HE HMEIOT.

¢ Omeem: xopueit uer.

PetuTs ypaBHenue
sx+1+8-x =2dxt sl (3.50)

Peuenue. Ilpumennm nepasenctso Koum—Bynaxosckoro (3.8) k nesoil
ypasHenna (3.50). Toraa

(x JIﬁ+J3_-})’ < (xz 4»12)-(.\r+l+-3-»:)=4(x2 + I).

QOrciona cnegyer HepaBeHCTBO xx+i+3-x< Zsz +1. Ecom nony-
4EHHOE HEPABEHCTBO CPABRUTH C ypasuensem (3.50), To snmHo, 4TO TMpUMe-
HEHHOE Bbille HepaBeHCTao Kom—DByHAKOBCKOTO NPEBpPamiaeTes 8 paseHcT-
BO. A 3TO BO3MOXKHO TONBKO B TOM Cniywae, KOraa BHMNOAHACTCA PABCRCTBO

x x+1

—-= . Orciopa caegyer, yto 0<x<3. Jlanee, nocne BO3BENEHHA B
1 J3-x

KBaJpaT 06enx yacTeii ypasuesms xv3— x = Jx+1 nonyaaem “

-3 +x+1=0. (3.51)
Mepawidi kopens ypaBHenua (3.51) nerxo waxoaurcs moaGopoM M 3TOT
Kopens pasen x, =1. Tax xax x° —3x2+x+l=(x—l) (xz—2x-»l), TO OC-

TANBHEIMH KOPHAMH ypasHenus (3.51) sengrorea x,, =11 V2.
Omnako 0< x<3. oaromy ypasHenue (3.50) Gyzer nMeTh TONLKO JBA
KOpHS, & HIMEHHO, X, =1 M x, =142,

4 Omeem: n=1,x =]*‘J5-
Pemuts ypaBHeHHE
s+ frz+¥i-2 +$hes? =a. (3.52)

Pewsenue. Bocrionbayemcs HepaseRcTBoM Bephynnw (3.7), Toraa nesylo
4acTh ypaBReRns (3.52) MOXHO NepenucaTs B Buae
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H)=

(l-x)%+(1+x)%+(1~.1:2)z +(l+x2) <

2
51—§+l+5+l—x—+l+x—=4,

Ecimm nony4yeHHOe HEPAaBEHCTBO CpaBHUTD ¢ (3.52), TO BHAHO, YTO Hepa-
BEHCTBO DepHymmu ofpaTnnoch B PaBEHCTBO, a 3TO B JAAHHOM MpHMeEpe BO3-
MO>KHO JIHLIb TOJBKO B TOM ciiydyae, koraa x =0.

HenocpeacTeenHoli mojfcTaHoBKoi#t ySexnaemes, uto x; =0 — kopeHs
ypaBHeHad (3.52).

¢ Omeem: x, =0.

PemuTe ypasHenne

4 6
1’1—f+"’1+x=[l—i] +(|+i] . (3.53)
3 24 36

Pewenue, ﬂpnmeuvfm K ieBOiH 9acTH ypasrenus (3.53) Hepapenctso bep-
wyn (3.7), a K npaBoii 9acTn — HepaBeHcTBO (3.6), TOTRA

]
> . 1
Jl—£+ T+x =(1-i)2 +1+x)e s1-Z414222
3 3 6 6

4 6
u[l-i) +(1+i) SR
24 36 6 6
Orciona cnenyer, YTo HepaBeHCTBA BepHy AN, npuMenetHbie k 0benm Hac-

TaM ypasHenus (3.53), o6pamaroTcs B paBeHCTBO, d ITO BO3MOXKHO IHHIb B TOM
cnydae, korma x; =0.

® Omeem: x,=0. .

Pewmts ypaBHeHne
%/1+J|-x’ +dz-J|-x2 =2, (3.54)

Pewenue, IlpyrMeHUM K caraeMbIM JICBOH qaé’r ypaBuenus (3.54) Hepa-
sedeTao Beprynnu (3.7) u nomyunm
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J__‘am_‘;ar_a_m=(,+J:;?)%+(._m)%s

Ecny nonydentoe HEpaBEHCTBO CPABHATD C YpasHeHHeM (3.54), To Buano,
YTO NPHMEHEHHOE BEIMIE HepaBeHcTBO beprynnu (3.7) obpamaerca B paBeHCT-

BO, CJICXOBATEABHO, MIMeeM Vi - x* =0 wnm x=¢#1.

® Omeem: x =1, x, =-1.

Pemurs ypasHenne

2sin3x-cosx +3sin Sx-cos3x = 4+cos’ x. (3.55)

Pewenue. O6osnaunM f(x)=2sin3xcosx+3sin5xcos3x u g(x)=

= 4+cos’ x . Tipumenns nepaencrso Koniw—Byraxoscxoro (3.8), momyuaem
f 2(x) < (sin2 3x+cos’ 3.::)-(4(:09,2 x+9sin’ Sx) <13. Orcioma cnexnyer, 9ro
~13 < £(x) < V13 C apyroii cropou:, imeer Mecto g(x)> 4> /13 . Tak kak

f(x)< g(x) nng moGrrx x, 7o ypaBHenne (3.55) kopueit He umeeT.

¢ Omeem: wxopucii ner.

@ Pemmrs ypasrerve

2
(sin‘ x+cos’ 2")‘(_13"'"";'—) = 4cos’ Ji'__ 2. (3.56)
sin"x cos 2x 4

Pewenue. OueHaM CHH3Y JIEBYIO YaCcThb ypaBHewus (3.56), ucnonssys g
atoro HepasencTBo Koinm (3.2). Toraa nomyuaem

(sin8x+cosz 2x)( ]8 + ! )2

sin®x  cos® 2x

2

=4.
Jsirla x-cos® 2x

> 2+/sin® x-cos® 2x -
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Taxum ofpasom, mokasawo, 9To JieBas 4acTs ypaBHeHMaA (3.56) 6omeme
unH paena 4. Tak KaK MPH STOM NpaBasA €ro YacTb HE MPEBOCXOANT 4, MOMy4a-
€M CHCTeMY ypaBHeHni

(sina,\:+cos2 Zx)( l' -+ ; ]=4,
sin” x cos* 2x

’ 2
4cos? KT—x2=4.

Ieproe ypaBHenue cucteMb! (3.57) CBHACTENSCTBYET O TOM, YTO NpHMe-
HeHHoe BhILIE HepaBeHCTBO Kowmw npeBpamaercs B paBeHCTBO. B 37100t cBA3M
cuereMy (3.57) MOXHO nepenHcaTs Kak

8

3.57)

sin® x = cos? 2x,

2 (3.58)
4r;(>s2 J”T—xz =4,

PaccmoTpuM sTOpOe ypaBHeHHe cucTeMbl (3.58), H3 KOTOpOro crexyer

’ 2
cos %-xz =% wm

rae ke{0,1,2,..}.

Bo3sesem B xBagpat obe uacTH ypaBHenus (3.59), Torma nonyduum

2
”T—xz =2k wm ¥’ =2’ (-}—-k’). Tax xaK JeBasg 4aCTb PABEHCTBA MOXKET

APUHHUMATH TONBKO HEOTPHLATENIbHBIEC JHAYCHUS, TO U3 BCeX £ e{ 012, }

2
”T-x’ = 7k, (3.59)

V3
3xech AOMYCTHMO JIMIME 3HaueHWe k=0, T.e. x=:t5. HenocpencTennoit
TIOACTaHOBKOH B NEPBOE ypaBHeHue cHCTEMBI (3.57) ybexnaemcs 8 TOM, YTO

x= :t% — KOPHH cHCTEeMH ypasrermit (3.57) m ncxoanoro ypasHenns (3.56).

¢ Omeem: x, =—%, x; ,,.’25.

PemwTs ypaBHenue

cos‘x+lésin‘y=8¢osx-siny—2. (3.60)
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Pewenue. Npumenum nepasencteo Kourn (3.2) k neBoif 4acT¥ ypaBACHHA
(3.60). Toraa

cos* x +16sin* yz 2Jl6cos‘ x-sin® y= 8cos’ x-sin’ y.
Orcioaa, mpuHUMaA BO BHUMaHHe ypaBHeHne (3.60), nomywaem HepaBeH-
cTBO 8cosx-siny-2 2 8cos? x-sin’ ¥V, H3 KOTOPOTO CNEXYET HEPABEHCTBO

(2cosx-siny- l)2 <0. MNomyyenHoe HEPaBEHCTBO CTIPABEATUBO JIHWb TOTAA,
Koraa

cosx~siny=;}. (3.61)

IMpeoGpasyem ypasHenue (3.60) ¢ ygerom paseHcTsa (3.61) cremytoumm
obpasom:

) .
(0032x+4sin2 y) —8cos” x-sin y =8cosx-siny-2,

2
(coszx+4sin2y) -8 l=8-l-2,

4 2
(c052x+4sin2y) =4, cos’x+dsin’ y=2,
(cosx+2sin y)2 —4cosx-siny=2,
(cosx+25iny)2—4-%=2, cosx+2siny=%2.

PaccMOTpHM ABE CHCTEMb! YPaBHEHBH
cosx+2siny=2, [cosx+2siny=-2,

U .
cosx- smy=5 cosx-siny=—
W3 nepBo# CHCTEME NOMTyaeM
cosx=1, (x, =27n,
HIH 4
. k7
siny=— =(-1) —+nk,
y 2 ~}’1 ( ) 6
@ W3 BTOPOH CHCTEME) Caenyet
cosx=-1, Xy =a(2n+1),
WIH <
siny=—% yz—( I)M-’E+ rk,

rae n, k — uexsie yucna.
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x, =27n, Xy =a(2n+1),

4 Omeem:
y, =(—l)* %H{k, ¥, =(—l)’"'%+7zk.

PewnTh ypaBHEHHE

sin* x+cos® y+2=4sinx-cosy. 3.62)

Pewenue. Cornacno HepasencTBy Kown (3.2), HMeetr mecTo sin® x+
+cos® y2 2sin® x - cos? y . B Takom cnyyae u3 (3.62) momyuaeM HepaBeHCT-
B0 4sinx-cosy 2 2+2sin’ x cos? y . Orclonea cnenyert, 4ro sin? x-cos? y-

-2sinx-cosy+1<0, (sinx‘cosy—l)2 <0 wwm sinx-cosy =1, Takum obpa-
30M, H3 ypaBHeHHA (3.62) BbiTexaer cucTeMa ypaBHEHHIt

{ sin x+cos* y=2,

sinx-cosy=1,

H3 3710 CHCTEMBI YPAaBHEHHIH CIICXYCT, YTO sin x + = 2. Ecau npn-

sin” x
HATH BO BAMMaHHe HepaseHcTBo Komm (3.3), To sin® x=1 unm sinx =#1.
Tax xak sinx =+1 ¥ sinx-cosy =1, TO UMEEM ABe CHCTEMBI YpaBHEHHU

sinx=1, sinx=-1,
Ll
cosy=1 cosy=-l.

KOpHAMH MPHBEACHHRIX BHIIC CHCTEM YPaBHEHHIH SBASIOTCA
n n
X =—(4n+1), Xy =—(4r-1),
153 ( ) . 1P 2( )
» =2k vy =x(2l+1),

rae n, k, r,! — nebie aMcna,

€ Omeem: cm. suime.

Pemurs ypasHenne

g*x+ gy + 2 ctg?x-ctg?y = 3+ sin’ (x+y) (3.63)
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Pewenne. Ann ouleHKY CHA3Y NEBOH YaCTH ypaBHenna (3.63) BOCTIONb3y-
emcs (neaxn) nepasencrsom Koww (3.2), Toraa

tg‘x+ 1g'y+ 2ctgzx . ctgzy 2 Zth"x- g’y +2¢(ng -ctgzy =

=2 tgzx . tgzy+ 2ctgzx -clgzy 2 4thzx- tgzy-ctgzx-ctgzy =4,

Tocxonbky 3+sin’ (x+ y)%4, 10 pasenctso b ypasHenuu (3.63) Moxer

6HITE TONBKO B TOM Ciryvae, Koraa o0e ero uwacti paBHsi 4. A 310 BOIMOXHO
T TP BRINOIHEHWH CHICAYIOIAX YCIIOBHIA

tg'x=1g'y,
tgzx . t32 y= ctgzx -ctg2 » (3.64)
sin’ (x+y)=1.

Cucrema ypasHeHHit (3.64) paBROCHIEHA CHCTEME
f

7
X=—+-—n,
tgx =gy, 2
tgx-tgy==+1, wm < y=£+£m,
4 2
sin{x+y)=1%1 z
x+y=?+ﬂ1,

rae n,m,! — peLe IHCNa.

W3 nocnemmeit cucTemnt ypasHenwit umeeM x+y=%+%(n+m) n

z
x+ y=?+iti. OTciona cnenyer, 4T0 n+m — 4ETHOE lEROE HHUCO,

T. €. n+m=2k . Toraa xopuamu ypasHenns (3.63) spnsiores
X =%+%n =£(2n+l),
» —%1‘%}"—: ?(2k n)-—-(4k 2n+l)
Toe n, kK — uesHe YHuca.

® Omeem: cu. Buume.
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Pewwrs ypasuenwe

sinx +28in2x = 3+sin3x. (3.65)

Pewenue. I1peobpasyem ypasrenne (3.65) cneayromuM o6pazom:
sinx +sin2x+sin2x~sin3x=3, '

2sin~3-x -cos£+ 2cos£x -sin(-—ij =3,
2 2 2 2

.3 x S . x 3 '
sm;x-cos; cos;x-snni-z (3.66)

OticHUM NIeBYIO 4acTh ypaBHeHHA (3.66), HCONL3YR s ITOTO HEpaBeH-
cteo Komn—Bynsxosckoro (3.8). Umeer mecto

[ .3 x s x)z
SIMN—X-CO8——COoS—x Sin—| <

2 2 2 2

s(sinzixnoszzx)- cos’Z+sin?Z|<2.1=2.
2 2 2 2
. .3 X 5 . x 3
Orcioaa cnexyer, ¥To smEx »cos;«cos;»smis V2 . Tax xax ﬁ<5 ,

To ypaBtenue (3.66), a BMecTe ¢ HHM H ypaBHeHHe (3.65), kopHeit He umeeT.

¢ Omeem: xopreti ner.

Pewurs ypasHenue

2+

2x

=sin(xy). (3.67)

Pewenue. Hepanenctso Koww, nipencrasieHHoe NMocpenacrsoM QopmMysn

a+ll22,rne a#0.
(]

Tocronbky x4l =l-(x+l] TO
zx b4

(3.3) 1 (3.4), MOXHO 381IKCaTh KAk

x4t

2x

3 2 1. BMecTe C TeM H3BECTHO,
X

90 |sin(xy)| <1. B 3710# caa3u 13 ypasHenus (3.67) nonyuaem aBe CHCTEMB
YpasHeH#Hi
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2

x +1 =1 x"+1 =1
2x “wd{ 2x ’
sin{xy)=-1 [sin(xy)=1.
KopHaMH RpHBERCHHBIX BBl CHCTEM ypaBHeRmi seasiorcds X, = -1,

z n
Y =-:2-+2:m Hx=1,y =3+2zn,rne 2 — Uenoe YUCIo.

€ Omeem: cM. Bbute,
Jlokasars, uto ecmm 0° < x <90°, T0

(l+;)-(l +-—l-—)> 5. (3.68)
sinx COsx

Joxazamenscmao. Tax kax 0° < x<90°, vo sinx>0 u cosx>0. [pu-
MeHuM (apaxnsi) HepasencTeo Komn (3.2) k nepoit yactn HepaseHcTsa (3.68).

Torzma [l+-—;—l-—)-(l+—1—]z;—‘1—= o2 . Iockomeky sin2x <1’

sin x cosx/ sinx-cosx Jsin 2x

W2
u 4\/5 >5,10 > 5 H HepaseHCTBO {3.68) AoKa3aHO.
Vsin2x P ©.68)

J.loxasmnepanenc'mo
JSx+7+Jl3—5x<%, (3.69)
7 13
e ——<xs—.
CT5TERS

Hoxazamenscmeo. Tak xak Sx+720 m 13-5x20, 10 ycmosue

7 13 . o
—ESxS? ABANETCH 00MACTHIO HONMYCTHMBIX 3HAYCHUH NMEPEMEHHOH X B

Hepaeenctae (3.69). lna ouerku CRepXy AeBol YacTH HepaseHcTsa {(3.69) noc-
nonesyeMcs HepaseHcTeoM Komm—Bynsxosckoro (3.8).
B Taxom ciryuae umeer MecTo

(J5x+7 +‘/13—s,v)2 =(1-J5x+7+l—~/13——5x)2 <

2
<1 +17)-(5x+7+13-5x) = 40< 42,25 = By,
2

Orciona cneayer cnpaBeRIMBOCTh HEpaBeHCTBA (3.69).
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Jlokasarsh HEPaBEHCTBO

n n
: (%+sin2 x] +(-;-+cos2 x] 22 (3.70)

1714 Jioboro x .

Aoxazamensemeo. BocnonbsyeMcs RepaBeHCTBOM (3.9), W3 KoToporo
cITeAyeT, 4o (a” + b") 22" .(a+b)". Torna

1.2 Y (1 2 Y wqten (121 2. Y
—+sin“ x| +|—+cos"x| 227" | =+sin“x+—+cos“ x| =2,
2 2 2 2

T. €. HepanercTBo (3.70) aokazawo.

Jokasath HepaBeHCTBO

sin’

x-cos"xsl. 3.71)
256 -

JHoxazamenscmeo. Herpymwo noxasats, uto Hepasencrso (3.71) paswo-

) 3
CHIBHO HEPaBEHCTBY ,41 3 sin® x-cos® x < re JOKa3aTeNbCTBO KoToporo Oyaem

BECTH C HCTIONb30BaHUEeM HepaseHcTa Ko (3.1) npu n =4,
Hwmeet MecTo

{/3 sin’ x-cos® x =§,3 sin” x-cos” x-cos’ x-cos’ x <

<3 sin? x +cos® x+cos’ x +cos’ x _3
B 4 4
JlokasaTs, 4T0
3. . . 3
-ESsmx-cosy+smy'cosz+s1nz-cosx$-2-. (3.72)

ﬂoxﬁsamm»cmw. Bocnomsayemcs nepaBenctBoM Komn—ByHsakoBcko-
ro (3.8), Toraa

. . , 2
(sinx-cosy+sin y-cosz+sinz-cosx) <

S(sin2 x+sin’ y-*-cos2 .xt)-(t:os2 y+cos2 z+sin’ z)=
=(1+sin2y)-(l+cos2 y)=2+sin2y-coszy=2+ii-n:iLS%.

Orcoza cexyer cnpaseyiMBOCTb ABOAHONO HepaBeHcTsa (3.72).
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JZlokasaTs HEPABEHCTBO

(sin® x)“”z“ +(cc>s2 x)""z" < I+%sin2 2x. (3.73)

Hoxkazamenscmeo. Herpymuo snpets, ecnm x=%k (rae & — uenoe

uncno), To 06e yacTu HepaBeHCTBA (3.73) paBHH |, T. ¢. B TAKOM ClTyd9ae Hepa-
BeHcTBO (3.73) cipaBeAnMBO.

T .
IIycre Teneps x#zk, toras 0<sin’x<1 w 0<cos’ x<1. Toraa ne-

BYIO 4acTh HepaBeHCTBa (3.73) MOXKHO OLEHHTH CBEPXY, HCIOB3YA A% 3TOTO
HepaBencTso beprymm (3.7). Umeer mecto

(sin® )™ (o5t 4™ = (1-c0s? 2™ 1-sin? 5" 5
<1-cos’ x+1-sin’ x =
= (1-cos” x)-(1+cos? x)+{1-sin” x)-(1+sin x) =
= sin” x(1+cos” x)+ cos” x(1+sin’ x) =

. . 1.
=sin’ x +cos® x +2sin> x cos’ x = l+53m2 2x.

Taxum obpazom, HepaseHcTBO (3.73) Aoka3ako.

PeurTt HEpaBEeHCTBO
Va-x2 -5 > x. (3.74)

Pewuenue. O6nacTHI0 ROMYCTHMBIX 3HAYECHHH nepeMenHoH x B HepaBeH-
ctee (3.74) arnsmorcs “2V2sx<22.
HepaBeHcTRO (3.74) paBHOCWIBLHO HEPABEHCTBY

VB—x? —x>425-32. (3.75)

OueHHM NieBylo 9acTh HepaBeHcTsa (3.75) ¢ nomoubio HepaseHcTsa Ko--
mu—Bynskosckoro (3.8). Umeer mMecto

(\/_x—x) (-1 )(8- 5 +5°) =16.
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Orciopa cnemyer, 4To JeBas 9acTh HepaBEHCTBA (3.75) Menbme wiu

paBua 4. Oawaxo, ecim -2‘/5 <xs 2«/5 , TO \JZS—-x2 2J25-8 = Jl_7 >4,
7. €. NIPaBas YacTh HepaseHcTRa (3.75) Gyner crporo Gombine 4.
Orcioza cneayer, Jro BepaBeHCTBO (3.74) IPOTHBOPEUHBO.

¢ Omeem: pewenwii ver.

PelnuTs HepaBeHCTBO
V25-x* + x4 7x >3, (3.76)

Pewenue. inn oupeaencHun 0GNacCTH AOMYCTHMBIX 3HAUCHAH NepeMeH-

HoH x B HepaBeHCTBe (3.76) pacCMOTPHM CHCTEMY REPABEHCTB 25-x220 u
x* +7x 20, oTRyxna cnenyer, uro 0S x<5.
dns pewmenus HepaseucTsa (3.76) BOCNOAB3YEMCA OYEBUAHLIM HECPABEH-

CTBOM (KOTOPOE MOXKHO JIETKO JOKA3ATH CAMOCTOATENBHO METOAOM OT MPOTHB-
HOro) BHAA

(a+b) 20 +4%, 6.7

rae a-520. lNpwaem nepasenctso (3.77) obpaitacTca B paBEHCTBO TOTAA H
TONBKO TOTIA, KoTma a-5=0.
HuMeer MecTo

(\/25-:(2 +Jx2+7x )2 2(25—x2)+(xl2+7x)= 25+ 7x.

2
Tak kax 0 x<5, 10 (JZS—:Z +Jx2+7x) 225, T. ¢. na obnactu no-

MYCTHMBIX 3Ha4CHUH NMepeMeHHON x BHINONHAETCA Go/iee CHIbHOE HEPABEHCT-

BO, 8 HMEAHO, *]25—1»:z + sz +7x25.
IIpuBeneRHOe BhINE HEPABEHCTBO O3HauaeT, 4To HepaBencrso (3.76)
cupasenaBo A MobsIX x K3 o6iacTH ee ZONYCTHMBIX JHAYCHHIL.

€ Omeem: 0<sx<5.

PetmuTh HEPaBEHCTRO

V322 +2x +14x? +23x+8 <VI7x? 4 25x+8. (3.78)

Pewuenue. TlepBoBaZATLHO 3AMETHM, YTO
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(3;:2 +2x)+(l4x2 +23x+8)=17x" +25x+8,

Orciona cneayeT, uro A8 ONPeACHCHHA 00NacTH NOMYyCTUMBIX 3HAUYERHH
TiepeMeHHOH x B AepaseHcTBe (3.78) HeoOXOAHMMO paccMOTpETE CHCTEMY He-

3% +2x20 ,

paBeHCTB H3 KOTOPOH CIERYET, UTO WCKOMOH obmacTsio
14x* +23x+82 0,

ABIAIOTCS xs—-_si nm x20.

HpuaMernm k nesoit vacTH HepasercTsa (3.78) HEPaBEHCTBO (3.77), Torna

2
(\[3x2 +2x+‘ﬁtz +23x+8) 217x% +25x+8

HWIA

\]3.:2 +2x +\/14x2 +23x+82 Jﬁxz +25x+8.

Ecim noNydeRHOe HEPAaBERCTBO CPABHUTS ¢ HepasencTeoM (3.78), To Bua-!

HO, YTO NPUMEHERHOE HEPaBeHCTRO (3.77) NpeBpaTHAOCE B PABEHCTBO, @ ITO 03-|
HauaerT, YTo (3;:2 + 2x) . (l4x2 +23x+ 8) =0. h

1
3

i

Pemas ypaBHeHus 324+2x=0 w 14x° +23x+8=0, nomysaen;

x = % =0,x 8 ax 1 1
| =TT K=V, = 4="7
3 7 2 ;

Tak xaK o0nacThio AONYCTHMbIX 3HAUCHHI NEPEMERHON X B HEPABEHCT-|

se (3.78) senmorea x < —% A x 2 0, To HepaseHcTBO (3.78) MMeeT Tonamf

8 i
IBa KOpHA X, =0 nx3=—-7-. ;

¢ Omeem: x, =0, x, =—~3-.

F

JloKasaTh, uTo eCAK Xy < Z°, TO i
log, x <log, z, a.791
1

tae x>0, y>0, y#lu z>1.
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Hoxazamenscmeo, PaccmoTpuM QyHKIMIO OT TIEPEMEHHBIX X,),2 BHAA

log, x
f(x,y,2)= g

log, z

[(x,»,2) nepasencrso Ko (3.2) u nomyyam

=log, x-log, y. Tlpumenum x npesctannenuio QyHKIUM

2 1 3
f (x,y,z)s(log’x; log, y ] = °g~}"y). (3.80)

Tak kak xy <z’ u z>1, 10 log, (xv)<log, 2% =2. Orciona u w3 (3.80)
cnexyer, wro f(x,y,z) <1. CnenosarensHo, Hepaeercrso (3.79) mokasaHo.

@ Pents cucremy ypasHeHuit
x+2y+3z+4t=10,

1.2 3 4 (3.81)
—+—+=+—=10,
x y z ¢

rme x>0, y>0, z>0, ¢t>0.

Pewenue. Eciim cnoxuTs JieBbie H npaskie yacti o00HXx ypaBHeHHiE Che-
Temet (3.81), To nosyumm

(x+l)+2{y+l]+ 3'(”’1)”4‘(‘*1]: 20. (3.82)
X y z ¢

Mockoneky x>0, y>0, z>0, >0, TO MOXKHO BOCHONLIOBATECH HEPA-
seicTeoM Kown (3.3). Toraa

xrdna, peloa, zeln2, il (3.83)
x y z t
OTCIOJIa no.ﬂy'-laeM Hepanem:'l'no

[x+1)+2-[y+l)+3-(z+l)+4-(r+l)220.
x y z t

Ecnn nofyueHHoe HEPaBEHCTBO CPAaBHUTD ¢ ypaBHeHueM (3.82), 1o Buawo,
4T0 Bce HepaBeHcTRa (3.83) mpeBpaIzaloTCA B PaBEHCTBA, @ 2TO O3HAYACT, TO
X = y=z= t=1.

¢ Omeem: x, =1, y, =1, z,=1, 4, =1.
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@ Petmts cucteMy ypabuenuit
xy=1, :
(3.89)
xty+ 1-42° =2.
Pewenue. Tlockoneky x+y = 2-\)l 422 <2, 101 Sx+y<2. Tax xax-l
no ycnosuio xy=1, a8 1Sx+y<2, TO MOXHO CAEIaTb BHIBOX O TOM, YTO
x>0u p>0.
. Ecii 3aTeM BOCTONB30BatTec HepaBewcTsoM Komw (3.2), To nony-nm:
HEPAaBEHCTRO x+y22Jx7. Onnaxo xy =1, mo3ToMy x+y22 .
PaHee ObDIO YCTAROBNEHO, 4TO 1< x+ y < 2. CnenoBaTeNbHO, HMEET Me-
CTO YPaBHERHE X+ y=2.

Ecm x+y=2nay=1,10 x+l=2.0monanonyqaeu x?-2x+1=0,
X

(x-1)" =0 wm x =1.
Taxkak xy=1 4 x; =1, 10 y, =1. B Taxom ciyuae w3 8TOpOrO ypasHe-,

Hus cuctemsl (3.84) cienyer V1-4z° =0 wm z= i% .

¢ Omeem: =1 y=1 z§=%; x =1 y, =1 22"‘%-

HMpumeuanue. Cucremy ypaBuennit (3.84) MoxHO peumTs ApyruM cnocolom.
TosTopss NpHBeACHHKIE BHILE PACCYKICHHA, HMEEM CHCTEMY

<2, :
{“y (3.85)

xy=l,
rac x>0 n y>0.
Ecau nepaseHcTBO cHeTeMbl (3.85) BO3BECTR B KBANPAT, 3 YPaBHEHNHE yu—
HOXNTb HA ~4 , TO NONYYHM
2+ 2y +y <4,
—4xy=-4.
EciK cROXHTS ypasncHUe H HEpaBEHCTBO ccTeMM (3.86), TO noNyuuM no-
pasecrso x* - 2xy+y? <0 wm (x-y)’ <0. Orciona caeayer (x-y) =0

(3.86)

WIH X=V,
Tak kak x+y=2 # x=y,70 5, =1 u y =1.B Taxom cnysae n3 ypan:

wenna x+y+l—42% =2 nonyusem, 4o sz=:t%
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@ Pewnrs cucTemMy ypaBHeHHit

x+y=3
9 (3.87)
-5zt =2,
v 2
9 .2 9 A
Pewenue. Tlockonbky xy=z+52 , TO ;yzz. Orciona W w3 mepsoro

ypabdeHns cucteMn (3.87) cnepyer, wto x>0 n y>0.
CornacHo HepaseHcTsy Komm (3.2), HMeeT MecTO HepaBeRCTBO

x+y22,/;y-.0maxo x+y=13, noaromy 2‘/;53 AIH xyS%.PaneeGu-

9 9
IO TIOKA3aHO, 4TO Xy 2 T CnenoBarenbro Xy = e B TakoMm cnyyae U3 BTOpO-

TO ypaBreHus cucteMH (3.87) nomysaem 2z =0,
Jlna HaxOXAECRAR 3HAUEHHH X W y PACCMOTPHM CHCTEMY ypaBHeHHit

x+y=3,
9  OTKyXa NONy4aeM X = , =2.
xy:zs 2

3 3
¢ Omeem: x, == =0.

Mpumevanue. (pupeaem apyroii cnocod pemenus cHCTeME! ypasneuuii (3.87),
OCHOBHEA HAEA KOTOPOro GbUla HCMOIBIOBAH [IPU PELIEHHH CHCTEMBI YpaBHe-
uui (3.85).

HmMeeT MeCTO cHcTEMa
x+y=3,
9 (3.88)
2=,
)
rae x>0u y>0.

Bossenem B kBanpar ypasHeuue cwcremsd (3.88), a wepabeHcTBO YMHO-
xum Ha —4. Toraa nomyunm

2y +yt =9,
—4xy<-9.

(3.89)
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Ecnu cnoxuTs nepanenc-rao % ypaBuene cucremu (3.89), To nosy- |
MM HepaBencTeo x> —2xy+y SO wam {(x- y) <0. Otci0aa cnenyer

(x-y) =0 U x=y.

3 3
Taxxak x+y=3 u x=y, 10 x,=3 H y,=-2—.B'raxoucnyqacn3
2 9
ypaBHenus xy—>52 =Z nosyyaem, 410 2, = 0.

Pewmts cucremy

x° +y2 +28 = 1,
(3.90)

x+2y+2z23.

Pewenue. Ucnonsays HepaseHcTBo Kown—bynakoecxoro (3.8), momy-
yaem (x+2y+22)2 s(l2 +22 +22)-(x2 +y? +z2) =9. Orciona Cnexyer, YTo
x+2y+2z<3.

C yvetom HepaBeHCTBZ W3 cucTeMBl (3.90) monyyaeM paBeHCTBO
x+2y+2z=3. JpyramMn cnoBaMH, IpHMEHEHHOE BHDE RepaseHCTBO (3.8) .
o0paTwiioch B paBEHCTBO, @ 3TO O3HAYAET, ¥YTO CYIUECTBYET KOHCT2HTA 4 Ta-
Kaf, 410 x=a, y=2a u z=2a. Orciofa ¥ U3 paBeHcTBa x+2y+22=3"
TOMy4aeM YPIBREHHE OTHOCHTENTBHO NEpEMeRHod ¢ BuAa g +2(2a)+2(2a)=

1 1 2
=9%=3,1.¢ 4 =3 CnenosatensHo, nonyyaeM x; = 3 Hy=z= 3
HenocpeacTBeHHOM noacTanoBKoA B ypasHenue cucteMnl (3.90) ybexna-
€MCA, YTO HAHICHHBIC SHAYEHHS X, V,Z ABJSIOTCK €8 KOPHAMH.

1 2
¢ Omeem: x, =3 hn=3.a=3
Pewmts CHCTEMY ypaBHEHHIA
2x?

l+y2

.

-=1x, (3.91)
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Pewenue. Tlockonmxy neBas 9acTh KXKIONO U3 ypaBHeHHi cacremst (3.91)
ne Moxer OLITe oTpunaTensHoi, T0 x 20, 20,220,

Herpympmio 3ameTHT, ut0 Xy =0, y, =0, ) =0 ABIAMOTCHE KOPHAMH CHCTEMBI
ypaBHenHit (3.91).
Monoxmm, uro xyz# 0. Eciau nepeMHOXHTD YPaBHEHHMA CHCTEMB, TO

8x2-y2-22 )
(e (e 7)1+ ) a

Tak xak xyz = 0, T0o 006e yacTH ypaBHeHHs (3.92) MOXHO pasnenHTb Ha
xpz . Toraa nomyasM ypaBHeHuUe

(l+x2 )(1+ y2 )(H- zz)=8m. (3.93)
Ucnonesys neparercrBo Komu (3.2) nomyvaeM UENOMKY HEpaBEHCTB
1+x222x, l+y2 22y, 1+2°22z u (l+x2)-(l+y2)-(l+22)28xyz. Ecm

(3.92)

NONY4EHHOE HEPABEHCTBO CPABAWTH C ypasHeHHeM (3.93), TO BHAHO, 4TO BCE
NPUMEHCHHEIE BHILE HepaBeHCTBa Koms WpespamiaioTcea B PaBeHCTBA, a 3TO
O3HAYAET, W10 X, =1, y, =1, 2, =1,

€ Omeem: x,=0,y,=0,z=0; x, =L, y, =1, 2, =1.

PemmTts cHcTEMy ypaBHEeRHit
Ve(y=1)+y (x-1) =20y,

3.99)
xJy-1+pdx=1=xp.

Peiuenue. VI3 BTOpOTO YPaBHEHHA CHCTEMB CllefyeT, yro x 21 n y21.
Bocnonsayemca nepasencrsoM Komw (3.2). HMmeer mecto ,/ y-1=

=,/l(y—l)sl+—';:l=§ "X y-ls%.Amomtmo nonysaeM yyx-1 <

s% A TOrJa X y—l+ys/x—1 < xy . Ecim nonmydeRHoe HEPaBERCTBO CPAB-

HHTh CO BTOPHIM YpaBHEHHEM cHCTeMbI (3.94), To MOXHO CHeaTh BEIBOA O
TOM, YTO NMPHMEHEHHbIC BLIME HEPaBCHCTBa Komm npespaTwiich B paBeHCTBA,
2 310 BO3MOXHO TONLKO TOTHAA, Korfia l=y—1 u l=x-1, 1.e. x,=2 H

,V|=2.
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TMoacrasnga MONyYEHHBIE 3HAMEHNUSA X H J B NEPBOE YPABHECHHE CHCTE-]
met (3.94) yGemnaemes, w0 x; =2 B y; =2 ABNAIOTCA KODRAMH CUCTEM :
ypaBHewuii (3.94). :

® Omeem: x,=2, y,=2.

Peurnts cHCTEMY HepaBEHCTB
{4**}"‘ +3.497' <2,

x+3y22-log,3.

(3.95)

Pewenue. OueHnM NeBYIO 4acTb NEPBOTO HEPABEHCTBA CHCTeMBI (3.95),
MCTIONB3YS Wit 2ToTO HepaseHcTBO Koy (3.2) u BTOpOe HEPABEHCTBO CHCTE-
mul. Umeer Mecto

4x+y—l +3 .42}'—l > Z‘J;xa-y—'l _3‘42,1'—1 = 2J3.4x+3y—2 >

2 2v3. 4070832 _ .

N3 Hony4eHHOTO HEpPABEHCTBa CleAyeT, YTo 06a HepaBeHCTBA CHCTE-
Ml (3.95) ofpawaiores B pasencTsa. Kpome Toro, o6pamaeTcs B paBeHcTES H
MPUMCHCHHOC BLILIC HEPABCHCTBO Komwu. Cnenonamsno, HMEET MECTO CH
TeMa YPaBHCHMH

4x+ y-1 =3. 42 y-1
(3.96

x+3y=2-log,3.

ECNi NpONOrapHdMHUPOBATS 110 OCHOBHYIO 4 TIePBOE YPABHEHHE CHCTO-

MH (3.96), To x+y—l=log,3+2y—~1 wm y=x-log,3. B Taxom cnyuae u

BTOpOTO ypaBsHeHHs cucTeMHl (3.96) cnenyer '
x+3(x-log,3)=2-log, 3,

4x=2+2log,3 wnn x; =%+%-}og43 =Iog‘(2\/§) .

Tax xax

1 2
}’=x'1°g4 3,10 N =E—5-log43=log4$.

¢ Omeem: x, =log, (Zﬁ), n= 1084% .
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Pewmuthb cucremy ypasHeHwmit

Y+yleat= ny—xzy2 ,
4’ + 3 +%=2x2 +\’l+(2x—y)2.

Pewenue, Tlockonsky xy-— x y2 20, o 0<xy<1. Bocnons3zyemca He-
paeencTeoM Koms (3.2), Toraa

2 2 1-
xy_x2y2 - ’xy‘(]_x}’ SM:%

1 v3 NEPBOTO YPaBHEHHA cucTeMBI (3.97) monyuaeM HEpaBEHCTBO

Y4y +2 < % (3.98)

(397

Tak Kak \,l+(2x— y)2 21, TO W3 BTOPOTO ypasHeHus cucremss (3.97)

1
cneayer 4xy° +y° +52 2x° +1 umn

22t -4x’ - y* s—%. (3.99)

Ecau caoxuts Hepaserctsa (3.98) u (3.99), To nonyuuM B IeBoil YaCTH

2
NomHsI# KBAAPAT y6 —4xy3 +4x2 <0 ,T. € (y3 -2x) <0.
0 ( 3 )2 3 _ 3
nHake [y —2x] 20, mostoMy y” -2x=0 u y  =2x. B Takom cay-
vae wepaseHcTsa (3.98) u (3.99) MoxHO mepenucars B BHIAE 6x% +2x S% H
—-6x2 —2x< —%, OTKYZa NOTysiaem 6x’ +2x=% wm 125> +4x-1=0, Kop-
HAMH KBAUPATHOTO YDABHEHHS SBANIOTCH X, = -% nox, =%. Tak Kak
3
YV =2x,10 py=~1 H p) = ===,
N Y2 T
Hemnocpencreenmoit nposepkolt ydexxnaemcs, ¥TO cucTeMa ypasHenHid (3.97)

1
HMEET e \UHCTBEHHARIC KOPHH X, =--2— By =-1.

1
¢ Omeem: x, ==3 % =-1.
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ITpumenanue. Tpy pewenuu cucremMs: ypasnedni (3.97) nepasexctso (3.99) 06- |
PaTINOCh B PABEHCTBO, T. €.

2x2—4xys—y3=—-% KK 4xy3+y3+-;—=2x1+1.
8 Takom cnyyae u3 BTOPOro ypaBHeHus cHcreMnl (3.97) creayer, 4TO 3
2 1
14(2x-y) =1 nan y=2x. [locKONbKY 3HAMEHHA X, =— H yy = He ]
(2¢-7) Y Xy 2= " =

YAOBJIECTROPAIOT YCNOBHIO y = 2x » TO Napa X,, ¥ HE ABAACTCA KOPHAMH CliC'IV"

MBI ypaeHeHni (3.97). i
JlpyrsMu cnoBamp, chctema ypaseeHnd (3.97) paBHOCHNbHA CMCTeMe:
YpaBHEeHHH ]
12x? +4x-1=0,
=2z,
y=2x,

1
KOTOpad HMEET EIUHCTBEHHBIC KOPHH X, = -3 Hy=-1.

Joxasars, uro
2,,2,2
a +b" +c
Sg——
6

TEE a, b, ¢ — CTOPOHBI TPEYTONLHUKA, 3 § — €T0 MAOLIALS.

k

Hoxazamenscmeos. U3secTHo, uTOo S =£—l3-12§39—q—’, rae @ — yron Mem!

cTOpoRamMH a u b . [lockombky sing<1,T0 S s%.

2 2

U3 nepaeenctsa Koumu (3.2), cnegyer, uro ab < . B Takom ciyuae

a +b*
YORE

IMo ananorum f10J1y4aeM €€ ABa HEPaBCHCTBA

2. 2 2
Ssa:c uSSb+C

§<

2

CnenoBaTeasHo,
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A+ +d’+F b e d b+l
4 2
Orctona ceayer cnpaBeRIHnBOCTh HepaBeHcTsa (3.100).

3§<

JlokasaTs, 4TO JNA TUIONIAAW S TPEYFONBHHKA CO CTOPOHAMH &, b, ¢
CTipaBeAIMBO HEPABEHCTBO

S((a+b+c)2

3.101
T (3.101)

Hoxaramenscmeo, CornacHo dopmyne I'epona niowazs S TpeyroabHH-
Ka CO CTOpOHaMU a, b, ¢ BerwmciAeTcs no gopmyne

S=\p(p-a)(p-b)(p-c), (3.102)

TXe p — NONYNEPUMETD TPEYTONbHUKA.
Hcenons3ys uepaseHctso Ko (3.1) npa n=4 n dopmyny (3.102), no-
ayqaem

- -b+p—c a+b+c
§=4 - -b - Sp+p arp P = .
VS =4Yp(p-a)p-b)(p-c) y y

Orciona ciiexyeT cripageUTHBOCTh HepasereTsa (3.101).

Jlokazats, 4Te ANA NAOWMAEH S TPEyrodbHHKA CO CTOPOHaMH a,b,c¢
COIPaBEATHUBO HEPABEHCTBO

A+ +c 2438, (3.103)

Hoxazamenscmeo. BocnonezyeMcs TeopemMoOii KOCHHYCOB, COTJIACHO KO-

TOpO#t ¢? =a® +b% - 2abcosw , TIE @ — Yros Mexay CTOpOHaMH a, b, He-

pasencrsom Koum (3.2) a° +b% >2ab u HOpMYNOH DA BLIYHCICHMA ILIOMWIA-~
absinw

XH TPEYroNbHuKa S = . Toraa
A +b vt =a? +b2 +a* +b* -2abcosw =
= .".(a2 +H —-abcosar) 22(2ab-abcosw) =

=2ab- (2-cosw) = —%-(2—&5@).
sin
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Orcioga crexyer, uTo INin JOKa3laTensCcTBa HepaseHcTsa (3.103) namo mo-
Ka3aTs, ¥TO

2- cosa)>J- (3.108)

sinw
B3

Hockonsky sm[aH- 5 ) <1, 10 Tsmo.H%cosw <1 wn sﬁsm o+

+cosw < 2, T. e. hepaBencTso (3.104) cripaBeymBo.
Orciona cnexyer, 4ro HepaBencTso (3.103) rokaszano.

J0Ka3aTh HEPABEHCTBO
a+b+c263-r,. (3.105)

rae a,b,c — CTOPOHBI TPEYrONbHHKA, & ¥ — PAXHYC OXPYXHOCTH, BITMCaH-
HOM B TPEYTONLHHMK.
Hoxazamenvcmeo. U3 popmynnl I'epona (3.102) cneayer, uto

5 = p(p-a)(p-b)(p-c), (3.106)
rae p=%(a+b+c).
CornacHo wepasercTsy Kown (3.1), rae n =3, uMeer MecTo

3-Y(p-a)(p-b}(p-c)<p-a+p-b+p-c=p

o (p-a)(p-b)(p-c)s L.

’ 4
Orciona n w3 hopmynsi (3.106) nomyyaem si< 27 . Tax xak § = pr,rae

_-—’-
r — pa.!myc OKPYKHOCTH, BITHCAHHO#H B PacCMaTPHBACMBIH TPEYTONILHHK, TO

P2 5-127-7- wim p233-r. Tax Kkax p=-(a+b+c) TO HEPABEHCTBO

(3.105) noxasato.
4
Hpumeuanue. U3 noxazaHHOro BHle HEPABEHCTRE s? S% clieayer, 4To

2
S< % . Jloxa3aTensCTBO ABHHOTO HEPABEHCTsa NpeACTaRseT cobolt camocTos-

.

TeNBHYIO 32834y,
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—

Noxasatrs, 4To ANA NPAMOYTONLHOTO TPEYTONBHHKE
hs(1442)-r, (3.107)

rae h —— BRICOTA, MPOBEACHHAA K MMNOTEHY3E, H ¥ — PaXNyC BNIHCAHHOMN OK-
PYXHOCTH.

Hoxazamenscmeo. TIycth a,b,c — KateTsi H THIIOTEHY3a TPAMOYTONb-
HOTO TPEYrONEHUKA, COOTBETCTBEHHO.
Tpumensa nepaBenctso Kourn—bBynakosekoro (3.8), MoxHO 3anucath

(a+b) =(t-a+1-5) S(Iz-l-lz)(a2+l:oz)=2c2 wim a+b<V2.c.

H3sectHo, 9TO S=% ] szﬂ.".lltﬁ.r, Orcioza M U3 HEPABEHCTBA

a+bsV2.c CIeOyeT, YTo

. h=§=a+b+c-r5ﬁ'c'*c-r:(ﬁﬂ)-r
c c c

Orcioza cexyer cnipaBeuTHBOCT HepaseHcTsa (3.107).

Tpumevnansne. Panencrso h=(l+ﬁ)-r HMEET MECTO TOAMKO B TOM CITyvae, KO-
TA2 NPAMOYTORBHMI TPCYTONLHAK ABNAETCH PaBHOOEAPCHHEIN.

Jloxasats, uTo mns mwiowmany S MPOH3BOJIBHONO TPEYTONbHHKA CO CTO-
poHaMK a, b, ¢ CIIPaBEANHBO HEPABEHCTBO

s?222 . (3.108)

The r — pamMyC BUUCAHHOH B TPEYTONBHHK OKPYXHOCTH, 3 R — pamnyc Ok-
PYXHOCTH, OMHCAHHOH BOKPYT TPEYro/IbHHKA.

Hoxazamenvcmso. Plssec'mo, S= M . Orciona u u3 Hepa-

sexcraa Komm _"_‘*;’# > 3Yfabe cremyer nepasencrso S 2 hT Vabe WM
3
s 237'—8"‘”—‘. (3.109)

[Mockomky § = —b;—,ro abc =4RS umnepanelmna(ii 109)nmnaer

Tpebyemoe uepasercrso (3.108).
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- Ilycts a,b,c — CTOPOHBI TPEYTONbHHKA B p — nonynepnmem
Jokasars, yTo

(P‘“)(P—b)(p—c‘)s-;--abc. (3.110y

Aoxazamenscmteo. Vicnonesys (1pmxaes) nepasencrso Komwm (3.2), no-|

nygaeM
(p=a)-(p~b)< (—p—"-ﬂ] (5)2,

2
(p—a)-(P-'3)$['p“a—;p_:£)2 =(%]2s
(- tp-9s(2252<] <(3].

TyTeM nepeMHOKEHHA MPHBEACHHDIX BHLIE HEPABEHCTB NOTyuaeM

(P—a)2 (p—b)2 (p—c)2 s(%}z ]

Orctona caexyer nepasenctso (3.110).

Jokazars, 9T0

B +hy+h, 297, @3.111);

rae hy, hy, b, — BHICOTH MPOH3BONLHOTC TPEYTONLHHKA, 8 F — PAAMYC OK-:
PYXHOCTH, BITMCAHHOH B 3TOT TPEYTONLHUK. |

Aoxasamenscmeo. TlepBOHAYANBHO AOKAKEM BCNOMOTATEABHOE COOTHO-
wierue MEXRy h,, by, h. 4 r snga ;

LN S (3.112)
h, r

(4

1.1
by _
H3pecTro, uTo naowans S TPEYTONLHAKA CO CTOPOHAME 4, b, ¢ BEIMMC-

sisercs no Gopmynam S —% -ah, -;— bh, =%-r:hc =pr,TAe p — NOMynepH-

MeTp, @ 7 — PaaMyC BITHCAHHOMN OKpyXHocTH, OTCI04a CReRYeT, YTO
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1 1 1 a b ¢ p 1
—p—t—=—t—t— ==,
h, h H 25 28 28 S r

HUcnonesys nepasernctso Koww (3.1) npu 7 =3, MOXHO 3anucars, 4To

hy+hy+h. 23-3h by b, n ! -4-1 L 3

—_—t—t—2—  TOrHa
kﬂ h” hc 1}3 ha hb hc

1 1 1

hy+h +h )| —+—+—|29. 3.113
( a b C) (h,, hb h‘.] ( )
Henocpeacrsenno u3 HepaseHctsa (3.113) uw pasencrsa (3.112) caenyer

9 9

hu+hb+kc- l l l -T_gr’
—_— e =
hd hb hc r

1. €. Hepasencteo {3.111) nokaszaHo.

- l'lym S — nnomane YETHPEXyroiibHHKa, BIUCAHHOTO B OKPYXROCTS,
H p p "# iepumeTp 4eTHpexyromHrka. loxasars, 4ro

L

P
S, 3.114
7 (3.114)

Hoxazamenscmeo, I1ockoMbKy HCKOMBINA YETHIPEXYTONBHAK BOUCAH B OK-
PYKHOCTB, TO €TI0 (I0IIaNs § BEMHUCIRETCA IO opMyIIe

$=lp-a)p=t)(p-c)p-9).

rae a,b,c,d — CTOPOHBI HETHIPEXYTONBHUKA.
Orciona cnenyer, ¥To
VS =§(p-a)(p-b)(p-c)(p-d).
Ecim socnonb3oBareea vepasencTeoM Komw (3.1) npy #=4, 10 13 no-
CNEAHETO PABERCTBA NONYUHM
[p-a)+(p-b)+(p-c)+(p-d) _
. 4
Orciona cnexyer Tpebyemoe HepasencTso (3.114).

.Mlﬁ

JIOKa3aTH, YT0 V1A BCAKOrO MPAMOYTONBHOTO NApannieNienunesa ¢ ped-
paMH a, b, ¢ n THaroHanso d HUMEEeT MEeCTO HEPABEHCTBO

a+b+c<d3. (3.115)
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Joxazamenscmeo. Npumennm RepasercTBo Komu—bByuaxosckoro (3.8)
TOTZ3

(a+b+c) =(1-a+1-b+1-c) <
<(P+2+0)(a® 482 47 )=3(a? 457 +7).
Tockonbky B NPAMOYTONLHOM Napanlehenunese a+b 4+’ =d?, o]
(a+b+ c)2 S.B(a2 +b° +c2)=3d2. OTco1a Cieayer CrpaBeajIMBOCTG Hepa-
penctsa (3.115). '

Hpumenansue. Pasericreo B (3.115) pocmraercs Toraa M Toabko TOTA3, KOTAA
NPAMOYIOALHBIH Napannenenvnen seaserca KyGom.

Onpenennts 06beM NPAMOYTOABGHOTrO MApannenenumnesa, ecliy ero pad-.
MepH a, b, ¢ YAOBNETBOPAIOT COOTHOIEHWIO 3@ +4b+10c =500, a nua-|

ronanb d pasua 2045 .

]
Pewenue. Jina npsmMoyronsHOTO NApajUIENenmmiesa HMEET MECTO a® +b? +i

+c2=d2.ﬂocxons«yd=20\f§,m a® +b% +¢% =2000. !
Mpumenum repasencTso Koum—Byraxopckoro (3.8), Torza :

(3a+4b+10c)’ <(9+16+100)-(a’ + b7 +c* ) =125-2000 = 250000.
{
Tak KaK N0 ycsioBHiO 3a1auu 3a +4b+10c = 500, To npumenentoe Bhiwe!
HeparencTeO Komu—DByHAKOBCKOro npeBpaTHIOCH B PABEHCTBO, NOITOMY Bbi-
TIONIHAETCA UETIOYKA PABEHCTB 2- i A T b ==k, |
3 4 10 3 4 10 '
10 a=3k, b=4k, c=10k. B Takom ciyuae u3 paneHcTea 3a+4b+10c=.
=500 cneayer, 9% +16k +100k =500 wuau k=4. Crexosarenvro, a=12,,

b=16, ¢ =40 n o6sem napanaenenwniena ¥ =abec =7680.
€ Onmeem: o6vem napannenenunena ¥ = 7680 .

Ilyctse M — Touxa, nexawman BHYTpH npamoyronsauka ABCD, u
S — ero mnomane. Jloka3arts, ¥To

S<AM-CM +BM -DM. (3.116)
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Aoxazamenscmeo. Uepes Toaxy M , NEXAUTYIO BRYTPH MPAMOYTONBHUKA
ABCD, nposeaeM EG L AB w FH L BC. Ob6o3nauum AE=DG=a,

BE=CG=b, AH=BF=c w CF=DH =d.
B takom cniymae S =(a+b)-(c+d)=ac+ad +bc+bd , AM =Va* +c?,

BM =b* +c? ,CM =Vb* +d® ,DM =+a® +d* u Tpebyemoe nepapencrso
(3.116) npurmmaeT Bug

ac+ad +bc+bd <Na? +c? b2 +d* +4b? +c* Nad +d2. (3.117)
Hcenonn3ys wepapencreo Kowmm—ByHakoBckoro (3.8), MoxHo 3anscarh
IBa HEPABEHCTBA

(ac+bd)’ S(a2+d2)o(bz+c2) n (ad+bc)’ <(a’ +c?)-(67 +a?).

CnenoBarensHo, HMEeT MecTo ac+bd < Jaz +d? »\jbz +c2 wad+bes

< Jaz +c? -Jbz +d?. CyMMUpys TIpHBElICHHBIC BHIIIC HEPABEHCTBA, MOMy1a-
eM HepaBeHcTBo (3.117).

Haiimi MHHHManBHOE JHAYEHHE d)ynxmm
xX+5x%45
SF)==

41

Pewenue. Npencrasam pyucamio y = f(x) B sune

=(x3+l+ 31 )+3.
x +1

Hcnomsys HepasencTso Komma (3.3), momyuaem HepasencTso 2le

j"(:t):x3 +4+ 31
x +1

+

3 122.Hmnynumueaonmuonem¢ynnmu y=f(x) pm-
x4+

za f(x)25. Tockomsky f(0)=5, TO MONyuEHHAN HINKHAA OUCHKA JOCTH-
KHMB, T. €. foue =3.

¢ Omeem: f,;, =5.

Haifmn MuanMansHOe 3RaueARe GyRKmmHy

1) [l::nxx] +(l:°c::ix]n’

rae n -— HATYPANBHOE YHCAO.
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Pewenue. Onevum causy dynkunto y = f{(x), ucnome3ys HepaBencTso

Kow (3.2), cnexyowmm obpazom:
.2\ 2\ ” n
(l-i-.SI;I x] +[1+co2s x] =[l+ .12 ] +(l+ I2 ] >
sin” x cos’ x sin® x cos’ x
[
22-[J[l+ _ ]-(u L ]] -
sin” x cos” x

=2 ‘[H- ! + | + ! "-

sinx cos’x sinzzg-coszx

n n
=2.[ |+2—2-2—] =2{ ’|+ f ] zz.(\/ns)"zz-z".
sin® x-cos” x sin“ 2x

Teneps nokmkem, 4T0 £, =2-3". Jina 31010 HEoOXOMAMO HalTH Taxoe x ,
NpH KOTOPoM GyHKIMA y = f(x) MpUnMMaeT MEAWMANBHOE 3Haderme 2-3".

Herpyano Buzets, uro ecnu f(x)=2-3", 10 npumenentbie Buite Hepa-

percrsa Ko o0pauiaorcs B paBEHCTBE, R MO3TOMY PaBEHCTBO f (x) =2.3"

PaBHOCHABHO CHCTEME YPABHCHHI
l sin® x = cos® x
’

sin? 2x=1

. r
OJJHAM U3 KOPHEl KOTOpOi ABNRETCA X, = e

Torna
n ”
7 1+% l+%
- —_— P = 2 n___'n
f(4)— ] + T 343" =2.3"
2 2

CnenoBarensHo, KOKa3aHo, 910 f, . = f_(%) =2.3",

® Omeem: f,;, =2-3".
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MemoObt, ocHOB8aHHbLIE
Ha ucnonb3oeaHuu
MOHOMOHHOCMU YHKYUU

Mpw pewenny ypaencnuit Tuna f(x)=g(x) B pane cnyusaes Becrma
DPEKTHBHBIM ABIIAETCH METON, KOTOPHIH MCMONB3YET MOHOTOHHOCTb (DyHK-
wsit y=f(x) w y=g(x). Ecm dynkuns y= f(x) nenpepsisra u noapac-
Taer (ybwiBaer) ua otpeske aSx<b, a pymkuma y=g(x) Henpepwsna
yOumaeT (Bo3pacTaer) Ha 3TOM xe OTpeske, TO ypasuenue f(x)=g(x) na
otpeake @ < x $b MoXeT HMETH He fonee OHOTO KOPHA.

HanomuuM, ato byskima y = f(x) Ha3biBaeTCH MeNpepbIeHod, €ClH Ma-
TOMY WIMEHEHHIO (TPUPAIIEHHIO) 8PIyMEHTa X COOTBETCTBYET MalOe HIMEHe-
Hue (mpupauerue) dyaxunw y. Jpyrumu cnosamu, dpyrwuua y = f(x) fonn-
€TCH Henpepwenoi, ecin ee rpaduK NMpeacTaBINeT Co00H HENPEPHBHYIO NH-
w0, Dynkuws y = f(x)wasuipaerca eospacmaromesi (W ybuearoued) na
oTpeske @ S x< b, ecnu Jus MOOBIX X; H X;, YAOBACTBOPSAIOLIHM HEPABEHCT-
Bam a <X <X, < b, semonHsercs Hepasencrso f(x )< f(x;) (coorsercr-
BeHHO, Hepasenctso f(x )}> f(x;)). Ecmn pynkumn y = f(x) ssasercs He-

nipeputenoit u Bospacratomeii (Wi ybwsaromei) Ha otpesxe a<x <b, T0 oHa
HA3BIBBETCS MONOMOHNOL HA ITOM OTPE3RE,
B 310if cBa3M npn pewenun ypasnerwa f(x)=g(x) neobxomumo uc-

cnenosats Pywxwan y = f(x) W y = g(x) Ha MOHOTOMHOCTS, ¥ eCJM OHA 3

aux dyHKumil Ha oTpeske @ < x S b HenpepbIBRO yOumaeT, @ apyras GyHKuHA —
HEPEPHBHO BO3PACTEET, TO HEOOXOAMMO HIIH MONBLITATLCA NoaGopoM HaHTH
€IAHCTBEHHDIH KOPEHDb yPABHEHHUA, KM TIOKA3aTh, YTO TAKONO KOPHA HE Cyure-

ctayer. Ecnw, nanpumep, ¢pynxums y = f(x) nenpepuina u vo3pacTaer, 3
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dymcums y = g(x) HenpepuiBia 1 yOsisaer Ha 01pe3ke 4 S xS b W npu oM :

f(a)> g(a), o na nasmom otpesxe ypasuesme f(x)=g(x) xopHeii ne umeer.

OcobenHo Takoit MeToa 3hdexTHBER B TOM (NTydae, Koraa obe uacT
ypaswenns f(x)=g(x) mpencrasamior co6oii BecbMa «HeynobHbIe s CO-
BMECTHOTO HCCHICNOBAHNA (byHKIHH. :

Kpowme Toro, ecru dynxima y = f(x) sanserca sospacratomed (wm yGoi-
paiouteil) Ha orpesxe a < x<b u ypaBuenue f (x) =c (rae ¢ — HekoTOpaf
KOHCTAHTa) Ha HAHHOM OTPE3Ke HMEET KOPEHb, TO ITOT KOPEHb EAHHCTBEHHBIN.

JiNA yCTAHOBJIEHWS MOWOTORHOCTH HEmpepHBHBX (yHkuwli y= f(x)
MOXHO MCIONB30BATh MOHATHE Mpou3BomHoit. dynkuvs y = f(x) xanaeTcu';
Bospacratowteit (yGuisaroweit) Ha oTpe3ke a < x < b, ecnu Ha AAHHOM orpeaxe;
£ (x)>0 (coorsercraenno f’(x)<0).

3apayn u peleHus i

@ Pemuts ypassenne
2Jx+18 +4x-3 =15. (4.1);

Pewsenue. O6nacTbiO ZOMYCTHMBIX 3HaUCHHH mepeMeHHO! x B ypaBHe-:

Hun (4.1) ssasioTes x 2 % .

Tak xak Ha O6NacTH AOMYCTHMBIX 3Haveruil Gynkuns f(x)= 2Jx+18 +

+VJ4x -3 sBIAETCH HenpepIBHOH W BO3pacTaloweht, 10 ypasuenue (4.1) mve-!
er He Gonee OMHOTO KOPHA, DTOT EAMHCTBEHHBIA KOpeHb X; =7 HAXOMUTCK

noaGopom. i

¢ Omeem: x,=1.

Pewnnrs ypasHeHue

Ox+1+Px+2=7. (42

b ¥A_m‘ PO

Pewenue. U3 ypasuenus (4.2) cneayer, 4to x 2 —-%. Tax wak cbymcnm:

S (x) =fBx+1+Y5x+2 NPpH YCIIOBHH, YTO X 2 —-;- » ABJAETCA HEMPEPhIBHOMH!




Memodsi, OCHOBaHHLIE HB UCNOMB30BAHUL MOHOMOHHOCIIU (OYHKUU 109

# Bo3pactalomeii, To ypasHeHue (4.2) He MOXET HMETh Gonee OAHOTO KOpHS.
TTon6opom HaxomuM, 4TO X, =5 — eAMHCTBEHHHIH KOPeHb ypasHenuA (4.2).

¢ Omeem: x, =5.

PemuTs ypaBHeHne
3.Y2x+3+Px-2+5-Yx+3=0. 4.3)

Pewenue. Tax xax Qpynkmn f(x)=3-32x+3+Y3x-2+5-Yx+3 -

NAETCA HEMPEPLIBHOMN M BospacTaroweii Ha Beeit yncnosolf ocn OX , TO ypag-
HenHe (4.3) umeer ne Gonee omHOro kopHA. HMICKOMBIM KOpHEM ABNSETCA
Xy = -2 .

® Omeem: x,=-2.

Pewmuts ypasuenHe
2-Yx+2+Yx-1=3-x+4. 4.4

Pewenue. O6nacts HAONYCTHMBIX JHAYCHAN NepeMEeHRON x B ypaBHECHHH
(4.4) coctasunior | < x < 3. Ha nanrom orpeske dyrkuns f(x)= 2.3x+2+

+¥x-1 senserca wenpepuso# u Bospacraromedt, a pymxuus g(x)=

=J3-x+4 — HenpepuiBHO# # yOniBalouleit. B atolt ceasn ypasHenue (4.4)
MOXET HMETb TOJIBKO OHH KOPEHB (ecaK OH ecTh). [TonfopoM nHaxoaum exuH-
CTBEHHUI} KOPEHb ypaBHeHus x; = 2.

¢ Omeem: x,=2.

@ Peuturs ypasHeue

Bx+7-V5-4x =1-Jx+5. @.5)
Pewenue, OGnacTio RONYCTHMBIX 3HAYCHHH NEpeMeHHOA x B ypaBne-
Huu (4.5) seastorcs —% <Sx< -i- .

Ypasnenne (4.5) nepenvimem B BUAE

J3x+7+Jx+5 =1+5-4x. 4.6)
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INycts f(x)=~/3x+7 +Jx+5 n g(x)=1+JS——4x. Herpynro Buaerts,
YTO Ha OTpe3Ke ——;’-st% dynxums y = f(x) ABNAETCH HENPEPWIBHOH W

BospacTatouieit, a gynkuus y=g(x) — HenpepbisHoA u yGumatomed. Tlo-

3TOMY ypaBHeHHE (4.6) MOXET HMETL TONIBKO OAWH Kopenb., HckoMEIM kopHEM
apnserca x, =—1.

¢ Omeem: x, =-1.

4.6] Pewnrs enHe
] ypass

$he—x-Yx-2=2. . 4.7

Pewenue. TleppoHauanbHO ycTaHaBnuBaeM, 910 06nacTHIO AOIYCTHMBIX
3Ha4eHHH nepemennofl x B ypaBHeHnu (4.7) asnsiores 2<x <I[8.
YpasHenue (4.7) paBHOCHILHO YPABHEHHIO

hNs-x=Yx-2+2. 4.8
Paccmotpum dynkumn f(x)=¥18~x u g(x)=¥x-2+2. Herpymno
BHICTH, YTO Pyrkimst y = f(x) ABAAETCA HENpepHBHOK M yGbiBatomell Ha OT-

peske 2<x<18, a pynkumua y= g(x) — HENpEPHIBHOH ¥ BO3PACTAOILEH.

B rakoit cBa3H ypaBHeHKe (4.8) MOKET HMETH TONBKO ORHH xopeﬁs. Non6Gopom
HETPYAHO ONPEACIHTD, Y10 X; = 2 ABJAETCH KOPHEM ypapueHui (4.8) u (4.7).

® Omeem: x,=2.

. Peurmrs ypaBHeHue
2 +x’=1-3x+4=0. 4.9)
Pewenue. Ypasnenue (4.9) paBHOCHILHO yPaBHEHNIO
¥+ +a=1-3s. (4.10)
Oynxusa f(x)=x"+x*+4 amnserch HenpepsiBHOH M BOIpACTAIOIEH

ua Beel uncnopoi och OX , a dpynkums g(x) =J1-3x onpenenena romsxo

e x< % Ha ofnactu onpenencHus QyHKuMH p = g(x) Jiesas 44CTb ypas-
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wennd (4.10) npeacraanser coGoli HENPEPLBHYIO W BO3PACTAICIXYIO PYHKIMIO,

a NMPaBaN 98CTh YPABHCHHN — HENPEPLIBHYI0 ® YouBaiomyio ¢pyHimno. B aroé
csm3n ypasienne (4.10) umeer me Gonee oaroro kxopua. Jierxo suaers, 9ro
X, =—] ABINAETCA ETO EAHHCTBEHHBIM KOPHEM.

® Omeem: x, =—1.

Pents ypasHenue
€ 417 =3x-5+Jc 48, (4.11)

Pewenue. TlpeoBpasyem ypasnenue (4.11) cneayrommm oGpasom:

Jx3+l7- X +8 =3x-5,
(Jx3+l7—w/;r’+8)-(‘]?+l7 -t-\/x3 +8)

=3x-5,
Jx3+l7+Jx3+8
x3+17—(x3+8) 308 9 - @
=3x-5, =3x-5. .
VO #1744V +8 Ve 4174V +8

OrmetuM, 970 JeBas 9acTs ypaBHeHwa (4.12) sensercs HenmpepuiBHOH H
youmBaomeli dyHxumei, a mpapax 9acTb — HEMPCPLIBAOH W BO3IpacTatouleit
dyuxuneli va sceit och OX . B atoit ceasu ypasHenwe (4.12) MoxeT uMeTs
TONBKO OAHH KOPEHB. ITOT EANHCTBEHHBIH KOPEHb MOXKHO HaiiTH 0R60POM, 3
HMEHHO, X, =2.

¢ Omeem: x, =2,

Pewuts ypasuctue
4Jx2—24+3Jx2—21+2Jx2—16+\’x2—9=;-2_0—4-. “.13)

Pewenue. Iockonpky nesas wactb ypasrenus (4.13) moxer npuHWmMaTh
TOJILKO HEOTPHUATENILHHIC 3HAYMCHHUN, TO i0-‘;20 win x>4.
x -
Ecau x> 4, 10 nesas yacts ypasrenHa (4.13) npeacrasnser coboi re-
TPEPHIBHYIO H BO3PACTAIOMIYIO (PYHKIHIO, 8 APABAN YACTb — RENPCPLIBHYIO
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yOuiBaowyto $pyHkuKio. [Toaromy ypasuenue (4.13) umeer ne Gonee oaunoro -
kopHA. [TonGopom HaxoauM EIHHCTBEHHBIH KOpEHDb YPAaBHEHHA X; =5 .

® Omeem: x, =5.

Pewnts ypasHeHue

3x2 — 18x+ 25 +V4x® — 24x+29 = 6x - x% — 4. 4.14)

Pewsertue. TIpeacrasum ypasrenine (4.14) B paBHOCHABHOM BUIE
JHx-3) =24 J4(x-3F -7 =5-(x-3)". 4.15)
Ecmi 0603Ha9HTS (:(—3)2 =y, TO u3 ypasHerna (4.15) nomyqaem

Sy—2+fay—7=5-y, (4.16)

rae y20.
Tak xax pymams f(y)=3y-2+ J4y-7 wa ceoeii obnactu onpenc-
7 ) ‘
neRus y 3 ABJIAETCA HEMpepuIBHOW ® so3pacTawoueii, a dyukuwa g(y)=

=5-y Oynmer uenpepbisHO# u yOsBaomedi Ha Beeit uncnosolt och OY , T0

ypaeHesue (4.16) He MoxkeT HMeTh Gonee oxHOTO KOpHA. {Tonb6opom yGeaumcs,
YTO TAKWUM SAHHCTBEHHLIM KOpHeM ypasticaud (4.16) apnserca y, =2.

Tax kak (x—3)’ =y,70 ()«:—3)2 =2 unnt x-3=1+/2. CnefoBarensHo,

x =3-2n X, =3+42.

® Omeem: x,=3-2, x,=3+2.
@ Peumts ypaBReHue

X+ x+l+1’x+—l-=9. (4.17)
d 2 4

Pewenue. U3 ypasRenus (4.17) cnemyer, uto -% £x<9,

PaccMOTpHM §YHKIHIO

f(x)=x+1‘x+%+1}x+-l—.
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Herpynno y6eantbcs B TOM, uro Qynxkuws y=f (x) NpH yCHOBHH

-%s XS 9 sBasercA HENPEPLIBHOH ¥ BospacTalowei. CneaoBaTeNbHO, ypas-

ere f(x)=9 Moxer uMeTb Re Gosiee OXHONO KOPHA.
Toa6opom HaxouM eHCTBEHHEIN KopeHb ypasHeHns (4.17) Buaa x, =6.

¢ Omeem: x, =6.

EE PeninTs ypasHeHHe
Px+3+dx+1 =30+ 27252 +5x+3-16. (4.18)

Pewsenue. Beenem HOBYIO NEPEMEHHYIO ¥ = V2x+3 +Jx +1. Tax kak
yz = 3x+4+2J2x’ +5x+ 3, To ypaBHenne (4.18) npuAHMaeT BHA y = y2 -20
WITH y2 -y-20=0. IMockomky y =20, TO NOAXOAAMHUM KOPHEM YpPaBHEHHA

y2 -y=-20=0 spnaercs y, =5.
CnepoBatensno, HeoGX0nHMO PacCMOTPETh ypaBHEHHE

V2x+3+Jx+1=5. “4.19)

Tak kak GyHKURS f(x)=J2x+3+~/x+l npu x2 -1 sBaserca Hempe-

puiBHOM ¥ Bo3pacTatomeit, To ypasrenue (4.19) He Moxer umeTs Gonee oxxoro
KOpHS. .

IMonbopom ycraHaBsiuBaeM, 910 x; =3 — KOPeHb ypaBBeHuA (4.19).

¢ Omeem: x, =3.

@ Peumts ypashenne
¥4 +5 =6" (4.20)

Pewenue. Paznenum obe uactv ypassenms (4.20) wa 5° u nonyaum pas-

HOCHAIBHOE YPaBHEHHE
X X X
) (& -(). a2
5 5 5
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x x x ]
e 03] {3 110 s 218

" %>1, T0 PyHKuns y= f(x) mnx moboro x SBIKETCR HCMPEPBIBHOM

yGriBaiomed, a GyHkuMA y = g{¥) — HenpepsIBHO# u BospacTaiomeit. Cried

IOBATENbHO, ypaBHeHHe (4.21), a BMeCTe ¢ HMM W ypaenenue (4.20), umecy
€AMHCTBEHNBIV (ECNR OH €CTh) KOPeHb. DTOT KOPEHb X; =3 HECIIOKHO Haif

u3 ypaBrenud (4.20),

® Omesem: x, =3.

Pewnts ypasHeHHE

3.5% _7.2%+ o9, (4.22]

Pewenue. [lepenmueM ypasuenne (4.22) B suae

15-52 —14.2% =19

15-5% =14-4% 419, @23}

Ecnu pazgenuts obe HacTh ypasHeuns (4.23) na 4% | 1o nonyanm

5 2x 1 2x
15-(-] =14+19-(-) . (4.24%
4 4 §

Tlockoneky jieBag 4acTb YPAaBHEHHA (4.24) SBAAETCA HENPEPBIBHOI W BO
pacraioleii GyHKUKEH, 8 Npaas €ro 4acTe — HENPEpuIBHON U yObBaIOICH
dynkumeit, To ypasaenne (4.24) MOXET HMETb TONMBKO OAWH KOPEHb, KOTOPHIM

SABISETCA X, =l.
2
1
® Omsem: x; =E.

@ PewwTs ypaBHeHUE

(J4-\/E)X +(J¢?ﬁ"§)’r =(2v2)". .25)
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Pewenue. Pazgennm 06e uactv ypasrerua (4.25) Ha (2\5 )x . Torma

a—15 ) [(Jas1s )
[ 7 ]+[ i3 ]=1. (4.26)

TlonGopom HETPYAHO YCTaHOBHTB, YTO X, =2 ABASCTCA KOPHEM YpaBHe-
and (4.26). [TokaxeM, YTO APYTUX KOPHEH ITC YpaBHEHHE HE HMEET.

J4—JG J4+

O603HaYyUM —————=u =v.Ouesnaro, yT0 O<u<v<l.

22 Y

CriexoBaTeNnbHO, Kax/as n3 QyHKuMi y =" W y =" GBIAETCA HENPEPLIBHOH
2

+vi =1,
2

1 yOriBatowmedi 1 Npu 3ToM u

Eenu x<2, 10 4" >u?, V>V nu +vi >u’+v2 =1. Eenm x> 2, 10

2 2 2
w <, Vi< mut+v <l +vi=1.

CnenoratensHo, ecim x <2 unnr x> 2, To ypaBHeHue (4.26) KOpHeil He
nMeer.

® Omeem: x,=2.

Hpumevanne. Nockonsky 0 <

() (B
4-\15 JT

n
TO MOXHO NONQXKUTH ——=— sma) H ———=—=008&®, TAC O<w<c—.
22 2

_HE<I 0(__.....___ME<1
2 22

B rakom ciryuae ypasuenue (4.26) npunumaet Bia sin®  +cos” = 1. Oauako u3-
BECTHO, YTO ypaBHenke sin* @+ cos” =1 nmeeT eAMHCTBEeHHSIH KOpeHb X, =2.

Pewnts ypasuenne
log, (7-x)=x-1. (4.27)

Pewenue. O6aCTHIO JOMYCTHMBIX 3HAYMCHHH TIEPEMEHHOH X B ypaBHe-
Hun (4.27) asisores x < 7.

Paccmotpum Qyukunn f(x) = log, (7-x) u g(x) =x-1. U3sectHo, 4o
dynkums y = f{x) npu x <7 ABNAETCA HENPEPHIBHOH K yOnBatomeit, a GyHk-
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A y = g{X) — HeNpepLIBHOM H BospacTalonieii. B yroit caaan ypasuenwe (4.27) §
MOXET WMETh TONBKO OZMH KOPEHb, T. €. X, =3, KOTOPBIi NIerko HAXORMTCH |
nopGopoM.

¢ Omeem: x, =3.

PewuTs ypaBHEHHE ~ A
tog, {1+ = log; x. 4.28) ;

Pewenue. Beenem HOBYI0 nepeMenHylo y=logyx. Torma x=3",

1+4x =1+ (3) 1 ypasnenue (4.28) npunumaer sux

1+(3) =2 (4.29)
Ypasrenue (4.29) umeeT oyeBHANBIHA KOpeHb y; = 2. [Tokaxem, 4ro apy- J

rux xopneii uer. s a1oro pasnenwM ofe wacT ypaBrerus (4.29) Ha («ﬁ )y \ ]

ORI

1 2 ;
Tak kak —=<1, a —>1, To nesas uvacrs ypasHenns (4.30) asusercs ;
3 3 ‘

TOorza

HenpepbiBHOH ¥ yObiBaloieli pyHKIMeH, a MPpasad 4acTb — HENPEPLIBHON U
Bospacraomeil Pynxuueii. [TooToMy ypasreRue (4.30) ecliH WMeeT KOpeHs,
TaK TONLKO OXHH. PaHee GblI0 YCTAHORIEHO, 9TO y; =2 — KOPEHb YpaBHE- .

i (4.29). CnenoBaTenbHO, 3TOT KOPERb €THHCTBEHHLIH, ]
Takum obpazom, umeeM log, x; = 2. Torna eAMHCTBEHHBIM KOPHEM YpaB- ?

Herus (4.28) aengercs x; =9.
¢ Omeem: x, =9.

Pemuts ypaBHEHHE

13 =5x+4. (4.31)

Pewenue. IlepporadamsHo yoemumces, yTo x =0 He ABNFETCH KOpHEM 1
ypasrenus (4.31). ITycts Tenepb x # 0. Toraa 06e 4acTH YpasReHAA PA3ACIAM |
H3 X M [OMY4HM YPABHCHHE
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¥os5.d 4.32)
X

4
Myere f(x)=3""" u g(x)=5+—. Mepeas 3 3rux Gynkunit smaxercs
X

HENpepsIBHO# ¥ Bo3pacraomeii Ha Beel yucnosoi ocu OX , a Bropaa ¢yHk-
1w — yObiBaiowmas, HO He ABAAETCA HEMPEPHIBROM, Tak Kak GyHKumMA g(x)=

4
= 5+— ne onpenenena 8 touxe x =0. [lodromy HeobxoxuMo paccMoTpers
x

I8a chyvan, a UMeHHo, x<0 u x> 0.

Ecnn x <0, 1o 06¢ $HynKuMmn ABIAIOTCH HEHPEPHIBRBIMK H OJIHA W3 HMX
Bo3pacTalommad, a gpyras — yOsiBatomas. flosromy ypaBrewwe (4.32) Hmeer
ne fonee OIHOTO OTPULATENLHOTO KOPHA. DTOT KOpeHb X; =~1 HaxoAuM NoA-
Gopom.

Ecmt x> 0, 1o nO aHanoruu ¢ paccMOTpPeHIEM NpeAbIAYILero ciryyas ae-
naeM BBIBOZ O TOM, 4TO ypaBHC¢HHE (4.32) umeer e Gonmee omHOTO MONOXKH-
TENBHOTO KOPHS. 3TUM KOpHEM ABNAETCH X, =1.

® Omgem: x,=-1, x, =1,

Pemwts yparreHue
A8 1=, (4.33)

Pewenue. OONACTHIO AOMYCTHMBIX 3HAYCHHH WEPEMEHHOH X B ypaBHe-

uuu (4.33) asnniores x > 0. Iockombky x > 0, To MOXHO 0603HasHTE X =27,
vae y -— moboe usicno. B TakoM cnyuae ypaBHenue (4.33) npuHUMaeT BHA

log23 2 X
(2") b +1=(2y ) wm 3 +1=4"_ Tocnennee yparHenwe MMeEET KOpEHb

¥, =1. 370T KOpEHb EAUHCTBEHHHIH, TaK Kak ypasuenue 3 +1=4" pasno-

» y
CHIIBHO YPaBHCHHIO l+(§J =(-3—) , B KOTOPOM JIeBasi 4acThb MPEACTaBIACT

co60oii HenpepsIBHYIO B YOLIBAIOWIYIO HA BCeH wmicnioBoit ocu QY dyHxuuio, a
nPasas YacTh — HENPEPHIBHYIO M BO3PACTAIOWYIO GYHKLMIO.

Takkak x=2" u y, =1,710 x, =2,

¢ Omeem: x, =2.
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Pewurs ypasnenne

2= ﬁ(|x+1|+|x~1|). (4.34)

Pewenue. 1N packpuiTHA MOXyneit B NpaBoif YacTH ypasHeHus (4.34)
HE0OXOAMMO paccMOTpPETh TpH ClIy4as.

1. Eomn x<-1, 10 xj=-x, |x+1|+}x—1|=-x~1-x+1=-2x u ypasne-

nue (4.34) npunmMaer Ban 2° = -%. Iycrs f(x)=2" u g(x)= ——:[%

INepsas 13 5TUX yHKUW NPH x < —] HENpepHIBHO BO3PACTAET, & BTOPaA

tbymama HenpephiBHO yOnBaet. Opnako f(~1)= -;- <g{-1)= L , To-

V2

3TOMY ypasHeHHEe 2" = -7’% KOpHEH He HMeer.

2, Ecma ~1< x <1, 10 3 (4.34) RnonmyuaeM ypaBRCHHE 2-"! = % » H3 KOTO-
poro crexyer |x|-— WM Xy = %
3. Ecnm x>1, Torma 277 =% . Tlo anHanoruu ¢ nepsuIM CyYaeM MOXHO

YCTaHOBHTB, 9TO 3T0 YpaBHEeHHE KOpHEH HE HMEeT.

¢ Omeem: x, =—%,x =%.

@ Pemurs cucTeMy ypaBRERHit
2y-(3+10-log, 2) = x% +x+3y7,

(4.35)°
( x4+ 3)1085(3‘.‘*) =1 .

Pewmenue. O6nacToio JONYCTHMBIX 3HEYECHHHN NIEPEMEHNBIX X U ¥ B cm:—E
TeMe ypaBHeRuit (4.35) amamorca x>0, x#1 u y<3.

Iockomeky x>0, T0 x+3>3 M U3 BTOpOro ypasHeHws CHCTEMH (4. 35)
cnenyer, uto logs(3-y)=0, 3-y=1wm y =2.
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[ToncraBnas 3wauenne y, =2 8 mepsoe ypasHenne cHcteMsi (4.35), mo-
ayuaem 4(3+10-log, 2)=x’ +x+12, 40-log, 2 =x’ +x wm

40

x2+x

log2 x= {4.36)

Nyets f(x)=log, x n g(x)= 24 0 . Hockoneky mpu x>0 dyHKIRA
X +x

y= f(x) ssnsercs HenpepriBHO#i K BO3pacTaioleH, a GyHkuns y = g(x) —
HenpephiBHO# ¥ yOriBasouteit, 70 ypaprHeHue (4.36) MOXKET UMETE TONLKO OAWH
kopenb. Tak kak f{4)=2 u g(4}=2, T0 x; =4 — HCKOMBIii KOpeHb YypaB-
neuus (4.36).

@ Omeem: x, =4, y,=2.

@ PeuvTe AEpaBencTBO
J11=-5x>x-1. 4.37)

Peruenue, O6macToio AOMYCTHMBIX 3HAYCHHIT NEPEMEHEOH X B HEpaBEH-

crBe (4.37) sBnmoTesa x < % .

Myers f(x)={11-5x u g(x)=x-1.PaccMoTpum ypasherue f(x)=
=g(x). Qynxuus y = f(x) nva obnactu HOMYCTHMBIX JHAYCHHH X ABAAETCA
HCTIpepeIBHOH U yObisatouleil, a pynxuns y = g(x) — HENpeEpHIBHON K BO3-
pacratoueii. TTockonsKy ypastenue f(x)=g(x) umeer xopers X =2 (xo-

TOpBI JIerko HaiTH NMOAGOPOM), TO TOT KOPEHb SBAACTCH SXANHCTBEHHBIM,
CreznoBatensho, peuletinem Hepasesctsa f(x)> g(x) annsmorca moGeie 3Ha-

YCHHSE X, JJIA KOTOPHIX x < 2.

& Omeem: x<2.

@ PeitiiTh HEPaBEHCTBO

Jx+3>3-¥x. (4.38)

Peenue. QO6RACTBIO NOMYCTHMSIX 3HAYCHUMN NEPEMERHON X B HEPaBCH-
crae (4.38) masmorcs x 2 -3,
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lyers f(x)= Jii3 u g(x) =3-3x. Herpynro nmokasats, ¥To Henpe-
pbiBHas GyHKuMA y = f(x) Ha ofnacT¥ KomycTWMEIX 3HaYeHHl mepemeHHOM
X BO3PAacTacT, a HempepbIBHAas QyHKUUA y = g(x) — yOniBaer. B 210t cem3m
ypasuenne f(x)=g(x) MOKET HMETb TONBXO EAMHACTBEHHHBI KOpEHb, KOTO-
poit ierxo saliTy noaSopom, T. €. x; =1 .

Tockonsky pyHkImMa y = f(x) Bospactaiowiad, 8 Gynxums y = g(x) yOul-
salowas, To Npu x > 1 cnpasemnmussi HepaBencTsa f(x) > f(1) n g(x) < g(1).
C yuerom Toro, yto f(1) = g(1) , orciona nonmyqaem HepaseHcTBO f(x) > g(x)
anaecex x>1,

¢ Omeem: x>1.

Peumars HEpaBEeHCTBO
$r2+Jx-3>2-¥x. (4.39)
Pewsenue. OGNacTvo JOMyCTHMbIX 3HAYECHHI NEpeMEHHON x B HEpaBCH-
cree (4.39) spnmores 3<x<16.
Nycrs f(x)=%x-2+Jx-3 = g(x):J -4x . Herpyzro suzers,
o f(3)=1 n g(3)= v2-43 <1. Mockonbky Ha 06nacT KOMyCTHMBIX 3Ha-
yenwii nepemennoit x Qyskuns y = f (x) HENpPEPBIBHO BO3PACTALT, a PyHKUHNA
y=g(x) wenpepusro yGuaer, 1o npn x > 3 nmeem f(x}> f(3)=1u

g(x)< g(3)< 1. Orciona cnenyer, uro nepasencreo f(x)> g(x) nmeer me-
CTO Ana mobwx x w3 otpe3ka 3<x<16.

® Omeem: 3<x<16.
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Memodb! peweHun
PYHKUUOHANbHbLIX YpagHeHUU

© K unesy nanbonce CROXHEIX 3a1ay Ha BCTYMHTENBHBIX KOHKYPCHBIX 3K-
3aMEHAX N0 MATCMATHKE OTHOCATCA 3aXavH, PelieHHE KOTOPBIX CBOOMTCH K
PaccMOTPeRMI0 GYHKUMOHANIBHBIX ypaBHEHHI BUAA

S )-) = 5.1)
S(g(x)=1(n(x)) (5.2)

rac f{x), g(x), h(x) — nexoropsic pynkmwniu n>2.

Mcroasl pewenna GpynkumonansHex ypaBrennii (5.1), (5.2) ocHoBane! Ha
HCMONBIOBAHMHIT CICAYIOULIIN TCOPEM.

Teopema 1
Kopuu ypasuenun [ (x)= x mensiomen xopusnmu ypassnenus (5.1).

HAoxazamenscmeo. Mycts x=x, — KopeHb ypasnenus f(x)=x, T.e.
J{(xg) = x4 . Torna cripacamiBLt paBcHCTBA

f(f(x))= (%)
S xD)) =1 (f(x))s

() )) = A (x))--))-

v v
» puz a-t paz
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Orcroxa cneayer, 4TO

f(f(...({(xo))...))=x0,

M)

n pas
T. €. X = Xy ABNAETCA KOPHEM ypaBHeHHA (5.1).

Teopema 2

Ecau y= f(x) — eospacmawwas dynrxyus na ompeske a<x<b u
a< f(x)<b, mo na danuom ompesxe ypasuenun (5.1) u f(x)=x paeno-
CHABHML

Hoxazamenvcmeo. TTycTe x = X, ABNAETCK KOPHEM ypaBrenus (5.1), T. e,

1AL )=

n pas
TIpeanonoxuM, 4To X =X, He SBJIAETCA KOPHEM ypaBHeHHA f(x)=x,
T.€. f(x)# x5. He napymas obumocTs paccyxacnuii, Gyaem cuutars, 4to
xg < f(xq) . Toraa B cruTy Bo3pacTanus GynkmH y = f(x) cupaBeXmBH He-
PABEHCTBA

ano<f(xo)<f(f(xo))<...<:f(f(...(f(xo))...))sb.

n pas

Tax xax

S 0)))) = 50
. — )
TO M3 NPHBEACHHBIX BhIILIC HEPABEHCTB CAEAYET, 4TO X, < X . TakuM 06pazom,
TIONYYHIIN OXKHOE HEPABEHCTBO. A ITO O3HavaeT, uTo f(xy) =X,.
Orciona 1 3 TeopeMnl 1 clexyer CripaBeUIMBOCTD TEOPEMB 2.

Cnegcrane 1
Ecnu dynxyun y= f(x) so3pacmaem onn 2106020 x, mo ypasHenus

(5.1) # f(x)=x pasrocunsiw.
Cneacraeve 2 .
Ecnu gpynxyus y = f(x) sospacmaem na ceoeit o6nacmu onpedenenus,
mo ypaenenus (5.1) u f(x) =x pasnocunsnsi.
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bonee CAOXHEIM RBIAETCK peuieHHe ypasHeHHR (5.1) B Tom ciyuae,
KOTA3 Ha HEKOTOpOM OTpe3ke a S x<b dynkuma p = f(x) nsngerca yOsi-
Baome,

B xaHHOM criyuae UMEeT MECTO AHANOTH TEOPEMB 2 H ABYX CNEACTBHIX
TONBKO MPH YCIOBHH, HTO B YPABHEHHH (5.]1) 3HauEHHE 1 HEYeTHOC.

Teopema 3

Ecau y= f(x) — ybusarowan pynkuyus na ompeake a<x<b, n —
Hevemnoe u as f (x)sb, mo na oannom ompesxe ypasuenus (S.1) u
f(x)=x pasxocunsnsi.

Hoxazamenscmeo. Ilycto x = x, senseTcs xOpHeM ypasherms (5.1), T. e.

S (A1 () )= %

n;aa

[lpeAnonoxum, YTo X =X, He SBNSETCS KOpHeM ypaBHeHua f(x)=x,
T.€. f(x)# x5. He napymas obmuoctu paccywacHui, 6yneM cawrars, 9T0
a<xy< f(x))Sb. Torna B cuny yGuisanna QyHkuun y= f(x) na or-

peske a<x<h nomyuaem mepascuctsa f(x)> f(f(x)), f(f(%))<
<f(F (£ (%)) F(FUGN)> £(F(F(Fx)))) BT 2.

Tak xak # — HeweTHoe, TO

S G0)- )< A (AT Go))-)-

e "

n-lvpaJ n pas

[Tockonsky
f(f(...(f(xo))...))= Xor
TO U3 MOCICAHEr0 HEPABEHCTBA NMOTyYaeM
f(f((f(xo)))) <x.

=1 pus

Tak xak y = f(x) — yOmiBaowas pyHkuus, To
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(A7 0))-)> S (),

n;aJ

T.e. x5 > f(x). Tlonyunnn npoTHsOpEdHE TOMY, YTO 110 NPEANONOMEHHIO
Xy < f(xp) . CnenoBarenvho, f(xq)=x,.
Orclona ¢ yueroM Teopemsl | CieayeT cupaBeIMBOCTD TEOpEMb 3.

Cnencremne 3

Ecnu ¢ynxyua y = f(x) ybsisaem oan 1106020 x 4 n — nesemnoe, .
mo ypaenenus (5.1) u f(x) = x pasnocunsum. :

Cnencrave 4

Ecnu gyuxyun y = f(x) ybwieaem na obnacmu onpedenenus u n — :
#euemnoe, mo ypasrenus (8.1) u f(x)=x pasnocunsnsi.

Tak kaK B paccMOTPEHHBX BbIIE CITy4asX QyHKIHA y = f(x) ABAAETCH ©
yGuiBatourelt, To ypasnenne f(x)=x MOXeT HMETb TOJILKO ONMH KOPEHh. Ho--
ckonbky ypasHerue (5.1) ¢ yObmaomeit dynkumell y = f(x) H HE4eTHBIM 3Ha- |
YEeHWEM 1 PABHOCHIIBHO YpaBHEHmIO f(x)=x , TO ypasHenue (5.1) Takxe aMe-
€T He 6onee OIHOro KOPHA. |

Ecnn 8 ypasrermH (5.1) y = f(x) — ybuisatoman ¢yuxums, a » — qer-
HOS, T0 B ofimeM ciiyuae ypasHeHuA (5.1) M f(x)=x He ABIAOTCA paBHO-,

ciisHMM. Hanpumep, ypaBHenne \] 1-V1-x =x umeer TP KOpHA x; =0,7

W TOMLKO TPETHH KODEHb YIOBIETBOPSET YPABHEHHIO |

x2=l, XJ=

i-x=x. 3
B namomM cityvae JuIn Noncka kopHe# ypasHeHus (5.1) Reobxomumo 1po-;
BOIMTD JOMOJHUTENHHBIC HCCICNOBAHUA.

Teopema 4 ?

Ecau y= f(x) — eospacmarmouasn (unu y6siearonas) PynKuus, mo
ypasuenun (5.2) u g(x)=h(x) pasnocunsnss na obnacmu t)onycmmux;
3nauenuli nepemennoit x ¢ ypasnenuu (5.2). :

Jfoxaszamenscmeo,
1. Mycte x, — kopewb ypasuerus (5.2), T.e. f(g(x))= f(h(xy)).
Tpeanonoxmnm, YTO X, He ABAKETCH KOPHEM ypaBHEHus g(x)= h(x),)

3
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T.€ 8(xp) # h(xy) . He napyman ofmuocTv paccyxmenuii, Gyaem cuu-
TaTh, 9T0 g(xy) < A(x,). Orcrona h 3aBHCHMOCTH OT TOTO, Kakoif sensercs
dyrxa y = f(x) Ha 06NaCTH ROITYCTHMBIX 3HAYCHM ypaBHerua (5.2) Bo3-
pacraomedi Wik yGsmaromeii, nomysaem nepasexcreo £ (g(xp)) < f (h(xp))
win f(g(x9))> f(#(xy)), coorBeTCTRERHO. B KanaOM M3 IBYX CAyHaes
HMEEM NOXHOE HepaBeHCTBO. 3HawuT, g(xy) = h(xy) .

2. Tlycte x5 — Kkopenb ypasHerus g(x) =h(x), T.e. g(xy) = k(xy) . Orcio-
na cuenyet f(g(xy))= f(h(x)).

Cneacrene 5

Ecru y= f(x) — eospacmarowan (uru yduéamuqax) Pynxyus na
MHONcecmeae 3navenuii Ppynkuul y=g(x) u y=h(x), mo ypasuenun (5.2)
u g(x) = h(x) pasnocunsuw.

Taioke cnexyetT OTMETHTD, YTO NPU pemeHHH PYHKUHOHANLHOTO ypaBHe-

Hua (5.2) HeoSXOMMMO BHAMATENBHO PAcCMaTpHBATh CJly4aif, Koraa ¢GpyHKOHA
y = f(x) fsnsercq yerHoil.

Teopema $

Ecnu uemnan dynxyun y = f(x) onpedenena na ompesxe —a<x<a u
eospacmaem (unu ybsisaem) npu 0 S x<a, mo Ha 0auHOM ompeiKe Ypae-
Henue (5.2) pasnocunvno coeoxkynuocmu ypasnenusi g(x)=h(x) u
8(x) = —h(x) npu ycnosuu, ymo —a<g(x)<a u —ash(x)<a.

Hoxazamenscmeo NPOBOTUTCA NO QHANOTHH C JOKA3ATENHCTBOM NPEIH-
Xymeii Teopemsl. TTpu sToM Henonsayerca YeTHocTh GyHkuun y = f(x), T.e.

cem f(g(x))=f(h(x)}, 10 f(g(x))=f(-h(x)).

fMpumenanue. Jina Gonee rnyGoxoro H3ydeHMR MCTOACB PEiICHUS YpaBHC-
rui (5.1), (5.2) ¥ QyHKIHOHANBHHIX YPaBHEHHMH APDYIHX THIIOB MOXRO 06pa-
THTECA K cTaTee Uywaesa U. M. u Mewmepsaxosoit C. U. «YpasHenns BHaa

F{g(x)}= s (h(x)} n necrannapriEIe MeTOAM petenns» («MaTemaTHKa B WIKO-
ne», 1995, \e 3).
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Pewenue. O6nacTBIO ROMYCTUMBIX 3HAUECHWH TIEPEMEHHON X B ypaBHe-
HiM (5.6) seaiioTca x 2 | . YpasHenue (5.6) paBHOCHIBHO YPABHEHHIO

1+ 1+ Jx =x. ‘ (5.7)

flycrs f(x)=1+x. Torna ypasnenwe (5.7) npusmmaer sua dyHxumo-
nambioro ypaswernns f(f(x)}=x. Tax xak dynxums y=f(x) amnzevca

BO3DECTAIOIICH Ha OONACTH JOTYCTHMBIX 3HA4YEHHIt NEPEeMEHRo# X , TO ypasHe-
uue f(f(x))=x pasHocurswo ypasermio f(x)=x, 7.e. ypasuenue (5.7)

1+J§

PABHOCHNBHO ypaBHeHmI0 1++/x = X, u3 KOTOPOro momyuaeM ,’x, =

2
WK x| = 3445 .
2
¢ Omeem: x, = 3+2J§ .
Peuuts ypaBHeRHe
2
(x’ +dx+ 2) +4(x’ +4x+2)+2 =x. (5.8)

Pewenue. O6nacThIO RONYCTAMBIX 3HAUCHMIT TIEPEMEHHON X B ypaBHe-
wiH (5.8) aBnsercs uucnosat ocs OX .

Mycrs f(x)=x*+4x+2, Toras ypasnenne (5.8) MOXHO nepenucars B
BHAe (YHKUMOHANBHOrO ypasHeHMa f ( f (x)) =x. Onnaxo Ha Beeit obnacTu
ZOMYyCTHMBIX 3HAYEHHI nepemerHol x dywkuma f(x)=x” +4x+2 He smwer-
cs mowoTownoi. Iosromy ypasrenma f(f(x))=x u f(x)=x B obumem cryuae
HC FRMNIOTCH PABHOCHTGHBIMH, T. €. nepexon ot ypaswerus f(f (x))=x «x

YpaBHERHIO f (X) =X MOXET CONPOBOXLATECK NOTEPEH YACTH KOPHEH.

B 370t cBa3H Gynem AeiicTBOBATL CIIEAYIOIMM OGPAIOM.
PaccmoTpuM ypaswenne f(x)=x, KOPHH KOTOPOrO ABIAIOTCA KOPHSMH

ypasuenus f(f(x))=x (cm. Teopemy 1), 7. €. ypasnenne

x> +3x+2=0. 5.9
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Pewas ypasnenue (5.9), nonysaem x; =-2 u x, =—1. Ecrecrsenno, uro
X,, X, — KOpHH ypaBHeuns (5.8).

Jns noucka ocTanbHbIX KopHel ypaBHeHns (5.8) HpeaCTaBHM €ro JIeBYIO
YacTh B BHAE MHOTOWICHA METBEPTO#H CTEMNEHH ITyTEM PacKphiTHA CKoOOK, T. €.

x*+8x° +24x* +31x+14=0. (5.10)

Tak kak x; =~2 M X, =1 ABNLOTCA KOpHAMM ypasresns (5.10), To ana
TIOHCKa OCTaNbHBIX KOpHeH ypanuenus (5.10) Heobxozumo pasaenuTs MHOTO-
wien x* +8x> + 24x* +3ix+14 MIOCNEAOBATENIbHO HA X+2 H x+1, T. €. pa3-
nennts na ssipaxenne (x+2)(x+1)=x* +3x+2. B pesynsrare Takux aeicT-

BHV TONyYWM KBAZPATHOE YPABHEHWE x* +5x+7 0, xoropoe aciicrsuTenb-
HBIX Kopneu HC MMCCT.

¢ Omeem: x,=-2, x, =—1.

@ Peurms ypaBHeHHE
¥ -6 +120° -6=2-x. (5.11)

Pewenue. Ipeobpasyem ypasHenue (5.11) caeayromum oGpasom:
X -6x*+12x* -8=2-x-2,
(;é‘-:z)3 =32-x-2, (z-x’)3 =2-¥2-x.
Orciona noy4aeMm ypaBHEHAE
={2-32-2=x. $.12)
Nycts f(x)= ¥2-x ,vorna ypaBHeHue (5.12) npAHAMAET BUA
S(F(r(x))=x (5.13)

TMockonsky dyaxums f(x)=32-x saasercs yOumaiomeii Ha Beel un-
cnosoit ocu OX u npH 3toM n—Hederroe (cM. Teopemy 3), To ypaBHenme
(5.13) pasHocANBHO ypaBHERHIO f(x)= X, T. e. ypasHenne (5.12) paBHOCHIB-

HO YPaBHECHHIO Y2-x=x wm X’ +x-2=0. YpaBAcHue £ +x-2=0 ume-
€T envHCTBeHALR AeficTerTeMmHLIA KOpens X, =1 .

¢ Omeem: x, =1.



Memodbt POWBHUR DYHKUUOHATBHBIX YPEGHEOHUL 129

PewnTs ypasrensc

V6-26-2x =x. (5.14)

Pewenue. NMycrs f (x): J6-2x . Toraa ypasuenve (5.14) MPHHHMaET

sun x=f(f (x)). Tax kak dpynxkuma f(x)= J6-2x wna o6nactu onpenere-
uuA x <3 asnserca yObipatowel u npu 3ToM 7 - ueTHoe {cM. Teopemy 3), TO

BOTIPOC O PABHOCHNBHOCTH ypaBHeruit (5.14) u J6—2x = x ocraerca OTKpHI-
TIM.

B 3T10it cBfIn uenecoobpasHo peutats ypaBHeHHe (S.14) apyrumu mero-
JaMH, HE PaccMaTpHBas €ro kak QyHKIMOHaNbRoe ypasHeHne. [TpownaniocTpu-
pyeM pemeHue ypaBHeHHS (5.14) OXHHM H3 TaknX METONOB.

OGosnaunm V6-2x = y . Toraa w3 ypasuenns (5.14) nomynaeM cicremy

ypaBReRHii
,/6— 2y =x,
J6-2x = y.

U3 cucremw ypasaenmif (5.15) cnemyer, yto 0<x < J6 u OSys\/E.
BoseeneM B kBampar 06a ypaBHeHHs cucTeMHl (5.15), a 3aTeM H3 nepsoro

(5.15)

ypaBECHHA BbIuTeM BTopoe. Toraa nomywny 2x—2y=x° -y um
(x=y)(x+y-2)=0. (5.16)

IMycs x—-y=0. Tak xak y=J6-_2x, TO ubnqum YPaBHEHHE X =
= m ,tae 0<x< JE . YpaBHenne x = J6—2x PaBHOCHJILHO YPaBHEHHIO
x* +2x-6=0, NOAXOANIINM KOPHEM KOTOPOID SRIAETCH x=-l+ V1.

Ilycts x+ y—2=0. Toraa HMeeT MecTO ypaBHEHHE J6-2x=2-x,m
KoToporo caexyer, 9r0 x<2. OTCiOA3 NONyYaeM KBAAPETHOE YPABHEHME
x¥ =2x-2=0, KOTOpOE WMeeT JBa KOPHX X3 = 1£+3. Panee 6uno ycra-
HorneHo, aTo 0 < x < 2. [losromy 3HaueHHa X, U X; HE MOTYT GbITh KOpHAMH
vpasrenui (5.14).

¢ Omeem: x, =-1+47.

PetmmTs ypasuenue
In(lnx+1)=x-1. .17
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Pewenue. Ypasuenne (5.17) Moxno mepenucarh kak In(Inx+1)+1=x.
Mycts f(x)=Inx+1, Toraa ypasrenue (5.17) npuruMaeT BuR Pyskuno-
HANBLHOTO YpaBHeHus f ( f (x)) = x. lNockonpky dynkuua y =Inx gensgercs
HENPCPHLIBHOH W BO3pacTalowWeii npy x > 0, To ypasHeHue f ( f(x))=x parwo-
cHIbHO ypaBHeHuio f(x)=x, T. ¢. ypasueune (5.17) paBHOCHIIBHO YPABHEHHIO

Inx+1l=x (5.18)

OuesnaHo, yTo x; =1 ABAsercH xopHem ypasreHus (5.18). [Tokaxem, uTo
3TOT KOPEHb € AMHCTBEHHBIH.
Jis 3TOrO paccMOTPHM GYHKIHIO g(x): Inx+1-x, 3amanHyio Ha WH-
Tepsane 0 < x < . MssectHo, uto g(1) = 0. Kpome Toro, uMeer MecTo
/ 1 l-x
| gl
Mycts 0<x<1, Torna g’ (x)>0. Cnexorarensro, pyniums y=g(x)
Bo3pacraer u nosromy g{x)<g(l}=0
Tlyets x>1, torma g’ (x)<0 u dpymams y=g(x) senserca yGesaro-
wei, T.e. g(x)<g(t)=0.
Orciona cnexyet, ure g(x)<0 ans moboro x>0 w x#1. 3uaum,
ypaBHeHHeE (5.17) HMEET €AMHCTBEHHBIH KOpeHb X =1,
® Omeem: x, =1.

Peunsrs cucreMy ypaBHeHHi
(o J; -
Jy-z=1, (5.19)
=z —Vx=1
Pewenue. TepenuumeM cuctemy cneayoumm obpasom:
rx =Jy+i,
{y=vz+], (5.20)

z=\/;+!.
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W3 nepeoro ypasnenus cucremn! (5.20) cnexyer, yro x21. Beenem B
paccMoTpenue QyHximio f(x) = Jx+1 , onpeneneHnyio ans x 2 1. Toraa n3
cuctemul ypasmennit (5.20) nomywaem x= f(y), y=f(z) u z=f(x). Or-
CI0Aa BBITEKAET (YHKIHWOHANBROE YPaBHEHHE

(£ (2))== | (5.21)

Tak xak QpyHkuus [ (x)=vx+1 Ha obmacn ONpEnenAcHUd ABNACTCH
Bo3pacTalomed, To ypabHeHue (5.21) paBHOCHABHO ypaBHeHMIO f(Xx)=x,

T.€ vx+l=x wm Jx =x-1. _
Tak kak x 21, TO nocie BOIBEACHHUA B KBAApat o6eHX yacrell ypapHEHHA

Jr=x-1 TIONyYaeM PaBHOCUNBHOE KBANPATHOE YPaBHEHHE x2-3x+1=0,

KOTOPOE HMMEET ABA KODHR X;, = . OIAaKo TONBKO OIMH €ro KOPEeHb

3+J§

YIOBJICTBOPAET HEPAREHCTBY X 21, T. €. X = 7

IMockonsky NOAYYHNY EAWHCTBEHHOE 3HAYMCHHE NMEPEMEHHOH X, KOTOpOE
yZOBNETBOPAET CHCTEMe ypaBHeHuik (5.19), 1 ypaBHeHHN 3aflaHROW CHCTEMS!
ABIAIOTCA CHMMCTPHICCKHMU OTHOCHTCNIBHO BXOXKICHHA NMEPEMCHHBIX X, YV H

3+J§

y,TO Yy =2 = .
z =z 2
¢0 3445 3+45 3+45
meem: x = s = y { = .
2 2 2

Pemuts cucremy ypaBreHul
X = y-1,
y" =z-1, (5.22)
Zf =x-1.

Pewenue. Tlepenwwem cucreMy ypaBHeHuit (5.22) B BHAC

x=2° +1,
y=xt+1, (5.23)

z=y2+l.
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Orcioza cnexyer, 90 x21. [lycrs f(x)=x” +1, Torma us (5.23) nony-
q3eM PyHKUMOHANBHOE YPaBHEHHE

(A () = (5.29)
Tak Kak Gynxuss f(x)=x> +| npH x21 smaserca sospacratoutedt, To- -
raa BMecTo ypaBHEHHA (5.24) MOXHO pacCcMaTPHBATDH ypanﬂeﬂue fx)=x,

e xi+l=x. HerpyaHo yGeanThCs B TOM, YTO ypaBHEHHE X -x+1=0 ne-:
HMEeT KOpHeil (IMCKPHMHNAHT YPABHCHHS OTPHUATENbHLIH), MO3TOMY 3anau-
Has CHCTeMa ypaBHEHHi (5.22) Takke He HMeeT KOopHeii. -

¢ Omeem: xopueii ver. ,
Pewnry cueTenmy ypasHenwsi

x(l + J; ) =2

y(1+J2)=2; (5.25);

z(l +x ) =2, 1

Pewuenue. O6nacTb10 NOMYCTHMEIX JHAYCHHIT IEPEMEHHEIX X, Yy U Z B cnc-

Teme ypasHennii (5.25) sansiores x>0, y>0, z>0.

Cucremy ypassenwii (5.25) nepenutiieM B paBHOCHIIBHOM S8HAC i

,x 2 ]

1+ :; y ’ 1

2

Ay= N 5.26
PG 62
zZ= 2 |
L l+JI‘

Oyers f(x)= 1+2J; , Tae x>0, Toraa w3 cHCTEMbl ypaBHERMH (5.26)1

nosyyaeM QyHKUMOHRILHOE ypaBHEHWe f ( S ( f (x))) =x. Tax KaK (bynkumi_

f(x)=l+2J; ABngercs yGupalouelt, T0 ypasHenwe f(f{f(x)))=x paB

2
1+

HOCHIBHO ypasrermo f(x)=x,T.c. =x.

B
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Orciona nonysaem xx+x-2=0 wm

(Vx-1)(x+2vx +2)=o0. (527

Tak kak x>0, T0 x+2Jx+2>0 um ypasHeHua (5.27) cnenyer, 970
Jx-1=0 wm x; =1. IpoBeds aHANOTMUHBIE PACCYXKACHHA OTHOCHTENBHO
NEpEMEHHBIX ¥ M z , monydaeM y, =1 m z =1.

¢ Omeem: x, =1, y =1, z;=1.

Hpumeuanue. MNpyseaem ewe oant criocob pewenns cuctemul ypasuenui (5.25),
XOTOpHIH HE HCTIOIb3YET NOHATHE QYHKUHOHANBHOTO YPARHCHUSA.

Hetpyaro 3ametHTs, 910 Xy =], y, =1, z =1 dBIsETCS KOPHAMH CHCTEMb
ypasBendii (5.25). lNoxaxem, 4T0 APyFHX KOpHEit HET.

Ecna x>1. Tax «xax x(I+J;)=2, TO l+J;<2 win y<1, Oanako,
y(l+J;)=2. Mocxonsky y<l1, 10 1+vz2>2 wm z>1. Nanee, z>1 u

z(l+J;)=2 ,Torma 1+4x <2 wm x<1. Tosyurnu APOTHBOPEYHE, TaK Kak
no npeanoaokendio x>1 .

Ecnn x<1, TO N0 aHaNOYHH ¢ MPEALLIYRINME PACCYAKACHHAMH NOSYIHM, YTO
y>1, z<1 n x>1.CnenosarenbHo, 30eCh TAKKS HMEEST MECTO POTHBOPEIHE.

@ Pemurs cucTeMy ypaBHeHwit
42
14422
ly= 4x’
1+4x%’
_
| 1+4yt

(5.28)

Pewenue, V3 cucremsl ypasremmii (5.28) cneayer, yro 0<x<l,
0<y<lu0<z<l,

4x*
1+4x
nenuit (5.28) moxato npescrasuts B Brxe x=f(z), y=f(x) » z=f(y),

re x=f(z)= £(f () =S (£ (£ (x)))-

Bseznem B paccmoTpesine dynkmmio f (x)= 5 - Torza cucremy ypas-
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2

MNockonsky f (x)=l—-1—-—1— 10 Qysxuma  f(x)= Ax ABJIAETCK

+4x*’ 1+4x°
Bo3pactaiowied npu ycnosun, yro O0<x<l|. B ovoii cea3u ypaBHEHWE
x=f ( (s (x))) PaBHOCHNIbHO ypasHenmio x = f(x). Crenosarensno, ume-

2
€M YpPaBHCHHC X =

5. Orcioga momywaem x(21—l)2=0 u x=0,
1+4x

1 "
Xy = 5’ . Ecnu HaiineHHBIE 3HAYEHHA nepeueuuoﬁ X TIOACTABUTH B YPABHCHUA

1
cucrems! (5.28), rononyuum y, =2z, =0 8 y, =2, = E .

1 i 1
4 Omeem: x,=0, y, =0, 2,=0;, x,=—, y,=—, z,=—.
1 »n=9 2 273 Y2 2 2275
@ Pewnrnb crcreMy ypaBHEHHi
P+ +2x=y,
Y +2y P +2y=¢, 5.29)

24222 42z=1x.

Pewsenue. OGo3naunm f(x) = x* +2x? +2x . Toraa U3 CHCTEMB! ypasHe-
uuit (5.29) nomysaem f(x)=y, f(»)=2z u f(z) =x. Orciona cnexyer, ¥ro

S (7 (=)=x.
ITockonbky
2 2
F{x)=3+4x+2 =3(x+;) +-3->0,
TO PyHKUWN y = f(x) BO3pacTaeT Ha BCEH YHCAOBOH och OX W moaTOMY
ypasHenrue f ( S ( f (x))) = X PaBHOCHIHHO ypaBHeHHIO f(x)=x.KopHamn

ypasuenua x>+ 2x’ +2x=x ABnmorCA x =0 u x, =1, Ecan 3nauenun x,
H X, TOACTABUTH B ypasHEHHA cHCTeMmm (5.29), o monyyuM ¥, =0,2,=0 n
y2 =-l,22 =-1 .

® Omeem: x,=0, y,=0,2,=0; x,=-1, y,=~1,z, =-1.
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EE PemmTs cucreMy ypaBHeHWH
< +x+6=8y,

Y +y+6=82, (5.30)

2 +2+6=8x

Pewenue. Tlycte f(x)= —;- (x3 +x+ 6) , TOTAa CHCTeMY ypasHeHHit (5.30)

MOXHO NEPENHCATS B BUAE QyHKLIMOHATIBHOTO YPABHEHRS

FF(f(x)))=x (.31

Tak kax GyRxnHs f (:c)=%(:t3 +x+6) ABIAETCA HENPEPHIBHOW M BO3-
pacTaiowe#i Ha Bcel uncnoBoi ocw OX , TO ypasHenue (5.31) paBHOCHALHO
ypaBHeuHo f(x)=x, T. €. %(.vc3 +x+6)= x i X -Tx+6=0. Kopsamn
Kybuueckoro ypasHenus sBnaiorcs x =1, x; =2 w xy =~-3, Hcnonsiya

ypaBHerHA cHCTEMB (5.30), HETPYHO BHIYHCITHTS HAYCHHA TIEPEMENHBIX ¥ H 2.

® Omeem: x, =1, y=1,2=1;5,=2,y,=2,2,=2; x3==3, y =3,
23=—3-
PemwTs ypasHenue
(2x+l)(1+ (2x+1)2+7)+x(1+\/x2+7)=0. (5.32)

Pewenue. Mycrs f(x)= x(l e+ 7). Toraa ypasuenue (5.32) npu-
uumaer Bua f(2x+1)+ f(x)=0 wm f(2x+1)=—f(x). Tak kax dysxums
J(x)= x(l +Vxt+ 7) ABngeTca wewerHol, o —f (x)= f(-x).

B 3701 cBA3K ypaBHerKe (5.32) npuHuMaeT Bra $YHKLHOHANLHOTO ypag-
weann f(g(x))= f(h(x)), rae g(x)=2x+1 u h{x)=-x. Tax xax pynk-
uws y= f(x) Bospacraer wa sceit THcnoBoki ocH OX , TO BMECTO ypPaBHCHHN
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f(g(x))= f(#(x)) moxo paccmarpusats ypasterue g(x)=h(x) (cm. Teo-

pemy 4), 1. e. 2x+1=—x. Toraa x =—.;.,

¢ Omeem: x, = —%.

4x--:(z = 3‘/:; .
144x 83 +16x7 +1

(5.33)

Peuwtenne. Ypapnense (5.33) paBHOCHABLHO yPasHEHHIO

(4x—x2)(l+‘}(4x-x2)z+l]=w/i(l*-\/(ji_)z_-ﬁ). (5.34)

TockonbKy npasas 3acTb ypaBHEHHS (5.34) ABIRETCA MONOKUTENBHOI, TO
ax-x">0 wm O<x<4.

fycts f(x)= x(l + \/xz + l). Torzaa ypasxenue (5.34) MOXKHO nCpenucaTs
ax 4
f(ax-57)=1(5), (535)

e 0<x<4,
Tak kak QyRkups y = f(x) ABIAETCT HENPEPLIBROH W BoO3pacTalowe! Ha

Bcell uAcnoso# ocu OX , To ypasReRHe (5.35) paBHOCWIBHO YPBBHEHHIO
4x-x? =3, Orciona noTy4yaeM ypaBHEHHE 2 -4x+S3=0, KOPHAMH KO-
TOPOTO ABILTIOTCH X; 5 = 2:J4-J-3- .

Mockomeky 0< x; <4 # 0<x; <4, T0 KOPRAMH ypaBHEeHHS (5.33) Aans-

I0TCA X;, X, .
¢ Omeem: x, =2+4-43, x =2-J4-43.
Pemuts ypasHenne

5 =20 42— 1|41 = 4x 4]} (5.36)
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Pewenue. Ypabrerne (5.36) MOXHO nepenucaTh Kax
2
(x2 1) + zlx2 -|| =(2x) +2|24}. (5.37)

Nycts f(x)=x"+2|x, vorna ypasnenme (5.37) npunumaer eua dymx-
LIROHANLHOTO YPABHEHHS (5.2), & HMEHHO

f{8(x)=f(A(=), (5.38)
rae g(x)=x*~1 n h(x)=2x.
OmmeTnm, uTo dynkums y = f(x) spnsercs derHok, Tak kak f(-x)=

= f{(x). Herpyaso suners, uto npi x 20 pynxuns f(x)= X+ 2)x| amnser-

cA HempepuiBHOH M BospacTatomel, a npu x <0 — HenpepwBHOH 4 YGHIBaIO-
wei. B svoit cesu (cornaco Teopeme 5) ypaeneune (5.38) paBHOCHIBHO cO-

BOKYNHOCTH ypasHennii g(x)=h(x) u g(x)=-h(x).
Ypasrenne g(x)= h(x) npHREMaET BUA x2-1=2x mwm x* -2x-1=0.
Toraa x, =1 +2, X = 1-v2. M3 ypasrenns g(x)=—h(x) Bsitexaer ypas-

wewne x’-1=-2x wmm x> +2x-1=0. Orcioma nomyuacM x3=—l+s/5 H

x,,=—l-—\/i.
¢ Omeem: x, =1+42, Xy =1-2, x,=—l+ﬁ, x4=—l—J2_’.

PewnTs ypasHeHue .
3
(#+x-2] +*-2=4. (5.39)

Pewenue..npenmmu ypasHenne (5.39) 8 nuge

3
(x2+x-2) +xt+x-2=x"+x. (5.40)

Oycrs f(x)=»"+x, g(x)=x*+x-2 u h(x)=x, Toraa ypasue-
Hue (5.40) npeacrasaser coboi QyHRIHOHANBHOE ypaBHERHE BHAa (5.2),
re. £{g(x))=£(h(x))-

Tlockomsky Gyssams f(x)=x* +x SBINETCR HENPEPWBHOH ¥ BOIPACTAIO-
meit Ha Bcell uncaoBod ocu OX , To {cornmacho Teopeme 4) ypanncHue
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7(g(x))=r1(r(x)) paaﬁoicunwo ypasuenuio g(x)=#h(x), 1. e. ypasne-

wme (5.40) paBHOCHIBLHO YPaBHEHHIO CHx—-2=x wm x*=2. Orciona no-
nyvaem x; =—v2 n xzzﬁ.

® Omeem: x, =2, x, =2.

Pemuts ypasHerne

3 +sin 5 ! ={. (541)
x°+1 X +x+2

sin

1

ax+2’
TOrAa ypaBHesne (5.41) MOXKHO 3aUHCATL B BHAC d)yuxummmoro ypaBHe-

uus f(g(x))+ f(h(x))=0. Mockonexy pyrkumua f(x)=sinx sensercs ne-
uetnoit, 10 —f (h(x))= f(-h(x)).

B raom cryuac ypasnenue [ (g(x))+ f(h(x))=0 Gyrer pasnocumso
ypasucnio f(g(x))= f(=h(x)).

Pewenue. Oosnawmm f(x)=sinx, g(x)= zx - h(x)=—
: X

Hssectno, uto pyHKumus f(x)=sinx Ha npomexyrke —% <x <% fB-

nserca mospacralomedi. Tak xak —%Sg(x)s-;- " 0<h(x),<.%, TO MOXHO

YTBep®AaTH, 4o QyHKuns f(x)=sinx BO3PACTACT HA MHOXECTBE 3HAYEHWI

bynkunii g (x) = h(x) = B noaToMy ypasienne f(g(x))=

X ax+2
= f(-#(x)) pasrockabHO ypastenmio g(x)=-h(x), T.e.

x 1

X2 +1 x* +x+2

Otciona nonyuaeM KyOuaeckoe ypaBHEHHE L4257 +2x+1=0, KoTOpOE
HMEET CIMHCTBCHHENH JCHCTBUTENbHEIH KOpeRb X, =—1,

¢ Omeem: x=-1.

ek . oL
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Petuntb ypasnenue

(x-1)' +ax-a=F+adx. (542)

Pewenue. OGnacToio JONYCTHMEEX 3HA4YEHHUIT MEPpEMENNO X B ypaBHE-
mu (5.42) ssnmorca x 20,
YpasHeHHe (5.42) paBHOCHIBHO YPABHEHRWIO

(x-1)" +a(x-1)=x" +4Vx,
KOTOPOE MOHO NIEPETTHCATS B BUAE QYHKUHOHANLHOTO ypasrenus f(g(x))=
=f(h(x)), rae f(x)=x*+4x, g(x)=x-1 w h(x)=x.
Tax xz;x S (x)=ax*+4, 1o pynkuus f(x)=x*+4x sospacraer upn

yciioBaH, 4T0 x 2 —1. Ilockonsky Ha obnacTH xomycTHMEIX 3HaueRHMii mepe-
MEHHOH X BHINONHAOTCH Hepasenctsa g(x)2 -1 u Vx 20, To MoxHo yT-

BepxaaTh, wTo ymiams f(x)=x* +4x Bospactaer na MHOXeCTBE 3HaUCHMI
dynkumit y=g(x) u y=h(x). B oroii cBaau (cM. Caencreue 5) ypasnenue
f(g(x))=1(h(x)) pasrocunsmo ypassemmo g(x)=h(x).

1+V5 3445
2 WK X,

H3 ypasHeHusa x -1 =Jx noxyyaem Jx=

1 2 *
® Omeem: x, = 3 +2‘_[5 .
Pewnts ypasHenue
sin® x—3sin? x = cos® 2x-3cos 2x . (5.43)

Pewuenue. Tepermmem ypasienwe (5.43) B BHIe GyRXKIMOHATLHOTO ypaBHe-
min f(g(x))=f(h(x)). Anx svoro nonosam f(x)=x"-3x, g(x)=sin’x

w h(x)=cos2x.
Mockoabky f’(x):lx:2 -3 n 0<g(x)<1, -1<A(x)<1, TO pynKnus

f(x)=x* —3x yGumaer na MHOXeCTBE 3HAUCHMH dynkuwii g(x), h(x),T.e. Ha
orpesre —~1<x<1. B Taxom ciryuyae ypasneHue f(g(x))= f(h(x)) pasro-

CHIBHO YPaBHEHHIO sin® x =cos2x, W3 KOTOPOTo CHemyer
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1-cos2x
2
Orciona nomyydacM KOpHH ypasHeHud (5.43)

=cos2x WIn c052x=%.

X —+larccosl+nn
] 3 7
roe n — NEnoe TUCNO.

1 |
¢ Omeem: x, =t-i-arccos§+;m,rne n — DENOe YHCNO.

@ Pewuts ypasuenne
2x’ “3xel 33x-xz—l =4*-97%, (5.44)

Pewenue. Iepermmem ypasaenrue (5.44) B BHAE PABHOCWILHOIO YPaBHe-
HUS

Pl TR dhy NP (5.45)

Monowum f(x)=2%-37%, g(x)=x>-3x+1 u h(x)=2x. Torza ypas-
HeHHe (5.45) npuuuMaeT BuA GYHKOHORATLHOrO ypaBHEHHA f (g(x)) =
=1 {h(x))-

Tak kak [’ (x)=In2-2"+1n3-3™ >0, 10 pyukuns f(x)=2"-3" ss-
JIRETCS BO3pACTalOWeH Ha Beel uncnoroii och OX . Toraa ypasHenue (5.45)
pasHoCHNbRO ypashesmio g(x)=h(x), T.e. x*-3x+1=2x. Ksasparwoe

5-421 5+21

ypasRenwe x° —5x+1=0 uMeeT B8 KOPHA x = > AX= >
5-21 5+421
¢ Omeem: x = y Xy = .
2 2
Pemwrs ypasaenue
8-log, (x* - x+5)=3(x’ - x+5). (5.46)

Pewienue. 13 ypasrerna (5.46) cnexyer, 4To ofnacTs AOMyCTHMBIX 3Ha-
JYeHui NepeEMEHHON X COBMANACT ¢ MHOXKECTBOM BCEX JEHCTBHTEIBHBIX MHCEIT.
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llepenumem ypasuenne (5.46) B suae

log, (xz —x+5) 3
—_— == (5.47)
x*=-x+5 8

log, x

u nonoxum f(x)= , g(x)=x* ~x+5, h(x)=8. OrmeTnm, uTo 3zCH

19

1R
=lx-=| +—>4.
g(x) (x 2) >
Hetpyano 3ameruts, uro ypastenue (5.47) uMeer rua GyHKUMOHANSHOTO
ypassienus f(g(x))=f(h(x)),rne g(x)>4 w h(x)=8.

Tlockomexy f’(x)=£gz-—e:zl—°g-2—x,m S/ (x)<0 npn x>e. Orciona
X
cnenyer, o ¢ymkums f(x)= log, x yOulBaeT Ha MHOXKECTBE 3HAUEHMiE
X

dymkuuii y=g(x) u y=h(x), 1. e. yGoiBaer na unTepsane x> 4. Iosro-

My ypasHcaue (5.47) paBHOCHIBHO YPaBHEHHK £} - x+5=8. Orciona no-

1-J13 .

ny4aeM ypaBHerue x> - x -3 =0, KOTOpOE HMEET ABa KOPHS X, =

2
‘l+~/l_3.
2 2 *
¢ Omaem: x,=l_Jl—3, x2=]+m.
2 2
@ Penrurs ypasHeune
log, ;s (x* ~2x-2) =log,, 5 (x* -~ 2x-3). (5.48)

Pewenue. Ecnn paznennm Ha 2 obe yacTu ypasrenns (5.48), To, ucnons-

3y cBoHcTBO JOrapHMoB logb,. a= L log, a , momysmM ypasreHne
n

108y, 45 (¥ ~2x-2) = log, 5 (¥* ~25-3). (5.49)

O60amaunm x* -2x-3=a u 7+4y3 =b, Toraa ypassenne (5.49) mox-
HO nepermcats B BuAc log,,; (a+1)=log, a. Momyuentoe ypasRerue npeod-
pasyeM kak
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log, (a+1)
———-=l ’
log, (b+l) e
1 1
%8 (241) _ g, (b+1) um log, (a+1) = log, (5-+1).
log, a

Iyere  f(z)=log,(z+1). BuuuciuM npOMIBOAHYIO  dYHKLUHH
y=f(z). Toraa
z -Inz—(z+1)- In(z+1)

z-(z+1)- mlz '

7'(s)=

Ouesnmio, wro f'(z) <0 mns mobux z w3 obnacTu onpenencHus Gyn-
wm y= f(z). Cnenorarensro, dynkuus y = f(z) ybosaer npu 0<z<1 u
z>1. B aroii casan ypasHenne (@)= f(b) paBHOCHIBHO ypaBHenmo @ =b.
PaBHOCHITLHOCTS XaHHBIX YpaBHEHHI caexyeT i3 Toro dakra, uto b>1.

Tax Kak a=x2—2x—3 H b=7+4\5, TO NMOMYYaCM YPABHEHWE x*-
-2x-»3=7+4J5, KOTOpO€ HMCET RBa KODHA x,=l—Jll+4J§ H ox=

= 1+l1+443 .
¢ Omeem: x, =1-Jll+4ﬁ, X =1+J11+4J§ .

Pemnts ypasHeHHE

2 x2+x+l
(x + x4+ 2)

=9. (5.50)

Pewenue. TocxomKy x+x+2>1 aopH Beex X, To ofnacTeio Jonycra-
MbIX 3HAYCHHHA nepemcHRON x B ypasaesnn (5.50) SBAAETCN MHOXECTBO BCEX
ACHCTBHTENBHEIX 9HCE.

Honoxus f(x)=x"", g(x)=x*+x+2 u k(x)=3, ysuan, 470 ypas-
Honue (5.50) npuammact mua f(g(x))=f(A(x)), rze g(x)>1 u A(x)=3.
Tax xak n3 ABOWHONO HEPABERCTBA 1 < x; < X, CHEAYET, 4TO
S(r)=x" <xf™ < = f(n),

10 dymeman f(x)=x*"
dynxumii y=g(x) u y=h(x). B a10#i ca3n ypannenne (5.50) paeuo-

ABNACTCA BO3pacralomeii Ha MHOXECTBE IHAUCHUA
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-1-45

CHIIBHO YPAaBHCHKIO +x+2=3, KOTOpOC HMEET 183 KOPHA X; =

2
—1+5
HX= .
2
¢ Omeem: x, = -1V s Xy = mbatl .
2 2
@ Pewnts cHCTEMY ypaBHEHHIA
axt=y0ey, |

(5.51)

£+ x? =8y3 +2y.
Pewsenue. HetpynHO yCTAHOBHTD, 4T0 X; =0, y; =0 ABIAIOTCS KOPHIAMY

cucTeMsl ypaBHennit (5.51).
Ilycts Teneps y # 0. Pasmennm obe YacT¥ NePBOro ypaBHEHHA CHCTEMBbI

{(5.51) Ha ys Y TIEpenHilieM CHCTeMY ypaBHennit (5.51) B BHae

(55~

- —=y ),

y)> (5.52)
3

(xz) +x2=(2y)3+2y.

NMycrs f(z)=z"+z u g(z)=z"+2. Torne cucrema ypasrenmi (5.52)
NPHHUMAET BHX

g

g(x*)=g(2y)-

Hocxoneky Gynkunn f(z)=2"+z, g(z)= 2’ +z ABAAOTCH BO3PAC-
TAIOIMKUMH Ha 8celi ocn OZ , TO M3 cucTeMat (5.53) nomyyaem

(5.53)

x 2
—=J x=y",
y ]

2 =2
Xt =2y Y-
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Tak xak y =0, T0 KOPHAMY NOCREAHEH CUCTEMBI YPABHEHUN SBIITIOTCS

x2=yzn yzxi‘/i.

CnesmoBatensHo, CHCTEMA YpaBHEHHH (5.51) uMeeT ABe Napel KOpHEH]
n=0=0ux, =3ﬁ, Y2 =32.

® Omsem: x,=0,y,=0; x, =34, y, =32

Peinuth cucTeEMY ypaBHEHHI

Jy2 —?+\,yz +x-7 =x,

G.

by

sz +2+\/J:2 +y+2.=y.

Pewenue. PaccMorpuM dynkiniio f (z) =+va+z,rAe @ — HEKOTOpHH}
napametp. O4eBHAHO, YT0 3Ta QYHKIHA SBIACTCA BO3pacTalIneii Ha CBOf

eit obnactu onpenenenus. Iockomsky f(f(z))=va+Ja+z, To ypa
wenne f(f(z))=z (cornaco CnencTBuio2) paBHOCHNBHO YpasHEHHH
| f(z) =z, xoropoe umeer Bux Ja+z=z.

Ilonoxus z=x H a= y2 -7 , HOJNYYHM, YTO NIEPBOE YPABHEHHE CHCTE! .
{5.54) paBHOCHABLHO YPABHEHNUIO

\/y2+x—7=x. (5.5

Ecma z= yuna= xz +2 » TO OKAXETCA, WTO BTOPOC YPABHCHHE CUCTC o}
{5.54) pasHOCHIBHO YPABHEHHIO

Jlry+2=y. (5.56]

Bo3BeneM B KBapaT NeBble W NpaBeie YyacTH ypaBHeHuit (5.55) u (5.56
TOTAR TIONMYIHM CHCTEMY YPaBHEHHi

y2 +x=-T=x )
é.5
X+ y+2= y2. 3

Ecnm crioxums ypasHenns cucteMsl (5.57), 1o x+y—-5=0 wm y=5-x]
Moxcrasum y =S5—x B nepsoe ypasHeHHe cucteMb (5.57), Torma (5 -x)z ~

+x-7=x" wm % =2.Takkak y=5-x,10 3, =13.
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Henocpeacreennoi noacranopxoit B (5.54) yGexzgaeMcsa B TOM, 9T0
X =2 H y, =3 — KOpHH CHCTEMHI YpaBHeHHii (5.54).

¢ Omeem: x, =2, y, =3.

Petuthb cHCTEMY YpaBHEHHIA

x-y=& -¢,
(5.58)
P axp+yt =12, '

Pewsenue. U3 nepeoro ypasHeHus cucrems! (5.58) noayvaem ypasHeHue
x+e’ =y+e’ Mycrs f(x)=x+e", Toraa uMeeM QYHKUHOHANBHOE ypasHe-
uue f(x) = f(y). UssectHO, 910 PyHKUUA f(x)=x+e" BO3pacTacT Ha BCeli
yucnoroii ocH OX , mosToMy ypasHeHHe f(x) = f(y) paBHOCHJIBHO PaBEHCT-
By x=y. B 7T0#t cBA3M M3 BTOPOro ypaBHEeHWS CHCTeMH (5.58) momywaem
3% =12 ww xo,=3%2.

Tak xak x=y, TO KODHSMM CHCTeMs! ypaBHeHMH (5.58) srmmorcs
H==2 )y ==2uxy=2,y, =2,

¢ Omeem: X =-2,y| =-2; X =2,,V2 =2.



PA3LEI 6

Memoosi,
ucnonb3yroujue NoHAMuUe eexmopa

HenoctatoyHoe BHHMaRHe B 061eobpa3oBaTensHON WKONE yACNSIETCR
NPHMEHEHHIO BEKTOPOB [N PellleHHs YPABHCHHH W HEpaBeHCTB. TeM He Me-
Hee, Kak OyZeT Moka3aHo HHXe, B PAAC ClyyaeB MPUMEHEHWE CBOWCTB BEKTO-
POB NO3BOJIRET IPHEKTHBHO PELIaTh NOBOALHO-TAKH CHOXKHBIC YPABHEHHA M

HEpaBeHCTBA.
BekTop @ B TPEXMEPHOM MPOCTPAHCTBE XaAPAKTEPH3YETCA TPEMR KOOpaK-
HATaMH 4, @, , @y W MOXYJb (JTMHA) BCKTOPA @ BBHIYHCIACTCA IO popMyre

|;‘=\/a,2+a§ +a; .

CyMmoii (pasHocTbio) ABYX BEKTOPOB @ (@) a,: a3) W b(by; by; by) Ra-
3s1BaeTCA BEKTOP C(C); Cy; C3), KOOPAMHATHI KOTODOTO BBIMHCISIOTCS Kak
q=ay+b, c=ay+b, cy=ay+by (coorsercreenno, ¢ =a;-bh,
¢ =8y =by, cy=a;-by).

JiBa OTAMYHLIX OT HYJIA BEKTOPA HAIWBAIOTCA KOMAIUNEOPHBIMIU, ECIIH OHH
JIEXAT HA OIHOA NPAMON WIH HA NApAIeTHbIX NPAMBIX. Y KOLTHHEADHBIX BEK-

TOPOB COOTBETCTBYIOUHE KOOPAWHATEI PONOPLMOHaLHEL. BepHo u obparHoe

yTBEpXAECHRE: €CITH Y IBYX BEKTOPOB COOTBETCTBYIOUIHE KOOPIHHATHI IIPOTIOp- .
UHORAIBHBI, TO BEKTOPbI KOLIHHEaPRHIE.

Jins BekTopoB a(ay; ay; @) u b(by; by: by) cnpaseTHBO HepaseHcTBO

. ];}+|E|2|E¢5],T.e.
Ja,2+a§+a§ +Jb‘T+bzz +b‘,2 2
2 (0, £8 ) +(ay £ +(ay2b,)’ ©.1)
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dopmyna (6.1) obobmaerca aa ciry4ait CymMmBl (MM pasHOCTH) Tpex ¥ 60-
Jiee BeKTopoB. [coMeTprueckHit cmeich (6.1) COCTOMT B TOM, YTO AAHHA JIOMaH-
HOM JINHKH, COEAUHAIOLLEH MBE TOYKH TPEXMEPHOIC NPOCTPAHCTBA, GONLILE WK
paBHa ITRHE OTPE3Ka NPAMOH, MPOBEACHHOTO MEXIY ITHMH TouKkamH. Dopmy-
na (6.1) uHaue HA3BIBACTCA HEPABEHCMOOM MPEY2ORBRUKA.

Cnenyer ocofo orMeTHTsh, YTO paBeHCTBO B (6.1) JOCTHraeTcs TOrAa H

TONBKO TOTAa, KOrAa BEKTOPH @ H b KoamuHeapHsie. B 4aCTHOCTH, U3 paBeR-

crea B (6.1) ceayer, wro L= 22 %

h b b
Tpiuem paseHcTso 1514-'—] =]a + bl WMEET MECTO TOTJAA H TONBKO TOTAA,
- A 4 _4_4
KOTAa BEKTOPHL @ W b conanpaenensi,T.¢. —=—==—=3>0,
b & b
B cBolo ouepens, paBeHCTBO H+H =|5-1_>| CBHIETEILCTBYET O TOM, UTO

4 45
BEKTOpHI a b npoMueononoicno Hanpaenens w . % <0.

b,
CKangpHsM Nponsenennem aob BeKTopoB a(ay; ay; a3) u b(hy; by by)
HA3KIBACTCA YHCAO (CKANAD), KOTOPOE BHIYHCIACTCA 110 GopMye

503=|E‘-l5|-cosw. 6.2)

TIe @ — yroi, o0pasoBaHNKii BEKTOpaMH aub.
U3 popmyim (6.2) BEITEKAET HEPABEHCTBO aobs IZ] . |5| .

Jins BHYRCCHHA CKATAPHOTO POH3BENEHNA JBYX BEKTODOB a M b, 2a-
IAHHBIX B KOOPAMHATHOMN (POPMe, CYLICCTBYET elne OXHA GopMyna

ach=ab +ab, +ash,. 6.3)
U3 dopmya (6.2) u (6.3) aerko nonyuurs GopmMyny ans BHYHCICHHA KO-
CHHYCa YTIA @ MEXIy BeKTopamMu @ H b, T. e.
albl + aZb2 + a3b5 (6.4)
al +a2 +a3 ,I +b2 +b3
U3 popmyisi (6.2) cnexyer, 4TO BEKTOPBI a, b asnsorca KO/UTHHEAPHEIMH
TOTAA H TOJIKO TOrAA, KOTAa ;°5=|;HZ’I .

cCosw =

OrmMerhM, 910 popMynH (6.1)6.4) oboGwatoTcs Ha cayqalf BekTopoB a
v b, 3a8aHHBIX 8 # — MEPHOM NPOCTpaHCTBE (The n 22 ).
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3apavuu ¥ peluenus

@ Jlokasars, 4To ecnn x2+y2+zz=l,1~o
\/x4+l+Jy4+l+\E‘+12~/l_0. (6.5)
Joxazamenscmeo. BezieM B pacCMOTPEHHE TPH BEKTOPA Ha TWIOCKOCTH
a(x%1), B(y%1) w 2(<1). Torma [d =Vt +1, =) +1 n H
J: Ecnunonomd a+b+c,T0

ﬂ K*Y +z ' I¢l+l)2=\/_

B TaxomM cnyqae Hepancﬂmo (6.1) npkruMaeT BHA ﬂ +‘b| ﬂ H Ec-

o [ L o

Ji1 B ZaHHOC HEPABCHCTBO IIOJICWBPH!: BBHIP

Iy4nM HepaBeHcTso (6.5).

JlokasaTh, YTO €CIA Xy +X) +...+X, =n,TO

Nl xd 1+ +Ff|>n~/' (6.6)

rae n>2.

Joxasamenscmeo. Tiyes a(x;1), ay(x:1), ..., a,(x,:1), mrna'_?

Rl .

T0p a=a, +ay+...+a,

 [an}= ¥x2 +1. Beenem B paccMotpenwe ek-

TaK Kak x,+X; +...+X, =n, TO BEKTOp @ MMEET KOOPAMRATH (1 n) H,

|—| nV2 . TlocKONbKy @ =a, +a, +...+a, , TO HEPABEHCTBO c'peyfbnbnuica"!
TPHAMMEET BHA B

|3f|+|a—2]+...+|a_,,]z|5|. (6.7}!:

Ecim B HepaseHCTBO (6.7) NOACTABHTD BbIPAKEHNA JUIA ‘::T | , |ﬂ s eens

H IZI » TO NoNy4nM TpeGyeMoe HepaBeHCTBO (6.6).
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Jloka3ats, uTo

R R R R R N T (6:8)

I X+ X+ tX, =P U Bttty =q.

Hoxasamenscmeo. TIyCTs BEKTOPH 4|, a, , ..., G, HMEIOT KOOPIHHATH
(w:n)s (%23¥2)s o (%n3,) cooTsercreemmo, Torza |a_,|=,/x,2 +y2,

a2‘=\fx§+y§ s weer |90 =«Jx,f+y3 . Ilyew a=a,+a, +...+a, . Ilo ycro-

BHIO 33MBYH X + Xy +...+X, = p M )+, +...+ Yy, =q, UOITOMY ;(P;q) u

|Z‘=\/p2 +¢° . OTCI00a C YUETOM HEpPABEHCTBA TPEYTONBHAKA I:,I+ ay|+...+

+ E:] P IEI CNeAyev CNpaBeLTHBOCTD HEpaBeHCTRa (6.8).

Myems i +xy+ . +x, =3, 4+t +y, =40 2425+ ... +2,=5.
Jloxasatk, 4To

Jx,’ +yi+2 +Jx§+y22+z§ +...+\}x3+yf+zs >5M2. (69)

Hoxazamenscmeo. PaccMOTPUM B TPEXMEPHOM TIPOCTPAHCTBE 71 BEKTO-
poa IZl ¢ KOOpIAMHATAMH (x,‘; yk;zk), rne k=12,...,n. Toraa |Z|=

<2 eyiedd.

Hycts a=a—,+Z+...+Z. Toraa

a(x+xy et Xy PP et Y+ 2y 42, )= a(3:4;5)
Hn |E|= ¥ +4%+57 =52,

Tak kax B paccMaTpBacMOM NpUMeEpe RepaBencTro (6.1) npHHUMAaET BuA
‘a1l+|;z_2]+...+ ZI z|5| » TO TIOCHIe TIOXCTAHOBKH 8 HETO BHIPAXKCHHI WA |a_l ,

ia|, ..., |, | u |a|, nomysaem HepaBeHCTBO (6.9).
@ Jlokasatn, yTO
x|2+y|2+\lxg+y§+...+\)x5+y3 21, (6.10)

€N X+ X +...+X, =SIN@ K )+, +...+ Y, =cosm .
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Joxazamenscmeo npoBOIUTCS O AHANOLHH C 3azaveii @ fipu aToM
NOVIAraeTcd, 4t p =sin® WU g = cos® . Kpome Toro, 3aech UCNONBIYyeTCA M3-

BECTHOE PaBEHCTBO sin®w+coslw=1,

Pewnts HEPABEHCTBO
J6-x) +4+J(T D2 +1<5. @6.11)

Pewuenue. TlycTh Ha IIAOCKOCTH BEKTOP @ WMEET KoopauHaTel (6—x; 2},

a BEKTOp b — KOOpRWHATHI (x-2;1). Torna umecem |5|=,/(6—x)2+4 a
|5|=,’(x—2)2+1. flycte c=a+b, Torxa koopmMmaTs BeKTOpa c(G):cC; )

OYAYT BBHIYHCHATBCA MO QopMynaaM ¢ =a,+H =6-x+x-2=4 u ¢, =
=g, +b, =2+1=3. Orciona cnegyer, uto IEI =\/32+42 =5, Ilockoneky.
H = l;|+ |I_>| » TO HMECT MECTO HEPABEHCTBO TPEYTONBHHUKA H+|E| 2 |5 +Z| . Ec-

JIA B IOCNCHEC ACPABCHCTBO NOACTEBHTD BRIPAKCHUAA JUIA Ial, |b| H |C| » TO N0~

JIy4UHM HEPABEHCTBO \j(6-x)2 +4+ \[(Jc-2)2 +12 5. Orcrona v u3 (6.11) cre-
IyeT PaBeHCTRO ‘

V-3 +4+ J(x-2 +1=5 ©. 12};
PaBencTBO (6.12) 03HauYaeT, 4TO H |—I |a+5| Ortciona cnenyer, qro;

pekTOpEl a(6-x;2) W b(x~2;1) xommuHeaphBie. Mcnonb3ys 0CHOBHOE CBO-:
l

x 2
CTBO KOJIMHEAPHBIX BEKTOPOB, MONYHAEM yPaBHEHHE P = T OTKyna nme-
x —

10

KaeT X, =?.

¢ Omeem: x, = ? .

SRS FNONIPFOLICS S S

fpumesanue. Hepasencrso (6.11) moxmo 3anaTe 8 60aee YCIOKHEHHOM sunc,,
T.e. V¥ —12x+40 +4x* —4x+5 <5,
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Pewts nepaneHcTBO
Vr+1+42x-3 +4/50-3x <12. (6.13)

Pewenue. OOnacToio DOMyCTAMBIX 3HAYCHUI NEPEMEHHOH X B HEpaBeH-

crse (6.13) apnsioTes % <x< 3 .

PaccMOTPHUM B TPEXMCPHOM TIPOCTPAHCTBE ABA BEKTOPA ;(I; I l) u

E(Jx+1;J2x-3;Jso—3x).

TMockoneky 501_3=Jx+1+\/2x—3+\/50—3x, |E|=J§ U

|5\= Jx+1+2x-3+50—3x =48 = 443, T0 HIBECTHOE HEPABEHCTBO @ob <

< ‘ZHE] TPWHHAMAET BUA HepaBeHcTBa (6.13). Orciona nemacM BBIBOX O TOM,

4TO HepaBeHCTBO (6.13) cnpaseanuso ;i moboro x U3 o6NacTH ACMYCTUMBIX
3HAYCHHHA.

CnegoBaTensHo, pelteHuem HepasencTsa (6.13) asnsiores % <£x< %?- .
¢ Omeem: —st%q.

PewwTs REPABEHCTBO

Vsin® x+1+vcos® x+1 <45 . (6.14)

Peutenue. Bpexmem B pacCMOTpPEHME TpU BEKTOpa ;(sin2 x;l) .
E(COSZ x;l) W c=a+bh. Torna |;] = Jsin4x+l s Il_rl =Jcos‘x+l , |E| =

3
=\/(sin2,\:+cos2 x) +(1~|~1)2 =5 u HEpaBeHCTRO TpeyrojihHMka (6.1) npu-

HAMaeT Bz Jsin4x+l +\Icos4x+1 2> \fg . Orciona 1 B3 HepaBeHCTBa (6.14)

: 4
NOsAy4YaeM DPAaBEHCTBO ~,’sm4 x+1 +J cos x+1= Jg , U3 KOTOPOro CIEAYyeT,
YTO BEKTOPH @ H b KONIMHAEapHBIC,
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sin” x ;
CnenoBaTensHO, UMEET MECTO =1 wm tgx=+%1. Kopuamu n
cos” x '

z
CNIEZIHETO YPABHCHHA ABJAIOTCH X, = Z(Zk +1}, rae k — uenoe uucao.
.5
¢ Omsem: x, = 2—(2k+ 1), rae & — uenoe yKcno.

PeinTe ypaBHenne

axF T+ r =2V 41 6.15),

Peuwienue. Beeaem B paccMoTpenne npa BekTopa a(xil) 1

(Jx_: \/3_.;) Tornal I V¥ +1 Ibl \/?""—4'(3_7 2, cornacno'
dopmyne (6.3), aob=xJx+1+43-x. :

TNpuuuMas Bo BHHMaHHe ypasHeHue (6.15), monywaem paaeHcrso

aob ’_] lbl HATHIHE KOTOPOro CBHUICTENBCTBYCT O TOM, YTO BEKTOPHI 4 B

b ARAMOTCH KONNAHCAPHEIMH. CIIEOBATCABHO, IIMECT MECTO YPABIICHHE

1 ;

7}%= = ©6.16)
Orciona cneayer, uro 0 < x<3. Ecmi Bo3sccT B kBaapary ofe wacTii
ypaguennd (6.16), To nony4nM ypasticHne -3 +x+1=0, KOTOpOoE nmeer_'
ClemyomnX Tpif kopus: x; =1 1 x;3=1% V2 . Nlockomsky 0<x<3, 10 xop-{
HAMH ypaBHenus (6.15) apnsiores x; =1 u x; =1 +2.
& Omeem: x, =1, x, =1+42. #

Tlpuntenanue. B paznene 3 (oM. 331auy @) NPEANIracTCA pelleHe ypasucuuzi
(6.15) na octioee npumenelns 1epaselicrsa Kown—bynskoscxoro,

PeminTs ypaswenue

V14 2¥r—T =V +x-1.y2x+3 . (6.17);
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Pewuenue. Ilycts ;(x;Jx—l) " B(JZx—l;Z) . Toraa |;| = sz +x-1,
|5| =2x+3 u dopmyna (6.3) npunnMaeT BHI aob=xv2x—1+2Jx-1.
B Takom cnywae w3 ypasaenwnn (6.17) cnenyer parencTso aoh= |;| . |5| ,

HATHYHE KOTOPOrO CBHACTENBCTBYET O TOM, WTO BEKTOPbl @ B & komuHeap-
HblE.
CnenoBaTenbHo, UMeEM YpaBHEHHE
X x-1

V2x-1 2

rae x21. Bossenem B xBazpar ofe uwacTW ypamweHus (6.18), Torna
2
ad =x_1 mw 2x° +3x-1=0.

2x-1- 4

, (6.18)

-3+ 17

KopusM# KXBaZpaTHOTO YPaBHEHHS SABNAIOTCA X, =— Onnako

3+J17

paHee OrIIG 0TMEuERO, yTo X 2 1. Tak kak WT <1, 1o ypaBHenue (6.17)

KOpHEH He HMEET.

¢ Omeem: xopueit Her.

@ Pewuts ypasHenne

Wx-1+5x= ,/(x2 +4)-(x+24). (6.19)

Pewenue. OOaCTbI0 AOMYCTHMEIX 3HAUCHMI MEPEMEHHOH X B ypaBHe-
Hun (6.19) apnsores x> 1.

Mycrs a(2:x) w Z(Jx-l;s). Toras acbh=2Vx-1+5x u Fz”E' =
= (xz + 4)-(.\:4— 24) . CnenosarensHo, ypasuenue (6.19) npeacrabnser coGoi

paBeHCTBO Eo5=|E]-|B|. Orciona CReayeT, 970 BEKTOPSLI au b sensores

KOJTHHEApHEMH, B 3TO CBA3K MOXHO 3aNUCaTh YPaBHEHHE
2 x

-1 5

(6.20)
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2 x '

n g(x)==. Oyukuna y= f(x) asnsercs

A= n g(x)=1. oy )

HenpepsiBHOl ¥ yOBatomeit mpu x > 1, a pyHxuns y = g(x) — Henpepsin-.

HO¥ ¥ Bodpacratoweit Ha Beed yncnosoli ocu OX . Moatomy ypasrenwe (6.20) |

UMeeT He Oonee oanoro xopns. [loabopoM HaxoMM ero eIUHCTBEHHBIH 1(0-,I
peHb X, =35.

O6o3naunm f(x)=

i
il
i
1

¢ Omeem: x,=5.

@ PemwnTs ypaBHeHHe
Y p) +(2x—yF +1e(2y-2) + (41 +9 =

o

=9y2 +(25+1)’ +16. (6.21)

Pewenue. Tlonoxam ;(x+y;2x—y;l) u l_r(Zy—x'y+l'3). Torna:i

|;I=J(x+y 2+(2x_y)2+1 Ibl \/2}, x) +(y+l) +9. Hycms ;—:

-
1

= a+b,Toraa c(3y,2x+l 4)u Icl J9y +(2x+l) +16.
B Takom cnydae H3 ypaBHeHMa (6.21) BbiTCKaeT PasCHCTBO |_| |_|—

= |;+El. CrnenoBarensHo, BEKTOpH a v b sanwiorcs KOJUTHHEApHBIMH. B mv‘i;
i

CBAM HMeET MecTo —— 2 = -y _1 . Otclona nomydyaeM cHCTeMy ypan-
2y—-x y+l 3

HeHHM I
. x+y __l

2y-x 3 4x+y=0, :

HITH :

2x-y 1 6x-4y=1 '
y+l 3

Koprsimu nocneaneli cucTeMil ypaBHeHHI ABIMIOTCA Xx; = 7 Hy= -% .

l 2
¢ Omeem: s =——
X = 22 hg TS
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@ Penmrs ypasnenne
JI5-12cosx +V7~43sinx = 4. 6.22)

Pewenue. Baenem 8 pacCMOTPEHHE BEKTOPH ;(sﬁ sinx; 243 - s/i cosx)

] 5(2—J§sinx;~/§cosx), Toraa |;|=m " IE|=m.
Mycts c=a+b. B Taxom cnyuae BexTop c(c;3c;) MMEET KOOPAMHATH
¢ =3sinx+2-Bsinx=2 u c2=2J3—J§cOSx+J§oosx=2J3, 8 ero
JUTHHS paBra IE]=J4—+1-5=4.
Herpyano sugets, 910 ypasnenue (6.22) npeacrasnger co6oil paseHcTso
];I+|I_J|=|2+q. CnenosarensHo, BEKTOPSI aub KOJUIHHCAPHEIC, 3 CIie TO4-

KHee, COHanpaBlcHREe, A 3TOT (aKT 0IAAYALT, YTO HX OMHOMMEHAKIE KOOPIAHKA-
T PONOPUHOHANBHE ¥ UX OTHOLIEHHE GONbINE HYNA, T. €. HMEET MECTO CHC-
TeMa

s/3-sinx _ 2J§—~/§cosx
Z—Jisinx ~/§cosx ’

~/3_sinx
2-3sinx

(6.23)
>0.

H3 ypasHeHus cucremsi (6.23) caenyer Isinx+cosx=2, ?sinx+

+%oosx=l, sin(x+%)=l u X =%(6n+l),rne n — 1ENOE UMCHO.

J§ sinx

Tak kak 3sinx<2, 10 U3 HEpaBeHCTBE ———=—— > ( nONyYaeM He-
2~3sinx

PABEHCTBO Sin X > (), KOTOPOE BIMONNACTCA INA X =-§-(6n+l),me n — uenoe

yucno. CneaoBaTensio, HAICHHBIC JHAYCHUA X YAORIETROPMOT cucreme (6.23).

¢ Omsen: x, =%(6n+l),rne 1 — UENOe YHCJIO.
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PeInuTs B TONOXHTEALHEIX YHCIAX CUCTEMY YPBBHEHHIH
X+ y2 +2 = 2,
L+ 428 =4, 6.29)

x3+y4+zsz8.

Pesenue. PaccMOTpHM fiBa BeKTOpa ;(J;; y;zJ;) A Z(x\/;:yz;zz Jz ) .
Toraa ¢ y4eToM NCPBOrO H TPETHENO ypaBHERHIt cucTeMs! (6.24) MOXHO oOrpe-
HOEIHTD |a |"I=Jx+y2 +22=V2n I£l= \jxs +y4+zs =V8=2J2.

BhruncnnM KOCHHYC yria o, oﬁpwonanuom BEKTOpaMH aunbno ¢op-
Mmyne (6.4), 1. e.

ao b x+y 342t 4

5] V222

OTciona CleyeT, YT BEKTOPH @ H b KOJUTMHEApHBIC, 4 3TO O3HAUAET,

xJx y

970 HX OOHOHMEHHLIC koopzmnam MNPONOPLHOHANBHH, T. €. -T"——
y

2
= %/-_z- wiH x=y=_2.B TakoM Cifydae cucrema ypasHeHui (6.24) npunn-
ZNZ

MacT BHA

CoOs w =

x+xt+x =2,
el ext=4, (6.25)
L+xt+ex’ =8

2

Tax kak x+x° +x° =x(l+x+xz)>0 g 14x+x2>0,10 x>0, Kpome

TOrO, U3 NEPBOTO YpABHEHWS cHCTeME! (6.25) caeayer, 4TO x < |, MOCKOABKY B

NPOTHBHOM ClTy4ae X + x?+x° 23, B Toxe BPEMS H3 BTOPOrO YPaBHEHHA ITOH

CHCTEMB! noNTyJaeM x > | , Tak Kak WHade L+ +x<3.
CrenoBaTensHo, CHCTeMa YpaBHCHHMH (6.25) HECOBMECTHR, T. €. CHCTeMa
ypasHeHnnii (6.24) e umeer xopheit,

¢ Omesem: xopueit ner.
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@ Pewurs cHcTeMy ypaBHEHMIH

@4—2)2 +y? +\l(x—2)2 +y* =4,

X +yt-6x+5=0.

(6.26)

Pewsenue. Tlycts BeKTOpH 3, b HMET KOOPIAMHATH! (x+2; y) ]

(x—2: y), coorsercraenmo. Torna IE]=\} x+2) +y" u H:,/ x=2) 4y,

Mycm» c=a-b.Torma KOOPAXHATAMM BEKTOpa ¢ ABNNOTCA (4; 0) H |E| =4,
B TakoM ciyyae W3 TEpBOro ypaBHEHHUA cucreMsl (6.26) cmemyer, wto
H+|3| = H » & ITO O3HAYALT, YTO BEKTOPH aunb KOJUTHHEapHHIC.

- - 2
Tak xak BexTopnl a ¥ b konnWHEapHbie, TO 3—+—2— =2, Ecw TpH 3TOM
: x-2 y

x+2
y # 0, TO cooTHOIEHHE —3 =1 NPOTHBOPEUHBO.,
x —
Mycrv y =0. Toraa u3 (6.26) nonyuaem CHCTEMY ypaBHeHHIt
|e+2|+}x-2|=4,
X’ —6x+5= 0,
KOTOpast HMEET CTMACTBCHHRIN Koperb x; =1 .
Nocxonexy H +|l-1| = l;—B' s, TO BEKTOPH a B b NpoTMBOMONOXHO Ha-
NpaBaeHubie. CleROBaTeNbAO, PH X, =1 XOMKHO BHNOJHATHCS HEPABEHCTBO
x+2

}—2- < 0. Jlerko MoxmEO yOeAHTHCS, 9TO ITO JEHCTBHTETLHO TaK.

¢ Omesem: x, =1, y,=0.

PemHTs cHcTeMy ypaBHeHUH
x+y+z=13,

\/x2 +1 +J)7+4+J;2 +9=7.

6.27)
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Pewsenue. Tycts E(x; 1), E(y; 2), ;(z; 3)u s=a+b+c. Torna, ¢ yqe-.
{
l

TOM TTEPBOT0 YPEBRCHHA CHCTEMM (6.27) uMeeM §(JI—3; 6) H I;I =13+36=7.

Tak xaKk npH 3TOM H=\’x2+l , |I_;|=\}y2+4 H IEI:J:2+9, TO U3 sroporo-?j

ypaBHeHus cucTeMbl (6.27) cienyeT pageHcTBO |3| + |5] + |§| = |§| e s=a+b+c, 1

M3 panemna]&l+l5l+|§| =H CIEAYET, 4TO BEKTOPH a, b, ¢ H S ARIAT- ‘
i

€A KOJJHHEAPHBIMH, T. €. %:% =§= J—;—i . Orcrona monyvaem x; =g,.
i

w$]
|5

M= s 44 =

& "’J%I

3 2

¢ Omsem: K== n==m.a =

Pewsts cHcTeMy ypaBHEHHI

{
{x+y+z+z=6, ‘

(6.28)
1-x2 +J4—y2+\j9—22 +\/16—!2 =8. ’

Pewenue. OupenennM Ha INOCKOCTH BEKTOPHI a_r, b , ¢, d cnexyiomuM}

obpazom: ;(x,\ll—j), I;(y,W), E(z,m), 2(1,\/1_6-_12)‘ B 'ra-'
KOM CITy4ac |;|=Jx2—(l—x2)=1,lzl=2,IZ|=3 uPI=4. )

Nycts a+b+c+d =y, Torna us cucremul ypaswenwit (6.28) cnenyer,

- |
4TO KOOPAMHATAMA BexTOpa S(5;5;) #8anOTCE 5, =6 U 5, =8, T.e.!
- J

- - - - :

-l A= 2
Panee 610 YCTAHOBNICHO, 4TO IZI:I, [BI=2, H=3, Pl=4 H |;|=IO.~
Orciona caenyer, 4T0 HEPaBEHCTBO (6.39) TIpEeBpPALIACTCH B PABEHCTBO, A aro;

03HAYACT, MTO BEKTOPH @, b, ¢, d W § ABNAIOTCA KONTHHEAPHBIMA,
CnenopaTensHo, MEET MECTO ;

4
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X y z ¢ 3
S AN = ==, (6.30)
N Ja-yr o-z22 Vie-2 4
. 3 1 4
Kopusamu cucremsl ypasHenuii (6.30) apmaiores X, =g Y= l;, zZ = I—S-
4 =2—.
H i 5
3 | 4 2
¢0 ey ==, y=l=—, 2z =1—, 4, =2=.
meem: x, 5 » 5 z 5 h 5
Pemnts cucTeMy ypaBHEHHHA
(6.31)

x\/y—l + ydx—1 =2Jx+y—2.

Pewenue. V3 cuctemul ypasriennii (6.31) umeem x> 1. Tycts a(x, y) u

Z(J):_-T,m) Torna H:Jx2+y2 =2 H H=,/x+y—2. Burauncnum

CKaAPHOE NPOH3BEACHNE BEKTOPOB aunb,rorna ach= x,/ y-1+ y\/x—l .
Tak Kak Hl5’= 2,/x+ y—’i , TO W3 BTOporo ypasuenus (6.31) cnenmyer,

410 aob =|;HE‘ , @ 3TO PABEHCTBO O3HAYACT, YTO BEKTOPH @ W H ABIAOTCH

KoJiHeapHbIMH. CNeROBaTENbHO, B 4 i xJx—1= y\/ y-1.
y=-1 -\_/x—l

BseneM B paccmotpenne pyHkunio f (x)-—-xe—l . Toraa nonyyaem
dynxunonanstoe ypasterue f(x)= f(y) (Merompt peweHHs hpyHKIMORATBHBIX
ypasneHuit npusenens B pasnene 5). Mockomsky dynkumus f(x)=xvx-1

ABNsETCA BoO3pacTalowelt mpu x >1, To U3 ypasueHus f(x)= f(y) cneayer
x=y. B TakoM cnyyae mepsoe ypasHeHHe CHcTemsl (6.31) npukumaeT BHA

Yaext=4, OTKyIa CNeayer X, =+J2 . Tak xak x>1, T0 OKOHuATENBLHO

Ilony‘iaeM H=n= J-Z- B

¢ Omsem: x, =2, y, =2.
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Myers a(25;1), b(1;2;1), ¢(1;1;2) u d(7;8;9). Betpasars sexrop d 2

uepes BexTops @, b B c.
Peenue. bynem VckaTh NIPEACTABICHNE BEKTOPa d BBuUze .
d=xa+xb+xc. (6.31)}

[pynymas BO BEMMaHNE KOOPAMHATH BEKTOPOB ;, b, Z, dw dopmyiy,
(6.31), nony4aeM cHcTeMy ypaBHEHHiH

2 +xy+xy =17,
X +2x,+x3 =8,
X 4+x+2x;=9,
penias KOTOPYIO nosydaeM x; =1, x, =2, x3 =3.
B TakoMm ciryuae popmyna (6.31) npusaMaeT Bun d=a+2b+3c.

® Omeem: d =a+2b+3c.

- BeKTOphl @, b U ¢ NEXAT B OHOM TIOCKOCTH K obpasyiloT nonapno'
npyr ¢ apyrom yron 120° . Pasnoxurs BekTop a 1o BEKTOPaM bu c..

oo [o]=3, =2 u[d=1.

Pewerue. TpeGyerca HAHTH NpENCTaBICHHE BEKTOPA a B BMIE
a= pz + qE (6.32)

Bekrop a npencranneunmn TOCPEACTBOM (6.32), ymuoxum cka.uxpuo'

CHayana Ha BeKTop b,azarem na BEKTOD ¢, TOTAA
aob=phob+gboc,
- - __ (6.33),
aec= pboc+gqcoc. '

TockonbKy BexTOpH ;, I_J, c 06pasyioT NonapHo APYT ¢ APYTOM YToN I20°'

H |5]=3, H=2, H=I,m
;oE=F|-|5|-coslzo°=3-2-(—%}=—3,
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ZoE:IZI-lZ‘l-coslzo" =2-|-(-%)=-1,

;o2=|;‘~|z]-cos120° =3-1~[—%)=—%,

305:!5”5]@050" =4 ¥ coc= H-H-ces0° =1.
B takom cnyuae us cucreMsl (6.33) nonmywaem cucreMy ypaBHeHHIT OTHO-
CHTENTBHO HCHIBECTHBIX P M ¢ CRERYIOLIETO BUAA:

-3 ‘-‘Ap -9,

3 (6.34)
-—=-p+q.

2 Ptq

Kopuamu cuctemm ypassenuli (6.34) sBusmiotcs  p, -—-—% H g =-3.

CreoBaTeNnbR0, HCKOMOE pasnoXkenue (6.32) umeet BRA a= -%5— 3c.

¢ Omeem: a = —%5-32 .

HaiiTin MUHUMAIBHOE 3HAYEHHE QyHKUMN

F(x,Y)=sz +y2 -4x+2y+5 +Jx2 +y2 +6x-4y+13.

Pewsenue. Tpencrasum dynkumio F(x,y) 8 Baae
F(x.y)=y(z-2f +(y+1) +y(x+3] +(»-2] . (639)
Baenem Ha MIOCKOCTH BEKTOPH @, b ¢ kKoopaunatamn (x-2;y+1) u

(x+3;y-2), coorrercTBenno. Tak xak |E|=\1(x—2)2 +(y+|)2 " |Z|=

=‘](J:+3)2 +( y—2)2 , To U3 dopmymsi (6.35) crenyer, uro F(x, y)=|a+|5].
Iycte c=a-b, Toraa koopmMAaTaMu Bextopa ¢ aBmalorcs (-5;3) u
[ =yf5%+32 =34
Nockomsky c=a—b, To |E|+|l_)] 2 IZ—H ] F(x,y)zJiﬁ . Teneps Heol-
XOAMMO NOKA3aTh, UTO NONYYEHHas HHXHAY OLECHKa QyHKUMH F (x, y) moctH-
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AAMA, T. €. CYLICCTBYIOT TAKHE 3HAYCHHA X =X, H y =y, NIPH KOTOPEIX DyHK-
uux F(x,y) UpHHUMACT 3uaveHue N7 )
Ecu F(x,y)=s/§. T0 |;I+'3]=|;-3], T. €. BEKTOPbI anbd KOJLIHHe-,

apueie. O1CI0718 CleAYeT, 4To x—_2=ﬁl- HIY X = l_s'v-UOJ“”lﬂiM n=-1 ..
x+3 y-2

1-5y, :

TOTAA X = =2. ;

1 3 ]

Ec/m amavesa x, # y, noxcTaeuts 8 (6.35), 1o F(2,-1)=+34 . Cnea
BAaTeNLHO, MWHHMANBHOE 3HAYeHUE Qynkunn F(x,y) passo ;TS

¢ Omeem: F,,, = V34,
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Kom6uHupoeaHHbie Memoodbl

TIpy pelieHyuy CROKWEIX 3a8a¥ MO MATCMATHKE HCNONB3YIOTCH CaMble pas-
HOOOpa3HBIe HECTAHAEPTHHIC MCTONBI, CONBLUIMHCTEO U3 KOTOPHIX TPYAHO NOoJ-
JacTes kaaccHpHKauny. Kak npaBuno, TakHe METOAR! OPHEHTHPOBAHBI Ha pe-
INEHUH OTHOCHTENBHO Y3KOTO Kpyra 3ajia4, OXHAKO HX 3HAHHE K YMCHHE WMH
NOJTb30BATbCA BECHMA HEOOXOAHMO JUIA YCNEWHOTO PEUICHHA MaTEMaTHUCCKHUX
32129 TOBBHIIEHHON CNOXHOCTH. B RacTosueM paszene mpHBeNEHBI 3a0auM,
PeIICHHE KOTOPBIX Ga3HpyeTcs Ra MPHMEHEHHH OPHTHHAIBHBIX (IpexTHBHBIX,
HO CPABHHTE/ILHO PENKO BCTPEUAIOMHXCH) XOMOHHHPOBAHHBIX METOAOB,

3apavuv 1 peweHus

@ Peumnts ypasrenne
2 -(V2+1)x? +2=0. (7.1)

Pewenue. PaccMoTpuM ypaBHEHHE C MapaMCeTpoOM @ BAAA
2 ~(a+1)x* +a’ =0, (1.2)

KOTOpOE coBranact ¢ ypasHenneM (7.1) npu ycnoeun, wro g = V2.

[Ipencrasum yparuenne (7.2) B BUXC KBAAPATHOTO YDaBHEHHA OTHOCH-

TENBHO HEW3BECTHOU MEPEMEHHON a, T. €. & ~ax® +x° —x* =0 . Pemas KB8X-

PaTHOS YPaBHEHHC, MONYUYaeM

x* in‘ -4 +4x? B x* +x(x-2)

2 2

42 = s
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WM =x*-x, a=x.

IMockonsky a =42, 10 umeem apa YPaBHCHHS OTHOCHTENBHO NEPEMER:
Hol x Buma x> ~x—+2=0 u x=+2.Orcioma HETPYAHO TOY4HTh TPH KOP
Ha ypasHewns (7.1), T. e.

1 4
xl,2=—u;:—£ Hx:,:ﬁ.

¢ Omeem: xl=|+Jl+4J5 J‘2_1-\/1“;‘/5 =i

2 't 22

@ PewuTs ypabHeHHe .
2 =232 +x+3-43=0. (13

Pewenue, Tlepenniuem ypaBHeHue (7.3) B BHAC YPABHCHHA C NAPAMETPOM &
KoTopoe cosnamer ¢ (7.3) IpR a =3, 1. e. meem x* - 2ax? +x+a’ —-a=0
MosydeRnoe ypaBHEHHE ABISETCA KBAAPATHHIM YDABHEHHEM OTHOCHTENHEK
napamMeTpa a, KOTOpOe HMEeT BHA

az—a(2x2+l)+x4+x=0. (74

Keazparsoe ypasaenue (7.4) HMeeT ABa KOPHA
2x? +12(2x-1)
a2 =__2'_'_s

2 2
T.C. ¢y=x" +X. 4 g, =x"—x+1, Tak xax a=43,10 NIOJTy9acM JIBa YPaBRS

HHA OTHOCHTCIBHO IEPEMEHHOR X BHAA Pex-B=0ux’-x+1-y3=0
KOPHAMH KOTOPHIX ABIIAIOTCS

—14414443 13y4/3-3
i S e £ S
* Omeem: =.l+4£ gy = SiVIH 43 41246 ,,1_%3.
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@ Pewnms ypasnenue
x’-(ﬁ+x)x’+x+7—ﬁ=o. (1.5)

Pewenue. Bmecro ypasnenus (7.5) Gyaem paccmaTpiBaTh ypaBHeHHE
X —(p+l)x2 +x+pi-p=0,

KOTOpOE COBNANAET C ypaBHeHHeM (7.5) npH p = V7.
[lepermimenm A13HROE YpaBHEHHE B BRIE KBAIPATHOIO OTHOCHTENLHO Napa-
MeTpa p, 1. €, B BUae

pz—p(xz+l)+x3—x2+x=0. (7.6)
KopHamu ypaBuerna (7.6) apnaiores
2
£+l \](xz + l) —4(.\:3 —x? +x)
2 =

P2 =

RVt —ad 168 —dax+1 X 12f(x-1)" 2 e1(x-1)

2 2 2
Orciona nomyuaem p; =X H p2=x2—x+l.Taxm p=s/’7,1‘0 x=+7

n x*-x+1-J7=0. Ovciona nonyyaeM TpH KopHf ypasueHus (7.5),

T. €. 'xl =J’7, xZ =l—t—-—.—.— I42J—7—3 1] x3 =.|———-—-___ M;/-M’

1+a7 -3 Lol 473

® Omeem: x, =7, x, = s
] 2 2 3 2

Pewwts ypasaeHHe

J35-2J45-2x =x-5. .7

Pewenue. TicpsoHauanbHo ONpEAETAM 00NACTH AOTYCTHMBEIX 3HAUCHHH rie-
pemennoii x B ypasHernH (7.7). Umeer mecto

45-2x20,

35-2J45-2x 20,

x=-520,
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OTKYZA Cleayer, uro 5< x<22,5.
2
Baenem HOBYIO NIEPEMEHHYIO y = Va5-2x , Torza x=

45?’ M ypasue-

HHe (7.7) NpHHHUMACT BHJ .
2/35-2y =35-)7, (7.8)

rze 0<y< V35 . Boasomums 8 kBazpar obe yacTi ypasHenus (7.8) Heueneco-

00pasHo, NOCKONBKY B TAKOM C/lyHae MOyuaeM YpaBHEHHE UeTBEPTON CTENeHH
OTHOCHTEJTEHO NEPEMEHHOM y .

PaccMOTpHM ypaBHEHHE C NIapaMeTpoM a BHAA

2Ja-2y=a-y?, (7.9)
koTopoc copnanser ¢ ypasHenueM (7.8) npu a=35. Ilocne Bo3BEACHHA B
KkBagpaT obenx uacteli ypasHeHnA (7.9) nony4aeM ypasreHHe BTOPOH CTeneHy
OTHOCHTEJTLHO TapaMeTpa a, T. €. a? ——2a(y2 +2)+y‘+8y=0 WIH

a, =y2+2:i:\jy4 +4y2-|-4—y4 -8y =

=y e2t )’ -8y +d=y? +212(p-1).

Orciona cnenyer a =y2 +2y R a, =y2 -2y+4. Tak kak a=35, TO
HUMEEM COBOKYMHOCTh ABYX YPaBHEHHMH OTHOCHMTENBHO HNEpEMEHHOH y,

T.€. y2+2y—35=0 H y2 =2y-31=0, H3 KOTOpOii NOJNyYaeM €AHHCTBEH-

HHIA €€ KOpeRb y;, =5, KOTOpHI YAORNETBOPACT YCAOBHIO OSySJE.

45-y°
2

Tak kak x = B y=5,170 X, =10.
¢ Omeem: x, =10.

@ PemnTs ypasHenre
x+yf3+4fx =3, | (7.10)

Pewense. O603naunM 3+x = y, TorAa u3 ypassenus (7.10) nomyuum
CHCTEMY YPaBHCHHHM
X+ J; =3,

.1
3+J;=y.
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3 cucremsr ypasuenuii (7.11) caenyer, wro 0<x<3-y3 & y23.Ecau
cnOKHTB 06a ypasHerHs cHeteMsl (7.11), To nonyu M x+J;+3+J;= 3+y,

.\-—y+~/J_r+J;=0 WIH
(Vx+4y )(Vx -y +1) =0. (7.12)

[Tockomexy Jx 20, y23, 10 Jx +J_; > 0. CnenosarenbHo, U3 ypas-
uesns (7.12) nomyuaem vx -J; +1=0 umn J; =Jx+1. Orcioma cnenyer

2
y=(‘j;+l) mm y=x+2Jx+1. Mockomky 3+vx=y, 10 3+Jx=

= x+2Jx+1 wm x+s/;—2=0,peman KOTOPOC OTHOCHTENILHO NEPEMCHHOH
Jx , nomyaaem vx =1 wu x; =1.

¢ Omeem: x, =1.

IIpumeuanue 1. Ypasuenue (7.10) MOXKHO peuInTh METOAOM BRCRCHUA Tapa-
meTpa. Jlna 3Toro HeoGXoauMO PEIINTD OTHOCHTENBHO NAPAMETPA @ YPAaBHEHHE

x +ya++vx =a, xoTopoe coBnanaer ¢ ypasuenuesm (7.10) npu a=13.

Iipumenanue 2. imeercn ewe oauH meroa peurequa ypastienuna (7.00). IMycrs
Sf(x}=x+ J3 +4/X , TOrA HETPYIHO YCTaHOBHTS, O dyHIuHs y = f (x) manser-

c% HenpepuIBHOH M Bo3pacTalouicH Ha obnacti ee onpeacaenna x20. B Irofi
cea3i ypasHeHHe (7.10) nmeer ne Gonee oaHoro xopus. [TorGopoM MOXHO ycTa-
HOBHTS, ¥TO X; =] SBANETCH CAMHCTEEHHBIM KOpHEM ypasaennd (7.10).

Pemmwts ypastenne
Js-x=x*-5. (7.13)

Pewenue. Tax kax 5—x20 u x> =520 , TO OONACTBIO AOWYCTHMBIX M-

YeHUH nepeMeHHOH x B ypasueHuu (7.13) sensiorcs x$~J5 u 5 sx<5.

O6o3saunm v5—x = y,Toraa 5= y2 +Xx uypasnenye (7.13) npunumMacr

sua p=x’-y® - x, orxyna nomyuaem ypasuenue (x+y)(x—y—1)=0. Pac-
CMOTpHM JBa CTyqas.

1. Tlyers x+y=0, Torna x+J5—_x=0. Tak kak JS—_XZO, ™ xS0 H

x<—f5. M3 YPaBHEHUS x+5-x=0 nomy4aem x’+x-5=0, or-
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~13421
2

KyZa CHERYET, 4T0 X, = . Tak Rag xS -5, TO ypaBHCHMS

X+4S5—x=0 nuecremmuﬁxopamx,=_l-zm.
2. Nyets x—y-1=0, 10182 x—|=~/5-x,r.ue \ESxSS.Bosneneu

93CTH JaHHOTO YPaBHECHHMA B KBRAPAT H NONYIHM KBAAPATHOE ypaBHe

2 ltJﬁ

x°=x-4=0, XOpPHAMH KOTOPOTO ABINAIOTCH X34 =

. Iockombky

J?s.rss, TO YpPaBHEHHE x-1=+5-x HMeer Taxxe eaHHCTBEHH

l+Jl-'7
=
-1-J21 1+17
2 BT

HTpumenanue. Ypastenue (7.13) MOXKHO GRUIO PEIIATL METOAOM BBEACHUA 1T
MeTpa a (M. pemiense ypaswenuit (7.1), (7.3), (7.5) u (7.8)).

€ Omeem: x, =

Pemurs ypasnenwne

8sinx=—‘/—§-+_—l—. (7.14
cosx sinx

Pessenue. O6nacTIO ZOMYCTHMBIX 3HAYCHUH TICPEMEHHON X B YpaBH
rnx (7.14) msamorca x#%n, TAC N — LENOE THCIIO.
H3 ypasnennn (7.14) nomyusem
2

4sin® x-cosx = iz-s-sinx-#%cosx , 28in2x-sinx = cos(x-i;—],

i n
cosx—oosSx=cos[x——i-), cosx—cos(x—?]- cos3x,
—23in[x—£)-sin£=oos3x, cos3x+sin(x-1)=o,
6 6 6

n

c083x+cos(«’2£—(x—-6-)] =0, oos3x+cos(3-3£-x) =0,

o5 emle-5)re
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PaccMOTpHM COBOKYTTHOCTD M3 IIBYX YPaBHCHUHA

cos[x+~”-] =0n cos(Zx—z) =0,
3 3

KOPHAMH KOTOPhIX NBAFIOTCA X, =€~(6k +1} u x, =lfz—(6m+5), rie k,m —

ne.bie yucna.

4 Omeem: cm. BoilE.

Penmmts ypasHueHne

2
arcsin2x+arccoszx=;—2. (7.15)

Pewserue. OCo3nayuM arccosx =y, Torna 0< y<sx. Hssectro, uto

. n . n
arcsin x + arccos X = 7’ no3TOMY arcsinx = 5— y 4 u3 ypasHenus (7.15) no-

-TyqaeM ypaBHEHHE OTHOCHTEITHHO TEPEMEHHONH ¥ BHIA

2 2
[%_y] +y2 =53L2 nw 64y’ —32zy+372° =0.

K} T
Peluas nocneaHee ypasHeHHe, NOMy9acM ), = ry Hy,= g Taxum 06-

Pa3oM, HMEET MECTO
kY 4 . 4
», =arccosx =? H Y, =Aarccosx, =—8-.

OTMeTHM, 9TO HaliACHHEIC 3HAYEHHA Yy YXOBJIETBOPAIOT YCIOBMIO
0Ly<x.

3z z
Crenosarensto, x; = cosT 1 ) =cos§.
n z
¢ Omeem: x, =cosT, Xy =oos§.

PewnTs ypaBHEHHE
Ig(arctgr)+ Ig(arcctgr)=0. (7.16)
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Pewtensue. Nicnionblya csoWcTsa Jiorapudmos, ypasHesue (7.16) moxwud
NEPEnncaTh B BHAE

arctgx -arcctgx =1. (7.11}:
O6o3uaunm arctgr = y. Tax kaKk _% <arctgr < %, a 13 ypasuenns (7.16]
cnexyer arctgx >0, To 0<y<%. A
Tak xak arctgx = y, 10 13 ypaeHenns (7.17) nonyyaem arcctgx = % Ilo
CKOJEKY arctgx + arcctgx = %, TO ¥ +;l,- = -725 . OaHaKko H3BECTHO (CM. Hepaneai:
ct80 (3.3)), ecimt y >0, 10 y+jvl- 22.B caxan’c TEM, 4TO §< 2, MOXHO Caes

I =« .
NaTh BHBOJ O TOM, 9TO YPaBHCHHE y+— = 3 KODHEH He MMeeT,
y

¢ Omsem: xopueii Her. |

m Pemnts ypaBHeHHe
- yp
\/33'2 —5x+7+\/3x2—7x+2=3. (7.1

Pewenue. Npeobpasyem ypasuenne (7.18), KCHOMB3ys HIBECTHOE PaBeH

CTBO va + b=J3_f/Z,rncJ;—J5¢0,rorna
a—

3x% —Sx+7-3x% +Tx -2

=3 wn
J3x2—5x+7-1/3x2 -Tx+2
J§x2-5x+7—J§2—7x+2=2‘3+5. (7.1

Ecym ypasnenne (7.18) cnoxuts ¢ ypassenveM (7.19), To nonyqum ypal :
HEHHE J3x2 -5x+7= x_;?_ . [lockonbky nesas 4acTs YpaBHENWHs HEOTPHUR

Tensna, T0 x> -7, Boasenem o0e uacTh ypaBHEHWS B KBAZPAT, H NON

KB3APaTHOS YPAaBHCHME 26x° —59x+14=0, KOPHSMH KOTOPOTO ABIA
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N=2H X =§%. Henocpencrsennoii noacranoskoii 8 (7.18) ybexnaemcs,

yTO HAHZACHHEIC JHAYCHHA X ARINIOTCH €0 KOPHAMH.

¢ Omeem: x, =2, x -,
26
lpumeuanue. Tporepxa B npuMepe @ Tpebyerca no To# npuynne, YTo HEOG-
X0ZNMO YOCINTHECA B TOM, YTO NPH HAHACHHBIX 3HAYCHHSX X MNOAKOPEHHBIC BbI-
paxenna B ypasrenun (7.18) GyxyT HeoTpHUATENbHbL.

KpoMe Toro, HeoGXxoaHMO Takxke yGeAHTHCA, 4TO J; —JI; #0, 1. ¢.

V32 -5x+7-v3r ~7x+2#0. JIna 3700 IOCTATOHO IHEMEHHA X, W X

NOACTARHTL B MNpaByio wacTb paBeHcTaa (7.19), xotopan nocne NOACTAHOBKH
AOAKHA IPHHUMATH 3HAYEHHS, OTIIRYHBHIC OT HYAA,

@ Pemuts ypasrenue .
B ~Tx 43 -3 —Sx-1=Vx? -2 -Vx?-3x+4.  (7.20)

Pewuenue, TlpeoGpazyem ypasrenue (7.20) Ha oCHOBE HCNONB3OBAHUA pa-

nencrsa\/_-fz-—\/—g—-—_bvg-,rne 220,620 u Ja+vb>0.
a+

Toraa ypaeuenne (7.20) npuHumaet Bux
3x2—7x+3—3x2_+5x+1 _ ¥ -2-x"+3x-4
V3 75434032 —5r—1 VP -244a1-3x+4
Orcioaa nonyyaeM ypasHEHHE
-2(x-2) 3(x-2)

.2

V3l —Tx 43432 sxo1 224 at—3x+4
W3 ypasrenus (7.21) cnenyer, uto x; = 2. HenocpencTsennoii noacrarnos-

ko# B (7.20) yOexaaemcs, 41O HaliIEHHOE 3HAUCHYE X ABJIAETCH €TO KOPHEM.
TlokaxeM, ¥TO APYTHX kopHeii ypaBHesnye (7.20) ne umeer. [lycrs x# 2.,
Torna paszenum obe uacTy ypasrenus (7.21) Ha x —2 ¥ MOTy4HM

-2 3

= . (2
JSJc2 —7x+3+\[3x2 -5x-1 \/xl -2 +Jx2 -3x+4
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Tockoasxy nesas yacTy ypaBHeHHs (7.22) MOXET MPHHAMATD TOJbKO OT-
PHUATENBHBIC 3HAUCHHA, & TIPaBadg YaCTb — TOJBKO NOVIOKHTEIBHEIC HAYCHHA,
To ypaBHeHHe (7.22) KopHe#l He HMeeT.

® Omeem: x,=2.

@ PelnuTs ypasHeHne
x=(Va+T+)(VrT+2? +x-7). (7.23)

Pewenue. O0NaCTHIO NONYCTAMBIX 3HAYCHHI NMEPCMEHHOA X B ypas-
HeHnu (7.23) ssnsiotca x 2 —1. YmBoxuM 06e yacTe ypaBHeHus (7.23) Ha]

M-—l,mmanonyqnm
(J;cT ) (ﬁ-l+l)(\/x+l—l)(\/x+l+x +x-~ 7)

x+1 —x=(x+l-l)(Jx+l +x2+x—7),

xx+l—x=xJx+1+x° +x* =7x .
X +x*~6x=0. (124)
Kopnamu ypasuenus (7.24) senmores x =0, x, =-3 H x; = 2. Oxnaxo
x,=0 — nocToposnuii xopeus ana ypasnerun (7.23), NOCKONEKY NP ITOM

3HAYCHWH X €rO JIEBAX YACTb ypaBHenus paswa 0, a npasan wacTs mewsue 0. |
Tak kak x 2 -1, 710 x; = =3 He MoxeT GbITh KOpHEM ypasHerws (7.23). B aroit:

CBA3H X3 = 2— ERMHCTBEHHLIH KOpeHb ypasrenus (7.23).

¢ Omeem: x,=2.

@ PemuTs ypaBHeHHE

3/_+vx —x+1=Yx+1 +1Jx -x. (725)i

Peéwienue. Bospenem v «y6 obe uacTi ypasuenws (7.25) M npu 3TOM BOC-
nonsayemcs dopuynokk (a+b)’ =a® +b° +3ab(a +b) . Torna nomyamm

i+x —x+l+3-<’x x 3 _x#1 (3/;+ X -x+l)=
=x+|+x3—x_+3-{l(x+l)(x3—x)-( Ux+l+u.t3-x )
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Orciona crnexyer ypasHeRue

(x -x+l)( x+%l:\:3_;+_)

= ) -2 T+ =), (7.26)

OnHako Mo yCNoBHIO 2/;+J3 ©—x+1=3Yx+1 +éjx3 —X , NO3TOMY ypaB-

renne (7.26) nprHUMaeT BRI
(%/;N/x’ —x+1 )( Ut - ex =Y+ -x -x )=0.
PaccMOTpHM nba Ciyvas.

1. Tlyets Y =x*—x+1, roraa x=-x*+x-1 wm x* =-1. Crezosa-
TEABHO, UMeeM X =—1.

2. Ilycts 3]x4 -Pax=Ut+l -2 -x. Orcrona nonyuaem X -2x=0
Hx=0,x5=-v2, 14=J§.
BumonnwM npoBepKy B yGeaumca B TOM, 4TO BCe HaliICHHBIC 3HAYCHHA
nepeMeHnoil x ABAMIOTCA KOPHAMA ypaBreHus (7.25).

¢ Omeem: x,=-1, x,=0, x; =2, x,=2.

,. PemuTs ypaBHEHHE

Y1047 +x+Y71-22-x =3, (7.27)

PMnc. O603HaYHM ‘J10+x2+x=u n \/‘7-x2—x=v. Torma w3

ypasBerua (7.27) BHTEKAET CHACTEMa NABYX YPaBHEHWH OTHOCHTENBHO mepe-

MCHHEIX ¥,V BHAA
u+v=3, ‘
. 4 (7.28)

rtne u20 mv20.
IpeoGpasyeM JieByi0 9aCTH BTOPOTO ypaBHERHS cucreMsl (7.28) cnexyio-
M o6pa3som:

ut+vi= (u2 +v? )2 “2h = ((u + v)2 - 2uv)2 -2ur.
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Tax kak #+v =3, To Hmeem ypastenue (9—2uwv)’ —2u>v? =17 Orciona!

nonywaeM uv=2 B uv=16.
PaccMOTpUM aBE CHCTEMBI

u+v=3, u+v=3,
n
uv=2 uv=16, i
Kopuamu nepsoft cucTemal ABIAIOTCA » =1,y =2 ¥ uy=2,v,=1, a]
BTOpaA CHCTEMA KOPHEH HE HMEeT. :

Cnenoatemsso, Y10+ x> +x =1 u J‘ 10+x* +x =2. Orciona nony4aeMm |

J(Ba YPABHEHHA OTHOCHTEIILAO NCPCMEHHOH X BHIA L +x+9=0n x2+x-6=~
=0. lNepnoc ypaBRenne KopHel He MMEET, 3 U3 BTOPOrO Clenyer x; =—3 H
x2=2. ' X :1

® Omeem: x, =-3, x,=2.

@ PewnTs ypasuesue f
(x-2) -(x-3)’ =1. (1.29)

Pewuenue. Boenem noBne nepemMennsie ¥ =x—2 H v=x-3, TOrAa No-
Jy44¥M CHCTEMY ypaBHEHHit OTHOCHTENBHO IEPEMEHHWIX ¥ W V BUAA j

u-v=l, '
(7.30)

Jlns neso# wacTH BTOPOTO ypasnenus cHcTeMst (7.30) umeer MecTo cae-
JY10IIaA HENOYKa PaBHOCHNALHBIX TPeoOpasoBanHii:

w - =(u—v)-(u4 v euvt + +v4)= .

=(u—v)-(u4 v +uv-(u2 +uv+v2))=

—, -

=(u-v)- (((u - v)2 + 2uv)2 - 2% +uv- ((u —v)2 +3 uv)).

Orciona ¢ yweroM ypaBHeHu# cuctemn (7.30) momyunm ypannenuej
(1+2uv) -2 6®? +uv(1+3u) =1 umn 5u>v* +5uv=0. Orciona ceayer, |
4yro ¥v =0 W uv=-1, PaccMOTpHM 188 CTyvan. '

'
H
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Ecm uv=0n u-v=1,10 ) =0, vy =-l nuy =1, v, =0,

Ecnn uv= -1 w u—v =1, TO UMeeM KBaZpaTHOE ypaBHEHHUE w —u+1=0,
KOTOPOC KOPHE# He HMEET.
Nockombky u=x—2,70 x=u+2 H =u +2=2, X, =u, +2=3.

® Omeem: x,=2, x, =3.

PeunTs ypasHeuue
(x+8)(4-x)(Vx-8+2)=6. (7.31)

Pewenue. O6nacTi0 AOITYCTUMBIX IHAYCHHI NEPEMEHHOH X B YpaBHe-

i (7.31) sewnorcs x28. B Takom ciywae x+8>0, 4-x<0, Jx-8+
+2 >0 u, cnenoBaTeNbHO, NEBAN 4acTb ypaBHenns (7.31) Ha obpacra Aomyc-
THMBIX 3HAYEHUIf X ABIAETCA OTPHUIATEIILHOM. [lockonbky ;Emr YacTs ypaBHe-
uug (7.31) npUHHMAET MONOXKUTENBHOE 3HaYCHHE, TO ypaBHeHHe (7.3 1) kopueit
HE KMCET.

4 Omeem: xopueii Her.
Pewuts ypaBrenme
|x+«]x+2|=|1+2x+s/x—+2+Jx+3|—|~/x+3+x+l|. (7.32)

Pewenue. O61acTHIO NOMYCTHMBIX JHAYCHHH NEPEMEHHONH X B ypasHe-
nuH (7.32) aanstores x = -2 . [lepenminem ypaBHEHHE B BHAE

|x+~/x-l~_21+|\/;¥-_3+x+ll=ll+2x+m+ x+3|.  (733)

Herpyano 3ameTHTs, 4TO A1 BRIPAXCHWIt, HAXOANIHXCK MOA 3HAKOM MO-
ByJisi, HMECT MECTO PABEHCTBO

(x+ x+2)+(ﬁ+x+l)=1+2x+«/:t+_2+~l;§ .

Tockonsxy w3 pasencrss |a|+[4}=|a+B| caeayer, aro ab20, T0 w3

ypaBuerus (7.33) nonywaeM HEpaBEHCTBO (x+ Jx+ 2)-(Jx+3 +x+ l) 20,
KO‘I‘OpOC PABHOCHIBHO COBOKYITHOCTH KBYX CHCTCM

x+4Vx+220, x+Jx+2$0,
"
Vx+3+x+120 Jx+3+x+lso.
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M3 nepBoit CHCTEMBI HEPABCHCTB NMOMy4aeM x 2 -1, a u3 BTopoi cucmuu
cnenyer x, =-—2. {

¢ Omeem: x, =2, x2-1.
Pewrdms ypasHeHHe

25 4 x+4 _ 3% +x+3
xe3 2242

(7.34) ;

Pewuerue. Tipeobpasyem ypasnenne (7.34), Ha OCHOBE MCTIONB3OBANNA Clie-

" a ¢ a c
.nmmaommmnmnmmqmmuamn3=—qto-——=___.

d afb c~-d
B Taxom ciryuae ypaBHenue (7.34) npuHHMaET BUA
25 +x+4 3x +x+3 :
2 == . (7.35):
x“+x+1 x“+x+1 :

TTockonBKy X +x+1>0 , TO u3 ypasHenns (7.35) nonywaesm ypaBHEHuE:
2 +x+4=3+x+3 wm x* = 1, T. e. x; =11. Creaosareasso, KOPHAMHK'
ypaBHenus (7.34) senmorcs x; =1 w x; =-1.

¢ Omgem: x, =1, x,=-1. .
Mpumeuanue. TpuMmeHeHHOE Bhlllie CBOHCTBO NPONOPLHK nMeeT Gosnee oﬁmyso
(opmyauposxy. Ecan

a_c na+mb nc+md

,T0
b d pa+qb pc+qd '
TAe n,m, p,q — NPOH3BOJMHAE ACFCTBHTELHLIC JHCAR 32 TEM JIHUL HCKAK-'

YEeHHEeM, 9T0 pz-i-q2 20. .

Pemnrs ypasHerne

1+ yi+85 —6xdl— = =108%. (136

Pewenue. TlepBoHaUUTLHO HEOOXOANMO 3aMETHTB, YTO
2
1+8x —6xy1- x? =(3x—\h -x? ) .

B takom cayyae yparHeRue (7.36) npuHHMaeT BUA
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3x—J1—x2|=_mx’ -1. (7.37)

x* <1,
105 21.

Takum o6pa3oM, 061acTbIO ZOMYCTHMEIX SHAYERHH IEPEMERHOH x B ypaB-

Orcioza cnexyer, 4To

1
fevuH (7.37) ssmoTes <|x <.
, Jia <M
[pasy1o wacTs ypaBHenns (7.37) MOXHO NPEACTABHTL B BHAEC PasHOCTH
2
2Byx kBanparos 10x’ —1= (3::)2 —(«J 1-5° ) u noaroMy H3 (7.37) cneayer

3 -vl-2* =(3x—m )(3x+~/1-7 ) (7.38)

Hempymsio euzers, 4T0 KOpPHH YpaBHEHWN 3x— 1-x* =0 snasoTcs

kopHaMH ypasaenns (7.38). M3 ypasrenus \‘l-x2 =3x cnenyer, uto x20.

Danee, 1-x* =9x* um x=i——:3. Onnaxo x 20, MO3TOMY KOpREM ypasHe-
1
HuA (7.38) Avnnerca x = —.
(7.38) =T

[lonoxwm Tenepsb 3x—\/ 1-x2 %0 , Toraa u3 (7.38) monyvaeM ypasHewne
3x+ J 1-x* =%1. Bossenem obe uactn YPaBHEHHA B KBAAPAT, TOTAA

9x? +6xVl-x2 +1-x% =1

4x® +3nf1-x% =0. (1.39)

Tax xak ﬁSMSI' 0 x#0 w w3 (7.39) nomyuaem ypaBHEeHWe

3V1-x? = —4x. Otciona Bsrrexact, uto x < 0. Bossencm B xkeaxpar ofe acTH
YPaBHCHHS, TOTAQ 25x% =9 wm x=.t%.Taxm:mecs x<0,T10 X5 =—% —

BTOpoil KOpeHs ypasHeHna (7.38).

¢ Omeem: xl=L, x2=—3.

J1o 5
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Peuntts ypasaenwe
V6x* —40x +150 —V4x? - 60x +100 = 2x-10. (7.40)

mecto 2 +2% = (6x2 —40x-+150)+(4x* -60x+1oo) =10(x-5).
CnenonarenbHo, MORYYAEM CHCTEMY YPaBHEHHH
y-z= 2(x - 5).
¥ + 22 =10(x-5)’,
rae y20uz20.

N3 cucremn ypasHenmit (7.41) HeTPyZHO NOTYy4YHTh KBAXPATHOE YPaB
HHWE OTHOCHTEJIBHO NIEPEMEEHBIX ¥ M Z BHAA 3y2 —l()yz-(\-Bz2 =0.

Ilycte z=0, Torna W3 ypaBHEHHA Z'oy2—10yz+3z2 =0 cnenyer, 410
y=0. Torna u3s 8TOpOro ypaBHCHHA CHCTeMbl WMeeM X =5. OIHAKO NOX:

CTAHOBKO# HalXeHHOTO 3HaYeHHA X B ypaBHCHHe (7.40) ybexnaemcs B TOM,
YTO 3TO 3HAUCHHE HE ABIETCH €0 KOPHEM.

Ilycts Temeps 2> 0. Toraa obe wacTH ypaBHeHHS Z«!yz—lo,vz+3z2 =0

pasnienM Ha z° ® moXydum ypashesne 3kX—10k+3=0, rze k=%, Ko
z

nsMu ypasaerma 3k% 10k +3=0 sanmoTcs k=3nk =%.
PaccmoTpaM fpa ciryvas.

). Ecmm & =3, 70 Z=3 um y=§z. B TakoM ciryyae MMeCM YpaBHCHH
z .

\/6Jc2 —40x+150 =3\[4x2 —-60x+100 wm 3x° -50x+75=0. Kophs

NOCAEAHETO YPaBHEHUSA ABAAIOTCA X, =15 u x, = % .

2. Ecom k. =l,m .1 wm 3y =z.Torza
3 z 3

3v6x2 —40x+150 =V4ax? —60x+100 wm 5x% —3x+125=0.
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OmHako ypasxenwe 5x° - 3x+125=0 neHCTBHTENBHBIX KopHeli He nmeer
(€TO ENCKPAMHHAHT OTPHUATETLHBIH).
Jins 3aBepiueHHA peweHHs 3axauy Heobxoxnmo B ypaBHerue (7.40) noxa-

5
CTABUTD 3HAuEHMA X; =15, X, = 3 1 yOeIMTECA B TOM, ITO OHU ABJIAIOTCS €0

KOPHAMH.

¢ Omsem: x, =15, x, =§.

MMpumevanue. PaccMoTpuM ApYroi metoa pelienus ypasHeuua (7.40). Jns sroro
NepBoHAYANbHO YOCARMCA B TOM, MTO X =35 HC ABASETCA €ro KopHem (meno-
CPEACTBEHHOH NIOACTAHOBKOW ITO NPOCTO CAENATH).

Mycrs x5 . Toraa obe wactn ypasseHun (7.40) pasnenviM Ha x—5 M noAyyYHM

[6x ~40x+150 _ [4x® ~60x+100 _

\ (x-5) Y (=-5)

IS(x—5)2+(x+5)2 _ &x—.‘i)l—-()HS)2 =2
2 2
(x-5) V (x-5)

x+5Y x+5Y
J5+('x—_—-§] —J;—(E] =<z, (7.42)

2
Eciu monoxuts (-{—+—:) =y, TO ypaeHeHue (7.42) nmpHHAMaeET BHA ,f$+ -
x—

B}

-JS—y =2,rne y20. YpapHcHHC \15+y =2+5~y umeer He Goee ORHOMO
xopHa (DockouibKy Ha oTpesxe 0< y S5 nesas cro 4acrs DpeacTaBAscT coboil
HENPEPHIBHYIO BO3PACTAIUYI0O GYHKUMIO, 3 NIPABAt 4aCTh — HEMPEPHIBHYIO
youBalontyto Gynxunio). ITHM KOpHEM KBaseTCH ¥, = 4.

2 2
Tax xax (f+—s) =y,T0 (5—2] =4 wiH ﬂi=’;2 . Paccmatpusas nsa cny-
x=5 x=5 x=S5

5
4ax, NIOTY4YaeM KOPHH 3818HHOFD yYpaBHeHns x; =15 u x; = 3

Pemwmts ypaBHEHHE
2
(x2 +3x) +9xt =7(x+37. (7.43)
Pewerue. Ecnv nesyto wacts ypasHenws (7.43) npeobpasopars no dop-

myne @ +b% = (a—b)2 +2ab, 70

(x2 -0—31:—3.()2 +2 -(x2 +3x)-3x =7(x +3)2
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x* 4627 (x+3)-7(x+3)’ =0. (7.44)

VYpasnenwe (7.44) OTHOCHTCR K OOHOPORHBIM YPABHEHHAM BTOPOW Crerie-
Hu. [ToaTomy And ero pewreHAs HEOOXOAHMO BHawane y6eauThCd B TOM, 4TO
x=-=3 He ABNAETCH €ro KOpHEM, & 3areM obe ero 4acTM pasneiuTh Ha'
(x+3).
2
Ecm mpu 31OM 0603Ha4MTD m= ¥, TO B pe3yNbTaTe NPHBCACHHBIX

BHILIE ACHCTBHIT NONTYYHM KBAIPSTHOC YPABHEHHE OTHOCHTEILHO NEPEMCHHOM |

Yy BHRa y2+6y—7=0.He'rpynHommm,,qm n=-Tny-=I1.
2 2 2

Tak Kak —x—-=y, 0 2—=-7 u 2_=1. Orcrona nonyyaem zmaﬁ
x+3 x+3 x+3

KBAJIPATHLIX YPaBHCHHUSA 247542120 n x* —x-3=0. Nepsoe ypasuenue:

JDeHCTBUTENLHLIX KOPHEH HE HMEET (ANCKPUMHHAHT YpaBHCHHA oTpHuaTEND- |

HBI), ammporoypawenmcnenyerx.—% x2=l+;/ﬁ.
¢ Omeem: x, = lJ_ 2=l+‘f13.

2

@ PewwTs cucTeMy ypaBHeHnH

2, .2 :
X' +y°  +12=4x+6y, ;
Y (745
|x-2|+y=4.

Pewenue. lipencrasnm cHcreMy ypaBReHui (7.45) B pABHOCHIBHOM BRAE
(x-2) +(y-3)’ =1,
k—ﬂ=4—y

M3 roporo ypassenna cHeTeMul (7.46) cnenyer, uro y S 4. Bosseaem Bé'

(7.46);

KBagpar obe ero YacTh W TIOMyTHM (x—2)2 =( y—4)2. B TakoM ciiyyae U3

NEPBOro YPaBHEHHMA TONYHacM (y—4)2+(y—3)2=l wim y -7y+12=0,
KOPHSMH KOTOPOTo SBIMIOTCS J, =4 H y, =3,
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Ecnu 3uauenns y, =4 u y, =3 NOACTABATH BO BTOPOC YPABHEHHE CHC-
TeMbt (7.46), 1o [x-2[=0 u |x—2|=1 . Otciona nomyyaeM x; =2,x, =1 u
xy=3. Tak kKak y=4-|x-2|, To KOpHAMH CHCTeMb! ypaBHeHH} (7.46) wBits-
s =2, y=4;x5=1, =3 nx;=3, y;=3.

® Omeem: x, =2, y,=4; x, =1, y,=3; x3=3, y, =3.

@ Pewnuts cucremy ypaBHeHmil

Jx+ y+,}x— y =2,
\Lv+~/_-\}y—*/;=l.

Pewuenue. PaccMoTpuM niepeoe ypasHeHue cucrembt (7.47) H npd sToM
2 42
a

(7.47)

BOCTIO/IB3YEMCH H3BECTHEIM PABEHCTBOM a + b =

,Tae a#b.
a—

B
5

Torza

Vr+ly ~Ji={y =7 (7.48)

Ecnu npuuATL BO BARMaHHE NepBoe ypaBHeHwe cHeTeMbl (7.47) R ypas-
HeHue (7.48), TO NOTywHM CHCTEMY YPaBHEHHI

erdy +fx-Jy =2,
et ==y =y

Ecnn cnoxure ypasrenua cucremul (7.49), To 2\’x+\/; = J; +2, Bos-
BEZNA B KBARPAT 00€ HaCTH NAHHOTO YPABHEHHS, NonydaeM 4x—y =4,

U3 sroporo ypasaenus cucreMsl (7.47) ¢ nomombio paBercTea a—b =

a’-b

,rae a+b#= 0, noayuaem
a+b

(7.49)
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Jy+Jx +fy—vx =2Vx. : (7.50)
Bropoe ypaBHehne cucteMst (7.47) u ypaBHeHue (7.50) oGpasyer cucremy
ypabHeHuH
Wy + -yfy-vr=1,
\,y-i-\/; +Jy—s/; =2Vx.

CxnansiBas ypaBHEAMA CHCTeMH (7.51), nonydaem ypasreHHS sz+J',=

=2Jx +1, mocne Bo3BezeHRs B kBagpar obeux wacredt xoroporo cnezxye-ri
4x-4y=-1.

CnenosarebHo, HMEET MECTO CHCTCMA yPaBHEHHIH

4x-y=4,
4x—-4y=-|,

(1.51)

17 5 :
KOPHSMH KOTOpO# ABITOTCH n=p RN ]
17 5 |
’o N = =—,
meem: X =1os 1 =3

Ipumenanue, Tak kax x =0 u y =0 ne SBAMOTCA KOPHAMI CHCTEMBI YpaB-

Heuuit (7.47), 10 ,/x-r —Jx— y¢0 H \}x+ y+,’x— y:eO ITo~}

3TOMY TpPMBEICHHLIC Bbilleé Npeobpa3oBaHMs ypaBHewuil cucrembt (7. 4?)1
0BOCHOBAHH.

i

PemuTs cucTeMy ypaBHEHRAN
% 4-5y2 -4xy+2x-6y+2=0,

3x2-2y? +axy—3x+2y-1=0.
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Pewuenue. Tpeobpasyem nepsoc ypasresiHe cHcTeMsl (7.52) cneaylomman
obpasom:

245y ~axy+2x-6y+2=0,
22 +2x(1-2p)+(1-2y) —(1-2y)’ +5y* -6y +2 =0,
(x-2p+1) +y*<2y+1=0, (x-2p+1) +(y-1)’ =0.

Orciona CHeRyeT, YTO MEPBOC yPaBHEHHE cucTeMmbl (7.52) paBHOCHIBHO
cdcreme ypasaesnit x—2y+1=0 u y~1=0, xopau xoTopoii paHn x, =1 u
yl =] .

‘MoxacrasnsAs HAMACHNEIE 3HAYEHUA X; W Y, BO BTOPOE YPABHEHHC CHCTE-

el (7.52), ybexxnaemces B ToM, w10 X; =1, y, =1 ABITIOTCN KOPHAMHU CHCTEMBI
ypassennii (7.52).

¢ Omeem: x, =1, y, =1.

@ Peumnts cucreMy ypasHeHHH

x +y3 ~3xy=13,
(7.53)
x? +y2 —-xp-x=-y=6.

Pewenue. Bocrionb3yeMca paBEHCTBOM, KOTOPOE HETPYAHO HOKA3aTh My-
TEM pacKpuITHA ck0oBOK B npaBoil ero yacTw, T. €.
L+ -3Jtyz=(.u'4-y+z)-(x2 +y ezt —xy—.\z—yz) . (159
Ecmu B pasercTBo (7.54) noacrasuth z=1, 10
x3+y’+l—3xy=(x+y+l)-(x2+y2+l—xy-x—y). (7.55)

MNepenmmenm cAcTeMy ypasrerwil (7.53) B paBROCHABHOM BHAE CICdYIO-
UM 0GpasoM:

L4y +1-3y=14,
x2+y2+l—xy—x~y=7.
Orciona # u3 ypasnerusa (7.55) cnenyer, yro x+ y+1=2 wwm y=1-x.
Hoacraeum y =1—x Bo Bropoe ypasacHue cueTeMst (7.53), Toraa x° +(l—x)2-

~x(1-x)-x—(1~x)=6 wm x> -x-2=0.
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Koprsamvu ypagHeHws x’—x-2=0 smamorcs X =2 u x, =—1. [lockons-
Ky y=l-x,10 yy=-1u y,=2.

¢ Omeem: x, =2, yy=-1; x,=~1, y, =2.

Peurs cncTeMy ypaBHEHHH
y(xy-1)_2
2 s
+1 5
Y (1.56)
x(xy-1) _1
P?+1 2

Pesenue. Bourem w3 Broporo ypaBHEHHS cHCTeMHl (7.56) nepBoe ypas-
Helne, TOraa

Jr(xy—l)(y2 + l)—y(xy—l)(x2 +l) 1

(x2+l)(y2+l) “10°
(.\:y—l)(xy2 +x-pxt —y) 1
(x2+l)(y2 +I) 10
HIH
" (-1 (y-%)_1
(x’ +1) (y2 +|) =3 (7.57)3
W3 ypasnennit cucremu (7.56) cumeayer, 410 y2 +1 =m a*j

x% +1=2x(xy~-1). Ecau supaxenus g x° +1 u y* +1 noxacrasurs 8 ypas-'
Heume (7.57), T0 nomyunM :
20— (y-%)_1 2(y-%)_
0xp(ay-1)2 107 xp 2-x

INoncrasum BEpaxeHue y = szx BO BTOPOE YpaBHEHHE CHCTEMB (7 .56),

TOoraa

<

2-x

2’ E
x{z_—l) 222 1
—x R’
— l [ ]=x2+l, 3
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2;((24:2 —2+x)=(x2+1)(2-x), 5x*=3x-2=0,
(5¢°-5)-(3x-3)=0,
(x—l)(Sx‘ +5x+2)=0. (7.58)

Ecau yuecTs, uTO 5x2 +5x+2>0 , To H3 ypasuenna (7.58) cnexyer, uro

x~1=0 wmm x =1. Hockonbky y=22—x,ro n=2.
-x

¢ Omeem: x, =1, y, =2.

PewnTs cCHcTeMy ypasHEHH
{1“082 y = y-log;3+log, x,

x-logy, 72+logy x=2y+log, y.

(7.59)

Pewenue, U3 ycnosus 3azaum ciiemyer, uto x>0 u y > 0. Hcnonssys
ceoicTBa norapudMoB, npeobpasyeM CHCTEMY ypasreHMit (7.59) cneaylommm

oGpasom:
2 .y=3 g, 25.y=%.x,
N
725 x=2".y 3¢ x=2V .y
13 BTOPO# CHCTEMBI NOCTIE IEPEMHOXEHHSA JICBHIX H NPABHIX YacTel 06o-
HX ypaBHeHwH nonywaeM xy -3 2% =x».3”.2% Takksk x>0 u >0,
TO H3 NOCHEAREro ypaHerus caeayer 127 =12” wm y=2x.
NoacraeuM Bupaxenwe y=2x B ypasHenne 2" -y=3"-x B momyunMm

2*.2x=3%.x. Nockomky x>0, 10 27" = 3%,
TlomyuenRoe ypaBHEHHE NPONIOrapHGMHUPYEM IO OCHOBAHHIO 2, TOraa

x+1=2x-log,3 wm x, = !

2log, 3-1°
Tak kak y = 2x, TO HMEEM ) =-2—
=2 "= Zlog,3-1
1 2
® Omeem: x, = K= .
2iog, 3-1 2log,3-1
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Peinte ypasHenue {

{

3 Sn ,

4.log,| 6x% +—=+13 | = 2cos| —— 1+ 7. 7.60
og,,( x 8x? J € [l4+sinlrx] (7.60)

Peuenue. [lepponadanbHo OUCHHM CHH3Y JIEBYIO 4acTe ypasHenua (7.60),
NMpUMEHAN ANg 3Toro HepaBeHCTBO Kowm (3.1) nps 7 =6. Tax xak

6x’ +—3—2=2x2 + 2% +24° +-—l—z+—!7+—lz-2
8x 8" 8x° &
26-42x2 2x% 242 —'2--—1-2--1—2 =623,
8x~ 8" 8x 2
3 3
T0 652 +——+13216 wm 4-b 6x2+_+13]zs.
8 “( 8 : ;
Hanee, oncHHM CBepxy mpeByio YacTh ypasHenus (7.60). [Tockonbky]
-1<sinax <1, 10 ES—LSE. M3eecTHO, YTO QYHKUHA y = COSX]
3 ld+sinzx 13

z o
Ha OTpe3ke Ost-z— ABNKETCA HENPEPHBHO YOmBaloOWweH H NMOITOM

cos -—i’f—-—]Scos£=l.Bamﬁcnm Zws(—s—’_z——]+758.
14+sinzx 3 2 14+sinzx

CrienoBaTeNkHO, PaBSHCTBO B ypaBHeHUM (7.60) HOCTHTAETCH TONbKO N
TOM clyyae, Koraa oGe ero 4acTH paBHu! 8. A 3TO 03HAYAET, UTO IPUMEHEHH
BhIlIe HepaBeHCTBO Komy o6pamaeTcs B paBeHCTBO H, KPOME Toro, sinzx =1
Taxum 06pa3oM, HMeeM CHCTEMY YPaBHEHHiH

8x2’ (7.64;

sinzx=1. "
W3 nepBoro ypaBHeHuUA cHCTeMB! (7.61) nomydaem x,'2=:t-;-. (o)

TONBKO X, -=-;- YHAOBIETBOPAET BTOPOMY YPaBHCHHIO CHCTeMH (7.61).

¢ Omeem: x, =% .

PewwTs ypasuenue
J8x—2x2-6+1=x-(1~|og5x)-(\lx’—4x+3+1). a.
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Pewsenue. Ins onpenenennn 00NacTH ZOMyCTHMEIX RaueHKH nepomes-
1ot X B ypasHenuu (7.62) paccCMOTPHM CHCTEMY HCDABEHCTB

8x—2x2-620,
x*-4x+320,

x>0.

Herpyano saMeruts, 4TO npHBeaeHHan BHIUEG CHCTEMA HEPABEHCTB pas-
HOCHJIBHE YPABHEHHIO x*-4x+3=0, KOPHAMH KOTODOrO SBIRIOTCA X, =1 H
x, =3, CnenoparensHo, B 06NacTh JOMYCTHMBIX 3HAYCHHE ftepeMEHHON x
BXOAAT TONLKO 1Ba 3HAYCHHA X, =] W x; =3,

Henocpeacrsennoii noacTaHoBKO#H B ypasHenwe (7.62) yGexmaemcs, YTo
TONBKO X; =] ABAAETCA €NO KOPHEM.

¢ Omeem: x, =1.

@ Pemurs BepaBencrso

J9_2<x_ J 9 (1.63)
X X

Pewenue. Tiepponauaneio onpeaemM ofnactb AONYCTHMHIX 3HAUCHUIH
fiepeMeHHOW x B HepaBeHCTBE (7.63). [ 3TOro paccMOTPHM CHCTEMY Hepa-
BCHCTB

x—Jx:—2 >0,
x

x*0,

H3 kotopolt cremyer, uto x 2 3.
Bossenem obe yacTu HepasencTsa (7.63) B kBaapar, Toraa

9—2< xt-2x. .v:—g-t'x---2
x x x
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(x*-9)+x>2x- x - (7.&j

x

Mycs Vxl-9=agn Jx=b.Torna HepaBeHCTBO (7.64) mpuHHMaer Buﬂ?

a2+b2>2b2-% 1517} a2+b2>20b,rne a>20u b>0,

2
Orcioga momyqacMm Hepanencrso(a—b) >0, KOTOpOE HMEET MECTo
mobrix a ¥ b, yAOBNETBOPAIOIIMX YCIOBHIO @ # b .-Cnenosarensno,

Jx2—9¢~/;, $—x-9#0 wm x# li;b? .

TMockonbKy HepaBeHCTBO (7.63) ompeAeneHO TONBKO INA X23 # np

+37 ’
2

,» TO €I'0 PEINCKUEM ARIACTCA COBOKYITHOCTh ABYX HHTCPBa<

3TOM X #

JiIoB

l+\/3_7 1+s/3_7
2 HXx> >

1+37 1+437
; )

" x>
2

3<x<

€ Omsem: 3<x<

@ Pewmurs HepaBEKCTRO

l
"x—l—"]-l>x—-l. (765]’
X X X

Peueenue, O6nacTh AOYCTHMBIX 3HAYSHHH NEPEMEHHOR X B HEPaBEHCT-
8¢ (7.65) onpeaendercd CHCTEMOH HEpaBEHCTB

x—lzm )
* (7.66)

l—lzo. 1
x .?

TTockonbky l-l 2 0 wnm —l 20, 1o u3 Hepasencraa (7.65) rlony‘iaerq

Jx———-—,‘l——>0 HIH Jx—- 1}l—-——,'r e. x>1.

|
d
1
{
M
i
1
1
i
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OtvmeTHM, 4TO X > 1 YAOBRNETBOPAET CHCTEME HepaBeHCTR (7.66).
TTpeo6pasyem HepaBeHcTB0 (7.65) cnexyrowmm obpasom:

Jx—l—"l-—-l—ﬂ-l, |
X x X
,m_ hL,.-L
X X X
1 | 1
1’1-— -Jx+1-1f1—->1-—. (7.67)
X X X

1
Ilockoneky x>1, T0 ,{l——>0. Toraa, ecnu ofe 4acTH HepaBeHCTBA
X

(7.67) pa3nenuTs Ha l--l , TO [IONYYHM
x

2
{ 2 !

+l-1> l—l,(JxH) >[l+ l—l] ,
x X

x+l>l+21’l——l-+l—l, x—1>21’1-l—l,
x x x x

x* —x>2x-‘/l—l—1,x2-x>2 xz—x—l,

X

(‘/J:-‘:—l)2 >0.

IlomyyeRROE HEPABEHCTBO BLINOIHACTCA HAa BCei OONACTH HOMYCTHMBIX
3HayeHUI MEPEMCHHOMN X , KpOME CiTydas, Koraa J ¥ ~x=1.
2

1245
==

3 aepaseHcTBa sz—x*l cheayer, 4ro x° —x-—1%0 wm x+#

Tak kak x > 1, 10 petuenuem nepasencTaa (7.65) ABnsioTcs

1+J§ " 1+J§
5 .

x>
2

l<x<

¢ Omaem: 1<x<

I+J§ 1+J§
> , X> .

2
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JRVRUY NP

Pewnits nepapeHcTBO

2 :
I x ;_xl+l}<|x|+ le—'l’ (7.68)"5

rne x»1.

Pewenue. Tlockonexy
2 ox+l =(x—-l—]2+2>0,1o lxz—x+||=x2 -x+1
2 4

W HepaBeHCTBO (7.68) paBHOCKNBHO HEPABEHCTBAM )
“lx <k Tx T <b 7 <l ;-
Wiu B
- x <-4, (76%3

Tockonbky npasas 4acTe HepaBeHCTBa (7.69) HeoTpunaTensha, To Hepa--
BEHCTBO (7.68) BHINONHACTCA TOABKO ININ TAKAX X, TIPR KOTOPHIX neBast em:

YacTh CTPOro OTPHLIATENLAS, T. €. x’—x<0mmx(x 1)<0. Olclonacncnyer,q
yto 0 < x<1.

s

® Omeem: 0<x<1.

@ Jloka3aTb HEpaBEeHCTBO
a b c i
—<+ <2 N 7.70 !
be+l ac+l ab+l (7.70) .

e 0<a<1,0<b<1 u0scsl. !

VA s Dk st abime m

Hoxasamenscmeo. Nockomeky 0<b<1 u 0<c<l, 10 (1-b)(1-¢)20,

1. I-b-c+bc20 wm b+c<be+l. A
Takkak 0<a <l n bc+121,10 ’

]

a < 2a < 2a . |

be+l a+bc+l a+b+c 1

To axanoruu no;y4nM HEPaBEeHCTBA !

b < 2b n—S < 2c . i

ac+l a+b+c ab+l a+b+c
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CnenoBatensHo, s JeBOi 4acTH HepabeHcTsa (7.70) uMeeT MecTO
a+b+052a+2b+20=
be+l ac+l ab+l a+b+c a+b+c a+b+c
T. €. HepaseneTso (7.70) nokasano.

Jlokaszatb HEPaBEHCTBO

%+_”_2J;+JZ, (7.1
a

rnea>0u b5>0.
Hoxazamenscmeo. INpeasionoxum, 9ro uepaBeHcTso (7.71) He BoinomMseT-
Cfi, T. €. CYWECTRYIOT TAKHE 3HAYCHUA @ ¥ b, IPH KOTOPhIX
a

$+%< 2 +\b . 1.72)
a

Ecnu yMHOXHTB Ha Jab obe uactu HepasencTsa (7.72), To

ava+ b<aJI;+bJa_, a(\/_-‘/l;)—b(\/-—\/;)<0,
(a-b){va-VB)<0, (Va+Vb)(Va-B) <0.
Tak xak JE+JZ>0 : (JZ—JZ)Zzo, TO (J;-M/E)(J;—JZ)ZZO,

T. €. MONYYUNH NPOTHBOPETHE. 3TOT (PAKT CBHAETENLCTBYST O TOM, YTO HE CY-
mectByeT Takux uuced @ >0 u b> 0, npH KOTOPHIX BHINOMHANOCE 6 Hepa-
BeHCTRO (7.72). CnenosarensHo, HepasencTso (7.71) cnpasezniso Ans moGbix
MOJIOXUTENBHEIX @ U b .

ﬂoxaamnepammo
' ] 1
Tt—32 : ’
I-a° 1-b»" 1-ab
rae —l<a<lu -l<b<l,

(7.73)

Hokaszamenscmeo. JloxazarenucTBo HepaseHcTsa (7.73) GyneMm BecTH Me-
TOZROM OT MPOTHWBHOrO. JIOMYCTHM, 4TO CYLIECTBYIOT TaKHE 3Ha4eHWd @ H b,
rae -1<a<1 u ~1<b <1, UpH KOTOPHIX BHINIOTHACTCS HEPABEHCTBO
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1 ] 2

+ < . 1.74
1-a® 1-4* 1-ab (7-74)
W3 nepasesncrsa (7.74) namy4yaeM HCPaBEHCTBO
2-a° - b 2
< . (1.75)
(1-a*)(1-5?) 1-ab !

Tak xak —l<a<lu -1<bd<], 10 1-a? >0, l—b2>0, I-ab>0 um-.i
HepaseHcrsa (7.75) cnenyer

(Z—a2 -bz)(l-ab) <'2(l—az)(l-b2), ]
a* +bz+ab(a2 +b2)< 2ab(ab+1), i
(a +6%)(ab+1) < 2ab(ab+1),

a® +b* <2ab, (a-b) <0.

Takum 06pasoM, MOMy4EHO OYEBHOHOE IPOTHBOPETHE, KOTOPOE AOKA3I-
BaceT CMPaBeIHBOCTD TPeOyemoro nepabeHcTsa (7.73).

lloma'rsnepascncmo
1 1 1 1
3,3 *53 *53 S—,
a+b +abc a’+c’+abc b +¢’ +abe abe
rae a>0,5>0uc>0.

(7.76)%;

Aoxaiamenscmeo. TpenpapnTeNsHO JOKAXKCEM BCIOMOTATENBHOE HO- |
PaBEHCTBO 1

@+ +abezab(a+b+c). .77).
[ockonbky (a—b)2 >0,10 g’ -ab+b* 2 ab,
(a+b)(a* -ab+b7)2(a+b)ab, a® +b’ 2a”b+ab?,

@’ +b* +abc2 a’b+ab’ +abc wnm @® +b’ +abc2 ab(a+b+c).

IpyHuMas B0 BHEMARHC ROKAIAHHOE HEpaBEHCTBO (7.77), MOXHO 3amu-
carp \
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1 1
as+b3+abcsab(a+b+c)-
Tlo ananornn nomyyacm
1 1 1 1
@ +ct +abc ac(a+b+c) " b3+c3+abcsbc(a+b+c)'

CnexosaTenpHO, HMEET MECTO
1 1
3 .3 95— A I
a+b +abc a +¢c +abe b +c +abe
< ! + l + ! =
ab(a+b+c) ac(a+b+c) be(a+b+c)

<

< c + b + a -
“abc(a+b+c) abe(a+btc) abe(a+b+c)

__atb+ec 1
abc(a+b+c) abc

Taxum o6pa3omM, HepaseHCTsO (7.76) aokasaHo.

Jlokasars HEPABEHCTBO

Jat +ab+b? +Va? +ac+c? +Vb2 +bc+c® 2 3Wabtac+be, (1.78)

raca>0,5>0uc>0.

Joxazamenscmeo. IIpeapapuTENBHO NOKAKEM, ITO
Ja +ab+b? > —\g{a +b). (7.79)

HiMeeT MecTO O4EBHIHOE HEPABEHCTBO a® —2ab+b* 2 0. Ecam k ero obe-

M wacTaM MpuGABHTH TpexaneH 3a’ +6ab+3b%, TO MONyWHM HePABEHCTBO

4a° +4ab+4b? 2 3a° +6ab+3b%, w3 xoToporo cnexyer 4(a2 +ab+ bz) 2

23(a +b)2 , T. €. HepaBeHcTBo (7.79) nokasaso.

ABaJIOTHYHO KOK23bIBACTCH CIIPGBCHJIHBOCTB HCPABCHCTB

Vo +ac+c? zg(cwc) n Vb2 +bc+c 2~‘2—§(b+c).
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C yuerom n0KA3aHHBIX BHILIC HEPABCHCTB HMECM
Va? +ab+b? +Va® +ac+c? +b* +be+c? 23(a+b+c).

Orcioaa cneayer, 9TO ANA AOKA3ATENBCTRA CNPaBEIIHBOCTH HCPABEHCT-
Ba (7.78) ocranocsk nNokasare, 4ro

V3(a+b+c)23Vabrac+be. (7.80)

Jns xoxazarenscra HepaBeHeTRa (7.80) aocraTtouHo 06¢ €ro YacTH BO3-
BECTH B kBanpar. Torza

3(a2 +bt+c? +2ab+2ac+2bc)29(ab+ac+bc) ,

a’+b* +ct —ab-ac-bc 20 wm (a—b)2 +(a—c)2 +(b—c)2 20.

Tak kaKk B pe3y/hT8Te PABHOCHIBHBIX NPeoGpasoBAHWI NOMyueHO Que-
BUHOE HEPABEHCTBO, TO cnpaseyeocTh (7.80) AoKa3aHa U TEM CaMEIM Hepa-
penctro (7.78) mueer MecTo.

Jlokazath HEPABEHCTBO
12

1
a+b+c+d

1.1 1
Sf(abc,d)< (a ;+-c'+‘—1‘), (7.81)

rae

| 1 1 1 1 1
+ + + + u
a+b a+c a+d b+c b+d c+d
a>0, >0, c>0, d>0.

f(ayboca d) =

Hoxasamenscmeo. ITepBOHaYANbHO AOKEXKEM BCMIOMOFATENIbHOE BEPABCH-
CTBO

l+-l- 2 R (7.82)

rme x>0wu y>0.

Cornacro HepaseHcTBY Kowrn (3.2), umeeM x+ y 2 2Jx_y . Torma

x+y ZJ— 4

l l =—2 = .
xy v X JE x+y x+y
2
IMpu xoxaszarenscTee ABOIHONO HepaBeHcTBa (7.81) BOCNONMB3yeMcx Hepa-
BeHcTBOM (7.82).
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Hmeer mecTo
1 1 1 1 1
,b,¢c,d + +
f(a ¢ ) (a+b c+d) (a+c+b+d) (a-%-a"’-lnc]2
' 4 4 4 12

+ + - .
a+b+c+d a+b+ec+d a+b+ec+d a+b+c+d
Jlanee, MOXKHO 3anNKUCaTh

EHEDE GG

4 4 4 4 4 4

> + + =4f(a,b,c,d}.
a+b a+c a+d b+c b+d c+d f{a,b.c.d)
Orciona caexyeT CnpaBeTHBOCT ABOHHOTO HepaBeHcTsa (7.81).

Ilommnepaaenmo
a b c 3
+ 2=, 7.83
btc a+c a+b 2 (7.83)

rae a>0,5>0nc>0.

Hoxazamenscmeo. BeeneMm HoBble mepeMeHHBe x=b+c, y=a+c H
z=a+b. Torma 2a=~x+y+z, 2b=x-y+z ¥ 2c=x+y—-z. B rakom
citywae Ina neBoi YacTH HepaseHcTBa (7.83) momyyacM HIKHIO OUCHKY

Sxtydz x-y+z xty-z_
2x 2y 2z

3+ % y) ( +z]+ Z+-z-)
_ y x zZ x z y 2—3+2+2+2_§

2 2 2
Ha nocneanem mare JoKa3aTe/kCcTBA HEPABEHCTBA ¢ YHETOM TOTO, YTO
x>0, y>0 u z>0, 6hm0 TPHKAB HCTIONB30BAHO HepasencTeo Kown (3.3).

Jloka3ath, 4T0 eciy
(Jaz +1 +a)(\(bz +l+b) =1, (7.84)

™ a+b=0.
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Hoxazamenscmeo. llockonsky
(\[az_+l+a)(m—a)= In (‘]b2 +1 +b)(JbT+l —b)=l ,
TO #3 ycnosus (7.84) nonyyacM cHcTeMy
(\/a2 +1 +a)(\/bz +1+b-va* +1 +a)= 0,

(JbT+|+b)(J‘7+1+a-Jﬁ+b)=o.

(7.85),

Tak xax va’ +1+a>0 u Jb2+l+b>0,'romcamuu (7.85) cnenyers

a+b= Jaz +1 —\}bz +1,
a+b=‘Jb2 +1 —Jaz +1.

Orciona nonyvaeM TpebyemMoe paBeRcTro a+b=0.

¢
b

JloxasaTs HEPaBEHCTBO
(a’ +b)(b’ +c)(c’ +a)2125abo, (736)

rnea22,b22uc22.

HAoxazamenscmeo. Ilpencrasum HepabeHCTsO (7.86) B paBHOCHALHOM

(az +£](b2 +£J(cz +3] 2125. Q.
a b c

Takkxak a22, 522 c22,10
P20 42 0o 2y 218522,
a a b b c c

PaccmoTpuM Qyuxumio f (x)=x2 +£, ONPERENCHHYI0 HE NPOMEXYTK :
X

x2 2, TIOCKONBKY NMpOW3BOxHAN f (x)= 2x—-27 Ha PacCMaTPHBAEMOM npo-:'
X b

MEXKYTKE MONOXHTENbHE, TO PynKums y = f(x) smnxerca polpacrarouei ;

nosromy f(x)2 f(2)=5.
Orciona nosry9acM HEPaBEeHCTRA
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a2+£25, 2+Sxs5uct+las.
a b c

Crnenopatensto, HepaseHcTBa (7.87) 1 (7.86) nokaszanel.

Jloka3aTts HepaBeHCTBO
$2+7<892. (7.88)

Hoxazamenscmeo. PacCMOTPHM HEPABCHCTBO, coAcpkKamee HEHIBECT-
HYIO HEPEMEHHYIO X , BHAA x’-8x+7<0, KOTOpOE COBNAJACT C KEPABEHCT-
soM (7.88) mpu x = '9/5 .

Tak kak pelmienneM HEpaBeHCTBa x*-8x+7<0 spusiores 1<x<7 ®
nipu atom | <'Y2 < 2, 10 HepasencTro (7.88) cnpaseanmBo.

JHokasars, ecnu a{a-b+c)<0,T10
b > 4ac. (7.89)

Hoxazamenscmeo. U3 ycnosus cnenyer, aro a = 0. PaccmorpuM QyHK-
wio f (x)=ax’ +bx+c. Torna f(~1)=a-b+c W 3a72MHOC HEPABEHCTBO
MOXHO nepermicaTs kak a- f(—1) < 0. HccrexyeM asa ciryHas.

I.Myets a>0 u f(-1)<0. Tak kak @ >0, 10 BeTBM napaGonul y =
=ax’ + bx+c¢ nanpaeniews BeepX. OqHaKo f(-1) <0, nosromy napaGo-
ma y=ax® +bx+c nepecekaer ock OX B JBYX TOUKAX.

2. Mycts a<0 1 f(-1)>0. [o aHanoruy ¢ UpeaBAYLIHM CTy4aeM Acna-

€M BHIBOR O TOM, YT0 mapabona y=ax2+bx+c nepecexaeT ocb OX ®

JABYX TOYKEX.

Tockoneky B 06oHx ciyyasx napaGoma y = ax’ +bx+c fiepeceKaeT och
OX B AByX TOWKEX, TO ypaBHCHHE ax’ +bx+c=0 nMeeM JIBa PaIHYHBIX

KopHa. CrnenoBaTeNsHo, AUCKPHMHHART JAHKOTO YPaBHEHHA CTpPoro Gonbie
HYNA ¥ TIO3TOMY HMeeT MecTo HepaBeHcTBO (7.89).
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Jloxazats pasesicTeo
2 2
1+ R Rt SO =
2:3-4 5-6-7 (3n-1)-3n-(3n+1)
1 I 1 K,
= + +o.0+ . 7.90
n+l n+2 3n+l ( .
rae n21.

HAoxazamenscmeo. Tlpeobpasyem neByio uyacTh paBencTsa (7.90) cres
IytoIHuM oOpasoMm: :

2 2 2
—t—t...+ =
2-3.4 5.6-7 (3n-1)-3n-(3n+1)

4-2  7-5 (3n+1)-(3n-1)
+ +.o.4 =
2:3.4 5.6-7 (3n-1)-32-(3n+1)

S VR EVIE N BV SO SN S
23 34756 67 (3n-1)-3n 3n-(3n+1)
3-2_4-3 6-5_7-6_ +3n—(3n—l)_(3n+l)-3n_
23 34 56 67  (3n-1)3n 3n-(3n+1)

1 1 l 1

11
6 7 3021 3n 3n 3nal

1.1 1 11 1 11 1
==t =t —t—F—+—+...+ =3 =+t +—|=
23 45 67 In+l) \3 6 3n

[ 1 1 1 1 1 1
=l+—+=+...+ =

+ +...+ .
2 3 In+l 2 n n+l n+2 3n+1
Taxum 06pasom, pasenctso (7.90) aokasaHo.
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Memodsi,
OCHOBaHHbIe Ha UCNONMb306aHUU
o2paHuvYeHHocmu ¢yHKyul

Onnum w3 3PPEeKTHBHBIX METOIOB PEUICHHN YPABHEHMI W HEPABCHCTB
ABJIACTCA METOA, OCHOBAHHEI Ha HCNIONR30BAHHH OrPAHHICHHOCTH (QYHKUMHA.
K Haubonce W3BECTHBIM OrPaHUMEHHBIM (YHKUHAM OTHOCATCA, HATIPUMEP, HEKO-
TOpBIE TPHTOHOMETPHYECKHE PYHKIIHH; 0GPATHO TPHIOHOMETPHUECKUHE QYHKIMM;
(pyHKIMH, COAEPKAINHE MONYNb, CTEMEHD, KOPEHh C METHOW CTENEHBIO W T. L.

[IpuBenem Hanbonee pacnpocTpasenysie npocreiiiume nepaBencrsa. Mimeer
MECTO

|f(x‘20, ~1<sinx<1, -1<cosx<1, —-’;—Smsinxsi,
4 n »
O<arccosx<rz, --5<arctg:<3, O<arcctge <z, a0 >0,

(f(x)xg(x))" 20, 2fu(x) 20, a+%2 2, b+%s-z

H MHOFME Apyrue. 3ZecCh # — HATYpansHoe YHcno, A(x)20, a>0 n b<0.
Kpome npHBeNCHHBIX BoillIe HEPABEHCTB HMEIOTCA H Ooliee CIOXKHEIE, B 4a-
CTHOCTH, TPHIOHOMETPHICCKHE HEPABCHCTBA

S x+costx<l

lSSin‘ x+cost x <1, ls sin
2 4
n —Va® +b* <asinx+bcosx < Jaz +b? , @ TAKKC HEPABCHCTBA C MOAYNAMA
BHAA |a|—}b| < |ad:b| sla!ﬂb} .
Cnenyer TAloke OTMETUTB, YTO MDY PEIMEHHH HEKOTOPHIX 3aXat, MPUBCICH-
HBIX B HACTOANIEM pa3fene, MOKRO HPHEKTHBHO MpAMEHATS HepasencTsa Ko-
w, Beprynuim w Kown—ByRAKOBCKOTO, ONTHCAHHbIE B pasnene 3.
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3agaqv u pelueHus

@ PetnaTs ypasHenHe
st 8
2" =1-x. (8.1)

xi+l '_

Pewenue. Ouennm obe vacrw ypasaennn (8.1). Hmeer mecto 2

2
=2.2" 22 n 1-x® <1. Tak kax nesax uacrs ypaBHerHa GoNbine MK paB-
Ha 2, 8 MpaBas e YacTh HE NMPEBOCXOAMT 1, TO ypaBHCHHE KOPHE HE HMEET.

¢ Omeem: xopuei uer.

@ PewuTs ypaBHeHHE
Vil e4evx? +1=3-522. (8.2)

Pesuenue. HETpyIHO BAACTS, TTO sieBad TS ypashesid (8.2) Vx* +4+

+Vx2 +122+1=3, a npasas ero yacTs 3-5x%<3.
CnenosarenbHo, NONy4aeM CHCTEMY

sz +4+Yx®+1=3,

3-5x" =3.
Kopuem BToporo ypasuenns cucremu asaserca x, = 0. [loacranoskoii B

TiEpBOE ypaBticHHE yOexAaeMcs, uTo x; =0 FBANCTCA KODHEM CHCTEMB YpaB-
wenuit u ypasuenus (8.2). '

¢ Omeem: x, =0.

Pemmre ypasuenne
x=2+Va-x=x?-6x+11. (8.3)
Pewenue. IleppowauansHo onpesenuM oOnacTb AOMYCTHMBIX 3HAUCHHH
nepemcHBoilt x B ypaBnenun (8.3). Umeer mecto 2<x<4, Ilycts Teneps

F)=Vvx-2+Ja=x u g(x)=x*-6x+11.

Torna
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FH(x)=5-242J(x-2)(4-x) +4-x=24 202 +6x-8 =
=242f1-(x-3) <242=4,

T. € f(x)< 2. OnHOBPEMEHHO C STHM HMEEM

g)=x"—6x+11=(x-3+222.
Orciona cnenyer, uro f(x) = g(x) =2, T. e. NOMy4YaeM CHCTEMY YPaBHEHHH

Vx-2+Jd-x=2,

8.4)
X ~6x+11=2.

Y3 sroporo ypasHeHna cucremsl (8.4) nomyuaeM x, = 3 . Ecim 3nauenue x,

NOJACTABHTH B NIEPBOE YpaBHEeHHe cucTeMnl (8.4), T0 ybeawmed, YTO JaHHOE 3Hae-
HHE X SBIACTCH XOPHEM CHCTeMEl ypaBHeHnii (8.4). CnenoBarenbto, x) =3 sB-

ISETCR KopHeM ypasHeRHA (8.3).

¢ Omeem: x =3.

fTpumeuanue. OLUEHNTL CBEPXY NEBYIO 4acTb ypaBHeHHA (8.3) MOXHO Ka oC-
HOBC¢ MCTIONIL308aHHA HepascHcTea Komu—Bynsxoackoro (3.8). Umeer mecto

Vi-2+J3-x)%<(1? + *)(x-2+4-x)=4. Orciona cneayer, w0 Jx—2 +
)

+|J4-x$2.

Pemuts ypaBhetne
(45 +ax+17)(x? - x+1)=12. (8.5)

Pewenue. [ockonbxy

2
4x2+4x+l7=(2x+l)2+]6zl6 H xz—x+l=(x—%) +_ZZ'

TO (4x2+4x+17) (xz —x+1<)2 I6-%= 12.

Orciona u 13 ypassenns (8.5) cexyer, uTo paBeHCTRO B ypagHeHHu (8.5)
NOCTHTEETC TONBKO B TOM CIy4ae, KOrja ONROBPEMERHC BHMOMHAIOTCA JBa

pasenctsa 4x’ +4x+17=16 u x* —x+1 =%. KopHeM mepBoro ypasHeHns
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ABIETCA X =—%, 2 BTOPOTO YpaBHEHUS — X, =%. Tak xak x #x,, T0
ypasHeHHe (8.5) KopHe# He uMeeT.

& Omeem: xopueii ner.

8.5] Pewnts ypasnenne

=4 +5-x = (x-1) (x-8). 8.6)

Pewenue. Tax xak x~420 u 5~-x20, To 06nacTsIO JONYCTHMBIX 3Ha-
YEeHHiT NTePEeMEeHHON X B ypaBrenus (8.6) arnsmores 4<x <5,

Tak kak Vx—420 u V5-x20 , TO JIeBast 4acTh ypasHeHus (8.6) aens-
ercsa neorpuuarensHoii. B To xe Bpema, ecnm 4<x<5, 10 x-8<0 u

(x- 1)2 (x—8)<0, T.e. npaBaq yacTh ypasHeHHA (8.6) Ha obnacTd mOMyCTH-

MBIX 3HaYeHUi cTporo MeHsiue 0. B 1o cBa3u ypasHeHne (8.6) xoprehi He
uMeeT,

¢ Omgem: xopueii ner,

Peututs ypasHeHHe
K -x+2=2-42x-1. 8.7

Pemenue. O6MACTEIO DONYCTUMEIX 3HAUCHMH TIEPEMCHHOR X B ypaBHe-
U
Huu (8.7) sasiorces x 2 3

TTpumernym K TipaBoii wactn ypasnerua (8.7) wepaserncrso Koww (3.1),
T. €

l+!+l:(2x-l)=x+

Ortciona v u3 ypaerennsa (8.7) nomyvaem HEpaBeHCTRO Xt —x+2<x+l1

2.4 2zx-1=2.41-11-(2x-1) < 2- I,

13011 (x—l)2 <0. OgHaxo a4 mMoOMX X BCErza CNpaBelTHBO HEPABEHCTBO
(Jz—l)2 2 0. [Toaromy (x—l)2 =0 um x; =1.
TMoacrasum Halinennoe 3naueHue x, =1 B ypasuenne (8.7) u ybeanmcs

B TOM, UTO X; = 1 sBngercs ero KOpHEM.

¢ Omeem: x=1.
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Peunts ypasaeHne
J10+3Jx2—1+x4-45—x=3. (8.8)

Pewenue. Tax kak Vx° -120, 10 \‘10+3Jx2v1 210> 3. Ecan TipH

ITOM €LIC YHECTh, YTO < W5-x20 , TO Nesast uacTb ypaBHeHHA (8.8) crporo
Gonbwie 3, a 370 03HAMAET, uTo ypasHenwe (8.8) kopHeii He umeer.

¢ Omesem: wopueii wer.

Peumts ypasHenne
4 t

x+vxl+x  x-vri-x

=3 (8.9)
X

Pewsenue. TlepeorauansHo U30aBHMCA OT WPPALMOHANSHOCTH B 3HAMEHA-
Tene oGenx xpobeit nepoit wacTh ypaenenns (8.9), T. €.

L o ) B

< __(Iz +x) = —(xz —x)

= | w

Orcioza nomydaem 4\’::2 +x —\sz -x =5x+3. Jlanee, Bo3BeneM B KBall-
par o0e YacTH MOCHEAHEro YPaBHEHHA, TOTIa

1627 +16x-8Vx* —x% + x* ~x=25x" +30x+9,
8vx? —x% +8x% +15x49=0. (8.10)
TlockonbKy THCKPHMHHAHT YPasHeHHs 8x? +15x+9 =0 mennre RYJIS, TO

8x> +15x+9> 0. Kpome Toro, 8vx*-x">0. B aroii cea3n nesas HACTH
ypaBreHus (8.10) MpUHHMMaET TOMLKO MONOXHTENLHBIE 3HAYEHHSA, [1o3TOMY
ypaeuennue (8.10), a BMecTe ¢ HUM K ypaBReRuUe (8.9), He nMeeT KopHeH.

¢ Omeem: kopneit uer.

PeiumTs ypaeHenue
x2+2x+3=(x2+x+l)(x4+x2+4). {8.11)
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4

Pewenue. Tax xak x> +x+1>0 u x +x2+424,m

x +2x+324(x2 +x+l).

Orciona nonyvaeM KBafpaTHOE HEPABEHCTBO

3x24+2x+1<0. (8.12):1
Oznako HepaBeHCTBO (8.12) ABALETCS NPOTHBOPEYHBHIM, TIOCKONIBKY :

1Y 2
357 +2x+1 =3(x+—] +2>0.
3 3
Crenosatensro, ypasHenue (8.11) kopHeit He umeer.

¢ Omeem: xopHeii Her.

Penurs ypaBHeHHe |
J2r-y -2 -T2y 3=y (8.13),

Pewenue. Bosseaem B kaapat obe qacTn ypasnenns (8.13), torna

2th—y2—z2 --2\/(2;1-—})2—zz)(Zz—y—s)+2z—y—3=,\;2 +y,

—ZJ(Zx-yZ-zz)(Zz—y-S) =,vt2+y—2x+y2 +2 -2z+y+3,

2o Yy = e - 618

JleBas wacTs ypasnerus (8.14) menbme wnu pasHa 0, a NpaBas 4acTs A6
JETCA HeoTpauaTensHOH. [Tostomy paseHcTBO B ypaBHeHud (8.14) MoxeT ObiTH
TONLKO B TOM CIy4ae, wro 00¢ €ro 4acTu OXHOBPEMEHHO paBHbi . A 3T0 BO3H
MOYHO JIAtb TOTA3, KorAa X, =1, yy=—1n z =1.

® Omeem: x, =1, y,=-1, z =1.

@ Pewuts ypaBHeHHe

Jx’+3x+4=|x2—x—z|+\l4x2-9x+16. (8.15)

Pewsenue. Ypabrenne (8.15) MOXHO NepenucaTh Kak

Vit 430+ 445" ~9x+16 = [ -x-1]. .16
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TlockonsKy |.\:2 —x-—2| 20, 10 W3 ypasrenHs (8.16) momyyaeM HepaBen-

CTBO sz +3x+4—\/;2—9x+16 2 0. Orciona cnenyer

Vil 4354424452 95416, ¥ +35+4245% —9x 416,
3x% —12x+12<0 wm (x—2)2 <0.
Tax kaK (x—2)2 20,70 (,\'—2)2 =0 nwm x, =2, Tloncranoskoii 8 ypas-

venne (8.15) yOexnaemes, 9T X, = 2 ABNAETCA KOPHEM ITOTO YPRBHEHUA.

¢ Omeem: x =2.

@ Peurnts ypasuenwe
P3x—4|+x% ~12 x| +36 |
x—35 N

x=2. 8.17)

2
Pewenue. Tax kak x° = |x| , To ypasuenne (8.17) MoxHO mepenucarth Kak

px—4|+(|<-6)’

x-5

=‘x—2|. (8.18)

Tax kak |3x—4|+(|x|—6)2 20 u [x-2|20, 7o u3 ypasenns (8.18) cne-
zyer, yto x—5>0 und x>5. B Takom cayuae |3x-4|=3x-4, |[q=1x,
|x - 2| = x—2 W u3 ypaBHeHux (8.18) BbitekaeT ypaBHeHHE

2
3x-4+(x-6) —xo2,
x=5

KOTOpOe UMEeT CAMHCTBEHHHIH KopeHs x; =11 .

® Omeem: x, =11,

@ Peuuts ypapHeHHe

3xvxt =9 + 4xyx® —16+5xvx? —25=120. (8.19)

Pewenue. O0nacTbio IOMYCTHMBIX 3HAUCHNWI NIEPEMEHHON X B ypaBHe-
Hun (8.19) asamorea x 2 5 . [Tepensmuem ypasrenue (8.19) B sune
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3Wx —9 + a4 —16+5yx2 —25 =122 (8.20) |
X

Mycts f(x)= 3Jx —9+4\{x —16+5\[x -25 u g(x)=—o Herpyn-

HO BHIETH, YTO QPyHKUMA y = f(x) ABJIAETCA HENpPEPHIBHO soapacralomeﬁ HA
Oo0NACcTH NONMYCTHMBIX 3HAUCHWH, a Qynkuns y = g(x) — HenpepeBHO yObI-

saomeii. B roii cea3n ypaBrenne (8.20) uMeer He Gonee oaHOro Kopha. 1o
CAMHCTBEHHO BOIMOXHBIH KOPeHb X; =5 HETPYAHO HalTH noaGopom.

® Omeem: x =5.

- .14 Pewmts ypasnenne -
Y82 2420 —x+1= (8.21)

Pewenue. Tax xax \J‘ 8x’ =220 u
2\/x2 —-x+1 =\]4x2 -4x+4 =J(2.x—l)2 +3243,

TO JieBad YacTb ypasHenu (8.21) Soaviie win pasHa V3. Orcrona v u3 ypas-
Henna (8.21) cnexyer cuctema ypaBHEHHH

\}4 8x2 -2 =0,
Jas-1P+3=45.

" . 1
CucTema ypaBHEHHIl HMeEeT eIMHCTBEHHBIH KOpeHb X; = >

e s R i

¢ Omsem: x =% .

@ PemuTE HEPABEHCTRO '
Vi-x? <§5-%. (822)

Pewsenue. OGNACTEIO ZONYCTMMBIX 3HAYEHMIE IGPEMEHHON X B HOPABEH-

cree (8.22) apmorcs -1 < x<1. '

HerpymHo BHAETH, 9TO Ha 061acTH NOMYCTHMBIX 3HAYCHHHA Vi-x* <l u
84 <¥5—x <¥6. Tax xax 1< ¥4, 1o nHepasencrso (8.22) Bunonnsercs s
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1008IX X U3 OGMACTH JOMYCTHMEBIX 3HAUEHMH, T, €. PSIICHHEM HCPABCHCT-
8a (8.22) asnsiores —1<x< 1.

® Omeem: —-1<x<1.

PEWHTD HEPABEHCTBO
\[3 + sz +1+

2

<<l9—x2— iy (8.23)
x +1

1
\Ix2+l

Pewenue, [lockonbKy, cornacHo wepaseHcTBy Komm (3.3), umect MecTo

HEpaBEHCTBO
3 1
\}x +1+ 22,

2 +1

TO U1 NEBOi 4aCTH HepaBeHCTBa (8.23) cripaBeAnuBa HYKHAA OUCHKA

\/3+~]x2+1+\/_:__ >3+2=45.
x°+1

Nepenuinem npasyio yacTs HepapencTsa (8.23) B BuAE

49-x2— 2! =$0—(x2+1+ 21 )
x“+1 x°+1

Tpumernmm HepaBereTso Koww (3.3) x npasoii HacTu HepabeHcTsa (8.23)
W NONYYUM

i,;—xz— 21 =dlo—(x2+l-++)5\1310-2=2.
x“+1 x"+1

Tlockonbky V5>2 , TO HEpABEHCTBO ({3.23) pewenns e umeeT.

¢ Omaeem: pewenns ner.
Péunm. ypasenme
25. kA g gh bt _ 450, (8.24)

Peusenue. BocnonssyeMcs nepasesc rsom |a|+[b| 2 |a—b|, Torza nony-
amM |x—3|+|x-5|22, [x—4|+|x-6]2 2 w
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2534k g gl 9532 1957 = 450.
Orciona n u3 ypaBHcHHA (8.24) nomysaeM cHCTEMy ypaBHCHHI

{]x—3|+|x-5|=2,
=4 +jx-g=2

U3secTno, uto paseuctso |a|+|H| =|a-b| paswocwmnro wepasencrs

(8.25

a-b < 0. B 3710if CBA3W KOPHAMH MEPBOr0 yPABHEHHN CHCTEMBI (8.25) ABIAIOT
€% NPOU3BOALHBIC 3HAYCHHA X W3 OTpe3Ka 3 x < 5, 8 KOPHAMH BTOPOro ypa
HEHHMS — NpOW3IBONbHBIE 3HaYeHHA X H3 oTpe3ka 4 < x < 6. CnenosarensHo;
KOpHAMH ypabHenus (8.24) OyayT npou3BONBHBIC 3HAYCHHA X H3 OTPE3K|
4<x<5.

® Omeem: 4<x<5.

PemmTs ypasnenne .
A P s P (8.26)

Pewenue. Paccmofpum ZBa CIy1as, 8 HMCHHO, x <0 u x>0,
Myers x<0, Torme 3* <1. Tak kax [x—2|20 u |x+2]20, 10 3+

+ P A530,30 9, Mockomxky 3* €1, To ypasnenue (8.26) cpeau x< 0;
KOPHEH HE MMeeT. ;
Mycvs x>0, Toraa |x-2|>0 u |x+2|=x+2. Mosromy nesyio %
ypabxeHHS (8.26) MOXHO OLIEHHTD R:AK
FA P A 53043 214937,
Nocxombky 3* >0, 10 149-3* > 3. CnenopaTensHO, H B AAHHOM CITYHad
ypasHeaHe (8.26) kopueit ne wmeer.

@ Omeem: xopueit ner.
@ Pemuts ypasuenue
454" +4x2.25 =22 +1=0. (8.27)ii

Pewenue. TpeoGpasyem nesywd wacTh ypaBueHux (8.27) nyrem soiaene-
HHA NOMHEIX KBAAPATOB H NPCACTABEIM YPABHCHHE B BHAC ]
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' (x2+2-2")2 +(2x -1)2 =0. (8.28)

2 x 2 x 2
Tak xak (x +2.2 ) 20 #n (2 -l) 20, 10 u3 ypasaenus (8.28) cne-
YCT CHCTEMa IBYX YPaBHECHHIA

2 +2.2°=0,
(8.29)
2*~1=0.

KopueM BToporo ypaBHeHus CHCTEMH (8.29) ansetcs x; = 0, onHako nox-
CTAHOBKOM B NEpBOC ypaBHeHHe yoexxnaemed, 4To x; =0 He ABJIACTCA KOPHEM
cucTembl ypasHenuii (8.29), T. . ypasnenue (8.28) kopnrelt He uMeeT.

¢ Omsem: xopreii Her.

Mpumenanue. Ecnn ypasuenue (8.27) paccMaTpABaTh KaK KBAAPATHOC YpaBHEHUE
OTHOCHTENEHO X° , TO €10 NMCKPHMHHAHT

%:4-4’-5-4‘ +2.25-1=—(2° 1)

NPHHAMACT HEOTPHUATENLHOE 3HAYCHHE TONILKO B TOM Cyvae, koraa x =0 . Ox-
HaKO JAHHOE 3HAYEHHE X HE RANAETCA KOpHeM ypasHeHns (8.27).

Pemurs ypassenue
log, (Jx“ +x° +1)+ log, (xz +l) =0. (8.30)

Pewenue. Tlockonbky Jx‘ +x}+121m Z+121,70
log, (Jx‘+x2 +l)20 n k)gz(x2 +l)20.
Orxciona, npueMMas 80 BHUMaHne ypasaerue (8.30), momyuaem cucremy

YPaBHEHH
log, (\]x‘ +x 4+ 1) =90,

log, (x” +1)=0.

(8.31)



210 Paspen 8

Kopnem cucremsl ypaBHennii (8.31), a taxxe ypaBHenus (8.30), asnsercs
xl = 0 .

¢ Omesem: x,=0.

@ PewvTs ypaBHeHHe

sz+2x+4+ﬁ=4—logg(x4+x2+l). 8.32)
X +2x+

Pewenue. OMeBUIHO, Y10 OONACTHIO AOMYCTUMBIX 3HAYEHUH TIEPEMEHHOR X
B ypansenun (8.32) asmatorca yncnopas oce OX . OueHnm ofe HacTh ypasme-
Hua (8.32).
Hcnonssya Hepasenctso Ko (3.3), nonyyaem

,2
\}x2+2x+4+ 4 =2 X% +2x+4+ 2 =24

Jx2+2x+4 2 s/x2+2x+4

IMockonsky text 121 , TO Iog‘; (x‘ +x5% 4 1) >0 u npasas 4acTb ypaB-
Henus (8.32) ve npesocxonuT 4. OTCIONA CEAYET, YTO PABEHCTBO B YPRBHEHHH
(8.32) nOCTHraeTCA TOABKO B TOM ClIydae, KOTAa 00¢ €ro YacTH PaBHH 4. '

Ilycr 4—log§(x4+xz+l)=4,mma log, (x‘ +x2+l)=0, Hexta=;

= 1 wm x? (x2 + l) =0. Caenosarenshno, x; =0.

Toncranoekoii B ypaBrenue (8.32) ybexnaercs, uro x, =0 sansercq ero’
KOpPHEM.

¢ Omesem: x =0.

@ PewuTs HEPaBERCTBO _
log, (x~1)-log, (x+1)+log,,, 2>0. (8.33):
-t :
Pewsenue. Herpynuo yCTaHOBUTD, YTO OGNACTBIO AOIMYCTHMBIX :maqeauﬁ;
TepeEMEHROH x B HepaBeHcTBe (8.33) apmatores x> 1.
Iepernmiem BepanencTso (8.33) B Buae

x-1

log, -J-‘:-:-‘—lﬂogﬂI 2>0. . 34)!
x+1 — i

i

i
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Hycre y=%.ﬂocxonbxy y=!+—21- Hx>l,T0 y>1.
x- x-

B Takom ciyuae w3 HepaseHcTsa (8.34) cnenyer

-log, y+ ! >0
log, y
WY
logzy—l
—=22 __<0. (8.35)
log, y
Ecan y >1, 10 log, y > 0. Mosromy u3 Hepasercrpa (8.35) nomydaem
O<log, y<l,1<y<2, 1<l+i<2, O<L<I, x=1>2
x=1 x-1
wm x >3,

¢ Omeem: x>3.

@ Peintt HepaBencTBO

2+ og, (4x-22-2)21. (8.36)

Pewenue. Heparenctso (8.36) paBROCHILHO HEPABEHCTBY
log, (4x-+" -2 2 i (8.37)
Tak xax 4x-x"—2=2-(x-2)'<2, 10 log, (4x-—x2 —Z)S 1. Tlo-

CKONbKY |x-2| 20, r0 21521329 = | CnenosarensHo, BEPXHAA ONCHKA Jie-

Bo# 9acTH HepaseHCTRa (8.37) coBnasaeT ¢ HMKHE OUEHKOMH ero npaBoi yac-
TH ¥ paBHa 1. [Io3TOMy NMEeT MECTO CHCTEMa YpaBHeHUH

Ay,

Iog2(4x—x2 —2)=1.

CucreMa ypasHenuii HMeeT IHHCTBEHHBI KOPEHb X, = 2, KOTOpHIi Jer-
KO HAMTH U3 NPUBEACHHBIX BHIINE PACCYXACHHII.

¢ Omeem: x, =2.
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Pemuts ypassenme

sinx = x* —x+% . (8.38)

Pewuenue. BanennM nonHbiii kBaapar B npaBoi 4acTH ypasHeHux (8.38),

T. e
2
x? -—x+-5-=(x~-l—J +1.
4 2

QOrciona cnenyer, 4ro

xz—x+221.
4

Tak xak npu 3toM sinax <!, T0 U3 ypasren (8.38) nomywacm cucremy
ypaBHeRuit
sinzx =1,

(8.39)
x —x+i= 1.
4

ERMRCTBCHHBIM KOPHEM BTOPOTO YPaBHEHHA CHCTEMB ARJIACTCH X, =%.

[loactanoskoit B nepBoe ypasueHne ybexaaeMcs, 4T0 HaWACHHOE 3HAUCHUE X
ABNAETCS KOPHEM CHCTeMbl ypasHenwit (8.39) u ypasnenns (8.38).

¢ Omeem: x,=%.

@ Pemurs ypasHeHue
x% +2x-sin(xy)+1=0. (8.40)

Pemenue. [IpeoGpasyem nesyio wacts ypasHexua (8.40) cneayiommm o6-
pasoM:
x% +2x-sin(xp) +1= 2% + 2x-sin(xp)+sin (xy) ~sin’ (xp)+1=
=(x+sin (xy))2 +cos” (xp).
Taxum obpasom, ypasrenue (8.40) paBHOCUNLHO YPABHEHHIO

(e+sin(x))’ +cos? (xy)=0. (8.41)
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Tak xaK (‘1u:+sin(J.;v))2 20 u cos’(xy)20, 10 ﬁs'yphﬁﬂénﬁi‘(ﬁ.{l)' Bbi-
TeKaeT CHCTeMa ypaBHEHHI ' ‘ S

8.42)

{sin (x)=-x,
cos(xy}=0.
Tak xax cos(xpy)=0, To sin{xy)==%1 u H3 nepsoro ypasuerus (8.42)

cneayer, uTo x,, =+1. Ecnu 3HaueHus x; =1 x, = -1 MOACTABUTL B ypaBHe-
HHA cHcTeMbl (8.42), TO ABAKIBI MONydaeM CHCTEMY ypasHeHuit siny=-1 u

cos y =0, KOpHAMM KOTOPOH SBISIOTCH y = %(4/:— 1), rae k¥ — uenoe uMcIO.

¢ Omeem: x, =1, y, =§(4k—l); % ==1, 3 =§(4k-1), rae k — uenoe
YHCNO.

Pewurs ypasnenue

sin x + cosx = tgx + ctgx . (8.43)

Pewenue. C ognoii CTOPOHH, —v2 <sinx+cosxS V2. C apyro#i,
tg,v+ctgx=tgx+L
tgx

1 corasacHo wepasenctBy Kowm (3.3), (3.4) cnpaBennusnl HepaBeHCTBa
tgx+ctgx 22 u tgr+ctgr S -2, CneaoBaTeiTbHO, HET TAKHX 3HAYEHHH, KOTO-
pbie MOrYT OAHOBPEMCHHO NIPHHHMATS JIcBas M Mpasas ¥acTH ypasseHus (8.43),
T. €, YPABHCHHC KOPDHCH He HMEET.

¢ Omsem: xopueit Her.

PemuTs ypaBHeHHE
sinx+cosx = thx +ctgx . (8.49)

Pewenue. JInn nesov uactu ypaBacunusa (8.44) MMeeT MecTo BEpXHAs
OleHKa BHAB Sinx+cosx <2 . M3 ypaBuenua (8.44) cnemyer, uro tgr>0.

Tlosromy, npumenss uepasencTso Kowwn (3.3), ana npasoii wacTé ypaBHEHHA
(8.44) nmonyyaeM HIKHIOIO OLIEHKY BHAA

Jigr+ctgr = ‘9”3;2‘/5'
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CrnenoBarenbHO, PABSHCTBO B YPaBHeHHH (8.44) MoxeT OHTH TONBKO B

TOM CiTyvac, Koraa 00¢ €ro YacTH PaBHBI V2, 1. e. WMeer MecTo cucTema ypas- 1
Henui 3

sinx+oos:r=~/5, ‘
,hgx+ctgx=ﬁ.

” .
KOPHAMH KOTOpOl ARNAIOTCH X = 2-4» 27 n,TAC # — LENOE YHCIO.

%
¢ Omeem: x, = I+2ﬂ' n,TIe n — NENoe YHCNo,

Pemuts ypasnenne

sinx+sinlSx-cosx =%. ' (8.45) !

<

Pewuenue, TTocrkonbky |sin 15x| <ln —\ﬁ <sinxtcosx £ Ji » TO NIEBYIO
3acTs ypaBReHHs (8.45) MOXKHO OUERHTS CBEPXY, KaK '

sin x+sin15x -cosx < sinx+{sin15x|-|cos x] < sin x +[cos x| < v2
3 o 3 ;
Tax kax V2 <E, TO sinx+sinlSx-cosx <—2-. CrnexosaTelbHo, ypaBHe-

aue (8.45) xopnett ne umeer.

¢ Omsem: xopueii rer.

HMpumenanue. IIns nonydenns sepxuelt ouenxu nesoit yactu ypanueunu"
i (8.45) moxHo HenonsloBats HepaseHeTso Kown—Byunaxosckoro (3.8). Toraa

' .‘(sinx+sin15x-cosx)2 < (I +sin’ le)-(sin2 x+cos’ x)s 2:1=2.

Orciofa creayer, 4ro sin x+sinl15x-cosx < V2.

PewnuTs ypasnerue

sinx+cos8x-oosx="s;s;£. (8.46) 1

Pewenue, Tlo ananorau ¢ pemierneM ypasHeHna (8.45) nomydaem sepx-
HIOIO OHCHKY Nesodt YacTH ypasHenus (8.46) b Buac

'ﬂ
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sinx+cos8x-cosx < \/5. .

Mockoneky —1<8in2x <1, To HMEET MECTO WHXKHAA OLEHKA MPaBOil uac-
TH ypaBHenns (8.46) Buaa

[S—Sian I5-1 -5
2 2.
Y 2 ¥ 2
CpasunBasg OUCHKH JEBOH K MPABOi wacteil ypasHenus (8.46), monywaem
CHCTEMY ypaBHEHuUit
sin x+sin8x-cosx = Jf,

5 sm2x J_ (347)

CucreMa ypasBHeHHH (8.47), PaBHOCHIBHA COBOKYWHOCTH ABYX CHCTEM
YPaBHECHUH

cos8x =~1, cos8x =1,
sinx—cosx=\/§, sinx+cosx=\/5, (8.48)
sin2x =1, . |sin2x=1.

Tax kak sin2x=1, To cos2x=0 w sindx=2sin2x-cos2x=0. Jlance,

NOCKOABKY cOos8x=1- 2sin? 4x , To cos8x =1. Orciona caenyer, uTo nepras
cucteMa ypasuennit (8.48) apaseTcs HECOBMECTHOIH, 4 BTOPaK CHCTEMa PaBHO-
CHWIBHA CHCTEME YPABHEHMH

sinx+cosx = Ji,
1 (8.49)
sinx-cosx = 3

V2

Pewas cuctemy ypaswenwit (8.49), nonyuaeM sinx = Tz H Cosx= 5

s 7 ‘
Orcioaa cleayer, 4To x, = Yid 2zn= ;-(Sn +1}, re n — UENOE HUCHO,

® Omeem: x, =%-(8n +1), Tae n — uenoe ucro.

Pewvts ypaBHenne
4

sin® x+cos° x=2—sin*x. . (8.50)
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Pewenue, Tlocxonsky sinx<1 ¥ cosx <1, TO JIERYI0 YacTh ypaBHEHRA '

(8.50) ouennm xak sin® x +cos’ x < sin? x+cos’ x =1 ,T. €. sin

4

5

B toxe Bpemst sin” x <1 ¢ no3Tomy 2-sin®x 21,
CnenobarenbHo, H3 ypaBueHrs (8.50) nomyyaeM CHCTEMY YPaBHEHK#H

sin® x = sin? X,

cos’ x = cos’ X, (8.51)

4

sin" x=1.

W3 cucremsr (8.51) cnenyer, yro sinx =1 H No3ITOMY KOpHAMH ypasHe- |

nus (8.50) sBnsoTCK X; = %(4k+l) , TAe k — nenoe YHCno.

¢ Omeem: x, = —’25(4k+ 1), rae k — uenoe Yuco.

PewnnTe ypaBHeHHe

2cosx+cosdx—cosbx =-3. (8.52)15

Pewenue. Tak xax cos4x—cos 6x = =2sin5x-sin{-x), To ypasnenwe

(8.52) papHOCHNBHO ypasHeruI0 2cos x— 2sin Sx- sin(—x) =-3 umm

cosx+sinSx-sinx = —-;- . (8.53)

Onmako [sin5xj<1 u ~2 <sinx+ cosx < V2, mosromy

coSx+sinSx-sinx > cosx—lsinsxl-lsinﬂ 2 cosx—isinxl 2 —\/5 .

INockonbky 2> —% , TO COSx+sinSx-sinx > —% H ypasHeHue (8.53) .

KOpHeH He uMeeT, ClenoBaTeNbHo, HCXOAHOE YpaBHeHHe (8.52) Taioke He HMe- |

€T KOpHEH.

4 Omsem: vopueii Her.

Mpumevanue. . Ucnonsays Hepasenctso Kown—ByHakosckoro (3.8), MoXHO no-
KasaTth, 410

2

(cosx-+sin5x-sinx)’ <(1+sin?5x)-(cos x+sin’x)<2,

T.e. —¥2 <cosx+sin5x-sinx <2 .

x+cos’ x<1. ?

PPN U SRR
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@ PeiruTs ypaBHeHHe
2
(sin 2x+f3 cos Zx) -5= cos(Zx —%) . (8.54)

Pewenue. Ilockonpky
sin2x+ V3 cos2x = 2(%sin 2x+ gcos 2x] =
= 2(cos%-sin 2x+sin§-oos 2x] = 2sin(2x +%) <2,

2
TO (sin 2x+~/§cos2x) -5<-1.Tak xax oos(Zx-%) 2 ~1, TO 13 ypaBHEHRS
(8.54) cneayer cucteMa ypaBHEHHH

(sin 2x++/3cos Zx)z -5=-1,

cos(Zx—f) =-1.
6

Orcroaa Nony4aeM CHCTEMY ypaBHEHMi
. T
sin’ (2x+ 3) =1,

ms(Zx—-’i):—l.
6

Tz
Kopaamu BTOpOro ypasHenus cHcTemsl (8.55) amastored X, =E+7rn,

(8.55)

rae # — uenoe yucno, TIOACTABUM HAWACHABIC 3HAMCHHK X B NCPBOC ypas-
HeHHe cucTeMsi (8.55), Toraa

sin’ (2x+ £)= sin’ Zf-«l- 27zn +£) =sin? 3 1.
3 6 3 2
CnenoBareNibHo, KOpHAMY CHCTEeMB! ypasHeHuii (8.55) sengerca
KL
xl ==—d<7an Py
12
r&e n — UEJ0E YUCIIO,

¢ ¥z 4
Omeem: x = E+ zn,TAE n — UEN0e HHCNO,
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L @ PewiuTs ypasHenue
(cos2x-cos 4.1:)2 =4+cos’ 3x. (8.56)

Pewenue. Tak xak ~1<c0os2x<1 H -1<cos4x<1, 10

~25c0os2x—cos4x < 2 mm (cos 2x—cosdx)’ < 4.

TMockombKy cos”3x>0, To 4+cos’3x 4. OTcI088 CEIYET BLIBOR O
TOM, UYTO PaBEHCTBO B ypaBHeHHH (8.56) BOIMOXHO JIHIUD B TOM CAYYae, KOTrAR
o6e ero uyacti pasHbl 4. CexoBaTenbHO, H3 ypasHeHus (8.56) nomyuaem cHe-
TEMY ypaBHEHHH

(8.57)

|cos 2x ~cos4x| =2,
cos3x=0.

Cucrema ypasHeHmit (8.57) paBHOCHIbHE COBOKYITHOCTH JIBYX CHCTEM
YPaBHEHHH

cos2x =1, cos2x =1,
cosd4x=-1, u {cosdx=1, (8.58)
cos3x=0 cos3x=0.

flepsas w3 cucrem (8.58) sBasercA HecoBMecTHOM, NOCKONBKY TpH

cos2x =1 umeem cosdx=2cos’ 2x-1=2-1=1 , 8 3TO NPOTHBOPEYHT BTO-
POMY YPaBHCHHIO 3TOi CHCTEMBL.
PaccmoTpuM BTOpYIO cHcTeMy ypaBrenuii (8.58). Ilycts cos2x = -1, To-

rHa cosdx = 2¢0822x-1=2-1=1. Cnenosaresnsio, BTOpas cHcTeMa ypaBHe-
wwii (8.58) paBroclwbHA CHCTEME YPaBHEHHIH

{cos 2x=-1,

cos3x=0.

(8.59)

Pemias cucteMy ypasHenuii (8.59), nonydaem cosx =0 wm x; = —72£+ n,

TAC n — LEJIOC YHCNO,

x
¢ Onssem: x, =3 +7n, TIE B — UeIoE WHCHo.

Lo PewnTs ypasHeHue
3

(sin2 x—2sinx+ l)-(siu4 x+cos’ x) = (8.60)

&)—
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Peswenue. OueRHM chu3y neBYIO YacTb ypasrerns (8.60). Onx 3toro npe-
obpa3syem ee CeHyiomuM odpasom:

(sinzx- 25inx+l)-(sin4x+cos‘x)=
1 2 1 2
= sinx—-——] +— -((sin2x+coszx) —Zsinzx-coszx)=
N !
2
. 1 1 1., 11 1
=||siny——| +~ |4 1-=sin"2x |2~ —=—.
[( xﬁ] z]( 2" x]zz 7

Tak kak HIWKHAK OEHKa NEBOHN wacTH ypaBHerHs (8.60) coBnanaer ¢ ero
NpaBoH YacTsIo, TO NONYYAEM CHCTEMY YPaBHEHUIH

. 1
siny=—,
V2 @.61)
sin®2x =1,

. 1
Ilycrs sinx = —=, Torna
d N
. . . . 1
sin? 2x = 4sin? x-cos’ x = 4sin® x-( 1-sin® x) = 4-;(1——‘-) =1.
INpyramMu cnosamu, ecnu sinx=%, 70 sin’2x=1. 3uauuT cnerema

ypashenwii (8.61) paBHOCHNIBHE YPAaBHEHHIO Sill X = % .
CnenoBarenbHo, KOpHsMH CHCTEMB! ypaBHenwmii (8.61), a Takxke ypasHe-

n
nus (8.60), seastores x, =(-1)" 37 TIe 1 — uenoe wwcno.
7
¢ Omaeem: x, =(-1)' 2 AN, TAC n — ueloe THCNO.

. @ Pemurs ypasrenue

R L Zsin%. (8.62)
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Pewsenue, OnennM cHU3Y NIEBYIO YacTh ypaBHeHHS (8.62) ¢ moMowIbBIO He-
pasencrsa Koww (3.2), 7. e. 2y 2“2'l 2 2\12*"‘2 27" 22, Eonu YYECTR,
41O 2sin”2—y <2, TO OTCIONa NONy4aEM CHCTEMY ypaBrHenHhit

zl-x2 + 212-1 =2,
(8.63)
2sin 22 =2,
2

W3 nepsoro ypasHenus cuctemsi (8.63) nomyuaem x, , =xl. W3 sroporo

ypaernerna cHucremnl (8.63) cmexyer, wro sinﬂ=l , —”—X=g-+2xn AIH

2 2
» =l+4n,rne n — nenoe TUcHO.

® Omsem: x,, =11, y, =1+4n, rne n — uenoe uuco.

. @ Peururs ypaBrenne

tgzz(x+y)+ctngr(x+y)= 221 +1. (8.64)
X

+1

Pewenue. INpumenna nepasencreo Komn (3.2) k nesoif uactv ypaBHEHHN
(8.64), nomyuaem tglw+ctg’m> 2th2a)-ctgza) =2, e o=a(x+y).
Ha3secrno, yr0 x2+122x.l'lom*ouy

3 <1. CnenobarennHo,
x°+1

2x

P

Onrciona nonmyvaeM CHCTeMy ypaBrReHHil
glx(x+y)+cagin(x+y)=2, :
2 (8.65):

+1=2.
x2+1

+152.

Koprem Broporo ypaBucHus CHCTCMB! ypaBHeHUiH (8.65) sansercx x, =1. -
INoncrasuM HalineHHOC 3HAUCHHE X B [ICPBOC YPABHCHAE CHCTEMBI, TOTAa
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tgzz(l+y)?l» tgr(l+y)=1l, ;r(]+y)=%(2n+l) HIH y, =2n;3'

ra¢ n — ueyIoC YUCNo.

¢ Omeem: x, =1, y, ==

,THE n — [EJIOe UHCNO,

PewnTs ypaBHenne
Vvl —x ~(sin2 x—14sinx-cos x — Scos® x+33/§§)=
=arcsin’ x+arccos? x —%zz. (8.66)

Pewenue. O6nacTsio RONYCTUMBIX 3HAYEHHI MEPEMECHHOW X B ypaBHe-
HiH (8.66) apasmiorea —1<x <.
TepBoHAYANBHO MOKaxkeM, UTO QYHKLMA

f(x) =sin? x - 14sin x- cos x— Scos® x+ 333

TnpH mobbtx X MOXKET NPHUHHMAaTh TONBKO MONIMKHUTCIIbHBIC 3HAYCHHA.
Tpeactabum Ppynkumio y = f(x) crexyouwm obpasom:

f(x)=l+3%/§—l4sinx-cosx—6coszx=
ﬁ%—2—14sinx-cosx-3(2coszx—l)=
=333 -2-(7sin2x+ 3cos 2x).
Tlockonsky -m Sasin2x+bcoszxsm , 'rb umee‘r-mecro
-/58 < 7sin2x+3cos2x <58, T.e. f(x)23¥33-2-/58.

CnenoBaTENBHO, NS SOKA3aTENBCTBA HepaeHcTea f(x)> 0, neobxomu-

MO T0KAa3aTh, YTO 3{’/53>2+J§. C 310i1 1IENBIO BO3BEAEM 00€ 4acCTH XaHHO-
TO HepaBeHcTsa B xy6, Torna

27-33>8+124/58 +6-58+ 5858,
891> 356+ 70458 , 535> 70+/58 , 107 > 1458,

(107) > (14458’ , 11449 > 11368.
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Hony!{eunoe YHCICHHOE HCPABCHCTBO CBHACTENABCTBYCT O TOM, MTO

f(x)>0. Ecnu npy 3ToM ellle Y4YecTs, 4To \fl—x2 2 0, To neBas 4ACTH ypaB-

HeHun (8.66) HeoTpHIATENbHA.
PaccMOTpHM Teneps NMpaByio YacTs ypasacHHA (8.66). [Tockonsxy

, F's
aresmx+arccosx=-i-,ro

2
.2 2 53 (»n 2. 5 2
arcsin® x + arccos x—zzr = -f_mcosx + arccos x--;:r =

2

= 2arccos” x— zarccos x— x> = (2arccos x + z ){arccos x - )

Oanake u3BecTHo, 4To O<Sarccosx<z. Orcioma creayer, €9ro
(2arccosx+ 7)(arccosx—x)<0, T.¢. npasas uicTh ypasHeHus (8.66) e

npesocxoaut 0. Paree 65u10 KOKa3aHO, YTO JEBAA YacTh ypaBHeHna (8.66) He-
OTpHLIATENbHA, TO3TOMY PaBEHCTBO B {8.66) MOXeET GEITH TOTBKO B TOM Clydae,
xoraa obe €ro 9acTd paBRH 0, & 3T0 BO3MOXHO JIHIG IpH x; = —1.

® Omeem: x,=-1.

Pemuts ypaBHeHHe
log, (5+3cos4x) = sin’ [x +%]. (8.67)

Pewenue. Tlockonsky cosd4x2-1, 10 5+3cosd4x22 H mno3roMy’
log, (5+3c084x) 2 1. C mpyroii CTOPOHKI, MMEST MECTO sin? (x+%)$1. B 2ol

CBA3W paBeHCTBO B (8.67) MOXeT GHITS: TONMBKO B TOM Cfyuae, Koraa oe YacTh
ypaBHeHHS pasHbi 1, T. e,

logy (5+3cos4x) =1,
sin® [x+£-]= 1.
4

O1cioza nomyyaeM CHCTEMY YPaBHCHHH
cosdx = ~1,

(8.68)
sin[x+%]-:tl.
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M3 sroporo ypaeHeHss cuctemsi (8.68) momyuaem x; = %Hm , The n—

/4
uenoe yucno, IToacrasum 3navenns x = Z'fﬂ' 7 B MEPBOE YPABHOHHE CHUCTE-

MblI (8.68) 1 nokaxeM, YTo HalACHHLIE 3HAYCHUN X ABIAIOTCA €70 KOPHEM.,
HmMeeT MecTo cosdx = cos(zr + 47m) =cosz =-1. Orcioxa ciemyer, 4To

o V4
KOPHAMM CHCTEME! ypaBrennit (8.68) aanmotea x, = z+ n,rA¢ n — UENoe

YHCno.

b4
¢ Omeem: x = 2 7 TRe n — uenoe wHeno.

. Pemure ypasuenue

sin%: log, (x* +1)-logx. (8.69)

Pewrercue, O6NAcTLIO AONYCTUMLIX 3HAYCHHH DEPEMEHHOM X B ypaBHe-
o (8.69) asmwiorca x > 0. Hemomssys cBolicTBa norapudimos, mepenniuem
ypasHeHue (8.69) kax

sin =% = Jog, (x + l) . (8.70)
2 x
TNockomsky x > 0, To cornacHo HepaseHcTBY Ko (3.3) umeem

x+lz2 M logz(x+l]zl.
x x

. WX
OnHako U3BECTHO, YTO sm-—z-s1. Cnenosarensho, paschcTso B (8.70)

JOCTHUTACTCA Wb B TOM CITy4ac, Koraa ofe ero wactu paBHHI CAHHHIE, T. €.

sinﬁ= 1,
2

logz(x+l)=l.
X

KopreM cucremsl ypasHennii (8.71) apmserca x; =1.

8.71)

¢ Omsem: x,=1.
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Pemurs ypasaenve

[s+ 32 ]-(2-sin‘x)=7+sin2y. (8.72)
s X

Pewsenye. Tocxomsky 0<sin’ x<1,T10

5+2

- 28, 2-sin®x21 n(5+ ,32 )-(Z—Sin6 )28,
sin” x sin

X

Omnako sin2y <1, no3romy 7+sin2y<8.

Orciona cneayer, uro obe qacTH ypapuenus (8.72) pasHH 8, a 310 803-
MOXHO TONTBKO TOTHA, KOTA4 sinx=1 nsin2 y =1. CnenoBarenbHo, KOPHAMH

ypaBHeHH (8.72) ABnswTCA X, =i2t-+ an ¥y =1:—' + 7k, T0¢ N,k — pennle

YHCIA.

n 4
€ Omeem: x =E+m: N =2-+7rk ,TOe n, k — uensle YHela.

Pemurs ypasuenne
1 _r 3
arccos— = ?( 1-¥x}. (8.73)

X

!

Pewsenue. [1epBOHAYANEHO OTMETHM, $TO AN OOpPaTHOH TPHTOHOMET-
puveckoii byHxkuun y =arccosx crpabeIHBH HepaBeHcTBa —1<x<1 u

O0<arccosx<r7.
CnenosatensHo, Ana ypasHeHns (8.73) umeem 0< arocosls 7z . B aroi

x
CBA3IK

05%(1-%/})9:, 0<1-¥x<2, -1 <l wm -1<x<1.

] .
Kpome Toro, 3aecs ~1<—<1. Orciona 1 U3 ABOIHOIO HEPABEHCTBA
X

—isxsl'honyqaem n=-lux=1.

&, Omeem: x, =-1, x, =1.
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. PewnTs ypaBHeHue
3 £ %

54cos(£—--)=3‘ +3°. (8.74)
x

Pewenue. Hcnonw3ys wepasercrso Komn (3.2), MoxHO 3anHcaTh

2
K36, | 36
4 2

=6. 8.75
Tt @®75)

Ecym HepaBescTBo Komn npuMEHATb K mpaBoit wacty ypasHenus (8.74),
10 ¢ Yuerom (8.75) nomyuum

= _+36
34 43¢ >z\‘34 3% -zds“ 2 32438 =54,

ITockonbky 54-cos [z——— < 54, To u3 ypasuenus (8.74) cnemyer, uto obe
X/

€r0 YacTH paBHsl 34, 1. €.

N3 BTOporo ypaBHEHMS CHCTEMBI MOAYRAEM X =12 umm x, =2Jf’; ,

x) = -243. Herpyauo ybeaurncs, yto x; = 23 n Xy = -23 YAOBACTBOPA-
10T [IEPBOMY YPABHEHHIO CHCTEMBI,

& Omsem: x, =23, x, =-2\3

Peumuts ypasrenvie

ctg’x+9 =ctg’x- (5-sin3x). ./ (8.76)

Pewenue. Ypasnerne (8.76) Gynem paccMaTpHBaTh Kak KBAOpPATHOS ypaB-
HEHWe OTHOCHTENBbHO Ctg’x , T. €. ctg’x—ctg’x-(5—sin3x)+9=0. 310 ypas-
teHHe GyaeT HMET5 KOPHM, €CJTH €0 ANCKPHMHHAHT OYAET HEOTPHUATENBHEIM,
T.e. (5—sin3;r)2 -3620 um [S-sin3x|26.
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Herpyano BHIETS, 4TO HepaBewcTso |5~ sin3x] 26 apmoNHAETCA TONBKO

B TOM cityyae, koraa sin3x=-1. [lpHueM B 3TOM CiTyyae HCPEaBEHCTBO npe-
BPAIIAETCH B PABEHCTBO,
Ecim noacTasuts 3raucHne sin3x =—1 B ypassenue (8.76), To nonyunm

2
ctg‘x—6ctgzx+9=0, (ctgzx-3) =0 wn ctgr=i\/§.

CnenoBaTenbHO, MMEET MECTO CHCTEMS YPABHEHHIH

sin3x=-],
8.77)
ctgzx =3,
.2
1-sin® x . 2 1
H3 BTOPOro ypaBHEHHA CHCTEMB! NONTy4aeM ———— =3 WK sin” x = T
sin® x

Torna nepaoe ypasHenue cuctemul (8.77) npeapasyem crieayrommum obpasom:
~4sin’ x+3sinx =1, sinx-(4sin’ x-3)=1,
sinx-(4-l—3) =1 umm sinx = 1
4 2’

Orciona cnexyer, 4To cucTemMa ypasHeHui (8.77) paBHOCHNbHA ypanHe-

HHIO sinx = —% . 3Ha4WT, KOpHAMH ypaBHeHuA (8.76) aBnmoTcs

z
x ==(-—l)'"l “+zn,
6
rae n — Uenoe HKCIo.
z
¢ Omeem: x, =(-1)"" AR, TAC N — UENOE YHCTO.

ITpusenanne, CucreMy ypesueiuil (8.77) MOXHO NMOCTPOHTL, RCMIOAB3YS HHLIC
PacCyXACHHA,

1. U3 ypasueuns (8.76) creayer, 910 ctg’x =0 (B NpOTHBHOM Cyvac ypabue-

tne (8.76) npeBpawaeTCR B MPOTHBOPERHBOE HepaneHCTso). Torna pasaenum obe
4aCTH ypashenns (8.76) Ha ctg’x n noyuuM ypasHesne

2 ¢ L =5-sin3r, ' 8.78
ctg agix (8.78)
Wcnoneays nepasercTso Komm (3.2), nomydaem

92 22 ctgzx-—g—z--G.
ctg’x J ctgx

otgix+
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Tak kak —1Ssin3x<1, 70 4<5—-sin3x < 6. CienosarensHo, PABEHCTBO
B ypasHeHuH (8.78) JOCTHraeTCA TONMBKO B TOM Ciy4ae, koraa of¢ ero HacTH oa-
HOBpEMEHHO paBHbl 6. ITO 03HAYAET, YTO

otg’x= 92 win ctgix=3,
ctg'x

a Tagxe sindx=-1.
2, Nepenwaiem ypasnenne (8.76) B pae PaBHOCHALHOTO YPRBHCHUS

(ctg2x-3)" +etg?x-(1+sin3x)=0. 8.79)

Tax kak

{ccg’x-3)2 20 u ctg’x-(1+sin3x)20,

TO PABCHCTBO B YpaBHEHWH (8.79) BOBMOMKHO TOMBKO HPH YC/I0BHH, YTO ag’x=3n
sin3x=-1.

Peumts ypasHenue

log, (y+l)+arcsin(2|"| +y)=% . (8.80)
Pewenue. O603naumm f(x,y)= arcsin (ZH + y) , TOTAA U3 ONPEAENCHUS

o6parHoit TpuronoMeTpiueckod dyrkumn f(x,p) Hmeem —%Sf(x,y)sg
w-1g2Miy<t,

Tax xax f(x, y)s-;-. T0 u3 ypasHeHHa (8.80) cienyer nepaseHCTBO
logy (y+1)20, 1.e. y20. Iockonsky 2H+ysl u y20, 0 M nm
|x|<0.Onnaxo |x{ 20 unosromy x =0.

Ecnn 2|’|+ y<Slu x=0,710 ySO. Tak xax paHee 6bin0 yCTaHOBICHO,
yro y20,10 3 =0.

¢ Omeem: x,=0, y, =0.
PewmTs CHCTEMY ypaBHeHHui
' \/;+Jy+l=l,
Jx+l+J;=l.

(8.81)
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Pewenue. OGnacTbio AOMYCTHMEBIX 3HAYCHAH TIEPEMEHHBIX X H Y B CHC-
TeMe ypaeHennit (8.81) mensrores x20 u y20.

Tak kak y20,T0 y+121 wm JyTIZl. C yueroM Toro, 4To Jizo,
NoAy4aeM HEpaBEHCTBO J; + Jy_+_l 2 1. Ecim nomydeHHoe HEpaBEHCTBO CPaB~
HHTh C NEPBEIM YpaBHEHHeM cucTembl ypasHeruil (8.81), To Jx=0 &
J}m=l . Orciona cnexyer x; =0 u y, = 0. Henocpeacrsenuoli NoACTaHOB~
kol BO Bropoe ypaBHeHue crcTeMH (8.81) yOexnaemcs B ToM, yto X, =0,

=0 sABIAETCA KOPHAMH 3ATAHHOH CHCTEMb YPaBHEHUIA.

¢ Omsem: x,=0, y, =0.

PemnTs CHCTEMY YpaBHEHHHA

J;+y2 +\Ix—y2—l =1,
Jx’ ~3y? =7y* +5x =6,

Pewenue. Tax xax x—y2—120,m x2y2+121 Wi J;Zl.noclconb-ﬁ
xyJ;zl,yZZOHJx—yZ-lzo,rouueermcmuepaneucmo ‘

eyt e e-y-121. (883)

CpaBruBas nepaseﬂcm . 83) ¢ TIePBHIM YPaBHEHHEM CHCTCMH (8. 82),
nomyuaem vx =1, y =0 n\/x y -1 =0. Orcioma cnenyetr x; =1 u y, = =0.;

IoacrapaM RalifeHHBIC 3HAYCHUS X, U yl BO BTOPOE YPABHECHHC cuc’m—
mil (8.82) u ybenumes B ToM, aTo X, =1, ¥ =0 FRITNOTCA KOPHAMH 3roit
CHCTEME! ypaBHEHHH. 5

® Omeem: x, =1, y,=0.

(8.82).

Penrvms HEpaBEHCTBO _
y=i-y-# ZE‘TJ:[' (8.34)

Pewsenue, Tak xax l-y—xzzo, TO ySl—x2$l und y<Slt. chl.i

Y4€cTb, 9T0 \}l—y—x2 20,'1~o‘y—\ll—y-x2 sl. !
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1
>1.
|cos x|
Cnenosarenbio, HepaBeHCTBO (8.84) wmeer MeCTO JIMHIB B TOM CAy4ae,
KorAa ofe ero uacTH paBHe Mexay cobo#i u pasHEI |, T. €.

Onnaxo |cosx| < 1, noaromy

y=1
JI-y-2 =0, (8.85)
|cosxf =1.

Kopuamn cicremn ypaprennit (8.85) asnstores x, =0 w y, =1,

® Omsem: x, =0, y =1.

Pewture HepaBeHCTBO

sin’ x+cosx > % . (8.86)

3 2

Pewuenue. Tak xak sinx <1, 70 sin” x<sin” x wnu

sin® x+cosx < sin® x+cosx. (8.87)
PaccMOTpPHM BCTOMOraTENbHOE HEPABEHCTBO
sin? x+ cosx > %. (8.88)
M3 nepasencrsa (8.88) monyuaem

2
2 5 2 i 1
1-cos x)+cosx>— , Cos“x—cosx+—<0 wm | cosx-—| <0.
4 4 2
Ionyuuns npoTHBOPEIHBOC HEPABEHCTBO. ClENOBATENBHO, HEPABEHCT-

. 5
Bo (8.88) He BumMoAMAETCK, T. €. s MOOHX X HMEET MECTO sin? x+cosx < z .

Orciona ¢ ywetoM Hepapesictsa (8.87) MOXHO 3anKCaTh, 4TO sin® x+

+cosx < % . A 510 03HAuaeT, 4TO HepaBeHCTBO (8.86) He HMeeT peuleHus.

® Omasem: pewennii uer.

Pewnts Hepasencrso
(Jt2 —4X+3)-logz (eosu’x+eosx+ 2sin’ %)s—l . (8.89)
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Pewsenue. Hepasenctso (8.89) paBHOCHILHO HEPaBEHCTBY

(—x2 +4x—3)~logz [cosrt.\'+cos.:c+2sin2 %)21 . (8.90)

Hockonsky -12+4x—3=l—(x-2)251, 10 —x° +4x-3<1. Jdanee,
HMEET MECTO

L2 X .2 X L2 X
cos;rx+cosx+2smz-£=cos;rx+(l-25m25}+2sm2E=cos::x+!s2,

T. €. log, (cos:tx+cosx+25in2 -)25] <l.

OT1cI00a ¥ W3 HEPABEHCTRa -x* +4x-3<]1 BBITEKACT HEPABEHCTRO
(-—x2 + 4x—3)-log2 [coszx+cosx+ 2sin’ %) <1,

MNonyuenoe HEPABEHCTBO CBUAETENLCTBYET O TOM, WTO HepaBeHCTBO (8.90)
APEeBpaNlacTCA B PABEHCTBO. A 3TO BO3MOKHO TONBKO B TOM CNY4ae, KOTAa

OAHOBPEMEHHO BHIMONHAIOTCH CJICAYIOUIHE ABA YCIOBHN. — x+4x-3=1n
log, (cosmw cos x + 2sin’ %] =1, Orciona nony4acM eAVHCTBEHHOE pellie-
HHe HepaacHeTna (8.89) Buaa x; = 2.

¢ Omeem: x, =2.

@ PemHTs HEPABEHCTBO

logs (4-sin3x)< cos%v-. (8.91)

Pewenue. Tax xak 4-sin3x23, 1o log,(4-sin3x)21. Orciona u u3
OUCBHIHOTO HEPABEHCTBA cos%s 1, cnemyer RepaBescTBO

log; (4-sin3x)2 cosl%i . (8.92)
H3 nepasercts (8.91) u (8.92) nomyyaem ypasHenue

log; (4-sin3x) = cosuTx R (8.93)
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KOTOpOE HMEET MECTO TOJBKO B TOM ciyuae, koraa ofe ero yacru pasut |,
T. €.

log; (4 -sin3x)=1, sin3x=1,

12x _ nAK 12x

1, cos—=1.
Kopnamn kaxaoro w3 ypasHeHHit oceaneil CHCTEMB ABNKIOTCS

= %(404— 1),
(8.94)

rae n, k — uensie Yucna.

Jins nomyvenvs xopHeit ypasseHna (8.93) veoGX0mMMMO NOCTPOHTH nicpe-
CCYEHHE CHCTEMEI KopHeii (8.94).

Hycts %(4n+1)=% Wi 4n+1 =5k . [TocKONEKY NEBas 4aCTh PaBeH-

CTB3 HEYETHAfA, TO Kk — HEUYETHOE, T.€. k=2u+1, rRC u — UENOEe HUCIO.
Toraa 4n+1=5(2u+1) mwm 2n-2=>54. Tak KaK Jepas YacTb NOCHEAHETO

PABEHCTBA ABJACTCS YETHOM, TO ¥ — YETHOE WM u =2m , riae m — nenoe
ypcno. B Takom ciydae nonywaem 2n-2=10m wm n=5m+1. Ecm non-
CTaBHTHL 7= Sm+ | B BRIDAXKEHHE X% 7 K3 CHCTEMBI (8.94), TO

x= %(4n+ )= %(4(5»1 +1)+1)= 5?”(4»” 1).
Cnenosarenbio, KopraMa ypasnenus (8.93), a Taxxke pewcHHEM Hepa-

Benctaa (8.91), seamores x, = -5-3(4m+!) , TIe M — UENOoe YHCIO.
5z
¢ Omaem: x, =?(4m+ 1), rae m — nesnoe uncno.

@ Penrars cucTeMy ypaBHEHHH

.x:zy2 —2x+y2 =0,
(8.95)
2x? -4x+y3 +3=0.
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Pewsenue. N3 nepsoro ypasHenus cucreMn! (8.95) nomyuaem ypasiHeHue

2 2x

x2+l'
Tax kax (x—l)220 wm x°+122x, 10

2 2x
Yy ==
x"+1
ITpencraBuM BTOPOE YpaBHEHHE cucTeMsl (8.95) B Biae

2(x-1) +(y*+1)=0. (8.96)

<lam -1<y<l1.

Mockonexy -1<y <1, To y3 +12 0. Tak xak npu 3TOM (x--l)2 20, 10
U3 ypasrenud (8.96) nonyuaem

xX- l = 0 s xl =1 ,
MM
Y +1=0 n=-1.
Henocpeacrsennoif noncTanoBkoli B nepeoe ypasHEHHE cHCTeMB! (8.95)
yOexmaeMca, YTo 3Ta napa 3HaueHuii x; H y, ABIACTCH KOPHEM JTOH CHCTEMbI.

¢ Omeem: x, =1, y, =-1.

@ Pewuys cucTeMy ypaBHCHUH
y-|x-2y+1f=3,
8.97)
A +ly-2+(y-4)" =s.

Pewenue, 13 nepsoro ypaBHenus cucreMut (8.97) monydaem y=
=|x—2y+l!+3 . Nockonbky |x—2y+ lI 20,710 y23. B 210l cCBA3N Iyl =y
ly-2|=y-2 u eropoe ypasnenne cucremst (8.97) npummaer sup y+y -2+
+(y-4) =5, y* -6y +9=0 um (y-3)* =0.

Orciona nomydaem y; =3. Ecim nofcraButs 3Ra4cHHE y, =3 B nepBoe
ypaBrenHe cicteMsl (8.97), To 3—|x—6+1|=3 mmm x, =5.

¢ Omeem: x, =5, y, =3.
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@ Pemuts cHCTEMY ypaBHEHMI
(J:+3)3 =3-2y,

2 +4y2 =8y, (8.98)
(2z-x)}(x+3)=5x+16,

npu yCnoBHy, 4o 22 0.

Pewuenue. U3 BrOporo ypasHenus cucreMs! (8.98) monywaem 2+
+4(y-1)’ =4 wm z° =4-4(y-1). Orcioma cnenyer, uro z° <4 wm

—2<2z<2. Takkak no ycnosuto 220,10 0<2<2,
Ilepenumiem TpeTse ypasHeHne cucteMs! (8.98) B BHAE KBAZPATHOTO YPaB-

HEHWA OTHOCUTENBHO [IEPEMERHOR X , T. €. X° + 2x(4-2z)+16-62=0.

Ana cymecTBoBaHHA ACHCTBHTEABABIX KOPHEH MPHBEZEHHOrO BHIILE
KBAAPAaTHOTO ypaBHEHHH HeoOXonuMo morTpeboBath, 9TOOH €ro AMCKpHMH-

HAHT NPUHUMAN HEOTPHUATENBHbIC IHAYERNA, T. €. (4- 2)2 -16+6z20 nmm
z(z-2)20. Orciona ¢ yaeroM Toro, 970 0< 7 <2, momydaem z, =0 u z, =2.

Ecimu Haiiaen#bie 3HaYCHHA MCPEMEHROH 2z TOJCTABUTL B YPAaBHEHMA CHC-
Tembl (8.98), TO NOMYYUM IBE CACTEMBE YPaBHEHUH

(x+3F =3-2y,  [(x+3)’=3-2y,
4y’ =8y, n {4+4y’ =8y,
—x(x+3)=5x+16  |(4-x)(x+3)=5x+16.

Koprsmu nepBoit cACTeMbE YpaBHERMI ABNLOTCA X, =—4, ), =2, 2 H3
BTOPOH CHCTEMEI YPaBHCHHI TIONYUaeM X, =—2, yp =1.

¢ Omsem: n=-4,3=2,z=0;x==-2,y=1,2z=2.

PemuTs cucteMy ypasHeHUH

cos x —arccos y =1,
(8.99)
cos(zy)—arcsinx = -1.

Pewsenue. s TIEPBOTO YPaBHCHUA cHCTeMBI (8.99) nomyuaem
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cosx =l+arccos y. (8.100)

Tockonsky cosx <1 u arccosy >0, To 3 ypasuenus (8.100) cnenyer,

Y10
cosx=1,
{arccos y=0.
Otciofa nonyyaeM KOPHH MEpBOTO ypaBHeHma cucTeMsl (8.99) muaa
x=2rk n y,=1,rae ¥ — uenoe uucno.

INoncrasum 3naueHHe y; =1 Bo BTOpoe ypaBHEHHE cucTeMs! (8.99), Toraa
cosx —arcsinx=-1 um arcsinx=0,T.e. x; =0.

@ Omsem: x, =0, y, =1.

@ Peunts cuctemy

5"‘2 _5x+4|—|og,z 3
(8.101)
3|y[—|y+1|+(y—2)2 <3. ‘

Peawsernue. U3 ypastcnns cvcremnl (8,101) momyyaem

Slx’ -s:+4|

25
glogs2 =27 wm 5|" 1 =27

2
2 ix—Sle y=2
Tak kak |[x° —~5x+4[20,10 § 21. Orciona caenyer, yro 27~ 21
win y22. [lockonbky ycrasomneHo, aro y22, 10 |y|=y, |y+]|=y+1 w

HepaBeHCTBO H3 cHereMsl (8.101) nﬁnmmaer BHJ Z«)y—y--1+(y~-2)2 <3 wmm
y(y-2)<0,1.6. 0<y<2,
C yueToM TOrO, 4TO ¥ 2 2, OTCIOHA HONyuaeM y; =2,

2 S5x+
IMoacraBuM 3HAYEHHE Y1 B YPABHEHHC CHCTEMBI (8.101), Toraa SIX - ‘{ =1

wm x” ~5x+4 =0 . Peman KBapaTHOE YPABHEHWE, NIONTYHASM »=tnx=4.
Cnenosarensno, kopramu cuctemsi (8.101) seusiores x =1, yy =2 «
X3 = 4 s M= 2 .

¢ Omeem: =1, =2 x=4,y,=2.
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MemoOb! peweHus
CUMMempuUYecKUX cucmeM ypasHeHuu

B PAAC CITy4Yacs NPHXOINTCA PEIUATD CUCTEMbI ypaBHCHHﬁ C CHMMETpHUC-
CKHM BXOXACHUCM NMECPCMCHHLIX, CIIAracMbiX HIIH coMHOXxuTeneit. CncreMst ¢
TaKHM CBOHCTBOM 6yneu HA3BIBATD CUMMEMPUSECKUMU. K TakuMm cucremam
ypannenuii OTHOCATCSH, B YaCTHOCTH, CHCTEMbI BBAA

f(x)+g(x)=a,
f(x)+h(x)=b, 9.1)

g(x)-i-h(x):c

f(x)-g(x)=q,
£(x)-h(x)=b, ©2)
g(x)-k(x)=c.

MeTox petcRus CHCTEMBT (9. 1) 3aKNIOHAETCH B CROXKEHNH JIEBRIX U NPaBbIX
yacTeil ypaBHEHMHA C Uensio GpopMupoBanns ypasreHus f(x)+g(x)+h(x)=

1
=E(a+b+c) . 3aTeM W3 AAHHONO YPABHERHMA TIOOYEPEAHO BEMNHUTAIOTCK TPETHE,

BTOPOE H NIEPBOE YPaBHEHHA CHCTEMBI (9.1), B pesybTaTe Hero Moay4acrcs
cHCTeMa

7(x)=1(a+b-c),

A

g(x)=3{a-b+o),

‘k(x) =-;—(—a+b+c).



236 Paagen 9

IMpu penseHun cucTemnl ypasrHeuui (9.2) HEOOXOOUMO NEPEMHOKUTS Jie-
BRIE H NPABHIC HACTH ypaBHEHWH, Torga nomywaeM £~ (x)- g2 (x)-h*(x)=abe
wiu f(x) -g(x)-h(x)= +Jabe . -

3aecs Heo6xoauMo MOTPeGOBaTh, 406! BHNOMHANOCH yCoBne abc2 0.

Ecnu 3aTeM nomyueHHOE yPaBHEHHE PA3ACHHTS NOOYEPEAHO HA TPETHE, BIOPOE
W NEPBOC YpPaBHEHHA CHCTEMH! (9.2), TO mosyyaeM ABE CHCTEMB! YPaBHEHHH

ornocutensio f(x), g(x), #(x) suma

£(4)- = f(x)=.—\["77,

o8
——
Koo
u

|

=
s
o~
Ko
I

!

|

Tlomydennsie cucTemss ypastennit otocurensio f(x), g(x), A(x) zo-

nyckaloT olee MPOCTOE PEMICHHEe MO CPABHEHHIO C PEUICHAEM CHCTEM ypaB-
HeHwii (9.1), (9.2). Crexyer OTMETHTS, UTO JAHHLIH METOR 0000MIAacTCA Ha CIy-
4aii NPOM3BOBHOTO YHCA3 YPaBHEHMI, COAEIKAUIHXCA B CHMMETDHICCKUX CHC-
TEMaX,

KpoMe HanoxeHHOTo Bhllle METOA, CYILECTBYET elile XOBONLHO-TaKH MHO-
O APYTHX METOLOB PEUICHHA, KOTOPHIC YYHTBIBAKT CTCINHKY 3aTaHHON CHM-
METPHYECKOH CHCTEMB] YPaBHEHHIA.

3agaum u pewienna

@ PemnTs cHcTEMY ypaBHEHU#H

W +x+z=3,
‘/’E +fyt+z=4, 8.3)
s/x—-l-; +y+z=5.

Pewienue. IHocae croxenua ypaBHeHdi cucremsl (9.3) momyunm

,’x+ y+ Vx+z+ \/ y+2z =6. EciM 13 nonydeHHOro ypaBHEHHA BHYECTh O~
O9EPEAHO YPaBHEHHS CHCTEMHI (9.3), TO MONYyYHM CHCTEMY YPaBHECHHH
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Jx+ y=1
Vx+z=2, 9.4)

y+z=3.

U3 cucremer ypaBHEHHIt (9.4) cneayer x+y=1, x+z=4 u y+z=9.
Orcrona nonyuaeM x+y+z=7 0 x =-2, y, =3, 2, =6.

® Omeem: x,=-2, y,=3, z,=6.

Pemnte cHcTeMy ypasHeHu#
xy+xz=35,

xy+yz=8§, (9.5)
xz+yz=9,

Pewenue. TlyTeM CIOXEHHS NEBLIX H NPABBIX YacTell ypaBHEHMI cucre-
Mol (9.5) nosydaeM xy+xz+yz=11. Ecnn w3 nocnegHero ypaBHEHHS Bbl-
YCCTL NMOOYEPEARO ypaBHEHHA cHcTeMbl (9.5), To xy=2, xz2=3, 3z=6.
Ecniv nepeMHOXHTD Mexay coGoil TpH MPHBEAECHHBIE BbIlIE YPaBHEHHS, TO
x2y 2% =36 um xyz=16. '

PaccMoTpHM ZiBa BO3MOXHHIX ¢hydad. Ecom xyz=6 u xy=2, xz=3,
yz=6,10 %=1, yy=2 # z=3.Ecmm xyz=-6,10 X, =-1, y,=-2 n
z2,=-3.

¢ Omeem: X =1, » =2, g =3, X, =-, Y2 =-2, z, =-3.

@ PewwTs CHCTEMY ypaBHEHHH

3x=1+-z—,
z )y
44y=£+£’ (5.6)
zZ X
52=-J-‘-+-‘?-,
.y

rae x#O,y#O,z#O.
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Pewuenue. Cucrema ypanHenwit (9.6) paBHOCHABHA CHCTEME ypPaBHEHHI

.
y z

4 —=3,

Xz xy

1 X =y 9.7)
yz xy

2 Xos

\yz xz

Ecmi cioxkHTE MexXay coGoi ypaBHeHUS cHcTeMBbI (9.7), a 3areM obe ero
YaCTH PA3ACNHUTH Ha 2, TO NOIYYHM
I LI S (9.8)
Yz xz Xy

Janee, BINTEM W3 ypaBHeHus (9.8) HocneZoBaTENbHO NEPBOE, BTOPOE H
TpeThe ypaBHeHHs cHeTeMel (9.7), Toraa

(L=, (9.9)

Ecnu nepemHoxuHTh MexAy coGolt ypasHeHHR cucTemb! (3.9), T0 xyz =

Orcioaa v w3 ypaeuesnit cucremsl {9.9) nomydaem X =% , y2 =

T.€. x=t-§, y=i£ 7] z=i£.

3 6
Hetpyaxo yOenuTheA, UTO KOPHAMH CHCTEMbl YpaBHeHRi (9.6) smnsiorcs

2 BB e, V2 B N

X E Ty NSy S e Yy T, ) E =Ty

lﬂlZ2

il

N|— N]|=

03 | -

2 3 6 2 3 6 2
=£ 2 =—£nx =i5., =—£ V4 =_£6‘.
» 3’ 3 6 4 2 » Ya 3’ 4 5

¢ Omeem: cm. Brnne,
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PemnTe CHCTEMY ypaBHEHHH

( \
x(1+i =45,
z Y
x z)
4 y{_+_ -0, (9.10)
zZ X
3
z[i+z -13,
L \Y X/

rae x#0,y#0,z+0,

Pewenue. Packpuibas ckoOkH B ICBBIX 3acTAX ypaBHEeHHH cuctemsi (9.10),
niony4aeM CHCTeMY ypasHeHuil Buza (9.1), T. .

B 2 s,
z y
(22 g, (9.11)
z x
2L 2Z s
Ly *
Ecau cnoxkuth NieBhie ¥ npaeuie 4acTH ypasHenwit (9.11), To nmomyyum
Dy 2 L.
z )y

Ecnin 3aTeM W3 NMOJMEHHOTO YpaBHEHHS BBIYECTH TPETHe, BTOpPOE ¥ mep-
BOC ypaBHeHHd cicTeMnl (9.11), To

2 =36,
b4

=9, (9.12)

=4.

“Is -l

Cucrema ypasuermii (9.12) uMeer BHX CHMMETpHUECKOH chcTteMH (9.2).
TlosToMy 31ech HEOOXOZMMO REPEMAOKHTD NEBHIE H NMPABHC YaCTH ypaBHE-
Hu#i (9.12). Torra xyz =1296. 3atem pasfenuM BhipakeHne xyz =1296 Ha
TPEThE, BTOPOE M NMEPBOE YPaBRCHHA CHCTEMB! (9.12) W momyunm %% =324,

Y =144 w 22 =36,1.6. x=218, =112 n z=16,
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IIporepKoit yCcTaHARIWBAEM, YTO KOPHAMM CUCTEMBI ypaBHeHui (9.10) sens-
wrea x; =18, y, =12, 2, =6; x, =18, y, =-12,2, =—6; x; ==18, y;, =12,
Z3=-6 nx,=-18, y,=-12, z, =6.

¢ Onmeem: cm, BrwE,

@ Persuts CHCTEMY YpaBHeHuUH

X __is,
x+y
{2 2y, (9.13)
X+2
¥Z__ 20,
y+Z

rae x#20,y=0,z20.

Pesenue, NpocTsiM npeoGpasoBaneM ypaBHenuii cucremsi (9.13) nony-
yaeM

x+y l’ _+_l_=_]_’

15 x y 15
x+z 1 1 1
{—=— W {—F—=—,
xz 12 x z 12
ytz_ 1 1,11
w 20 y z 20

Orciona cnenyer, 4ro

111 1 1 1 1 1 1 1 1
] —+—+—|=—t—t—== WH —F—+—=—,
15 12 20 5 x y z 10

1 1+ 1 1 11 11 1 1
x 10 20 20° y 10 12 60’ z 10 15 30
%=20, =60 uz =30.

¢ Omsem: x, =20, y, =60, z, =30.
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PewnTts CHCTEMY YpasHEHUI
xy+x+y=1,
xz+x+z=2, 9.14)
yz+y+z=35.
Pewuenue. Ecnv ¥ 06enM 4wacTAM KakAOTO ypaeHeHus cHctems! (9.14)
npubasuTh 1, TO NOTyuaCcM
y+x+y+l=2, (x+1)(y+1)=2,
+x+z+1=3, wm {(x+1)(z+1}=3,
Z+y+z+l=6 (y+1){(z+1)=6.
Ha nocnennedt cMcTeMRl ypaBHeHmit caeryer
(x+1) (p+1) (z+1)} =36 wm (x+1)(p+1)(z +1)= 6.

PaccMOTPHM BA clyyas.

1. Tiyere (x+1)(y+1)(z+1)=6, Toraa x+1=——6—=l, y+i=

(y+ 1)(z+1)

6 =3 umu x; =0, y =1, z=2.

=6 . =8
TG 2 o)

2. Ecm (x+1)(y+1)(z+1) = -6, T0 N0 aHANIOrHH ¢ IPEBUIYHIAM CITyvacM,
nomy4aeM X, =—2, y,=-3 u 2z, =—-4.

® Omaem: x, =0, yy =1, 21=2; x,=-2, y,=-3, z, =4,

Pemuts cHCTEMY ypaBRECHUMH
{x +y+z=18,

9.15)
x? +y2 +22 =108

Pewenue. YMrOXuM Ha 12 06e 9acTH NEPBOro YpaBHEHUA cHeTeMul (9.15)
H BRIYTEM €T'0 U3 BTOPOTO YPaBHEHHS, TOTAA

X2 —12x+ y* —12y+2% -122=-108.
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Orciona nomyyaeM ypasHeHue (Jc—6)2 +( y-6)2 +(z—6)2 =0, XOpHAMHU
KOTOPOrO SBIMIOTC X, = ¥ = 2| = 6 . HalineHHeie 35a4€eHNus IEPEMEHHBIX X, p, Z

NOACTaBHM B 002 ypaBhenns cucTemsi (9.15) H yGeaumca B TOM, 4TO 3TH 3Ha-
YCHHA ABJIOTCA €€ KOPHAMH.

@ Omeem: x, =6,y =6,2,=6.

Peunats cHCTEMY ypaBHCHHH
{xz +y2 +22 =12,

xy+xz+yz=12.

(9.16)

Pewenne. U3 nepsoro ypasHeHH cHCTeMBbI (9.16) BoiuTeM Bropoe ypas-
Hewue, Torne x° +y’ +2z° —xy—~x2-yz=0, Ecnn obe uactH nosydeHHOro
YPABHEHHA YMHOXHTS Ha 2, TO NOC/NE HECHOXKHBIX Mpeobpasosanuil momy4dumM
(x--y)2 +(x—z)2 +(y—z)2. =0, OTKyAa Clexyer, YyTo x=y=z. B TakoM
cyuae M3 MepBOro ypaBHeHWs cHcremu (9.16) monyvaem 3x* =12 umm
x=12,

Mockonsky x=y=2,T0 X=y=2,=2 H X =y, =2, =-2. [lna 3a-
BEPUICAHA PEIECHHS CHCTEMM ypaBHeHMit (9.16) weobxoaumo obasarensHO
BBINONHHTL NMPOBEPKY.

@ Omeem: x,=2,y,=2,2,=2; xy==2, y, =-2,2, =-2.

Pemuts cHcTemy ypaBHEHHIA
x4+ xy+yt =37,
xtvxz+2° =28, ©.17)
YV +yz+zt =19.
Pewenue. Herpyzmo 3aMeTHTb, 910 X# ¥, X# 2z U y * z . Hanpumep, ec-

An 681 x = y, TO BTOpOe ypasHCHUO cHetemsl (9.17) npomsBopeunno Gsi TpeTs-

€My YPaBHEHHIO.
B Taxom cirysae cucrema (9.17) paBHOCHIBHS CHCTEME



Memodid DOUGHUR CLMMBMPUYECKUX CLUCMEM YDBBHEHU 243

L=y =37(x~y),
2 -x’ =28(z-x), (9.18)

y -2 =19(y-z).

Ecnu cnoxurs, COOTBETCTBEHHO, JICBBIC W NPABEIC 9acTH ypaBHeHUl cuc-
Temst (9.18), To nomyurM 37x-37y+282-28x+19y~-19z =0, orkyma cne-
ayer x+z=2y.

YpaBHEHHE X+ 2z =2y MOKHO TPaKTOBAaTh, KAK BHITIONHCHUE YCTIOBUA TO-
ro, YTO 3HAYCHUA MEPEMEHHBIX X, ¥y H z 00pa3yloT apHPMETHIECKYIO Npo-
TPECCHI0, pa3HOCTH KOTOPO# pasHa d , rie d = 0. B rakom caywae x=y—d
nz=y+d. ‘

Janee, noacrasuM BHpaXeHun x=y~d U z=y+d , COOTBETCTBCHHO, B
TIEPBOE U TPETHE YpaBHEHHA cHcTeMbl (9.17) n nomyunm

(y-d) +y(y-d)+y* =31, {3y’—3yd+42=37,
HWIH

Y +y(y+d)+(y+d) =19 3 +3pd +d? =19.

Ecnu #3 nepsoro ypaBHeHHs NOCHeaNeH CHCTEMBI BETECTb BTOPOE ypas-
HeHue, TO

yd=_39

yd=-3u
3y2+d2 =28,

OTKYZ8 Chexyer 3y2+12=28, 3y*-28y? +9=0 mm »* =9, y2=%.0r-
y

Ci0Aa C YYeTOM TOro, 4ro d=-l, suTekaer y =3, d =-1; y,=-3,
y

dy=1; y,=%, d3=—3\/§ ] y.=—71;, d4=3\/§.

Janee, ucnonbays ¢opMyns x=y-d w z=y+d, NOAYYaeM KODHH
cucTeM! ypasHenwii (9.17).

¢ Omeem: x,=4, y =3, =2, x,=—4, y=-3, 5y =-2;
| 8 10 1 8

s M3 =$. Z3 ""75; "'4="‘5a }’4=“$’ z4=7;.

‘xj=

&ls
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Pewnrs cHcteMy ypasHeHui
'(x+ y)(x2 +y ) =185,

~ (x+z)(x2 +z2)=4o, (9.19)

L(y+z)(y2+zz)=65.

Pewenue. [lepsoHavanbHO OTMETHM, YTO X # Y, X# Z H y # z . Ecay, Ha-
MpHUMEP, BEMIOTHAIOCH 6bi PABEHCTBO X = ), TO JIEBBIE YACTH BTOPOrO H TPEThe-

10 ypasHeHnH cacremsl (9.19) 6uinn 66i paBHEL, a npasbie 4acTH — Het. Ilo-
3TOMY, YMHOXHB 00€ YacTH NepBoro ypaBHeHHA Ha X -y, 06¢ 4acTH BTOPOTrO

YPaBHCHUS HA Z-x 00¢ 4acTH TPETEETO YPABHEHHA HA Y —Z , TIOMyYUM pas-
HOCWIBLHYIO CHCTEMY YPaBHEHM

x —y‘ =15x-15y,

2 —x* =40z -40x,

y4 -z* =65y -65z.
Ecnu 3aTeM CIOXKTb Jegble H NPABhie YacCTH YPABHEHHI NMpPHBEXCHHOM
BBIIG CHCTEMH, TO NonAyywM 15x—15y+40z-40x+65y—-65z=0 nan

2y=x+z.

Ilo aHanorum ¢ pewenueM cucrembl ypasHenni (9.17) 3xech 3nadeHun
NEPEMEHHBIX X, ¥, Z TaKwe 00pa3yior apHOMETHYECKyl0 MporpeccHio, pas-

HOCTb koTopo# ofostaunM vepes d . Torma x=y-d B z=y+d.
MoxacraBuM BLIpaXXEHHT X H Z B NEPBOC M TPETHE YPABHCHHA CHCTEMBI
(9.19), Torza nocne HecaokubIX npeobpasosanuii nomyyaem

4y’ -—6y2d+4yd2 -d® =15,
(9.20)
4y’ +6y°d +4yd® +d* =65.

Ecimi crRa4azna cioXkHTh (8 3aTeM BHYECTD) ypasHerns cucteMH (9.20), To
TIONTYYHM CHCTEMY YPaBHCHHIT

¥ +yd? =10,
6y°d +d° = 25.

W3 Broporo ypasHenns cuctemsi (9.21) cnenyer, uro d » 0. Kpome Toro,
U3 ypaBHeHHH CHCTeMBI (9.21) HMeeM

9.21)
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Py 2

6y’ d+d® S
TMockonbxy & # 0, TO pasaeauM YHCTHTEND W 3HAMEHATETb APOOH Ha du

u3+u

2 -
6u” +1
Kybuweckoe ypasienne UMCET €IWACTBEHHBIA KopeHb #; =2. Tak kak

nocnesrorononoxuu%:u.Toma —i—nﬁuSu’—lZu2+5u—2=0.
u=§ wu=2,10 y=2d.

TNoacrasum BuIpakerHe y = 2d B mepBoe ypaBHEHHe cHcTeMRl (9.21), To-
raa (2d)’+2d-d* =10 wm d,=1. Cuexosarensno, umeem y, =2d, =2,
X =y|-d| =l K 4 =y|+d| =3,

® Omeem: x, =1, y =2, z,=3.
@ PewnTs cucreMy ypaBHeHu#
x =(y—z)2 +2,
¥ =(z-x) +3, ©.22)

2 =(x-y)2 +6.

Pewseriue. [lepenninem cucteMy ypasaenuit (9.22) B paBHOCHTLHOM BHIE

xz—(y-z)2 =2,
y —(z-x) =3,
2 -—(x—y)2 =6

(x—y+z)(x+y—z)= 2,
(x+y~z)(—x+y+z)=3, (9.23)

(-x+y+z){(x-y+z)=6.
Ecnu nepeMHOXMTS JIeBHE W MPaBeie YacTH ypasReHMit cuctems (9.23),
10 nonyunM (—x+ y+z)(x—y+z)(x+y-z)=16. PaccMoTpum B8 CiTyyas.
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Nyers (-x+y+z)(x-y+z)(x+y-z)=6. Ecnn pasnenurs namHoe

YPABHEHHC 110C/CA0BATENLHO HA YPABHEHHN CUCTeMBI.(9.23), TO monyynm cuc-
TeMy ypaBHenuit

—-x+y+z=3,
X-y+z=2, (9.24)
x+y-z=1

Mocne cnoxennsa ypaBHeHHuli cucTemu (9.24) HmeeM ypaBHEHHE
X+ y+2z=6. Ecnu n3 JaHHOTO YpaBHEHHA BHIMECTh NEPBOE YPABHCHHE CHC-

TeMsi (9.24), T0 2x =3 W x =%. AHIOTHYHO NONYYaeM y, =2 ¥ z; = —';’-

TMycts reneps (—x+ y +z)(x=y+z)(x+y~-2z)=~6, Tora no aHaj10rKn
C TpEALLIYUIMM CITyuaeM, TIoNy4aeM '

3 5
+y+z=O0U Xy ===, Y, =—2, 2, =~=.
Xty+e 2 2 Y2 2y 2
3 S 3 5
¢ Omeem: =3 N =2, g =5 R="5 y2=-2, Bn=-3-
Eﬂ Pewnts cHcTemy ypaBHeHuiH
x+yz=6,
y+zx=6, (9.25)
z+xpy =6,

Pewuenue. Ecin BorvecTs Nieppoe ypasHeRHe cHCTeMH (9.25) w3 ocrans-
HBIX ABYX YPaBHCHHH CHCTEMBI, TO

x+yz=6,
(x-y)}z-1)=0,

(x-z)(y-1)=0.

Orcrona cnexyer, 9To WA OTHICKAHWS KOPHEH ypasHeHRit cuctems! (9.25)
Heo0XOANMO PACCMOTPETD YEThIpe CHCTEMbI YPaBHCHUH

X+yz=6, {x+yz=6, [x+yz=6, [x+yz=6,
x=-y=0, {x-y=0, {z-1=0, z-1=0,
x-z=0, |y-1=0, |x-2z=0, [y-1=0.
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Peman npuBeneHHbIE Bhiwe CHCTEMB YPABHEHHH, MONYyuaeM CEAYIOUINE
KODHH:
==y ==35==3 =22, 0,=2,5,=2; ;=Ly=2z=5

x4=l,y4 =5,24=l H X =5,y5 =l,25 =1.
¢ Omeem: cm. BHILLE.

@ PewmTs cHCTEMY ypaBHEHHH
(= +1)(y* +1) =36,

xy+x+y=T1.

(9.26)

Pewenue. U3 cuctemst ypasHenwit (9.26) cneayer, uto x#= -1 1 y# -1
(8 3TOM HETPYAHO YOeAUTLCS, ECITH NAHHBIC 3HAYEHHA ICPEMEHHBIX X H Y HOA-

CTABHUTH B IEPBOC YPABHCHHE CHCTEMEI).
TMpeoGpasyem cHCTeMY ypaBHEHHIH K BHAY

(x +1)(»* +|) =56,

(x+1)}(y+1)=8.

INockonbky x# -1 ¥ y # -1, TO MOXHO PasgenuTh NECPBOE YpaBHEHHE
cucremsl (9.27) Ha BTOpOE YPaBHEHWE H NONYYHTH PABHOCHIbHHE CHCTEMB
YPaBHCHUH

(9.27)

(xz—x+l)(y2—y+l)=7,
Xp+x+y=17,

{*""("J’—(J‘*‘}'))*‘(J'Hy)2 -(+x+y)=6,

xy+x+y=17,

("y(xy—(xﬂ))“f(“”z =5 (9.28)

y+x+y=7

BBeaeM BOBHIC NMEPEMCHHBIE X+ Y =¥, XY=V H HCPEIAMIEM CHCTEMY
ypaBuchuit (9.28) 8 Buac
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u+v=7T.

v(v—u)+u2 =13, W vl —uv=13,
Han
u+v=7

Kopuasamu nocneaxei cHCTeMu YpaBHEHHH ABNATCA #, =3, v, =4 ¥
uy=4, v, =3,
PaccmoTpuM ABE CHCTEME

X+y= 3, xX+y= 43
]
Xy = 4 Xxy= 3.
[Tepsas cucrema ypaBHEHHH KOpPHEH He HMECT, 8 U3 BTOPO# CHCTEMBI YpaB-
Henuii nomyyaeM x; =1, y, =3 u x, =3, y, =1.
® Omeem: x, =1, y,=3; x,=3, y,=1.

Hpumeuanue. CHMMETPUYECKEE CHCTEMBI JBYX YPaBHEHHI, 3aBHCAIIHX OT Aepe-
MEHHBIX X W ), 339acTyIO 3 (peKTHRHO PEMAIOTCA ¢ ROMOLUBIO CTAKAAPTHOI 3a-

MEHB! NCPEMCHHAIX X+ Y =8 U XY =V.

Pemath cucreMy ypasreHui
(x2 +x+l)-(y2 +y+l) =3,

(x—l}(y—l)=6.

(9.29)

Pewuenune. TpencraBum cHcTemy ypasHeHuit (9.29) 8 BiIe paBHOCHIBHO#M
CHCTEMBI

(mp+xey=1)+(x+p) +(x+y)=2, (9.30)
xy~(x+y)=5.

Bsendem HoBBle iepeMenHbie X+ y =4 H xy =v, Torza cucreMy ypasHe-
HH (9.30) MOHO TepenHCaTh, KaK

,v(v+u-1)+u2 +u=2,
v—u=35.

H3 BTOpOro ypaBHEHMA CHCTEMW HWMeeM v=u+5, Ecnau Bhpaxenue
v=u+5 NOACTABUTH B NCPBOC YPABHCHHC CHCTCMBI, TO TIONYYMHM KBaIpATHOS
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ypaBHEHHE Ul +5u+6=0 » KOPHAMY KOTOPOTO ABIAIOICA ¥, ==3 W uy =2,
TNockonmpky v=u+5,To vy =2 n v, =3.

-Tak kak x+y=u U Xy =v, TO UMCEM COBOKYITHOCTb JBYX CHCTEM YpPdB-
HEHIA, OTHOCUTENBHO NEPEMEHHBIX X UV, BHAA

x+y=-3, X+y=-2,
H
xy=2 xy=3.

W3 nepBoit cucTeMbl ypaBHeHui nonydaeM x; =—i, y =-2 ¥ x, =-2,
¥y, =—1, a BTOpas CHCTEMa yPaBHEHUHN KOPHCH He UMeeT.

¢ Omgem: n=-l, y=-2;x=-2, p=-1.

@ Pewuts cHUCTEMY ypaBHEHHUIE
(+* +1)(y*+ t)=10,

(x+y)(zy-1)=3.

(9.31)

Pewenue, Cucrema ypasnennit (9.31) paBHOCHIBHA CUCTEME YpRBHEHHIt
(x+yf +(xy-1) =19,

(x+y)(xy-1}=3.
[lycte x+ y=u 1 xy—1=v, TOrma cucTemMa ypaBHeHHit (9.32) npumer Biz,

ul +v2 =10,

9.32)

uv=3.
KopHAME JaHHO#M CHCTEMB! YpaBHERUH amlovca wm=1,n=3u=-1,
w==3; =3, =t nu=-3,v,=-1,
flockomeky x+ y=u % xp—1 =V, TO UMEEM YETHIPE CHCTEMbI YPABHEHHE
OTHOCHTENBHO NEPEMEHHBIX X # Y, T. €.

{.H—y =1, {J\H-y =-1, {x+y =3, {“’)’ =-3,
H
=4, |(w=-2, |w=2 xy=0.
Tepeas cucreMa ypasHeHHit KOPHEH He umeer. Pemias ocTanbHbIE cicTe-

Mb YpaBHEHWH, noay4aem ciexyiomue kopum: x =1, yy=-2; x,=-2,
=l xm=l, y3=2; x,=2, yy=1; %5=0, ps=-3 w x,=-3, y,=0.

¢ Omeem: cm. Benze.
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ITpumenanue. Jina toro, 4To6n cucTeMa ypasHen#ik (9.31) Gbita coBMecTHOH Be-
obxoanmo, 4To0nt

L GGl 1
25 () () 2

370 nBOi#HOE HEPABEHCTBO OLUIO J0KA3aHO B paiacae 2 (cm. 3aaady @)
VpaBHeHHA cicTembl {9.3]1) yAOBIETBOPAIOT IPABSAEHHBIM BbllLIe YCIOBHAM.

Peuwrnts crcreMy ypaBHeHWH
x+y+z=4,

¥+ y2 +28 = 24, (9:33)
X +y3 +2° =64,

Pesuenue. O6o3naunM x+ y=u v xy=v. Toraa u3 nepsoro ypaBHeHus

cucremsl (9.33) crienyer, uto z=4—u.
lpeobpasyem Bropoe u TpeThe ypasHenHs cHcTeMsl (9.33) cremyioumm
ofpazom:

(x-1—y)2 ~2xp+2° =24,
(.‘\:+y)-((x+y)2 —3::}:)+.=r3 =64,
342—2;:+(4—14)2 =24, ut —v—du—-4=0,
u(u’ -3v)+(4-u) =64, (1207 ~3uv—48u =0,
W -v-4u-4=0,

u(12u-3v-48)=0.

W3 Broporo ypasuenns cHcrems (9.34) cnemyer HeoOXOAMMOCTH pac-
CMOTPEHUA ABYX CNY4acB.

1. IMycms u =0. Torga z=4-u =4, a w3 NepBOTO YpasneHns cHereMsl (9.34)

nonydaeM v=-4. Tak KaK x+y=u4 H Xy =V, TO HMEET MECTO CHCTEMS

(9.34)

x+y=0,
YPABHEHHIA < ¥3 KOTOpOH cienyer ¥, =2,y =-2 H X, =-2,
xy=-4,

Y2 =2 , TAC Z|‘2 =4,
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2. Mlyers 12u-3v-48=0, Torma v=4u—16 H BTOpoe ypaBHEHHE CHCTe-

MBI (9.34) GyZIeT PaBHOCKTBHO KBAAPATHOMY YPABHEHHIO u- — 8y +12=0,
KOTOpOE HMEET ABA KOPHA ¥ =2 W ¥ =6,

Eciu u=2, 10 z2=4-u=2 K M3 nepeoro ypasHeHMa cucrems! (9.34)
nonyyaeM v=—8. B Takom cryyae

x+y=2
xy=-8

[lpu atom 23, =2.

)i} X3=4,y3 =—2, X4 =“‘2,y4 =4,

Ecom u=6,10 z=4-u=-2, v=4u-16=8 u
x+y=6;
xy=8.

Otciona cnexyet x5 =2,y5 =4 M xg =4,y =2.306Chb 254 =2,

® Omsem: x,=2,y,=-2,2,=4; x, ==2,y,=2,2, =4;
X3 =4,y3'—'—2,23=2; X4=_2,y4=4,24=2; xs =2,y5=4,25=—2;

xs =4,y6=2,z6=—2-
PetnTh CHCTEMY ypasHeHHi
x+y+z=3,
PLaytes? =5, (9.35)
£t +y‘ +z' =17
Pewenue, Cucrema ypasuenmii (9.35) pasBHocHIBRA CHCTEME
x+y=3-z,

Peyi=5-2, (9.36)

BosBeneM B KBAZPAT NEPBOC YPaBREHHE CHCTEMB (9.36) U BbiwTeM W3 He-
ro propoe ypasHenue. Toraa Momy4nM xy = 22 -3z+2. Jlanee, BosseneM B
KBAAPAT BTOPOC YPARBHECHHWE H BBINTEM M3 HETO TpeTbe ypaBHEHHE, TOrAad
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x y2 =z*-5722+4. [lpunumas BO BHMMaHHE 00a MOMYyYEHHBIX BHIIE YpaB-
HeHWA, MOXHO COCTaBUTb YDABHEHHE OTHOCHTEILHO TCpeMEHHOH z BHAa

2 2 4 2 3 5.2
(z ~—3z+2) =z =5z"+4 wm z” -3z 42z = 0. Orcrona nomyuaem z; =0,

=1 H2zy=2.
ToncTaBmas MOMYYEHHBE 3HAYEHNS Z B MEPBOE H BTOPOE YPABHEHUA CHCTE-
MmH1 (9.36), mosyyaeM TPH CHCTEMB! YPABHEHHH OTHOCHTEIIBHO NEPEMEHHEIX X U

y BUZa
x+y=3, x+y=2, x+y=1,
: (9.37)

x2+y2 =35, .Jt2+y2 =4, J:2+y2 =1.

CoBOKYMIHOCTS CHCTEM ypaBHeHMi (9.37) umMeer mwecTs map kopHeit x, =1,
n=2ix=2 y=1x5=0, p3=2,%=2, y,=0ix=0, ys=1; x5 =1,
y6 = 0 .

IockoNMBKy B MpOUECCe PeleHHs CHCTeMBbl ypasHeHuit (9.36) ucnonsso-
BanNacs Ofepals BO3BSACHU B KBaapar o0eWX 4acTeH WEpBOro M BTOPOro

ypapHenuii cucrems! (9.36), To TpeGyeTca NpoBepKa HAUACHHLIX 3HAYEHMIT Te-
PEMEHNBIX X, ¥y H 2.

Ognako 8 CHIly CHMMETPHE BXOXKACHHA NMCPEMCHHBIX X, J M Z B ypas-

HEHHA CHUCTEMHI (9.35) AOCTATOYHO B YPABHCHMA 3TOH CHCTEMHI TMOACTABHTH
TONBKO 3HaUeHHA X, =1, y; =2, 2, =0 u ybeauTuCs B TOM, 4TO 3Ta TPOHKA AB-
JIIETCA ©€ KOPHAMH.

"quem: n=Ly=2,7=0;x5=2y=1,z=0;
X3=0, =2,z =1, x4 =2, 4 =0,23 =505 =0, y5=1,2y=2;

XG =l,y6 =0,23=2.

PemuTs CHCTEMY ypaBHEHHH

2¥4+3° =5,
243 =5, (9.38)
2°+3° =5

Pewtenue. Ilepenumem cHcreMy ypaBHeRui (9.38) B Buae



Mmool peLUBHUR CUMMEMPUYECKLX CLCMEM YpaBHeHU 253

y =logs (2“ +3"),
z=logs (2" +3"), 9.39)
x =log; (2‘ +3=).

Mycrs f(x)=log;s (2Jr +3’), TOTHA CHCTEMY ypasenuii (9.39) MoxHO
MPERCTARHTL HOCPEACTBOM QYHKUMOHANLHOFO YpaBHEeHHS Bixa (5.1), T. €.

S @))=x. (9.40)

Tak xak ¢pyHkuus y= f(x) seaserTca Bo3pactaiome Ha BeeH wHCIO-

Boli ocu OX, to ypaBReHue (9.40) pasnocuisHO ypaBHEHHIO f(x)=x,

T. €. logs (2’r +3* ) =x wm 2° +3" =5", Mocneanee ypaBHEHNME TEpENHIIEM

2Y (3Y
[3] +[§) -1, (9.41)

JleBag yactn ypasuenus (9.41) npeacrasnger coboit HenpepuIBHYIO YObI-
BAOULYi0 GYHKUHIO, 8 PaBas €e YacTh ABNACTCA KOHCTAHTOMH, NO3TOMY YpaB-
Henue (9.41) Moxer nMeThb He Gonee 0AHONO KOPHA, KOTOPBIH NETKO HAXOXUTCA
nonGopoM. Hmeer mecto x; =1 . [loacTannsa HaiineHHOE 3HAYEHHWE X B ypaB-

KaK

Henus cucreMsl (9.38), nonyyaem y =1 wu 2 =1.

® Omeem: x, =1, y, =1, z; =1.
Hpumevanue. Metoas! pemenns HYHKUHOHANBHBIX YPABHEHWH paccMOTpPEHbl B

pazaene 5, a MeTonbl pelieHNs YPaRHEHUH, OCHOBAHHBIE HA HCTIOWIL3OBAHHE CBOM-
CTBa MOHOTOHHOCTH yHKUNIA, — B paszene 4 HacToswero yaebHoro nocobus.

Pewnts cucTeMy ypaBHeHHU#H
log, x+log, y+log, 2=2,

log; y+logg z+logg x =2, (9.42)

I°g4 z+ ]0g16 X+ |0g16 y = 2.

Pewenue. Ucniomp3ys ceodictaa norapudmos, nepefizeM B KaxaoM M3
ypaBHeHUH cHcTeMsl (9.42) K OZHOMY OCHOBaHHIO, T. €.
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log, x+%tog2 y+%log2 z=2,

A

log, y+%log3 z+%log3 x=2,

log, z +]Elog4 X+%l0g4 y=2

()
log, (J’ )
log, (sz_y) =2,

xfyz =4,
pfxz =9, (9.43)

zJxy =16.

TiepeMHOXHM JICBBIC H TIPABBIC YAaCTH YPaBHEHHI cHeTeMB (9.43) 1 ony-
yuM x° y222 =576 um xyz =+24 . TIockoibKy 06HaCTBIO ZOMYCTHMBIX 3HA-
YeHUH MEPEMEHHBIX X, ¥, Z B YPAaBHCHHSX CHCTeMb! (9.43) asmsmiorcs x>0,
y>0uz>0,710 xpz=24.

Bo3BeaeMm B KBaupat KaXkKA0€ M3 YPaBHCHHH CHCTEMEI (9.43), a saTeM mo-
Ty4eHHbIC YPaBHCHHA pasaciuM Ra xyz = 24, Toraa

N

Orciona noxydaeM

%

log,{x 2,
2

8]

'Y

=2y, 22
Sy ATy ATy
2 27 32
‘ Omeem: X =;, M =?, 2 =T.

Pemyts cucteMy ypabHenuii
X+ 2%+ 4929 +10x,9 =55,

X, +2x3 +...+9x|° +10x’ = 55, (9.44)

oooooooooo

Xyp + 20 +...+9x3 +10x5 = 55,
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Pewenue. Ecnu cioxnTs BCe ypaBHEHHA CHCTeMS (9.44), TO
xl+x2+...+x10=10. (9.45)

Ecan w3 BTOporo ypaeHenus cucteMst (9.44) BEIUECTh NEPBOE YpaBHEHKE,
TO NOAYYMM 9x) —x; —...— X =0. Orciona . H3 ypaBHEHUA {9.45) cnenyer,

410 10X, =10 wmn x, —I.
[Tposens ananoruuHeIe PacCyKACHHA, MONYIACM X, =...= X9 =1.

® Omeem: x, =x,=..=x,=1.

B-21] Npu xaxwx suauennsx napamerpa a cnerema HepaseHcTs

2
X2 ( y- a) R
(9.46)
y2(x- a)2
HMEET €OBHCTBEHROE pelleHRe 7

Pewenue, B cucreMy HepaBeHCTB (9.46) mepeMeHHBIE X, ) BXOAAT CHM-

METPHYHO, TIOOTOMY CAHHCTBEHHOE €€ pPelileHHEe HeOOXOIMMO HCKAaTb B BHAS
x=cHy=c,tae c20.
TlonctaBum x =y =c 8 Mmoboe U3 HepaBeHCTB cucTeMel (9.46), Toraa

2
c2(c-a)’ wm ¢*-c(2a+1)+a’ <0. Qna Toro, uTobsr KeaxpaTHOE Hepa-
BEHCTBO UMENO bl SXMHCTBEHHOE PEIICHHE, HEOOXOXMMO €r0 IMCKPHMUHAHT

1
NIPUPSBRATE HYMO, T. €. (2a+l)2 ~4a®=0, 4a+1=0 wm a= e

¢ Omeem: a =-%.
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MemoO0ds! pewieHusi ypasHeHul,
codepxawiux uesbie
unu OpobHbIe yacmu yucna

K 9MCcy HECTAHZAPTHHIX OTHOCKTCS METOXBI PEICHHA YPABHEHWH, KOTO-
pbie CoepXaT HeNsie v (HAKR) APoOHLIE YACTH ACHCTBUTENBHLIX HHcen. B mpo-
TpaMMe IIKOILHOH MAaTEMATHKH METONN PCIICHHA TAKHX YPABRCHWH HE H3Y-
yaloTcs. B HacTosuem palnesie NPHMEHEHHE CYUIECTBYIOWMX METOAOB H MpHe-
MOB HWINMNIOCTPHPYETCA Ha MIPUMEPAX PEMICHUA PARA yPaBHEHHIA.

Lenio# 4acThio AeHCTBATENBHOTO YNCHA X (WIIH GHMIbE) HA3hIBACTCA HAM-
Gonbliiee HENOE YHCINO, HE MPEBOCXOAAMWEE X , U 3T0 HHCHo ofosnayaerca ye-

pes [x]. Ouesuano, uro [x]< x. Paswocts x—[x] Hasmsactcs apoGuo¥H ya-
CTLI0 THCH2 X (WIn manmucca) ¥ oGosmawaeTes yepes {x} . M3 oupenencrus
cnexyer, uro 0< {x} <1.

Henocpeacraenno 13 onpenenenns [x] u {x} cnenyer, aro

x=[x]+{x} (10.1)

05x-[x]<l. (10.2)

Hanpiwep, nmeet Mecto (6]=6, [2,45]=2, [V3]=1, [-415]=-5 u
{s}=0, {3,77}=0,77, {-4,15} =0,85.

OTMETHM HEKOTOPHIE CBOHCTRA BBEACHROTO BHINE NMOHATHA UEJIOH YacTH
HEACTBUTEALHOTO YHCA.
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JAN% MPONIBONBHMIX NCHCTBHTENBHBIX THCEN X, X, ..., X, (n21) HMeer
MECTO HEpAaBEHCTBO
[x1]+[xz]+-‘-+[X,,]S[x. +x2+...+x,,].

Kpome voro, ans moboro aeicTBATENLHOTO YHCNA X CHIPaBEeARHBO ABONH-
HOE HEPABEHCTBO

[x]sx<[x]+1. (10.3)

IMepeiineM Teneps K pacCMOTPEHHIO YPABHCRWH, COIEPXAINHX UENYIO H
(wnu) apoGHYIO YACTH HEWIBECTHOH NEPEMEHHON.

3apauu u pewweHus

Pewumts ypasHerue

[x2—5x]=x+7. (10.4)

Pesuenue. Tlockonsky [xz -Sx] ABNIAETCA LICHBIM FHCIIOM, TO X+ 7 — TO-
*e uenoe wucno. CneaoBarensho, YHCRO X TAKKE SBAAETCH ueasiM. B Takom

ciyuae [x2 -Sx] =x'-5x n ypasHenue (10.4) npuramaet BHA xt-5x=

= x+7 wmn x> —6x-7=0. Llensmmn KOPHAMH NMOCNICAHErO YPABHCHUR ABNS-
oteA x; =—lux=7.

¢ Omeem: x, =-1, x,=7.

Pewnrs ypasuenne

2x-1] x-] ’
[ 3 ]——2—- (10.5)

Pewuenue, O603na4uM xT-l= y. Toraa x=2y+1 n ypabxenne (10.5)

NPHAAMAET BHA

[4}’;'],% (10.6)
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rae y — Uenoe 4ucno.
U3 ypasnenus (10.6), cornacio $popmyne (10.2), nosyyaeM xBoifHoe He-
4y+1
3

paBencTeo 0 < -y<l wm -15y<2,

IMockonbky y — uenoe yuchao u —i<y<2, 0 yy=-1, y, =0 #u
y3=1.0nnaxo x=2y+1,n0o3toMy X, =—1, X, =1 ¥ x;=3.

¢ Omsem: x,=-1, x, =1, x,=3.

Pemurs ypasrenne
[x]+[2%]=3. (10.7)

Pewenue, PaccMOTpHM TpH CITyHas.
1. Econ [x]<1, 710 [2x}<2 u [x]+[2x]<3, 1. e. paBencTBo B ypaBHeHHU

(10.7) He Bumonmserca. 3uaunt, kopuamMy ypasuenns (10.7) Moryt 6uiTo
TonsKo x 21,

2. Tlyes [x]=1, Torna us ypassenns (10.7) cnenyer, wro [2x]=3-[x]=2.

Tak kax [x] =1 u [2x]=2, 1o nonyuaem cucremy nepasencrs
1€£x<2;
252x<3,

PeieHHeM CHCTEMBbI HEPaBEHCTR ABNAIOTCH 1< x < % .

3. Ecan {x]>1, To [2x]>2 u [x]+[2x]>3. Cnegosarensro, ypasue-
Hue (10.7) He uMeeT kopHe# npy ycinoBuHM, 410 X2 2.

Urtak, kopuam ypasueHus (10.7) apamores | € x < % .

€® Omeem: l$x<-;-.

Pewwth ypasuenue
[x]=2{x}+4. (10.8)

Pewenue. 113 ypasuenus (10.8) cneayer
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{x} = [x]2~4 . (10.9)

[NpuaumMad BO BHEMaHHe ABoiHOEe HepaseHCTRO (10.2), moaywaem 0<

5&2_4«1, 0<[x]-4<2 mm 4<{x}<6. Mockonsky [x] — nenoe unc-

710, TO H3 4S[x] <6 cuenyer, 4t [x]=4 u [x,]=5.
Haiinennsie snasenns {x]=4 u [x,]=5 noncrasum B dpopmyny (10.9),
Torna

{x}= [x]]2_4 =0 u {x}= [lef“ =%-

1

Tockoneky x=[x]+{x},70 x =4+0=4 u x, =5+%=55.

¢ Omeem: x =4, x,=5,5.

Peuiuth ypaBHenue

7xé4[x]=3{x}+8. (10.10)
Pewsenue. Tax xak nio onpenenennio x =[x]+{x}, 1o ypasrenne (10.10)
npruumaet sua 7([x]+{x})-4[x]=3{x}+8 nm

x) = 8-3[x] .

(10.11)

4
8-3[x]

Mockomeky 0<{x}<1, T0o 0< <1. Orcioaa cneayer, u€TO
0<8-3[x]<4 mmm §< (%] Sg' ITo onpexenexuto [x] — uenoe uncno, fo-
3TOMY H3 RBOHHOTO HEPAREACTBA -;< [4)< % nonyuaem [x]=2.

Ecm [x]=2 noxcrasurs B popmyny (10.11), To {x} =%. H3sectro,
uto x = [x}+{x}, nosromy x, = 2+%=%.

¢ Omeem: x, =-§-.
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Pewns ypaBHenne

{2{2x}} ==x. (10.12)

Pewenue. U3 ypassuenua (10.12) caenayer, wro 0 < x < 1. PaccMOTpaM ve-
ThIpE ciryHas.

1. Mycms 0.<_x<%.Torm 052x<%, f2x}=2x, {2{2x}} ={ax} =4x n
ypaBHeHNE IpHHMaeET BUA 4x = x . OTcioza noayvaem x; =0.

2. Myets %Sx<%. B Takom cmyuase %$2x<l, {2x}=2x u {2{2x}}=
={4x}. Tak kag 1S4x <2, 10 {4x}=4x—1 U ypaBHErHe MOXKHO nepe-
nHcath kak dx—l=x,T. €. X, =%. 3nece cnenye'l: OTMETHTB, 4TO 3Haye-
HHE X, NPHRALICKHT PACCMATPUBAEMOMY MPOMEXYTKY.

3. Mycms %Sx<%.Torna l$2x<%, {2x} =2x-1 u {2{2x}} = {4x-2}.

++ - TIpHAMMan BO BHUMARHHE TOT (axT, 410 2 < 4x <3, momyyaem 0<4x-2<|,
{4x-2} =4x-2 w3 ypasnenus crenyer 4x-2=x . Orciona BuTexacT

X3 =-§.Taxxax -i—s»_, <%,1~o X3 — KOPEHb 3aJAHHOIO YPaBHEHMA.

4. Mycms %Sx<l. Tak xax %SZx<2. 10 {2x}=2x-1 w {2{2.\:}}:

={4x~-2}. Mockomsky 3<4x<4 u 154x-2<2, 70 {4x-2}=4x-3

H ypaBHeHve TpHHUMaeT BHI 4x—3 = x. Orciona nomyyaem x =1. Omna-
KO pasiee 6o ormeuero, 4o 0 < x<1. Tloaromy x =1 se sBasercs kop-
Hem ypasucnna (10.12).

QOmceu:xl=0,x2=%,x3=-§-.

Peunrs ypasnerme
GBI e

Pewenue. Ucniomsayn caoiictso (10.3), MOXHO 3anncars
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s BBl el il

X X X
Tak Kak -2-+ -§+E= X, TO MOCHE CIOMEHNS NPUBEACHHRIX BHID® XBOH-

HbIX HEPABCHCTB MONYYaeM

MMM

Orciona, npuriMan B0 BHHManHe ypastenne (10.13), cneayer ypasnenue

[ x
OSL“] [ ](3 (10.14)

Iockonexy [%]s[%], 10 u3 Hepasencts (10.14) caemyer, yro 0<

<2. [S]<3 HWIH 0<[5]<% Tak Kax [;] — HneJIoe YHAIO, TO OTCION8 Mo~

JIy4aeM, 4To [-‘;—] =0wn [?] =1. CaegoBarenbHo, wmeeM 0< x<10.

W3 ypasrennsa (10.13) seitexaer, yT0 x — wuenoe uucno. Taxk kak
0< x<10, 7o ocraercA JMiIIL NPOBEPUTH UCAHE 3Ha4eHHs x oF 0 xo 9.
HeTpynso ycTaHOBHTH, YTO KOpHAMH ypaBHeHHA (10.13) smasiores x; =0,
12 =4y Xy = S.

® Omeem: x, =0, x, =4, x; =5.

PewTs ypasHenue
[2x-x’]=[x’+l]. (10.15)

Pewense. Tax xax ans mobux x sepro (x-1)° 20, 10 2x-x*<1.

Kpome TOro, ouesumuo, 4TO x2+;25 B atoh cBa3m [2x—x2]$l,

I:x2 +%:|20 H 13 ypasnerua (10.15) creayeT COBOKYNHOCTS ABYX CHCTEM
ypaBHeHwi#H
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[2x—x2]=0, [Zx—xz]zl,
H
[x2 +%]=0 \[xz-i-%]:l.

Orcrona MOJY4aéM OBC CHCTCMAI HCPDABCHCTB

0<2x-x2 <1, [1<2x-x%<2,
1 1 1

0<x? =<1 1<xt+—<2.
2 2

. 2
PewrenneM nepaoil cHCTeMbl HepaBeHCTB ABIAIOTCA 0 < x < 5 a M3 BTO-

poii CHCTEMBI HEPABEHCTB NTOMTY4ACM CAMHCTBEHHBIH KopeHb X =1.

¢ Omeem: 0Sx<72, x=1.

Pewnth ypaBHEeHUE
x(x=2)-[x]={x}-1. (10.16)

Pewenue. Yz popmymst (10.1) caeryer, uro {x}=x—[x]. B s10# ceasn
ypasnenue (10.16) MOXHO nepenwcats, kak x{x—2)[x]=x-[x]-1.
Otciona clieyeT ypaBHEHHe
[¥]-(x-1) =x-1. (10.17)

Ouepnnuo, uro x; =1 spmserca kopHem ypasnenun (10.17). Ilomoxum,

yto x# 1. Toraa pazpenum oGe yactu ypasuewrns (10.17) na x—1 u nomyqum
YpaBHEHHE

[x]-(x—1)=l . (10.18)
Bemm x <0, 10 [x]<~1 8 x—1<-1.B Takom cayuae [x]-(x-1)>1.
Ecmi 0<x<1i,10 [x] =0 n [x]-(x-1)=0.
Ecmm 1<x<2,70 [x]=1 u O0<x~1<1,10rna [x]-(x-1)<1.
Ecm x22,70 {x]22, x-121 u [x]-(x-1)>1.
Orcrona cneayer, uro ypaesenne {10.18) kopueir ve umeer.
Cnenosarensho, ypasienue (10.16) uMeeT eAWACTBERHBIH KOPEHb X; =1.

¢ Omgem: x, =1.
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Pewurs ypasnenue

cos[£+|:£]]=£. (10.19)

6 [6x 2

Pewenue. Pewas TpuronoMetpuueckoe ypassenue (10.19), nonyuaem

£+[£]= +Z 4 2mk, (10.20)
6 [6x 6

rae & — uenoe yucno. M3 yparnenus (10.20) nomyyaeM COBOKYITHOCTD ABYX
YpaBHEHHH

6x X

JleBnie wacTy ofonx YpaBHACHHI ABNAIOTCA PALMOHAIBHHMH YHCI&MH, B
TO BpeMA KaKk WX HPaRaie MACTH (33 WMCKMOYEeHHeM cityvax k=0 B nepsom
YPaBHEHHH) MPHHHUMAIOT HPPAUKOHANLHEIC SHAYCHHA.

CrienoBaTenbHO, PaBEHCTBO B YPABHEHHAX COBOKYMHOCTH MOXET HMETh
MECTO TONIBKO B TOM CIy4ac, KOTAa MX NPaBLIC 4acTH NBNAIOTCA PAUHOHAND-
HBIMH (TOYHEE, USTHIMK) YHCIAMA. A 3TO BO3MOXHO JIWIIG B TCPBOM ypaBHe-
HUY TIpH yCnoBuy, yto &k = (. B TakoM ciyuac nojyuacMm ypasHeHue

2]

051<l 0| x>£.
6 6

[l o[

OTKyAa CRCAyET
X

4 Omoem: x >%.

Peunits ypasHeRue
202004, (10.21)
Tae x>0,
Pewenue. Tax xax x>0, 710 [x]=n, vae n — uenoe HeoTpHLATENBHOE

yucno. Torza w3 ypasHenua (10.21) nonyuaem %+3 =n WM
x
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X -2mx+4=0. (10.22)
Kopusmu ypasrenus (10.22) smrstores x,, =niJn2 —~4 _ NpudeM xas
CYLIECTBOBAHUA KOPHEH X; U X, Heobxomimo noTpeGoBaTs, 9TobH 7> 2.

Ilycts n=2, Toraa x= m:t«]n2 -4 =2. 3uaumr, ypasHenue (10.21) nmeer
KOpEHb x,=2.

Ecmu n23, 10 \/n-z:>l H MOITOMY X, >n+1, x, <n-1, & 5T0 03HAYA-
er, 40 [x]>2 8 [x;]<n. OnHaKO kKakAOE H3 ITHX HEPABEHCTB IPOTHBOPEYHT
TOMY, uTO [x]=n . ClenoBaTENBHO, NAHHbIC SHAYCHHA X, H X, HE MOTYT OWITh
KOopHAMK ypaBHeHns (10.21).

® Omeem: x,=2.

Pemnts ypasuenne
x* ~10{x]+9=0. (10.23)

Pewenue. Ecu x<1, 10 [x]<0 u Toraa x° -10[x]+9> 0. Cnenopa-
TeJIbHO, KOpHAMH ypasHeHHH (10.23) MoryT 66Tk Tonbko x 2 1. Ecnu ofo3na-
yute [x]=k,rze & — nenoe yucno, To k 21.

Tax kak [x] =k, To ypasHenue (10.23) mpuumaer sux x° —10k+9=0,

OTKYA3 CAEAYyeT X = V10k-9 . Orciona, cornacko HepaserctBy (10.2), nony-
4aeM JBOITHOE HEPABCHCTBO

k< 0k-9 <k+1, (10.24)
rae k 21 . Ecnu Bo3secTd B KBaapaT ABolinoe HepapeHcTso (10.24), To

k*-10k+9<0,
(10.25)
k2 -8k +10>0.

PemeHneM CHCTEMbl HEPaBEHCTB (10.25) senmoTcs lsk<4—J§ "
4+Jg<k$9. Mockonbxy 3zec» k& — wuenoe wucao, o k=1, k, =7,

ky=8 u k,=9. Ecin npH 3TOM ydecTh, UTO x=J10k—9, T0 X =1,
x2=\/a,x3=~fl_l- Hx,=9.

& Omeem: x, =1, x, =61, x, =71, x, =9.
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Petiute yparHeHune

3 2
[*432;”]=x-2. (10.26)

Pewserue. Jlean yacts ypasHeHus (10.26) npHHHMAET TONBKO LEALIE 3HA-
YeHHA, I0ITOMY YHCHO X ABILETCA LIETHIM,

Tak Kak x° -3x° +2x= x{x-1){x-2}, To npu noGoM uenom x MHOro-
unen x°—3x% +2x npeAcTanteT cob0i NPOMIBEACHWE TPeX TOCACIOBATENb-

HO DAacCONOXCHHBIX HA YHCNOBOH OcH OX LeNBIX 4MCEN, CPEeAM KOTOphIX
AMEETCA XOTA OB OHO YETHOE YHCIIO M YHCNO, KpaTHOE TpeM. CleaoBaTensHo,

X =3x" +2x

muoTOWNeH X° —3x% +2x zemuTes Ha 6 6e3 ocraTka, T. e. T ABIA-
ETCA LICNBIM YMCAOM.
B 3T0OM cBA3H
X -3x%+2x _ X -3x%+2x
6 6
# ypasHeHue (10.26) npnnumaet Ba
3 2
x =3x“+2x —xe2
6
Wi
¥ -3x2-4x+12=0. (10.27)

Tak kax x° ~3x° -—4x+12=(.\:—3)(x2 -4),mxopmm| ypastenms (10.27)

ABRAIOTCA X =3, X, =-2 M ;3 =2.
® Omsem: x, =3, x,=-2, x;=2.

Hokasars paBeHCTBO
[<])+ [x + %] =21}, (10.28)
rae X — NMPOU3BONGHOC ACHCTBHTEILHOE HHCTIO,

Hoxazamenscmeo. JAns noxasarenscrsa pasenctsa (10.28) paccMorpum
IB3 BO3MOXKHBIX BapHAHTA NPEACTARNCHHA YHCAA X .
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, 1
1. Tlycth x=y+a,rae ¥y — UENOE YHCIO U 0$a<E.Toma

[x]+[x+%]=[y+a]+[y+a+%]=y+y=2y u [2x]={2y+2a]=2y.

2. Ilyem x=y+a+%,rne ¥ — UENOe YKCIIO H 05a<—;-.Torna

[x]+[x+%]=[y+a+%]+(y+a+l]=y+(y+l)=2y+|

[2x]=[2y+2a+1}=2y+1.

Tak kax B 0boux cnyvasx paseHcTso (10.28) BbmonuAeTcs, a ApyTHX Ba-
PHAHTOB MPEACTABJICHHA x HE CYINECTBYET, TO TpeGyeMoe paBeHCTBO AOKa3a-
HO A/ MPOH3BONBHOTO YHCIA X .
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