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6 OT PEJIAKTOPA TEPEBOJA

6pacbiBast JHLb CXKATHIA €ro MJaH HJIH Aa)e OrpaHHyH-
Bascb mnpHMepaMH. Bojee mpouHoMy 3akpemnseHHio Oc-
HOBHBIX TOHATHH CHOOCOGCTBYIOT YIpa’KHeHHUs, HEMHOIO-
YHCJEeHHble, HO TIlaTeJbHO MOAOOpaHHBIE; pelIeHHe HX
[pHHeceT YxTaTes] 10 6OJBLIYIO NMOJb3Y.

Kunura ne Tpebyer OT unTaTesell HUKAaKHX CHeLHaJb-
HbIX 3HAHHH, BBHIXOASHIHX 32 NpejeJbl NpPOTpaMMbl CTap-
IIKX KJaccoB cpeldHefi mKo/abl. OHa MOXeT ObITb C HHTe-
pecoM NpOUYHTAHA CTYNeHTaMH MJAALIMX KypcOB YHHBep-
CHTETOB, MeJaroriyeckHx W TeXHHUECKHX BY30B, a Takxke
HCIIONb30BAaHA B paboTe MIKOJAbHBIX MAaTeMaTHYeCKHX
KpyxkKoB. [l Tex, KTO 3aHHTepecyeTcs TeOpHell rpymm
u noxeJsaer noipo6Hee NO3HAKOMHTLCS C 3TOH NpeKpac-
HOl o6sacTbio MaTeMaTHKH, B KOHIle KHHIM TpPHBeAeH
CITHCOK JIHTEPATYPbl.

B. Tapakarnos



NPELUCAOBUE

Y WKOJMbHUKOB OGLIYHO CKJaLbBaeTcsl BrevaT/eHHe,
YTO MaTeMaTHKa 3aHHMaeTCs HCKJIIOUHTENbHO YHCJIaMU
1 usMepeHHaMu. ONHAKO Ha caMOM Jlefie MaTeMaTHKa —
3TO HeuTo ropasfio 6oJbillee, YeM NPOCTO HayKa HJIA cye-
TOBOLOB M KaCCHPOB; CKOpee, OHa HMeeT JeJi0 C JOrHKOil
H KaueCTBEHHBLIMH CBSI3IMH MeXIY MOHATHSIMH.

Teopuss rpynnm— oOMH U3 BaXXHLIX Pa3AesioB «HEKO-
JIMUEeCTBEHHOM» (eC/M MOXHO TaK CKa3aTh) MAaTeMaTHKH.
XoTd MOHATHe TPYNNEl NOSIBUJIOCH B MaTeMaTHKE Cpas-
HHTEJbHO HellaBHO, OHO 0Ka3aJochb Ha PeAKOCThb MJIOJO-
teopubIM. Hanpumep, Teopus rpymn nana MoilHble cpel-
CTBa AJIA HCCJIENOBaHUA anrebpaHueCKuX ypaBHeHHH, reo-
MeTpHYeCKHX INpeo6pasoBaHuil, a TaKkKe AJAA pelleHUs
pfAla 3azxay TOMOJOrHK W TEOPHH UYHCel.

JlBe ocoGeHHOCTH TEOpHUH FPYIMN NPHBEJH K TOMY, YTO
co3lajach TpaJHUHA OTKJaJAblBaTh ee H3yueHHe Ha O6o-
Jee no3nHue 3tanel. IlepBas M3 HUX — 3TO BBICOKAS CTe-
nenb abcTpakiMu, CBOBCTBEHHAs TeOPETHKO-TPYNIOBEIM
NOHATHAM, a yMeHHe O6GpallaTecd ¢ ab6CTPAKTHBIMH IO-
HATHAMH OPUXOAHMT C MATEMaTHYECKOH 3pesocTbio. Bro-
pas OCOGEHHOCTh COCTOMT B TOM, UYTO TEOpPHS [Pyl
HMeeT rJay6okue cBSI3M C APYrHMH 06JacTAMU HayKH,
NPOCJAENUTb KOTOPBIE MOXHO JHIIb TOrAa, KOria yda-
IKiCca yiKe 3HAKOM C OCHOBaMH 3THX HayK.

B 3Tofi KHHre MBI CTapajuCbh H3JOXKHTb TEODHIO
rpynn B QopMme, NOCTYNHOH A HAUMHAIOMHX YHTaTe-
aefi. Uto6w 060iiTH TPYAHOCTH, CB3aHHble ¢ abCcTpakT-
HBHIM XapakTepoM MNOHATHH, Mbl NpHOerau K HarJsgHbIM
o6pazam — rpadam rpynn. Ilpu 3tom aGerpakTHas
rpynma ofpesia KOHKPETHOe MpelACTaBJeHHe, OTPaKalo-
lee ee TPYMNOBYI0 CTPYKTYpY. KoHeuHO, He mpHXOAUTCA
pacCUUTHIBaTh, YTO 3TO OOpallleHMe K HarJsAHOCTH MO-
3BOJIUT H30eKaThb CEePbe3HOTO H3YUeHHS TeopuH, 6e3 Ko-
TOPOTO HeNMb35l OBJIAZETh OCHOBHBIMH NOHATHSMH B JIIO-
Goit o6jacTH MareMaTHKH. Myl JulIb NONBITAaJUCH Ma-
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KCHMaJIbHO HCTIOJb30BaTh HATJISIAHOCTb, 4TOGHI Jyylle
Pa3bsCHHTb CMBIC/T HEKOTOPHIX TeOpeM H MOHSITHH.

Mbl cosnaeM, uTO HaM [JalNeKo He Bcerja yAasoch
NOoKa3aTb, KAK MOHATHS TEOPHHM TPYMN CBS3aHB C IpPakK-
THKOIl. B KOHeuHOM cueTe HaM IPHLLTOCH MOJOXKHTLCS Ha
BHYTpPEHHIOIO IPUBJEKATeNbHOCTh caMoil Teopuu. U, pasy-
MeeTCsl, caMoe TJIaBHOE — 3TO 3aHHTEPECOBAHHOCTb, KO-
TOPYIO NOJIKEH NMPOSBHTb CaM YHTATeNb.



rnasa i

BBEJEHHWE

Teopus rpynn Hauasna opopMJATbCA B KadecTBe ca-
MOCTOATEJNbHOTO Dasfesa MaTeMaTHKH B KOHIlE BOCEM-
HaAHaToro Beka. B TeueHue MepBHIX AeCATHAETHH HCBAT-
HaAIlaTOro BeKa OHa pasBHBaJjach MELJEHHO H INPaKTH-
YeCKH He MpuBJeKana K cebe BHMMaHua. Ho 3atem, okoao
1830 rogma, Graronaps paboram Fanya u Abeass o paspe-
IIAMOCTH aare6panuecKHX ypaBHeHHI BCEro 3a HECKOJb-
KO JIeT OHa cOBeplin/Ja FUIaHTCKHH CKauyoK, KOTOpGIf
OKasaJ ray6okoe BJAMSHHMe Ha pPa3BUTHe BCcell MareMa-
THKH.

C Tex mop OCHOBIbIE NOHATHA TEOPHH TPYNN CTalH
ZeTajbHo HccaenoBathed. IlocTeneHHo OHM MPOHHKIAH BO
MHOTHe pas3felbl MaTEeMaTHKH M HallJAu NPUMeHeHHe B
TAKMX PasJUIHBIX O0OJacTAX 3HaHHA, Kak, Hanpumep,
KBaHTOBAasi MeXaHHKa, KpucTajanorpadus H TeOpHS y3-
JIOB.
OTta xHMra NocBfllleHa TPyNINaM H HX rpaduuecKOMY
npeAcrtaBjenuto. Hama nepsad 3amaua — BBISICHHTb, YTO
Ke TaKoe «rpynma».

OcnoBuasi ujest HaJbHEAIINX PacCMOTPEHHUE, IIPOHH-
Kawolass B CaMyl0 CYUIHOCTb MOHSITHA TPYIIbl, CBfi3aHa
¢ KoHuenuue#l cTpykTypbl. Ilepen unrateseM pasBepHet-
ca psAA NPHMepOB H TOACHEHHH, ONMpeAe/eHHI U TeopeM,
BAPbUDPYIOLIHX OJAHY OCHOBHYIO TE€MY -— KaK TPYNINH H HX
rpadbl NPelCcTaBAAOT H HJIIOCTPHPYIOT OAHY H3 pasHo-
BUAHOCTE! MaTeMaTHYECKOH CTPYKTYpHI.

Ho cux mop Mbl YNOTpeGJsH CJOBO «IpyImas, He
[aBag YWTATEJI0 HUM MaJjefimlero HamMeKka Ha TO, 4Té XKe
OHO MOxeT oO3HauaTh. Ecau maTth cpasy nosHoe ¢op-
MaJbHOEe OlpellejeHHe, TO YHTATeNb, BEPOSTHO, OCTaHET-
csl B TAKOM 2Ke HeJOyMeiiHH, Kak M npexie. [Tostomy Mul
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6ymem pa3BUBAaTh MOHATHE IPYMNIE NOCTENEHHO U HAUYHEM
¢ asyx npumepos. (Uuratenio ciaelyeT MOMHHTb O HHX
BO BpeMs [ajbHefillero NepBOHAYa/bHOTO OOCYKAEHHS
CTPYKTYypPHBIX NPH3HAKOB TPYIIMLIL.)

Ipynna A: MuosxcecT80 Bcex LesbIX YuCeJ, paccMar-
pHBaeMbIX KaK YHCJa, KOTOPble MOXHO CK2a0bl8aTb OLHO
¢ apyruM. [pyrumu cioBamu, 3neMeHtaMu rpynnbi A
SIBJASIOTCA Lesble uucaa {..., —3, —2, —1, 0, 1, 2
3, ...}, U elVHCTBeHHas onepayus, KOTOPYIO MH cefuac
paccMaTpuBaeM, —3TO cJoXeHHe 4r06ux 08yx 3semen-
TO8 YKA3QHHO20 MHOXCecT8a; Hanpumep, 2+ 5 =7.

Ipynna B: MrosxcecTso BceX NOJOXKHTENbHBIX pamio-
HaJbHBIX YHCEJ, pacCMaTPHBAEMBIX KaK 4HCJa, KOTOpHIE
MOKHO YMHOMCAT6 ONHO Ha Apyroe. B atom cayuyae 3e-
MeHTAMH MHOXXECTBa ABJAITCA BCe YHCJa, KOTOphie MO-
JKHO MpeACTaBHTb B BHAe a/b, rle a H b — NOJOXHUTENb-
HBle Ue/Jble YHCJa, H eAMHCTBEHHAsl onepayus, KOTOPYIO
Mbl 3IeChb paccMaTpHBAaeM,— 3TO YMHOXKeHHe A06bLx
dsyx 3geMeHToe daHHO20  MHOXeCT8a; HampuMep,
2 5

12 °

R
Tenepb untaTesb NO3HAKOMUJICS C MPHMepaMy Tpyimm,
HO, BEPOATHO, BCe ellle He CJHIIKOM TNPHGAH3HACA K IIC-
HHMaHHIO TOrO, 4YTO e Takoe TpPYMNa, IOCKOIbKY,
6LITH MOXKET, He CMOT CPa3y BHAEJHUTb B 3THX MpHMepax
TO CyleCTBEHHOE, UTO Onpelenser rpynny. B npusenen-
HOM onucaHuu rpynn A U B HeKOTOphle ¢J10Ba GbIH Bhl-
ZeseHbl KyPCHBOM, YTOOB NMOAYEPKHYTb OCHOBHBIE CTPYK-
TYpHble NpPH3HAKH, NMPUCYLLHe BCeM FPYNNaM, a8 MMEHHO!
1) Ha/inyHe MHOXKecTBa 3JeMeHTOB H 2) HaauuHe Guuap-
HOH omnepauuu:

rpynna A — Bce uesble uncaa,
Muoxcecrso syieMentos{ rpynna B — Bce NOJOKHTeJbHLe
palHOHAJbHEE YHCJA;

rpynna A — cioxenne Mo6GHX IBYX
Bunapnas onepayus ] uembix wHced,
Ha MHOXeCTBe rpynna B — yMHOXeHHe MOGHX ABYX
l NOJIOAHTEIbHEX PAUHOHAABHEIX YHCE,



BBEJEHUE H

Mbr nasBann onepauun B rpynnax A u B Gunapuroimu,
MOCKOJIbKY B KaXX[IOH H3 HHX YYacTBYIOT OLHOBPEMEHHO
0sa sjaeMeHTa.

bunapunas onepayus na mHoONCeCT8e — 310 COOT8ET-
c78ue, MPH KOTOPOM KaxXXIOH YHNOPAHOYeHHOH nape 3Je-
MEHTOB JAHHOrO MHOXXeCTBa OTBeYaeT OLHO3HAUHO Ofpe-
LeJIeHHbIl 37IeMeHT 3TOro XKe MHOXKecTBa. Tak, B rpyi-
ne A cjoXeHHe ecTh GHHApHas ONMEPAUUs HA MHONCECTBE
yeablx 4ucea;, B caMoM JeJe, ecJd r U S — Jiobule IBa
3JleMeHTa 3TOr0 MHOXKecTBa, TO ! + S Takxe ABAAETCA
saemenTom 31020 mHoxecrsa. OGO3HAUHB 3JeMEHT r + §
CHMBOJIOM {, MOXHO nepedpasupoBaTb 3TO CJAeAYIOUIHM
06pa3oM: ecaM r U S— ABa IMPOH3BOJBHBLIX 3JeMeHTa
MHOXeCTBa, TO CYLIeCTBYeT OJAWH U TOJNbKO OAHMH 3Je-
MEeHT [ TOro e MHOmKecTBa, Tako#, uto r + s = ¢. Ha-
npuMep, ecju Bbi6paTh B HalleM MHOXeCTBe OBa 3Je-
MeHTa, 2 U B, TO B HeM HalaeTcss eQuUHCTB8EHHbLL SJIEMEHT
7, Takofl, uto 2+ 5 =7.

YMHOXeHne ecThb GuHapHast omepauuss B rpynme B.
JeficTBHTeNbHO, eciu r H § — Jaio6bie ABa vJAeMeHTa Aau-
HOr0O MHOXKeCTBa (NOJIOXKHUTEJbHBIX pPAUHOHAIbHBLIX YH-
ces), TO CYIIeCTBYeT OAHMH H TOJbKO ORHMH 3JeMeHT ¢
9TOr0 MHOXeCTBa, Tako#, uto r.s = {, (EAMHCTBEHHOCTb
neMenTa { cjaedyeT U3 TOro (akra, 4TO 3KBHUBaJeHTHbIE

4 1
pauHOHA/bHble UHCIA, TAaKHe, KaK -5 H =, MpPelCcTas:
JAA10T co6ofi OXHO H TO xKe uucao.) Ecaum B HaleM MHO-

2 5
XKecTBe BbIOpaTh [Ba 3JeMeHTa, HAaMpuMep 3 H ¢, TO

o . 5 o
B HeM HauJercsd €IHHCTBEHHBIU 3JIEeMeHT TQ—’ TaKoOH, 4TO
2 5_5
3 8 12°

3ameruM, yTO NOHSATHe GUHAapHON oNepaliuH Hepas-
PBIBHO CBSI3aHO C MHOXECTBOM, Ha KOTOPOM OHa OInpene-
Jena. Bor mouemy Mbl roBopuM: «6HHapHas onepanus
Ha MHOXKecTBe». [[Ba 3MeMeHTa U TPeTHH 3JIeMeHT, KOTO-
pblli comocTaBiAsieTcd MM TOCpPeACTBOM GHHapHOH onepa-
LVH, DOJXKHBl ObITL 37eMeHTaMu OJHOrO H TOTO e MHO-
KectBa. Mtak, Mbl BHAMM, YTO B4 OCHOBHbIX NMpPH3HAKa,
XapakTepU3yIOWKUX rpynny, — 3To Hajauuue (1) MHOXKe-
CTBa 3JeMeHTOB, (2) OHHapHOH onepaluy Ha TOM MHO-
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)XecTBe. M XOT OHH TeCHO NepenJeTeHn H Hepa3sie-
JIMMBI, HHOT/IA OKa3biBaeTcsl YAOOHBIM MEPEHOCHTs LEHTP
BHHMaHHS C OXHOTO IpPH3HAKa Ha APYrofl.

PaccMoTpeHHble HaMM IpUMepbl TPYNNOBBLIX Ollepa-
Ll — 3T0 o6bIUHOEe CJ0XKeHUe IeJblX uHces, 0603Hauae-
MOe CHMBOJOM +, U YMHOKEHHE TIOJOXKHUTEJbHBIX pa-
LHOHAJMBHBIX uHces, o603HauaeMoe CHMBOJAOM <. B nafb-
HellleM Mbl YBHJHM, YTO CYLIeCTBYET MHOIQ PAa3IHUYHBIX
OUHADHBIX OMepauuii, CBI3aHHLIX C pa3HbLIMH TPyMMnami,
HO uHorga 6yzer yA06HO MOJb30BATLCA KAKHM-TO OMHHM
CHMBOJIOM /15 IPOW3BOJIbLHON GuHapHO¥ onepauuu. s
3TOR 1esi Mbl GyleM HCNOJb30BaTh CHMBOI &.

dT1o o603HaueHHe TO3BOJIAET HAM CJAEAYIIIHM obpa-
30M OMHCATb BHIABJEHHble y rpymn A u B cTpyKTypHbHIe
npuaHaky (1) u (2): 3agaHo MHOXecTBO S U OHHapHas
onepauns ® Ha S. Ecau r M s— [ABa NPOU3BOJNBHBIX
3JleMeHTa MHOXKeCcTBa S, To B S CYILLECTBYET €IXHHCTBEH-
HbIfI 3JIeMeHT f, TakoH, 4To

r@s=t=t

Jans rpynnel A cumBos @ o6o3Hauaer omepamHio «cJo-
JKeHHe IeJblX YHCeNl», MJAA TPyNmsl B — «yMHOKeHHE
NIOJIOKHUTE/IbHBIX DAUHOHAJbHBIX UHCEN».

Uro6bl MOAYEPKHYTb Ty MBIC/Ab, UTO GHHApHAS onepa-
LU eCTb COOTBETCTHUE, MOXKHO ONHCATh PACCMOTPEHHHIe
Bbillle TPYNIH elle OLHUM cnoco6oM. B cayuae rpynnn A
MBI MOXKeM CKa3aTb, UTO JIO6OH nape r U S LeJBIX UHCEN
COOTBETCTBYeT OLHO3HAYHO ONpeleseHHOe [eJ0e YHCJIO
f, ¥ 3amUcaTth 3TO TaK:

(r, s) =1,

rLe CTpesiKa 03HauyaeT «COOTBETCTBYeT». B ciyuae rpyn-
no B Mbl MOXeM cKasaTb, UTO JIOGOH mape r W s MnoJo-
JKHTEJNbHBIX DPallHOHANbHBIX YHCeJ COOTBETCTBYeT OJAHO-
SHEYHO ONpeleseHHOe MOJOXKHTENbHOE PpalHOHAJbHOE
yHeaso L

Uro6bl pacliMpuTh Halle NpeAcTaBlieHHe O GHHAp-
HBIX OflepalHaX Ha MHOMKeCTBe, PACCMOTPHM CJeXYIOIIHH
BONpOC: MoxXeT JiH OHHApHas omepalus Ha MHOXeECTBE
6biTh 6uHapHOl onepauuell n Ha nodmuoxcecree? (Haso-
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BeM MHOxkecTBO U nodmuoxcecr8om MHOXKecTBa S, ecal
10601 37eMeHT MHOXKecTBa U sBNseTCS 37€MEHTOM MHO-
xectBa S.) Hanpumep, nyctb S — MHOXeCTBO BCeX TNO-
JIOKHTEJbHBIX PallHOHAJIbHBIX YHces, a U — ero moaMHo-
JKECTBO, COCTOSAILlee H3 MHOMOXKHTEJBbHBIX LeJBIX YHCes.
Brifichum chauana, 6ymer M Aenedne GHHADHON omepa-
uuell Ha MHOXecTBe S. Unratenb moxer 6e3 TpyAa yGe-
AHTbLCS, UTO [eJieHHe A84AeTcs OHHApPHOH omepaunueil Ha
MHOKeCTBe S TNOJOMHTENbHBIX pPalHOHAJbHBIX UHCEJN:
4151 M106bIX ABYX MOJOXKHUTEJNbHBIX PAUMOHAJBHBIX YHCE
r U § CYLIecTByeT €AHHCTBEHHOE MOJIOXKHTEAbLHOE DallHo-
HaJ/JIbHOe YUCJO f, TaKoe, UTO

r:s==t.

Tenepy nmocmorpuM, Gyler JaH HefeHHe — GUHapHad
omepauHss Ha MHoOXKecTBe S — GHHapHO! onepauuell H
Ha noaMHoxecTBe U MOJOXKHMTENBHBIX LeJABbIX YHCe.
OueBHAHO, YTO eCaM B3ATH ABa TAKHX 3JeMeHTa MHOKe-
crBa U, kak, HanmpuMep, 2 u 3, TO A HHX He Cyuye-
CT8YET TMOJIOXKUTENbHOrO IeJoro uuciaa f, AAs KOTOPOTro

2:3=t.

CilenoBatenbHO, JesieHNe He A8AseTCA GUHADHOM one-
panueil na nogMHoxecTBe U NMOMOXKHTENbHBIX LEJbIX YH-
ceJl, TaK KaK CYLIeCTBYIOT Napbl MOJOXKHTENbHBIX LEJbIX
YUCeN, KOTOPbLIM He COOTBETCTBYET HHKAKOe TpeTbe MOoJOo-
JKHTEJIbHOE 1eJ10e YHCJO.

B nmpoTHBOMOJOXKHOCTb TOMLKO YTO OMHCAHHOH CHTYya-
IIHH PacCMOTPHM MHOXKecTBO S BCeX LeJbIX YHCea H NMOof-
MHOXKecTBO U Bcex 4eTHBIX uuces. Mul yxe BHIAEH, UYTO
cJoKeHHe ecTb OHHapHas onepalUds Ha MHOXKeCTBe S
Bcex wueabix uucesa. Uro xe Gymer NMPOUCXOAUTH, ecaH
NPHMEHATh ONEpalHI0 CIOKEeHHS K 3JeMeHTaM MHoXe-
CTBa YeTHbIX uHcen? Ec/au c/l0XKHTb IBa YeTHBIX YHCJA, TO
B pe3yJbTaTe CHOBa NOJYYHTCA ueTHOe uHca0. MHbpMu
C/I0BaMH, CJIOXKeHHe a8afercs OMHAapHOH onepanuedl H1
noaMHuozxkectBe U yerHblx uuced. Ecau caoXuTh nBa 3Je-
MeHTa M3 moaMHoxXKectBa U, TO MX cymMMa Toxe Oyier
NpUHaAsexKaTh 3TOMY TNOAMHOXKeCTBY. ITO CBOHCTBO
MOXKHO BBIPA3HTb WHAue: MOAMHOXKecTBO U 4YeTHBHIX 4UH-
ceJl 3aMKHYTO OTHOCHTeJbHO OHMHApHON oMmepauuu cCJo-



14 TJIABA 1

KeHusi, Uutates b MOXKET MPOBEPHTb, UYTO MOAMHOKECTBO
T HeueTHBIX YHCeN He 3AMKHYTO OTHOCHTEJbHO 3TOH Olie-
pamuu.

OnullleM CBOJACTBO 3AMKHYTOCTU TIOAMHOXeCTBA OTHO-
cHTeNbHO OHHAPHON Onepauuu cjaenytomuM, Gosee 06-
wumM o6pasom: ecin & — OGuHapHas onepauHs HA MHO-
weerBe S u U — mogMHOXKecTBO MHOXKecTBa S, 06.a-
Jaiolllee TeM CBOHCTBOM, YTO JUIA JIOObIX 3JIEMEHTOB U H
v noamuoxkectBa U saemeHT u®vu TakKe NPHHAILJIEKHT
U, 1o nogmuoxectBo U Ha3biBaeTCsl 3AMKHYT6IM OTHOCH-
TeJbHO OuHapHOH onepauud &. TepMuH <«3aMKHYTHIA»
oTpaxxaetT To O6GCTOATeNbCTBO, 4To omepauus &, pac-
cMarpuBaeMas JHIUIb HA Tapax sJjeMeHToB H3 U, He Bbl-
BOAHT HAcC 3a npelensl noAMHOxecTBa U, 1. . @ MOXKHO
paccMaTpHBaTh Kak GHHADHYIO ONepal{dio HAa MHOXe-
cree U.

B ra. 8 mbl yBHAHM, UTO CBOHCTBO 3aMKHYTOCTH MOf-
MHOXKeCTBa OTHOCHTeJNbHO GHHApHOH ONepalHy HIpaer
I71aBHYIO POJIb NPH H3Y4YeHHH NOATPYyINIL

Ynpaxuedune 1. (a) dsaserca au ciaoxenue 6H-
HapHOH omnepauuell Ha MHOXKECTBE HEUETHBIX TOJOMKH-
TeNbHbIX uHcen? (b) Bymer snu yMHOxeHHe OHHapHOM
onepauMeli Ha YKasaHHOM B 0. (a) MHoXKectBe? (C)
Ilyctb paccmarpuBaeMoe MHOMKeCTBO COCTOHT H3 CJeAyH0-
mux saementos: 1, i, — 1, —i, rae i =) —1. Byzer s
cJ0XKeHne OMHapHON ofepalHeil HA 3TOM MHOMKECTBe?
(d) Byner nu yMHOXeHHe GHHAPHOH ONMepanueii HA MHO-
JKecTBe, yKa3zaHHOM B n. (c)?

Ho cux nop Mbl BHAENH, UTO TPYyMINia — 3TO MHOXC-
€180 ¢ 3adanHod Ha Hem Ounaprol onepayueil. Ecau r
H $— JBa MPOHU3BOJbHLIX 3JeMeHTa JAaHHOI'O MHOXeCTBa,
TO CyHIeCTBYeT OJHO3HAYHO ONpeJefieHHbIR 3JeMeHT f
TOrO Keé MHOXKeCTBa, TaKOMH, 4T0

r®s=¢t uan (r, s)—4.

BhipaxkenHe «r ¥ s — JBa MPOH3BOJILHLIX 3JIeMeHTa JaH-
HOTO MHOXeCTBa» He HCKJIOYaeT H3 PacCMOTPEHHs CJy-
yas, KOrfa r 1 § coBnajamor (T. e. MPeACTABAAIOT cO6OM
OoHH H TOT XKe 3JeMeHT). He npemmonmaraercs Ttakxe,
YTO 3JIEMEHTHl I U § 6epyTcad B KaKOM-TO ONpeleseHHOM
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nopadke. Takum o6pa3oM, ecsiu r U S — 1Ba MPOH3BOJIb-
HBIX 3/1eMeHTa JaHHOrO MHOXEeCTBa, TO

r®s, r®r, s®s, sQr

TaKXKe fABJAIOTCS 3JeMeHTaMH 3TOrO MHOXKecTBa (He
06s13aTeNbHO, UTOGHL Bce OHH GBLJIH Pa3JUUHBLIMH).
Bosuukaer Bompoc: MOryT JuM B HEKOTOPOH rpynie
r®s u s®r GbiTb pasAUdHbIMU 3]IeMEHTAMU HCXOLHOTO
muoxectBa? B rpynmax A u B, oueBugHo, Bcerga crpa-
BeAJIHBO paBeHCTBO r&®s = s®r. Hanpumep, B rpynne A

2 2
uMeeM 3 +5=5+3, a B rpynne B HMeeM 35 =5 3.
Ho B MHOMKeCTBe MOJMOKHTENbHBIX PAUHOHANBHBIX YHCE,

rie B KavecTBe OMHAPHO!N ONepaltid paccMaTpHBaETCA
2,7 7.2

HesieHde, UMeeM, HalpuMep, 3 !5 +* 33 Boo61ie

B 3TOM MHOXECTBE 7 :S 7 §:f 0pu r = §. JHAUUT nops-

0ok, B KOTOpOM GepyTcsi 3JeMeHTHl, CYLIeCTBEH; B HEKO-

TOPbIX MHOXECTBax MepecTaHOBKA 3JEMEHTOB MpPHUBOIAMT

K H3MEeHCHHIO pe3yJsbTaTa, T. €, BO3MOXKEH cJayuall, Koriaa

(a, b)—=>c u (b, a)—d,

rae a, b, ¢, d — 3neMeHTH JauHOW Tpynnu u ¢ + d.

B cayuae, xorpa r®s = s@r, Mbl TOBOpHM, 4TO 3Je-
MEHTHl r H § NepecTaHOB04HbL, UIW KOMMYTUPYIOT MEXKIY
cobolt (OTHOCHTEeNLHO JaHHON onepamun Q); ecai
r®s=+s®r, To Mbl TOBOPHM, YTO DJEMEHTH r H § He-
nepecTanoB80O4HbL, WM He KOMMYTUPYIOT MeXAy co6oil
(oTHOCHTENLHO AaHHOH onepanuu). Bnpeab mbl we moJ-
JKHBH 3apaHee CYHTaTh caMoO cOGOi pasyMeroluMCcs, 4TO
npu JaHHON onepanun @ ynopsgoueHHoi!) nape (r, s)u
COOTBETCTBYET TOT K€ 3JMEeMEHT, YTO U YNMOPSAOUEHHOH
nape (s, r). B xaxmoMm cayyae Hy:XKHO OTHAENbHO pa3GH-
paTh, GYAYT JIH 3J€MEHTbl TlepecTaHOBOUHBIMH.

B cBs3u ¢ TeM uTO B 00uieM ciayyae HeoOO6XOAHMO pas-
JHYATh 3JeMeHTh r @ s u s @ r, Mbl caefywmum obpa-
30M YTOYHMM XapaKTepH3aLHI0 MHOXKeCTBa € 3aJaHHOIll
Ha HeM GuHapHOU omepauuei: Aas Jao6olt ynopadodenx-
HOU m[apbl 3JeMEeHTOB r W S J[aHHOTO MHOXeCTBa

) To ecTh nape, B KOTOPOW ONHH H3 I/IEMEHTOB CYUTaercs mep-
phIM, a Apyrofi — sropuM. — [lpum. nepes,
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CYUIECTBYET €JHHCTBEHHbI 3JeMeHT { TOTO Xe MHOXKe-
CTBA, TAaKO#, UTO
r@s=t wm (r, s)—>1.

Jo cux nop paccMaTpHBaAMCh NPHUMePHl JHUIIb TaKUX
MHOXKECTB ¢ 3aflaHHOM Ha HHX OGHHApHO{l omepauHef,
3JIEMeHTaMH KOTOPBIX CJAyXKat yHcsaa, a OMHapHBIMH ome-
pauusiMd — oGhiuHble apudMetHyeckue xeilctBHA. Ho B
JdanbHellleM MBl YBHAHM, YTO 3Je€MeHTaMH TpPyNnbl MoO-
TyT GHITH W HEUHCJIOBble OODBEKTH, TaKHe, KaK JBHKeHHA,
nepecTaHOBKH, (YHKIHH, reomerpHueckHe npeobpasosa-
HHS MJH BOOGIle MHOXecTBa KAaKHX-AHGO CHMBOJIOB.
B artux cayuasix GuHapHas onepauus MOXKeT 0KasaTbCd
U He CBSI3aHHOW ¢ AEHCTBHSIMH HaJ YHCJIAMH.

2 3 1 2
Bpauenue no wacosot
* cTpeake wa 90° .
! 4 4 3
Puc. LI

Hanpumep, paccMOTpHM KBaZpaTt, KOTOPHIH MOXKeT
cBOGONHO BpaLIaTbCA B CBOeH MJIOCKOCTH BOKPYT OCH,
npoxoidiued yepes ero uedrp. bygem cuutath momycrtu-
MbIMH JIHIIb Te BpAalleHHs, B Pe3yJbTaTe KOTOPHIX MO-
BepPHYTHI!l KBaJpaT cOoBMeillaeTcsi ¢ UCXOAHBIM. OnHO u3
JAOMYCTHMBIX BpallleHH# — 3T0 nmosopor Ha 90° mo yaco-
Boil cTpenke (puc. 1.1). O6o3HayuM 3TO BpallleHHe uepes
a. Bor Hekotopble apyrue JONMYCTHMble BpallleHHS:
(1) Bpamenne Ha 180° no yacoBoil cTpenKe, KOTOPoe MbI
0003HauuM uepes b, u (2) Bpauienste Ha 270° no wacopoit
CTpeslKe, KOTOpOoe Mbl O603HAYHM depes C.

Byaem paccmartpuBaTh 3TH BpamlieHHs @, b U ¢ xak
BO3MOXKHble 3JIeMEHTHl HeKOTOPOH rpynmel. Ymgactes Ju
HAM TakK ONpefe/uTh GUHAPHYIO ONepPalHIO, YTOGH HMeJo
cMbicai paBeHcTBo a @ b = ¢? Bor oaus u3 cnocofos
paccyKaeHus:

ITocnenoBarenbHoe BHMOMHEHHe BpauteHH Ha 90° mo uyacoBoii
CTpesiKe H Bpawenus Ha 180° mo wacoBo# cTpenke

SKBHBaJ/IeHTHO
Bpawendo Ha 270° no yacoBoH CTpeiKe,
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HJAH
ITocnenoBaTenbHoe BHIMOJNHEHWe BpAlleHUH @ W b
paet
BpalileH¥e c,
nau
a®b=c.

A1y onepaiuio, KOTOpas COMOCTABJAET ABYM 3JeMeH-
TaM @ ¥ b sneMeHT ¢, MBl GylAeM HasblBaTb Cynepnosu-
yuell WM onepauuel nocAed08ATEAbHOZ0 BbINDAHeHUS,
Takas onepauus HMeeT CMbICA A5 BpauleHd#. Mol ypu-
IUM B JaJbHefillleM, YTO OHA MOXET HMETb CMbICJ U A4
00BEKTOB IpPYyroro pona.

YnpaxHenune 2. Kakoe BpaumeHnue U3 MHOXKecTBa
BpalleHul KBajaparta NpeAcTaBjsfeT co60i 3JieMeHT H®c¢
NpH TOJBKO YTO OMpele/ieHHOH Omnepautu MNOCJAeNoBa-
TeJbHOrO BHIIIOJNHeHHA? Kakoe BpallleHHe NpeacTasaser
co6oil aneMeHT a @ c?
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AHCHOMBbI IPYMMbI

B npeamipyineii raabe Mul COCPEAOTOUMJHN Halle BHH-
MaHHe Ha MOHATUM GuHapHO# onepamuu. OLHAKO yuTa-
Teslb He JOJIXKeH AyMaTb, YTO HajJHude GHHAPHON omepa-
MY SIBASeTCS €eAMHCTBEHHHIM ONpeleNSOUHM [pPH3HA-
koM rpynnbl. DHHapHas onepanus Ha MHOXeCTBe 3ile-
MeHTOB JO/KHA, KpOMe TOr0, 06/1anaTh HEKOTOPHIMHU CBOH-
cTBaMH, utoObl 3TO MHOXECTBO BMeCTe C AaHHOH 6H-
HapHOW onepaiuel mnpeActaBasno coboli rpynny. ITH
OCHOBHBIE CBOHCTBA ONMUCHLIBAIOTCA akcHoMaMu. Mpr mo-
Tpe6yeM  BLINOJIHEHHS TPeX  CAeLVIOUWIHX  aKCHOM:
(1) accounatuBHOCTh, (2) 0 efHHHYHOM 3jeMeHTe, (3) 06
o0paTHHIX 3JeMeHTax.

ACCOL{LI(ZTuBHOCTb. CBOMCTBO acCOUMATHBHOCTH CO-
CTOHT B TOM, YTO AJs JIOGHIX Tpex 3JeMeHTOB r, s, { uc-
XOAHOrO MHOXeCTBa BBLITIOJTHAETCA PaABEHCTBO

re®H=r®s)et

T. . eciH S @ { ABJNSETCH 3JEMEHTOM X MCXOZHOrO MHO-
wectBa, a r®s-—o3jJeMeHT Yy 3TOM0 MHOMXKeCTBA, TO
r®x = y®t¢.
Pacemorpum rpynnst A u B (eM. crp. 10). B rpynme
A accounaTHBHOCTb O3HAUaeT, UTO
r+(s+8)=(r+s)+t¢
IJa mo6bIx Heablx uucea r, s, . Hanpuwmep,
54+(3+8)=5+11=16
"
(5+3)+8=8+8=16.
B rpynmne B uMeeT MeCTO paBeHCTBO

r-(s-t)=(r-s)-t.
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Hanpumep,
$03)-3 41
H

M3 snementapHoil asreGpsl Mbl 3HaeM, uTO GUHapHBbIE
onepauuu B rpynnax A # B accounaTtvBHBL.

PaccmoTpuM Tenepn JAefeHHe kKak GHHApHYIO onepa-
IIMI0 HA MHOXKeCTBe MOJIOXKHTEJbHHX PalHOHANbHBIX YH-
cell H MPOBEPHM, BHINOJHAETCA Ju [Js Hero CBOHCTBO
acCOUMATHBHOCTH.

Hmeem
%:(3 ;E):%; 4=%,

(

B TO BpeMsl Kak

rof w

Lo).3_1.3_ 2,
‘3).7_—.‘?—3,

c/Iel0BaTeJLHO,
ri(s:tys=(r.s):t.

Takum o6pasom, HeleHHe He AB4AETCA ACCOLMATHBHOI
OHHapHOI oliepallyell H& MHOXKECTBE MOJOXKHTENbHbIX Pa-
IIHOHABHbBIX YHCEJ.

Kako#i cMbic1  clefyeT TNpHAaBaTb BbiPaXKEHHIO
r ® s ® t? Kak npumenuts 6unapryro onepauio & cpa-
3y K Tpesm 3jleMeHTaM AaHHOro MHOXecTBa? MoxHO mpu-
laTh OnpejesieHHOe 3HaueHHe BbipaxKeHHO r @ s V¢, 3a-
KJAIOUHB B CKOOKH JHGO ABa nMepsblX, MH6O ABa nociael-
HHX CHMBOJIa. B mepBoM cJiyuae BhIpaxKeHHe IPUMET BUJ
(r®s)®t, a Bo propoM —r @ (s ® t). Tak kak @ ectp
GuHapHas omepaunsl HAa HalleM MHOXKECTBe, TO Yy =r @ s
H x=5Q{ SBAAOTCA 3/JeMEHTAMH 3TOr0 MHOXKECTBa.
Snauut, U (r ®s)Q ¢ u r@(s ® {) MOKHO paccMaTpH-
BaTb KaK BbipaxeHHs, B KOTOPHX YYacTBYIOT JHIIb [Ba
37eMEeHTa pacCMaTPUBAEMOTO MHOXeCTBa, a HMEHHO § U
{ B NepBOM CJyyae H r U X BO BTOPOM.

Ecan Gunapuas onepamus & we accoyuatussa, TO
3eMeHTHl r @ x u y @ f, BooGlue roBOps, Pas/HYHB, H
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DneMenT a~! HasbiBaeTcs 00paTHolM K 3JeMeHTy a. SIcHO,
uTO 06paTHbIM K 3jeMenTy a—! 6yzer (a—')~* = a. B o6o-
3HAUeHHH IJs OGPaTHOro 3JeMeHTa HCMOJb3yeTcss OTpH-
LareJbHbI MOKAa3aTeab CTeNeHH, KAK B B 3JeMeHTapHOH
anare6pe, rae ofpatHblil x Jdw6oMy u 0 o6osHauaeTcd
yepe3 ul.

[MoabiToXXHM Teleph BCce cKazanHoe o rpymmne. I pyn-
rnoti HaseiBaeTcd MHOXecTBO G ¢ OuHapHOH onepauueil
® Ha HeM, Takoe, 4TO BLINOJHAIOTCS CAeAYHIOLIHe aKCH-
OMBIL:

Akcnoma 1 (accoyuarusHocrs). sl MPOU3BOMBHLIX
3JIeMeHTOB r, s, t Uz G

ro(s®H)=>rQs) L.

Akcuoma 2 (o edunuunom snremerte). B rpynne G
CYyLLeCTBYeT eJHHCTBEHHbIH 3JeMeHT /, TaKol, 4TO

rQlI=1®r=r.

Akcnoma 3 (06 obparnoix ssementax). Ilas moGoro
sjemMeHTa r U3 (G cyllecTByeT eAUHCTBEHHBIN 3JeMeHT r~!
3 G, Takoii, uTo

r@rle=r1Qr=I.

Yuratenb He HOJKeH AyMaTbh, YTO 3TO aKCHOMAaTHYe-
CKOe ONpellejieHHe TPYNMNbl UeJHKOM H MOJHOCTHIO CJIO-
JKHJIOCH B yMe KaKOro-to 0JHOro matemartuka. Hacto Ma-
TEeMAaTHUECKHe TOHATHA ABJSIOTCH PE3yJbTAaTOM HAesiTe/b-
HOCTH MHOTHX MaTeMaTHKOB; NpPOLecC HX Pa3BHTHS INpo-
TeKaeT HepaBHOMEPHO, CKaukaMH, MOPON OH 3aBOMUT B
TYIHK, 4 NOPOH NPHBOAHUT K HEOKHAAHHLIM OTKPBITHSIM,
dopmMaJibHble aKCHOMBI, KOTOpble JerJH B OCHOBY OIpe-
fleJieHus1 Tpynnel, OblIH CPOPMYJIHPOBAHLI B SIBHOM BHIE
Juib cinycts noutd 100 Jer nocne Havana pabote B 06-
nacth Teopun rpynn. [lepBas BaxnHasi Teopema Oblia
chopmysnpoBana ¥ jpoxkasaua B 1771 r. Jlarpanxkew.
(Mbl paccMOTpPHM ee B OAHOH M3 MOCJeAyIOLHX TJaB.)



AKCHOMBI TPYIIBI 23

Komn!), ubs AeATenbHOCTb B 06JaCTH TEOPHH TpyIii
navanace B 1815 r., paccmaTpuBan TOMLKO rpynmbl, 3Je-
MeHTHl KOTOPBIX TNpeACTaBJEeHH B BHIAE NOACTAHOBOK.
Cnoso «rpynnas 6bl10 BBeZeHo B 1832 r. ['anya, Bnep-
Bbl€ NOKA3aBUINM, YTO TPYNNY MOXKHO ONPENeNUTb H He
UCIO/b3Ys B KayecTBe 3JeMeHTOB MoAcTaHoBkH. M jnum
k 1854 r. npouecc BbIIBAEHHS CTPYKTYPbl IPYINILI ZOCTUT
TOl cTaiauu, Ha xortopoit Ksim?2) cymesa nokasats, uTO
TPYNNY MOXKHO ONpeNeNHTb, He YNOMHHAas O KOHKpeTHOI
npHpolde ee 3neMeHTOB. CTPYKTYpa rPYyNIbl 3aBiCHT, KaK
nokasaj Kaju, aumib OT TOro, KaK 3ajaHa onepanus Ha
napax 3JeMeHTOB.

Ilpexnae ueMm mepefiTy K HanbHEHIIUM [puMepam
TpynMn, ynpoctTHM H 0606iUHMM 0603HauUeHHs, HCNOJb3ye-
Mble AJa GuHapHO# rpynnoBolt onepanuu. ONbIT 3/1eMeH-
TapHO#H aJnre6pH TNOACKAa3LIBaeT, YTO YHOGHO MHCATH
ab = ¢ BMecTo @ ® b = ¢ u UHTATH 3TO TaK: 3JEMEHTY a,
YMHOJNCEHHOMY Ha 3JeMeHT b, CONOCTaBJIAETCS 3JeMEeHT
ab, naspiBaeMulil mpousBefeHueM a ¥ b (1 oGo3Hauae-
MBIl yepes ¢). B HanbHedlieM MB He o6s3aTtesnbho Oy-
JeM HCNOoJAb30BaTh cuMBON ® njsa ofosHaueHus GuuHap-
Hofl onmepaunu; uacTo Mbpl GyaeM ynorpebasTs o603Ha-
yenue ab IJd IPYNNOBOTO NPOH3BEREHHS 3JEMEHTOB a U
b; uHorna mpou3BeleHHe ab B rpymne Mol GyAeM 3amu-
chLiBaThb Tak: a-b.

«YMHOXKeHHe» XKak ofuiHil TepMHH 1J9 TPYMIOBO#H
onepau{u He c/eAyeT MyTaTh ¢ YMHOXeHHEM B OGbIUHOM
apupmerruke. MOXKeT CIyYHTbCS, UTO 3JIeMEHTaMH TpyMNH

1) Oriocren-Jlyn Kown (1789—1857) BHec kpymHHII BKJIag B
Pa3BHTHE MAaTeMaTHKH, BbIABHHYB TpeGoBaHHe CTpOrolt 060CHOBaHHO-
CTH pacCy/IeHHd B MaTeMaTHYeCKOM aHa/iH3e. BBeleHHble MM MOHs-
THS Tpefesa, HelNpepblBHOCTY M CXOAHMOCTH NPHHAANEXKAT K OCHOB-
HbBIM MOHSITHSIM COBPeMeHHOro aHaauaa. Kown Obl7 OZHUM H3 mep-
BhIX, KTO 32aHHMA/CSi CUCTeMATHYECKHM pa3BUTHeM TeOpHH Ipymm, B
0cO6EHHOCTH Tpynn noacTaHoBokK. OH H3BeCcTeH TakXKe Kak anTop
BaXKHEHIINX TeopeM B TeOPUH (QYHKUHMA KOMILIEKCHOTO MepeMeHHOro.

2) Aptyp Koan (1821—1895) nosyuusn MHOrO BaXKHBIX De3yiib-
TaTOB B CaMblX Pa3/JHYHBIX 00/1aCTAX MAaTeMaTHKH — OT FeOMeTPUH H
ajare6pbl 10 TEOPETHYECKOH MeXaHMKM M actpoHoMnd. Ilpr atom on
HaXOAMJI BpeMsa 14s 3aHATiH (B TeueHue 14 jer) ajBoKaTcko#f mpak-
Tukoil. Hau6osee napeCTHuIMH B Hallle BpeMmsl fBAsl0TCA padoth Kaay
MO TEOPHH MATPHL U TEOPHH IpymM,
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ABJAIOTCS 4YHCJaa, a TPyNNoBoH omnepauneld — oGLYHOE
yMmHOoxeHue. Ho 310 yacrtHbifl cayuail. B ofuem ke cay-
Yyae TPYNNOBOe YMHOXKEHHe cJelyeT pacCMaTpPHBATb Kak
aGcTpakTHOe 06061eHHe YMHOXKEHHS YHCcell.

[Ipenoctepexenue. XOoTd Ha 3JeMeHTaX [aH-
HOrO MHOXKECTBAa MOXKHO ONpPEAEeNHTh MHOrO OnepauHii, B
KaxkKAOH KOHKpeTHOHM rpynme omnpefeneHa e0UHCTEEHHAS
onepauHs, KoTopas dBJSETCR TPYNNOBOH oOnepauuef
HMeHHO 370i TpyNIbL.
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NMPHUMEPbLI FPYMNN

Ecan Mbl XOTHM BBISICHHTD, IBJASeTCA JU AaHHOE MHO-
JKeCTBO C OmnpelleeHHON Ha Hem OUHapHOR omnepauxei
rpynnoy, HaM cJelyeT I[POBEPHTb, BBHIIOAHSIOTCH JH
chopMyHpOBaHHLIE B NpelbIAyIlel riaBe akcHoMbl. [la-
BaliTe BLIACHHM, KaKHe W3 PaCCMOTPeHHLIX JdaJjee MHO-
#eCTB MOXKHO cunraTh rpynnamu. Haunem c¢ rpynmer A4
(cm. ctp. 10).

Mpumep 1. Muoxecrso 3aemenTO8: Bee lenble YHCAa
(moJI0KNTeIbHbIE, OTPHIATENIbHBlE U HYJb).

Bunapras onepayus: cnoxeHue.

AccoyuarTusHocTs: cl0XKeHne YUce] acCOUHaTHBHO.

Eodunuunoui aaement: HyJb SBASETCS 3JEeMEHTOM pac-
CMATPHBAEMOr0 MHOXKeCcTBa W AJs JI0GOTo LeJoro yuciaa
u BBIIOJHSAIOTCS paBeHcTBa U + 0 =0+ # = u. Hyas ss-
JsieTcsl eAHHHUEHA TPyNIbL.

Ob6patHole 3aeMeHTbL: eclid © — LEJoe YHCI0, TO —U,
NPOTHBOMOJIOKHOE YHCJI0, TakKkKe ABJISETCS UeJbIM U
#+ (—u) =(—u) +u=0; takum o6GpazoM, —u SB-
Jasercs OOpATHHIM K W 3/JeMEeHTOM, HJH, B TPYNNOBBIX
o6o3Havenusx, Ul = —u.

Hrak, npoBepka mnokasbiBaer, 4To A ecThb rpynna.
Tak kak oHa coHep:KHT 6eCKOHEUYHO MHOTO 3JIEMEHTOB,
TO Mbl OyAeM rOBOPUTb, UTO 3Ta rpynna OeckOHedHa, H
HasLBaTh ee OeckOHeuHou addurusHod epynnod, wuau
a00uUTUBHOLU epynnot yeablx quceas.

Mpumep 2. PaccMoTpuM TO Ke MHOMKECTBO, YTO H
B npumepe 1, HO Temeph ¢ oOnepalilell yMHOXeHHS.
Uurateab MoxeT yGefAHTbCs, YTO YMHOXKEHHE sBAsETCH
GuHapHON onepauvell Ha MHOXECTBE LeNbIX YHCET H 4TO
AJiA 3TOH ONepaluH CIpaBefJIMBbl aKCHOMAa aCCOLHATHB-
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HOCTH M aKCHOMa O eIHHHUHOM 3JeMeHTe. Y1066 BHIsC-
HUTb, BHINOJHSIETCS JH akcHoMa 3, momeiTaeMmcsl HalTH
37eMeHT, 06paTHHH K 3jJeMeHTy 2. Ham HyxHO HaiitH
Hesoe 4HCAo 4, Takoe, uto 2®u = I wuam 2u = 1. Takoro
LeJOro uucaa He cyilectByer. Clel0BaTesNbHO, 3TO HE
rpynmna.

INpumep 3. MHOoxKecTBO cocTOMT M3 ABYX uucen | H
— 1, a B KavecTBe GHHapHOH OMNepanHyu BO3bMEM YMHO-
XeHue:

lol=1; (=) (=)=1 1-(=D)=(=1)-1=—1.

AccoyuatusnocTs: 0UeBHIHO.

Edunuunoui saement: equuuiiell apisercs I,

Obparnoie snementol: umeeM l-1=1un (—1)(—1)=
=l 1e ()'=1un (—1)1=—1. Takum o6pasom,
o6paTHBIM K JIO60MY 3JIeMeHTY SIBJISIETCS OH caM.

Hrak, 3to rpynna. Udcsno 3eMeHTOB B Hel KOHEUHO,
H M03TOMY MBI 6ylleM TOBOPHTb, UTO 3Ta TPYINa KOHEYHA.
ITopadox koHeyHOH TPYNNEI paBeH YHCIY e€e 3JeMEHTOB.
PaccmaTtpuBaeMasi rpynna ecTb rpynmna nopsiika 2.

Mpumep 4. Cywectsyer Ju rpynna nopsgka 1? By-
IeT Jid TPYNNoOH MHOXecTBO, COCTOsIee H3 ORLHOTO yucaa
1 ¢ yMHOXKeHHeM B KauecTBe GuHapHO# omepauuu? IIpo-
BepKa TpeX aKCHOM MOKAa3blBaeT, 4TO 3TO JeHCTBHTENBHO
rpynna nopspka l.

Mpumep 5. Tenepb paccMOTPHM rpymny, 3JeMeHTAMH
KOTOPOH ABJAIOTCH HBHXEHHS TeOMeTPHYeCKOH (HTYpHI.
ITpu uayuyeHHn 3TOH rPpynnel Mbl CTOJIKHEMCSI CO MHOTHMH
CYIECTBEHHBIMH OCOGEHHOCTSMH TaKHX IBHXKeHHil. Bos-
HHUKAaoLlHe NMPH 3TOM NOHATHA OYAYT YacTO BCTPEYaThCs
B JajbHefilleM, U MOTOMY Mbl 3aliMeMCsl 3THM BOIPOCOM
IOBOJBHO MOApo6HO. K TOMY Ke 3TO MOMOMKET UHTaTelio
3aJI0KHTb NPOYHYIO OCHOBY AJI AaJjibHelillero.

PaccMoTpuM [IBHKEHHE DAaBHOCTOPOHHEIO TPEYroJib-
HHMKa, KOTOPBIA MOXET BpalllaTbCs B CBOEH IJIOCKOCTH
BOKPYT OCH, NpoXoAsAllell yepe3 ero neHTp. 3a 3jJeMeHTH
npeAnosaraeMofl TPYNNbl OPUMeM HEeKOTOpPble BpAalLIeHHS
3TOr0 TPeyroJbHHKa, a B KauecTBe OHHApHOH omepa-
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LIHH — HX CYHepro3HLHIO, HJIH <IOCJef0oBaTelbHOE Bbi-
nojiHeHue» (cm. crp. 17). Hac 6yayt uHTepecoBaThb
TOJABKO Te ABHXKEeHHf, B pe3yJbTaTe KOTOPHIX NO8EpHY-
7oLl TPeYeoAbHUK COBMeuaeTcs ¢ ucxoonoim. Takue ABU-
JKEHHS Ha30BeM CaMOCOBMEUeHUAMU.

Ut06bl gaTh KOHKPETHOE OMHCaHMEe CaMOCOBMeILeHHI],
pbi0epeM HeKOTOpOe IPOH3BOJIbHOE IOJNOXeHHe Ha-
1ier0 PaBHOCTOPOHHErO TPeYroJibHHKa Ha IJIOCKOCTH B

2 3(2)

1 3 241 1(3)
Puc. 3.1. Puc. 32

KayecTBe ero HayaJbHOrO HOJIOXKeHHsd. 3aTeM Mbl COTNo-
CTaBUM KaxIOH BeplIHHe HEKOTOPOe UHCJO KaK ee Omo-
3HaBaTesNbHyl0 MeTKy. Torga Haiml paBHOCTOPOHHHEH Tpe-
yrojibHUK OyleT BBHITJAALETb, Kak 3TO IM0Ka3aHo Ha
puc. 3.1. Touka B IeHTpe — 3TO TOUKa MepecedeHHsT OCH
BpallleHHsa C NJIOCKOCTbIO TpeyroJibHuKa. MeTku npu Bep-
IWUHHAX TMOMOTYT HAM HX y3HaTb, KOTAa BepUIMHBI GYIyT
CMelleHBl HEeKOTOPBIM J[BHKeHHEM H3 Hanlero MHOXKe-
ctBa. HyXHO NMOMHHTB, YTO AJ151 COBMEILEHHS TPEYroJib-
HHKA € caMuM co6oii He o6sa3artenbHO, YTOOBI Ka)Kzpas
(moMeuenHas) BeplIMHA COBmaaa ¢ co6ofi, HYXKHO TOJb-
KO, 4TO0B MHOXKECTBO TOUYEK, COCTABJSIOWHX CTOPOHBI
TpeyroJbHHKa TMOCJe MOBOPOTA, COBMAJ0 C MHOXECTBOM
TOYeK, COCTABJSIOLIUM €ro CTOPOHb B HayaJbHOM MOJIO-
xeuud. Hanpumep, ecayl TpeyrolbHHK, H300parkeHHLIH
Ha puc. 3.1, 6yner moBepHyT BOKpPYT ocu Ha 120° npotus
4YacoBOH CTPesKH, TO MB CMOXKeM paccMaTpHBaTh NOBep-
HYTBIl TPeYroJIbHHK KaK BTOPOH TPeYroMbHHK, HaJOXKEeH-
HbIl Ha TPEYroJIbHUK, HAXOASIIMACST B HayaJibHOM M0JO-
KeHHH. DTa cUTyalnHus usobpaxeHna Ha puc. 3.2. Lludpst
B cKOOKAX COOTBETCTBYIOT pAaCIOJOMXKEHHIO BepIIHH
TPeyroJbHUKa, KOrfa OH HaXOAMJCH B HavuaJbHOM I0JO-
’KeHHH. Mbl BUAHM, 4TO Takoe BpallleHHE CBSi3aHO C fe-
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pecTaHOBKOH BepIllMH, a HMeHHO BepuIMHa | 3aMeluaercs
BepIIMHOA 2, BeplIMHa 2-— BeplIHHOH 3, BepwIHHA 3 —
BeplIHHOH 1.

CoBMeleHHe ¢ co60f B pe3y/ibraTe BpalleHHsl yOIOOHO
NpPEeACTaBAATh cefe C MOMOLBI «pasiefieHUs» ABYX I10-
J0XKeHHui TpeyrojbHuka (cM. puc. 3.3). 3amerum, uTO
yroa npu BeplidHe | 3auepHeHd, AJAf TOTO UYTOOH Jerde
6LIIO CAEAHTh 32 ABHXKEHHAMH TpeyroJbHHKa. XOTs ABa

2 3

Puc. 3.3

CreBa TPeyroJbHHK H306paskeH B HauaJbHOM MOJIOXEHHH,
a cnpasa — [1ocJe BpaleHHs Ha 120° HPOTHB 4acOBOH CTPEJIKH,

MOJIOKeHHS] TPEyrojibHUKa H306pakeHbl pSNOM, He cJle-
ayer 3abbiBaTh, UYTO 3TOT PHCYHOK — JHIIL YyAOOHOE
npejcTaBjJeHHe TAKOro BpallleHHsl TPeyroJbHHKA, Mocie
KOTOPOT'O OH cOBMellaeTcs ¢ co60k.

CyluecTByIOT JIH JApYTHe BpallleHHs, KOTOpPHe NepeBo-
IAT TPEYroJbHHK H3 HCXOIHOro MNOJIOXKEeHHS BO BTOpOe
noJjioxkenue, n3obpaxennoe Bbie? KoHeuHno, Takum 6y-
HeT Bpainenne Ha 240° mo yacoBoil cTpenke, paBHO Kak
W BpallleHHe NMPOTUB 4acoBOH cTpesiku Ha 480 umu 840°
Uurateab MOxKeT caM ybeIuTbes, UTO J11000e BpauleHHe
n3 6ecKOHEYHOro MHOXKECTBa

A={BpalieHne NpoTHB YacoBOil cTpeaku Ha 120°£(3604)°,
£=0,1,2 ...}

obnajzaer 3THM CBOHCTBOM (BpallleHHs TNPOTHB 4acoBOH
CTPeJKH Ha OTPHLATE/IBbHBIA Yrol HHTepPNPeTHPYIOTCS
KaK BpallleHusl M0 4acoBOH CTpeJKe).

Bce nBuXeHHA H3 MHOXKecTBa A 06jaananT 06LHM
CBOHCTBOM, & HMEHHO BCe OHH OJHHAaKOBBIM 06pasom
O0GbeIHHSIOT B Napbl BepPLIMHb Hallero TpeyroJbHHKa
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B HayaJbHOM [MOJIOXKEeHHH C BepUIHHAMH TOTO e Tpe-
yroJibHUKa Mocjie NOBOpoTa:
HauanbHoe nosoxenne ITonoxkenue nmocsae noBopoTa
1 - 2
2 - 3
3 - 1
Uurartenio cielyer o6paTHTb BHHMaHHe Ha TO, 4TO
epauienus uz mHoxcecrsa A 06a4a0aroT 3TUM CBOUCTBOM
gHE 3QBUCUMOCTU OT TO020, KAKOe HOAOXNCEHUe Tpeyeons-
HUKQ Mol 8bL0pQAL 8 Ka4ecT8e HA4QAbHOZO.
[lycth Temepb @ — MPOU3BOJIBHBIA 3/eMeHT MHOXKe-
ctBa A. JIBH:KeHHe a MOXKHO pacCMaTpHBaTb Kak npeod-
cTasureny MHOXKecTBa A B TOM CMbICJe, YTO BpallleHHe 4

2 3

Puc. 34.

Cnesa H306paKeHo HauaJbHOE NMOJIOKEHHe TpeyroJb-
HUKa; CnpaBa — NOJIOXKEHHUE, KOTOpPOe IIPHHAJ Tpe-
YIrOMbHUK B pe3yJabTaTe ABHXEHHA Q.

MepPeBOAUT TPeyroJbHUK H3 (MPOH3BOJIBHO) BBIGPAHHOTO
HayaJbLHOTO MOJIOXKEHHS B TakKoe INOJOXKeHHe, KOrja OH
COBMeLaeTcss C HCXOLHBIM, a BepIIHHB O6BLEIHHSIOTCS
B napwl caenyrouuM obpazom (puc. 3.4):

a 1 —=2, 23, 3-—I1.

(ITomuuTe, YTO 8Ce ABHIKeHHS H3 MHOXecTBa A 06.1a-
30T 3THM CBORCTBOM.)

B sroil cuTyauun nam Kaxercs YAOOHBIM 0603HAYHTH
yepes @ HeKOTOpoe ABHkKeHHe U3 MHOxKectBa A. Hamnpu-
Mep, MOXKHO B35ITb B KauecTBe a NMOBOPOT Ha 120° mpotus
yacoBO#i cTpeskd. Takod BBIGOP COOTBeTCTBYeT 2 =0 B
Boipaxenun 120 %= (360 2)°. Ecan untatenb mpeamouter
KaKoe-Jiubo Apyroe a, OH MOXKeT BHIGpaTh, cKaxeM, 2 = [3
I 3aMOMHHTb, 4TO BpalleHHe Ha 4800° mpoTuB vacosoii
CTPEJKH $SIBJSETCSH «ero cOGCTBEHHBIM» MpeACTaBUTEJEM
mHoxectBa A. ToT Win HHOH BbIGOP — 3TO JIHIIbL BOMPOC
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yro6erBa. CylecTBEHHO 3llech JIHIIB TO, YTO BCe ABHIKe-
HHS, BXOASUIMe B MHOXKecTBO A, 06BbeIMHSIOT BepLIHHBI
Halllero TPeyroJbHHKA B Napbl OXHHAKOBbIM 06pa3oM, He

1 (2)

3 2(3)
Puc. 35.

3aBHCALLMM OT BbGOpA HAUYaJBHOrO [OJIOKEHHS Tpe:
yroibHnka. Mcnosbays Hally Ono3HaBaTeJbHBHIE METKH
0603HaYuM 3T0 06belnHeHHe B Maphl Tak:

I—-2, 23 3->1.

CylulecTByIOT JIH ApYyrHe, He BXOHsililHe B MHOXKeCTBO A
BpallleHHs], KOTOPble ABJAAIOTCH CaMOCOBMeELIEHHAMU 3TO-
re TpeyroJpHuxa? PaccMOTpUM MHOXKECTBO BpallleHHil

B={BraumeHus npoTuB uacoBoi cTpenaxu Ha 240°£(360k)°,
k=0,1, 2, ...}

B pesyabTaTe KaXHOro H3 3THX HBHIKEHHIH MPOUCXOIH1
HaJoXKeHue, H306paKeHHoe Ha puc. 3.5. Puc. 3.6 uso

) 1

Puc. 36.

CaeBa H306pa)keH TpPEYrOJAbHHK B Ha4albHOM
NOJIOKEHUH,

6pa)aeT TO Xe caMoe, HO B «paslefeHHoi» popMe. Kax
U Bblllle, MycTh b 0603HayaeT NPOU3BOJIbHBIL 3JIeMeH]
MHOXecTBa B, KOTOpbI# i OyJeT ero «mnpeicraBUTeeM»
Has ymo6crBa MBI NMOMETHJIM Ha PHCYHKE CHMBOJIOM <
noaoscerue, KOTOpoe NPHHAJN TPEYroJbHHK B Pe3ysbTarT
IBHKeHuA b. BHe 3aBUCHMOCTH OT TOrO, KaKoe BpalleHH¢
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Mbl BbIGpasi B MHOXKeCTBe B, Mbl MojsyuaeM cJeldyrolyo
rpYNIUPOBKY B NMapbl BepUIMH HaUIero TPeyroNbHHKa:

b: 1—-3, 3-2, 2—1.

(T. e. BepuInHa | 3aMelllaeTcs BepLIMHOH 3, BepIlidHa 3 —
BepIUMHON 2 W BepHIHHA 2 — BepuiHHOM 1).

EcTb ellle 0OJHO MHOXeCTBO ABHXKEHUH, KOTOpHe me-
pEBOAAT TPeyroNbHUK B Cebsl, — 3TO MHOXKECTBO

C = {BpailleHUsI NTPOTHB YacoBOH cTpesku Ha 0° =+ (360%)°,
k=0, 1,2, ...}

Ha puc. 3.7 cumBojioM ¢ 0603HayeH NPOU3BOJIbHBIH 3Je-
MmeHT MHOMKectBa C. OTMeTHM, 4UTO pe3yJibTaT ABHKEHHS
¢ COCTOHT B CJeLyIOUeM: TPEYroJbHHK COBMELLAeTcs CO

2 2

Puc. 37

CusieBa H306pasKeH TPeyroJLHHK B HA9aJbHOM NoO-
JNOKEHHH,

CBOMM MCXOIHBIM IIOJIOK€HHEM; TpPH 3TOM BeDIUHHE
TPYNMUPYIOTCA CAeAYIOLWHM 06pa3oMm:

c. 1—>1, 252, 3-3,

Haiua uejib — MoJayyuTs TPynny ABHXKeHWH, M, TaK Kak
rpynna JoJ/iKHa HMeTh eIUHHIY (aKcHOMa O elHHHYHOM
5J1eMeHTe), HaM clenyer yGequTbcs, YTO J060e [OBHXKE-
HHe ¢ u3 MHOoxectBa C ynoOBJeTBOpsieT TPeOGOBaHHAM,
npeABbABASEMbIM K eIHHHUHOMY 3JeMeHTy. [elicTBuTE NB-
HO, ecJqM X -— NPOH3BOJILHBIN 3JleMeHT MHOXecTBa A, B
uau C, To Kak cynepnosHuis ABHXEeHHH ¢ U X, TaK H cy-
Nepro3Huus X U ¢ CyTb BpalleHHs U3 TO20 e MHOvce-
créa, 4ro u x. YUTo6n mpOBepuUTL ITO, BCIOMHHM, UYTO
BpallleHHsl, HANPUMep, H3 MHOXKecTBA A — 3TO BpalleHHs
Ha 120° = (360%)°, £ =0, 1, 2, ..., a BpalleHus U3 MHO-
kectBa C — 3To BpallleHuss Ha 0° = (360m)°, m =0, I,
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2, ... . Ecnu gBa BpalueHus BHITOMHAIOTCS MOCTKEI0Ba-
TeJbHO, TO YroJi, Ha KOTOpPBbIH OKa)kKeTcs MOBEPHYTHIM B
pesyjbTate 006OMX BpallleHWH TPEYrOJbHHK, €CTb CYMMa
VIVIOB, Ha KOTODble NOBOpPauYHBaeTCsl TPeyrOJbHUK MpH
KaxJ1oM u3 uHMX. Takum o6pa3oM, Cymeprnosuiiys Bpallie-
HHI @ H ¢ ecTb NOBOPOT Ha yroJ

120° =+ (360k)° + 0° = (360m)°,
HJIH
120° = (360 (& + m) )°.

Tak Kak k& U m— Leiible yucaa, T0 R + m — Takxe [e-
Jloe YHCJ0 H, CJIeJ0BAaTeNbHO, CYyNeprlo3ullHs a W ¢ ecTb
BpalleHde H3 MHOXecTBa A. AHaJIOTHYHO, Cynmepno3uius
¢ U a ecTb BpauleHue na 120° = (360 (m + &))° u3 muo-
secTtBa A.

B o6o3naueHusx rpynmoBoro yMHoxKeHus (ctp. 23)
510 3aMHIIeTCH TaK:

ac=ca=a, bc=cb=>b, cc=c,

H pe3yJbTaT He 3aBHUCHT OT TOrO, KakHe 3JEMeHTH a, b
M ¢ BoIGpaHbl B KayecTBe MpelcTaBHTeNeH MHOXKecTB A,
B u C cooTBeTCTBEHHO. DTH COOTHOILIEHHS OODBACHAIOT,
noyeMy Mbl OyleM HCIOJAb30BaTh cHMBOM [ (0Go3Ha-
YAOUUH eIHHHYHBIH 3JIeMeHT) AJ9 NPOH3BOJLHOTO 3Je-
MeHTa M3 MHOxKecTBa C.

Mbpl nepe6Gpany Bce BO3MOXKHBIE BpallleHHS BOKpPYT
BHIGpPAaHHON HaMH OCH, SIBJASIIOLUIHECH CAMOCOBMELUEeHHSIMH
NAaHHOTO TpeyroiibHHKa. Kaxkloe Takoe BpallleHHe CO-
LepKUTCS B OOHOM u3 Tpex MHoxectB A, B, C ¢ npex-
cTaBuTeIIMH a, b, I, COOTBETCTBYIOLIMMH TOJIOKEHHAM
TpeyroJibHHKa, H306paxKeHHbIM (B «pasleIeHHOM» BHJE)
Ha puc. 3.8. OTMeTuM, YTO Ka)kJaoe M3 TpexX MOJIOXKeHUI
TPeyrosibHUKa IOMeYeHO CHMBOJIOM, 0003HAYaIOIHM TO
Jsudcertie TPEyroJbHHKA, KOTOPOEe NepeBONUT ero u3 3a-
LAaHHOrO HAyaJIbHOrO MOJOMKeHUs B H300pakenHOoe Ha
PUCYHKE.

Mul yTBepIKIaeM, UTO MHOXECTB0, COCTOAUeE U3 Tpex
Kaaccoe camocosmewjenuti ¢ npedcrasureaamu I, a, b,
o6pasyer epynny ¢ onepayuell «nocaedos8aTeAbHO20 Bbl-
noanenus» 8 kadecrse Gunaproi onepayuu. Utobul npo-
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BEPHTb, YTO OMepalHs <«IOC/e10BaTENbHOIO BHINOJMHE-
HUSI» sIBJAsieTcss Ha 3TOM MHOXeCTBe OuHApPHOH omepa-
nuell, 1 y6eIHTbCS B TOM, UTO AKCHOMBI TPYMIbl BHIIOJ-
leHbl, HaigeM MpouaBefeHHe JIOOBIX IBYX 3JIeMEHTOB.

2 3 1

I a b
Puec. 38.

Haiinem, HanpuMep, ab, onpelensis, Kakas rpynnupoBKa
BepIIHH B Mape COOTBETCTBYET CYMEPIO3HIUH BpalleHHH
aub:

a 1—>2 b: 123

2—3 3—>2
3—>1 21

JBuxeHue o cBA3LiBaeT BepliHHy ! ¢ BepwuHoil 2 (Taxk,
KaK 3T0 ObLIO0 OmHcaHO Ha ctp. 29), a aBukeHue b —
BepUIUHy 2 ¢ BeplIHHO# |; TakHUM 06pasoM, B pe3ysabraTe
CyNeprno3HUuu [IBUXKeHHH a u b BepmmHa 1 o6venu-
HAeTcss B mapy cama c coboii. To ke camoe NPOUCXOTHUT
H ¢ ApYyruMH BepmuHaMH. MrTak,

ab: 1—-2—-1 uamn 1—1
2—>3—>2 umu 22
3—-1—->3 um 3—-3

dcno, uto
ab=1.

Yutatenb - MoXKeT Jierko yGeluTbCS B TOM, YTO aa = b,
bb=a n ba=1 (u torna GyAyT paccMOTpPEHBI ykKe BCe
NpoU3BefeHNUS).

Mpb  ycTaHoBuJIM TakKuM 06pasoM, YTO CyNeprnosu-
uus — GHHapHas omepanus Ha Haulem MHOXecTBe. Ocrta-
JIOCb TPOBEpHTh JHILIb BBHIMOJHeHHe TPYMNIOBBIX AKCHOM,
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Accoyuarusnocte. Mel yxe nposepuiu (crp. 20),
UTO Onepalys <«MNOCJAeJ0BaTeJbHOr0 BBHINOJHEHHA» acco-
[H4THBHA, KOrja 3JeMEHTaMH MHOXKeCTBa SABJAIOTCA
JBHIKeHHUS.

Edunuunoui saemenr. Tlpeapiiylline paccyXaeHnus no-
KasblBaloT, 4T0 MHOXKecTBo C ¢ npencraButeneM I ecTb
eIMHHUIIA,

Ob6parnvie saementol. Tak kak ab=1 u ba=1 (n,
pasymeercs, Il = 1), T0 KaxKAblil 371eMeHT B HalleM MHO-
kectBe obaanaer o6paTHLIM.

INpumep 6. Ilpeanonoxum, 4TO Hac HHTePECYIOT He
caMH lleJible MHCJIa, a JIHIOb HX OCTAaTKH OT JeJeHH:H
Ha 2; GyleM cuMTaTh ABA YHCJA IKBUBAAEHTHLIMU, €CTH
OHH [alOT Npu JefeHHW Ha 2 OAUH M TOT Ke OCTATOK.
JlBa menbix uHc/a SKBHBaJIeHTHLI, ecayd o0a OHH YeTHbIe
iy o6a HeueTHbIe.

Tor ¢axt, uro yucna 6 U 8 HMeEIOT OHHH H TOT Ke
OCTaTOK INpU JejieHHU HA 2, Mbl OyleM Bblpa)kaTb 3a-
MHCHIO

8=16 (mod 2),

rle == O3HayaeT <«IKBHBAJEeHTHO», a mod — «mo Moay-
10»1). AHaJIOTHYHO MOXKHO HaIHCaTh

7=23 (mod 2),

TaK Kak 7 ¥ 3 JaiOT OAHHAKOBblE OCTATKH MpPH NeJIeHHH
Ha 2. Takum o6pasoM, eciin yepe3 x 06O3HAYUTb MPOU3-
BOJILHOE YeTHOe YHCJIO, a Yepe3 y — HeuyeTHOe, TO

x=0(mod2) u y=1 (mod?2).

HeiicTBUTENbHO, MOHATHE <«IKBHBAJEHTHOCTb MO MO-
Aymio 2» RaeT HaMm BO3MOXKHOCTH B3AThb O n | B KauecTBe
«MpeAcTaBHTeNeH» YeTHHIX M He4eTHHX YHCeJ COOTBeT-
CTBEHHO.

Mui Tenepp MOXKeM HCCeAOBaTh IPYNNY C 3JeMeHTa-
M 0 u | u OuHapHO#l omepauuell «cNOXKEHHE MO MO-
aymo 2». Onpenenum caosmerue no modyao 2 (0603Ha-

=

') Hacro B 3TO& CHTyalHH TOBOPAT, UTO 4HCAA CPASHUMBL TIO
AaHHOMY MOAYymO. — [Tpum. nepes,
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yaemoe yepe3 ) IBYX LeJLIX YHCEN @ H b ClelyloluM
o6pasom:

a®b=0, ectu a+b=0 (mod?2),
T. €. CJIH 00bluHasi cyMMa — YeTHOE YHCJO, H
a®b=1, ectu a+b=1 (mod?2).
Cnoxenpe no MoRyJwo 2 sApasercs GuHapHOH omepa-
nuell Ha mHoxectBe {0, 1}, Tak Kax
04+0=0(mod2), 0+1==1 (mod?2),
1+0=1 (mod2), 1+ 1=0 (mod2),

i

HJIH
090=0, 0pl=1, 190=1, 1H1=0.

Accoyuartusnocts. Jlerko mnpoBepHTb, UTO CJAOKEHHE
N0 MOAYJI0 2 acCOLHaTHBHO; HampHMeD,

l1+(1+1D=(14+0)=1 (mod 2),
(I+D)+1=0+1)=1 (mod2).

Edunuunetd asremenr. 3pech 0 aBasercsd efuHuLeH.

O6parnvie asementol. KaXaplli 3/eMeHT sBaseTcs
o6paTHbIM X caMoMy cebe, Tak kak 0 + 0= 0 (mod 2)
ul+1=0 (mod2).

Mbi, TaKuM 06pa3oM, pasGUIH MHOXKECTBO LEJBIX UH-
ces Ha JBa KJjacca— KJacc YeTHHIX YHCeJ ¢ MpencTaBu-
tejeM 0 M KJacc HeYeTHHIX ¢ nmpencraButeneM 1. MoxHo
Taxxke pa3bUTb 3TO MHOXKECTBO Ha TPH KJiacca, paccMmar-
puBas OCTaTKH OT HdeleHus Ha 3. Bce mesble uucaa, Ko-
TOopble JAaloT octatok 0 nmpu ledeHuu Ha 3, COCTaBIAT
OAUH KJlacc, BCE Te, KOTOPble AAlOT OCTATOK 1, — BTOPO#
KJace, H BCE Te€, KOTOPble NAI0T OCTAaTOK 2, — TpeTuil. Mu
NHIleM, HAOpUMep,

12=15 (mod3), 7=1 (mod3), 5=8 (mod 3),

T. e. lleJble YHCJa, KOTOpHe JAIOT OOHH H TOT XKe OCTa-
TOK NpH OejleHHH Ha 3, 3KBHBAJEHTHB MO MOAyJdio 3.

AHajoruuHo MOXHO paccMaTpHUBaTh KJACChl UMcel,
SKBUBAJEHTHBIX MO MOAYJIO 4, HCCNedysh OCTaTKH OT Je-
Jgedus Ha 4, u BooOlue KJacchl HeJBIX 4YHCeJ, 3KBUBA-
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JIEHTHBIX MO MOAYJIIO MPOHU3BOJBHOIO LEJOro #. Tax xax

IpH HeJleHHM Ha n BO3MOXHBI ocratku 0, I, ..., n—1,

Mbl MoOJIy4yaeM 7 KJaccoB c IHpeacraButeasamu 0, 1, ...
n—1

ey .

Uurarteno cJielyetr MNonbiTaThbCd CaMOCTOATEJNbHO IPO-
BCPHTBb, YTO MHOXKECTBO

0,12 ..., 0-1)

c OHHapHOH omepamuell «CJHOXKeHHe M0 MOAYII A» CO-
ctabjger rpynny. [Eciu X — Npou3BOMbHBIN 3JEMEHT Ha-
Liero MHOXeCTBa, TO KakoB ero ob6patunii? Hiem
3JIeMeHT Y, Takoll, uto ¥ + y = 0 (mod n), sameuas, uto
n=0 (modn).]

Npumep 7. PaccMoTpuM Tenepb MHOXKECTBO LEJBIX
uyucen {1, 2, 3, 4} ¢ 6unapHoil omepanueil «yMHOXEHHE
no monynio 5». Takum o6pasoM, s JIOOBIX HEJBIX YH-
ceJl r U § U3 HaUlero MHOXKeCTBA :

r®s=¢t um (r, s)—t, ecau r-s==t (mod?H),

T. €. eCJIH Uejple YHCaa r-S W ¢ AAOT OOHH H TOT XKe
ocTaToK Npu Aenenuu ua 5. Hampuwmep,

3®4=2 nnu (3, 4 —>2, tak Kak 3 - 4=12=2 (mod 5).

Uuraresaio caenyeT IPOBEePHTb, UYTO YMHOXKeHHe MO
MOZAY.II0 5 eCTh GHHADHAS OMepalys Ha YKa3aHHOM Bbillle
MHOXKecTBe, y6eIUBIINCh, YTO NIPOH3BeJeHHe JIOGBIX ABYX
3/JeMeHTOB Halller0o MHOXKeCcTBa 3KBHBAJIEHTHO HeJOoMY
YHCJAY U3 TOrO e MHOXKecTBa.

AccoyuarusHocTs cllelyeT U3 acCOLHAaTHBHOCTH OObIU-
Horo ymHoxenus ueasx uuces. (ITposepbre 3710.)

Eodunuunbii 3aement. Enqununieir spnserca aneMent 1.

Ob6parubie 3aemerTol. DneMeHT 1 coBHajaer co
CBOUM 06paTHbIM. DieMeutsl 2, 3 H 4 YIOBJAETBOPSAIOT
CJlelyIOIUMM COOTHOLIEHHSIM, KOTODbie ONpefessioT HX
obpaTHble:

2.3=1 (mod5), ofparHeiM K 2 aBasercs 3,
3.2=1 (mod5), o6paTHeIM K 3 sBasercsd 2,
4.4=1 (mod5), obparHbiM K 4 sABJserca 4.
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Uurarenio clleflyeT MOMBITATbCH YCTAHOBUTD, GbIIO JH
HeoOXOAUMBIM OTCYTCTBHE B HalleM MHOXeCTBe 3JleMeH-
ta 0, 1. e. Gymer nu mHoxectBo {0, 1,2,3,4} rpymnoi
OTHOCHTENBHO Orepaniy YMHOXEeHHS [0 MOAYJI0 5.

Hpyroit Bompoc K uyHTaTeNio: COCTABJSET JH TPyIIy
MHOXKecTBO {1,2,3} ¢ GuHApHON omepanueil YMHOXeHHUA
no moxymio 4? IlonwiTalitech cHavana HaiiTH OGpaTHBIH
K 2, T. e. Takoil 3JeMeHT X M3 Hallero MHOXeCTBa, YTO
2x =1 (mod4).

Mpumep 8. Ilycts p > | —npocroe 4wucaro, T. €. YHCHO,
y KOTOPOro BCero IBa LeJblX MOJIOXKHTEeNbHBIX TeMHTeN:
1 u p. PaccMoTpUM MHOXKeCTBO

{1’ 2: 3: R p_l}-

Mbl yTBepKAaeM, UYTO «yMHOXKeHHe M0 MOLYJMI0 p»
ecTb GHHapHas oOmepalds Ha 3TOM MHOXeCTBe H YTO
rpynmoBble aKCHOMBI 3Aech BblNOJHAWTCA. [Ipenocras-
JsieM YMTATeJI0 MOKa3aTh, YTO BLINOJHEHH akcHoMa ac-
COIHATHBHOCTH M aKcMoMa O eAMHHYHOM 3JjieMenre. Jlo-
Ka3aTeJbCcTBO TOTO, YTO cIpaBeflanBa akcuoMa o6 obpat-
HBIX 3JIeMeHTaX, Mbl TaxKe IMpelNOCTaBJsIeM YHTATENIO
B KayecTBe YNpaxKHEeHHS.

Ynpaxuenune 4. Paccmorpute MHOXKecTBO {1, 2,
3, ..., p— 1}, rme p— npocToe uucio, ¢ GUHAPHOH oOme-
panneil «yMHOXKeHHe 10 MOyt p». [lokaxure, 4ro Anas
n06oro 3JeMeHTa X H3 JTOr0 MHOMKECTBa CYIIeCTBYET
3JeMEeHT Y TOro :Ke MHOXKeCTBa, TaKOH, YTO Xy ==
=] (modp).




rnasa 4

TABNIMUA YMHOMEHHA MPYMNbI

Ham nyxKHO Temepb paccMOTpeTb CJedyWOLIyio IMpo-
6reMy: KakMM 006pa3soM MOXKHO 3adaTé KOHKPETHYIO
rpynny? HHbeiMH cioBaMH, Kakoe KOJHYeCcTBO HHpoOpMa-
LHH HeoGXONHMMO IJIsi TOTO, YTOGBI MOXKHO ObLJIO 3aHaThb
rpynnmy Kak eAMHbIE MaTemarnuyeckuii o0wekT? M Kak
BHIIBUTb T€ IaHHLIE, KOTODHIE [O3BOJAIOT OMNpEeNeNHTb
TY WJIH HHYIO KOHKPeTHYIO Ipynmy?
~ Orser Ha 3t Bompochl 6bi1 paH Ksium B 1854 r.,
KOTJa OH BBes Tabauyy ymHodxcenus epynnel. Ona no-
X0Xa Ha TpPHUBBIUHYIO apH(MeTHYeCKylo TaGJuIy YMHO-
JKeHHsl. DJIeMeHTbl TPYHNbl DAacCHONaraloTcsi B BepxHel
CTPOKE H B TOM Ke NOpsIKe B JIEBOM CTOJGUE TaGuIlbl,
a BHYTPH Hee pasMellaloTcsl NPOU3BENEHHS 3JeMEeHTOB.

PaccMoTpuM cHayaja Fpynmy nopsiaka 2, COCTOSIHIYIO
U3 ABYX 3JeMeHTOB, | U1 —1, ¢ OOLIYHBIM yMHOXEHHEM
B KayecTBe OUHAPHOH onepanuu. B taba. 4.1 cogepxartcs
BCe BO3MOXKHbl€ NPOU3BelleHHs [BYX 3JIeMEHTOB Halllei
rpynnsl. Tak Kak, o6bIYHOe YMHOXeHHe KOMMYTATHBHO,
Jio6ble 1Ba 3JeMeHTa 3TOH TPYINNbl MepecTaHOBOUHBI Me-
XK1y cofoil.

Tabauya 4.1

1| -1

1 1[—1

-1 —1I 1

Hanee, nmoctpouM TaGaHLY YMHOXKEHHs IJS TPyNIbl
CaMOCOBMeLleHHH DPaBHOCTOPOHHEr0 TpeyrodbHHKa Ha
naockoctd (cM. npumep 5, crp. 26). Hcrnoabsys cum-
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Boan [, a, b Aas o0O3HAuYeHHS] TpeX 3JeMeHTOB 3TOof
IPYINNbI, Mbl 3aIHIIeM CaMH 3JIEMEHTHl H HX NpPOH3BeMe-
KU B BuZe tabna. 4.2. Tyt ciiefyer cienath psii noscHe-
HUI W ynpoueHui. Mbl He MOXKeM CUMTAaTb 3apaHee 3a-
JaHHBIM, 4TO J106ble JlBa 3JieMeHTa Halleli TPYyINIbl KOM-
MYTHPYIOT Mexnay coboii. [lo3TOMy cOMHOXKHTeNH B Ka-
JKJIOM TPOU3BENEHHH MBI MHIIEM B TOM INOpSAAKE, B KO-
TODOM  BBINOJIHSIETCS YMHOXeHHe: nepssim CTaBUTCA
COMHOXHTEJIb H3 JIEBOTO CTOJAGHA, a 8TOPLIM — U3 BepX-
Hel CTPOKH.

Tabaruya 4.2
Il comMHOXHTEND
I | a | b

I 11|1a I6

I comnoxuresp a al I aa ab

b bl } ba bb

HanomuuM, uTO, NMOAPOGHO H3YYHB 3Ty Tpynmy, M
EBIBeJIH TaKHe COOTHOILEHHS:

aa=b, ab=ba=I[ bb=ua
(cm. ctp. 33).
Hcnonb3ys 3TH pesynbTaThl H CBOMCTBAa eTUHMIB /,

MBI MOKeM 3anucaTb TalJaHLly YMHOXeAUs B CJeLylo-
1eM Bupe:

Tabaruya 4.3
II coMHIXKuTeNB
[ a b

1 l a b

I coMHOXHTEE @ a b !

b b 1 a

Muorue cBojicTBa paccMaTpHBaeMoOil TPYINbl Bpailie-
HHH MOXHO H3BJIeUb NPSIMO H3 3TOH TaOJNULB YMHOXe-
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Hus. O6GpaTHble 3JeMeHTH MOXKHO HaiTH, MPOCJAedNB, HA
nepeceyeHHH KAaKHX CTPOK M CTONOLOB BCTpedaercs
B Tabauite 3aeMeHT /. OTMeTHM HHTepecHOe «COBHmaje-
HHe»: CTPOKH TalJ/HLbl ABJAANTCS IepecTaHOBKAMU BepX-
Hell CTpoKH, a CTOJOILI — epecTaHOBKaMHU  JieBOTO
cronbua.

Tabnuna nokasbiBaeT TaKXKe, 4TO BCE 3JIEMEHTH
IpyInsl NOMApHO HepecTaHOBOYHBLI, TAaK KaK BCe IIPOU3-
BeleHHS, PACIOJOKEHHbIE CUMMETPUHHO -OTHOCHTENBHO
raBHOH JAuaronanu, coBmagator. [aasHas Oua2oHans
NPOXOAHT U3 JIeBOro BepXHero yrja B IPaBbld HHUXKHHI
H B HalleM cJy4ae BBIIIAJUT TakK:

| 1

v
|

“ |

B mo6oi Tabauile YMHOMXKEHHS] CHMMETPHUHO MO OT-
HOUIEHHI0 K NPOU3BeJeHHI0 rS paclojaraercs I[poH3Be-
genue Sr. Mpl HasbiBaeM TpYINNYy KOMMYTATUBHOU, eCcJiH
2108bie IBa ee 3JeMeHTa NepecTaHOBOUHLL. Takum o6pa-
30M, Mbl MOXXeM CKasaTb, UTO

KOHewHaA 2pynna KOMMYTATUBHA TO20a U TOAbKO
roeda, Kozda ee rabiuya ymroxcenus obaadaer Tem
CBOLCTBOM, HTO npou3gedenusn, pacnoOAOKEeHHbLE
CUMMETPUHHO OTHOCUTEAbHO 2AQB8HOU Jua2oHaau,
npedcrasasor coboll O0uM u TOT Xe IAeMEeHT
epynnot.

CylecTByer BaxXKHOe CBOHCTBO TpyINib CaMOCOBMe-
LIeHHH PaBHOCTOPOHHETrO TPEyroJibHHKA, KOTOPOe Helb3s
13BJIeYb U3 TabJuIbl YMHOXEHHS B ee TelepellHeM BHUJE.
Onnako OHO CTaHeT OYEeBHIHLIM, €cJU Mbl BBelJeM HOBBbIe
0603HayeHHss H UCTIOJb3yeM HX JJIA TOro, 4To6bl NpHAaTh
Tabaune UHy ¢Gopmy.

B coorBercTBHM ¢ [peAcTaBJeHHEM, 4YTO TpYIIoO-
BOe YMHOXeHHe sBJsfercs o6o6LleHHeM OOGHIYHOFO YyMHO-
KeHus,, Mbl 6ynem o0003HayaTb 3JeMeHT aa TPYNNH ye-
pes a?, aga — uepe3 a®, B oflleM ciayyae NpOH3BeleHHE
k 5K3eMOASPOB 3JMeMeHTa @ — uepe3 af. AHAJIOTHYHO Mbl
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GyneM nucatb a2 BMecto (a~!) (a~!) u mpousBeleHue R
9K3eMIMAPOB 3jdeMeHTa a~! Oylem o0603HauYaTbh uepes
o~ Tak kak at.a=* =, ecrectBenno onpedeiurs a® =
= [. Dnemenut a® rpynmsl, rie A -— NpOU3BOJLHOE [EN0€
yHcs0, MbB OyJAeM Has3biBaTh CTeneunvto darementa a. Yu-
TaTeNb MOKeT NMPOBepPHTb AJs cels, 4TO OOBIYUHBIE Mpa-
BHJIA YMHOXKEHHS CTeneHeil COXPaHsOTCT W IS TPynno-
BOrO YMHOXEHHS CTemeHell 3jieMeHTa Ipynibl.

Hcnoab3dys mnoJyyeHHble paHpllle pesyabTaTol, yobe-
JKIaeMcs, 410

b=aa=a,
ab=aaa=a%=1,

Tak 47O TaGJHIAa YMHOXEHHS IaHHOH TPyNNbl MOXKET
6uITb TpencTaBaeHa B Bule Taba. 4.4. B aToll nocaennedt
¢opme Tabaulla MOKA3bIBAET, YTO 4000l 34eMeHT 3TOL
2pynnuvl ecTo cTenenb 00HO20 3AemenTa a. I'pymnna ¢ rta-
KHM CBOHCTBOM Ha3blBaeTcsl NOPOJOeHHOU 3JIEMEeHTOM a,
a caM 3TOT 3JeMeHT HashBalT o06pasyroujed TPYMIHL,

Tabauya 4.4
Il a | a2
I 1 a | a?

a? | a? I a

IMoapo6uee 3TO MOHsTHE Mbl PACCMOTPHM MO3XKe, B ria-
Be 06 06pasyoUuxX IPynNIs.

HekommytatuBHas rpynna. Xotd Mbl yXKe [PHBOLHIH
npuMepbl He KOMMYTHPYIOUUX MexIy co0oii map sJe-
MEHTOB, HEKOMMYTATHBHOH TDYMNbl Mbl ellle He BHIENH.
HanomuuM, 4YTO KOMMYTAaTHBHOH rpymnofl Ha3biBaercs
rpymnmna, Jobbie [JBa 3JeMeHTa KOTOPOH KOMMYTHPYIOT
mexay coboil. Takyio rpynny HasbBaioT Takxe abesesoi
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B yecth H. X. AGens!), BnepBble NPHMEHHBLIErO TaKHe
PPYONBl K TEOPHU YpaBHEHHI.

Ecnu B rpymnne cyilecTByeTr JBa He KOMMYTHPYIOLIHX
MexAy coO0H 3JeMeHTa, TO TPyNNa Ha3bIBAETCH HEKOM-
MYTQTUBHOU HE3aBHCHMO OT TOTO, CKOJbKO Haiimercs
B Hell Map KOMMYTHPYIOLHX MeXAy c060# 3JieMeHTOB.
MoeT JaM CyLlecTBOBAaTh TIPYNNa, B KOTOPOH HHKaKHe
IBa 3JIeMeHTa He MepecTaHOBOYHMI? SIcHO, uTO HeT, Tak
Kak Jjwobas rpynna Colep:KHT eZUHUUYHBIN 3JeMeHT, KO-
TOPBIH KOMMYTHPYET C KaXKAbIM €€ 3JIeMeHTOM.

[MocTpoum Tenmeph HEKOMMYTATHBHYIO TPYMNy MOpPsA-
Ka 6. B manpHelinieM craHer fCHO, YTO 3TO HaHMeHbIIHU
N3 BCeX BO3MOIKHBIX MOPAAKOB HEKOMMYTATHBHBIX TPYIIIL.
J7s mocTpoeHuss rpynmel pacCMOTPUM JIBHKEHHs paBHO-
CTODOHHEro TPeyroJbHHKa, B pe3yJbTaTe KOTODHIX OH
coBMelllaeTcsl ¢ caMHM coGoii. Mbl yxKe paccMarpuBadd
OJIHO MHOXKECTBO TAKHX [IBHXKEHHH, HO TOrZa Hanarajioch
OrpaHHYeHHe, YTO TPEYroJbHHK [OOJXKeH BpailaThes
B CBOeil IJIOCKOCTH. DTH BpallleHusi, KaK Mbl yGeauJuch,
of6pasyloT rpynny Tperbero nopagka. Ecau or6pocuth
yKaszaHHOe OrpaHHYyeHHe, TO CTAHYT BO3MOXKHLIMH HOBEIE
IBHXKEHHS, T[OCKOJbKY TPEYrOJbHUK TeNepb MOXKHO
ONpOKUABIBaTL. Hanpumep, ONPOKUALIBAS TPEYroJbHHK
OTHOCHTE/NIbHO KAaKOH-JMHOO ero BHICOTH, Mbl COBMelllaeM
ero ¢ caMuM cofol, HO 3TO [BHXKEHHe He COBIlajfiaeT HH
C OJHUM H3 paccMOTpeHHbIX B mpuMmepe 5 (ctp. 26)
BpalleHni#. Msbl yBHIHM, YTO Terepb CYIIECTBYeT YyiKe
LWeCTh MOJIOKEHHH, B KOTOPHIX TPEYTOJbLHHK COBMajgaer
¢ camuM co6oii. Mbl o6o3Hauum ux uepes [, r, r2, f, fr,
fr* (no npuuHHAaM, KOTOpBIE CTAHYT SICHBl YHTATENIO M03-
kKe). DT nojoxeHus uzobpaxkennl Ha puc. 4.1. (Bpems
0T BpeMeHM Mbl GyleM NaBaTb TeOMETPHUYECKY) HHTEp-
OpeTalHio TPYINOBHIX CBOHCTB, B3bIBAS K HHTYHTHBHOMY

1) Hopsexckuit MateMaTuk Huabe Xenpuk AGenn (1802—1829)
IOKa3aJq Hepa3pellMMOCTb B pafgukasax afuwero aare6panyeckoro
ypaBHeHUs NATON cTeneHH. IIpH u3yuenuu anre6pavuecKuX ypaBHEHH
OH LIHMPOKO HCIOIb30BAJ MOHSTHE KOMMYTATHBHON TpyMMbl, H IO-
TOMY TeNepb Takue rpyNnel HasuiBaloTcsi «abeneBniMu». OH Takxke
€O37aJ] HOBble OGJACTH aHAJAH3a, B YACTHOCTH TEOPHIO 3JJIHNTHYECKUX
dynkuuii. AGenb yMep oT TyGepKyse3a B BO3pacTe ABaJLATH LIECTH
JIeT,
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IIPOCTPAHCTBEHHOMY IPeACTaBJIEHHIO uuTatesas. Pexo-
MeHJyeM BOCIO/Jb30BaTbCA Kako#-IMGO MOHENblo, Ha-
npuMep BbIpe3aTh U3 GyMarn paBHOCTOPOHHHE TpeyroJib-
HHK, H BOCNIPOH3BOJAHTL Te ABHIKEHUs, KOTOPbIE MBI 37eCh
ONHCBLIBaEM. )

Ilpu mocTpoeHHu Hallel rpynnbl Mbl MPHMEHHM CIIO-
€06, aHaJOTHUYHBIA MCIOJb30OBAHHOMY B mpuMepe 5
2 3 1
t ! 3 2 - I 3 2 2
2 3 1.
P PR 2 2 3
Puec 4.1,

‘(ctp. 26). Takue croco6bl OKas3bIBAlOTCA YHOGHBIMH
B TeX CJydyasX, KOTJla Mbl HMeeM JeJio ¢ Tpynmnof JBH-
JKeHHUl.

CuMBOJy, KOTOPHIM O603HauaeTcss OBHKeHHE, YacTo
NpUAAETC HEKOTOPOe KOHRpeTHOe 3HaueHHe. B stom pas-
Jlesie CHMBOJI r O3HauaeT noBopoT Ha 120° mpoTtuB uaco-
BOH CTPeJKH BOKDYr OCH, NPOXOAdLLell yepe3 UEHTP
PaBHOCTOPOHHEr0 TPEYroJIbHHKA, XOTS ITOT Ke CHMBOJ
MoKeT 0603HauarTh JI060H IpPYroil 3jeMeHT MHOXKeCTBa.
A BpauleHuii NPOTHB YacOBOH CTPeJKH Ha yrabl 120° =
+ (360k)°, =0, 1, 2, ... . AnanornuysHniM o006pazoM
[I033Ke Mbl BBeeM JBHXKeHHe [, KOTOPOMY NpPHAAAUM s
HarJISITHOCTH KOHKPETHOe 3HaueHHe, XOTS TOT Ke CHMBOJI
O6yIeT NpeAcTaBlATh 060 37eMeHT H3 HEKOTOPOro MHO-

xKecTBa ABHxKenuil. CyllecTBeHHO 3llech TO, 4TO mw Oy-
Jem paccmarpusarc Kax «00HO u TO ge» Osudcerue gce
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Te QsudceHus, Koropwle odunakosoim obpazom 06vedu-
HAOT 8 NApoL BepPUILHbL TPEY20LbHUKA.

Ham xotenoch bl uMeThb HarjflHoe Hu306pakeHHe
JIBHKeHH Halled Tpymnbl, OXHAKO MBl HE MOXeM CHe-
JaTb 3ITOr0 C IOMOUIBIO TeX HENOABHKHBIX AHArpaMM,
KOTOpBle HCMOJB3YIOTCH B 3TOH KHHre. M notomy mbl
HpenJjiaraeM 4YHTaTes0 MHTEPIPeTHPOBATb 3TH AHArpam-
Mbl TaK, Kak 3TO OOBACHANOCH HA CTP. 32, a HMEHHO
e€c/ld CHMBOJ X, 00O3HauawlMit JABHXKeHHe, INPHITHCAH
duarpaMme, H3o6paxawileli MoJoKeHHe QHIYPBI, TO MbL

Puc. 4.2

6ydem cuurars, uto Ouaspamma uszobpaaer Osuxcenue
X, KOTOpoe nepesodur (ueypy u3 3a0anHH020 UCXGOHO2O
HOAONHEHUA 8 NOAONCEHUE, OTMEHEHHOE CUMBOAOM X.

B nanbuelimeM Mbl yGeaumcs, 4To ymOGHO 4epes r
o6o3Havath Bpaulenue Ha 120° NMpoTHB YacoBOH CTPeNKu
BOKDYr OCH, NpOXOJsliefl uepe3 HEHTP TPeyroJbHHEA
MepreHfuKYNAPHO ero MNJAOCKOcTH. Torza mepBoie Tpu
MOJIOXKeHHS, KaK Mbl YyiKe BHIeNH, NepelaloT ABHXKEeHHR
I, r, r2. (Hanomuum, uto / ecTb BpallleHHe Ha Yroa
0° = (360%)°.)

YTo6bl MOMYYHTb OZHO M3 HOBBIX ITOJIOKEHHIl, Heo6-
XOAHMO ONPOKHHYTbH TPEYrojibHUK. Mbl NOCTHTHEM 3TOrO,
NOBepHYB TPeYroJibHHK Ha 180° BOKPYr BHICOTHI, MPOXO-
Hsllefi yepes OfHY M3 BepuindH. BoiGepem B KauecTBe ocu
BpallleHHsl BBHICOTY, IPOXOASALLYI0 UYepe3 BepIHHY 2.
Bpamenne na 180° BOKpyr 3To#l BbICOTH (KakK OCH Bpa-
HmeHusi) Mbl 0o60o3HauuM uepes f. Koneuno, f moxkeT 6hHiTh
U Jio6eiM Bpaimenuem Ha yroa 180° + (360k)° Boxkpyr
310it ocu. OHO u3oGpaxKeHo Ha puc. 4.2.°
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IlonbitaeMcs ysicHuTb ce6e, 4TO CJefyeT NOHHMATb
nol cuMBosoM fr. TTosoKeHus:, noMeyeHHble Ha puc. 4.1
cuMBonaMu f u fr, nokasanel otgeabHo Ha puc. 4.3. Ko-
rla Mbl CMOTPHM Ha 3TOT PHCYHOK, TO CO3jaeTcs Breyar-
JieHue, 4yTo r o603Hayaer Bpamenue Ha 120° no uyacoBoil
CTpeJIXe, a He APOTUS, KAK MBI YCJOBHJINCHL TMpexje. dTo

2 3

f fr
Puc. 4.3.

Kaxyliieecsi NPOTHBOpEUHE HCUE3HET, €CJH Mbl 3aMETHM,
4TO ONPOKUObIBAHUE TPeyeorbHUKA NPUsoOUT K udmere-
HUIO HAONPABAEHUA OCU 8PAULeHUS I HA RPOTUBONOAOMN-
noe. Tlpexne Bcero maM Halo nogpoGHee OnucaTh Bpa-
weHHe r. 3a oCh 'BpauleHHs Mbl B3 MPAMYIO, MPOXO-
AALIYI0 Yepe3 IEHTPp paBHOCTOPOHHETO TPeyroJbHHKA

Pue. 4.4.

nepleHAUKYIspHO ero maockoctdH. Ha 3tofi och 3agaHo
HanmpaBJeHHe, KaK NOKa3blBaeT CTpeaka Ha puc. 4.4, u
Hallle BpalleHHe 7 CBA3aHO cO CJ/eldylIuHM OGbeluHe-
HHeM BepliuH B mapei: 1 —2 2-+3, 3—1 (1. e. Bep-
wpHa | 3aMelnaercs BeplUMHOH 2, BeplInHa 2-— Bep-
WHHONA 3 M BeplinHa 3 — BepluHHOH 1).

[TpencraBuM cefe Tenepsb, UTO Hanpap/adiolas cTped-
Ka OCHM — 3TO Hape3aHHBI!l KOHel NPaBOCTOPOHHEro BHH-
Ta. YUTOGH BBIIOJHHTH BpallleHue 7, MOBePHEM TPeyroJib-
uuk Ha 120° B HampaB/aeHHH, B KOTOPOM MH CTaju
Obl BBHHUKBATL NPABOCTOPOHHMI BHHT. Ecanm nepsbiit
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TPEYroJMbHUK [OJABEPTHYTH NBHXKEHHIO f, TO OH 3aiMeT
NOJIOKeHHe, KOTOpoe noMeyeHo GykBo# f Ha puc. 4.5.
3ameTuM, UTO HanpaB/jeHHe OCH H3MEHHJOCH IIPH 3TOM
Ha NpPOTHBONO/JOXKHOe. Ecau mnocile 3TOro TpeyroJbHHK
NOJABEPrHyTh BpalleHHI0 r, KOTOPOe MOXKHO HHTEPIPETH-
poBaTh KaK BBHHYMBaHHe NPaBOCTOPOHHEro BHHTA, TO
OH 3aliMeT NOJIOXKeHHe, MMOMedeHHOe Ha puc. 4.5 CHMBO-
JaoM fr. Takum o6pasom, NpuUMeHfeTcss JM BpalleHue r

K Tpeyro/JbHHKY, HaXOAAlleMycd B I[OJOKEHHH, MoMe-
YeHHOM CHMBOJIOM [, WJH K TpPeyroJbHHKY, HaxoAslle-
Mycsl B NOJIOKEHHH, moMeueHHOM G6yxBo# [, OHO oAHHa-
KOBBIM 06pa3oM pa3buBaeT Ha mapbl BepLINHBI TPEyroJb-
Huka: | —2,2—3,3—1.

MHozkecTBO, cocTosilee U3 LIECTH KJAaCCOB JABHXKEHH,
H300paKeHHBIX C MOMOILBIO IUECTH MOJOXKeHHH Tpe-
yronbHHKa, ¢ GUHHApHOA oNepalMell CYNepnosHIHU, HJIH
«TIOCJIeI0BATENBHOTO  BHIMOJNHEHUA», ofpasyeT rpynmy.
Mul 3Haewm, 4TO 3Ta onepaluus acCOUHATHBHA M YTO elH-
HUYHBIA 37eMeHT [ fBJsteTcA 3JeMEHTOM paccMaTpHBae-
Moro MHoxecTtBa. CrnipaBelJiMBOCTh aKCHOMEI 06 ofpart-
HOM 3JIeMeHTe O4eBHJAHA B CHJY CJeAYIOIUHX HHTYHTHB-
HBIX cooOpaxeHuil: ecJU JaHHOe ABHKeHHe mpeobpasyer
OJlHO IIOJI0XKeHHe B Jpyroe, TO cyllecTByet mHpeobpaso-
BaHHe, BO3BpalLlaiollee (PHIYpYy B HCXOJAHOe MOJIOKeHHe
(o6paTHOe npeoGpasoBaHue).

[ToyunTesbHO NpPOAEMOHCTPHPOBATL HEKOTOPBIE TPYI-
NOBLle CBOMCTBA C NMOMOUILIO TaOAHIK YMHOXKeHHs. Or-
MeTHM, uto r3=1[ u f2 =1 (910 cjaelyer H3 caMOro xa-
pakTepa paccMaTpuBaeMblX ABHXKeHHH). Mcnoabsys atu
CBOHCTBa, coctaBuM Taba. 4.5. Uro6el 3aBepLIHTb IO-
cTpoeHHe TaGJuLbl YMHOXKeHHS Halllefl TpPYNObl, HaHo
NPeACTABHUTb Ka)KA0e H3 CTOAWMX B fuefikax Taba. 4.5
BbIpakeHUH KaK OJHH M3 3JeMeHToB [, r, r%, f, fr, fri
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Tabauya 4.5
I coMHOXuTEb

I r r? f fr ‘ fr?

rlr el e

r r | rfo | orfr }orir?

I commoxuters 72 | r? ‘ Lo | ol e
AR

| ot b | of || | e

| e | || b | e

Mur npoBemem noipoGHO yNpolleHHe ABYX H3 3THX BHI-
paxeHuil, a ocTasjbHOe NPEJOCTABHM CHeNaTh YHTATeNIo.
[pexne Bcero nokaxewm, uto frfr = 1. Paccmorpum no-
cleloBaTebHOCTL AHarpaMm Ha puc. 4.6. IlepBas us

1

3 2
.

frf frfr=1
Puc. 4.6.

HHX H306paxKaer aBuxeHue fr. Mcxoms u3 atoro moso-
JKeHHs TPeyroJbHUKa, MPOM3BeleM ero nmosopor Ha 180°
BOKPYTI' BBHICOTHI, NMPOXOAdleH yYepe3 BepwiuHy 2. B pe-
3yAbTaTe MOJAyyaeTCA ABH:KeHHe f[rf (mociefoBaTeNbHO
BBINOJIHAIOTCA ABHXKeHHS fr u f), H306pakeHHOe Ha BTO-
poli nuarpaMme. 3aTeM Mbl HOBepHeM TPeYrOJbHUK Ha
120° B HanmpaBJleHHH, KaK eCJH Gbl MBl 88UHYUBQAU ADa-
BOCTOPDOHHH#I BHHT, BOKDYT OCH, MpPOXOAsILeH uepes
IieHTDP; OKOHYATeJbHHIN pe3yabTar frfr u3o6paxeH Ha
nocJjelHel AHarpaMMe H BHIVISIAHT Kak HauajdbHOe
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nonoxende, oGosHaueHHoe uepe3 [. Taxum o6pasowm,
frir = L.

Tenepp noxaxkem, uto rfr?=1[ §pu nHoMomHu HAua-
rpaMMm Ha puc. 4.7.

2 oo 3
} !
rf rfré=fr
Puc. 4.7

Hcnoabsys Bce TakHe YINpOLUEHHble MNPOH3BEAEHHS,
Mbl coctaBuM TabJa. 4.6. Ta6juua NoKasuBaer, YTo

Tabaiuya 4.6
IT comHOXHTEJB

I I r l r? f | fr | fr?

I I | r | r? f fr fr?

r r r? I fr? f fr

1 comHoxuTe L 12 re I r fr fr? f
f f fr fr? I r r?

N R A R r

< I A O I e I

(1) Onepamnus  «IOCJTeJ0BATEIbHOIO  BHINIOJHEHUAS
ABAsercd OWHApHOH onepalHed Ha HalleM MHOXeCTBe
5JIeMeHTOB.

(2) Akcuoma 06 of6paTHLIX 3J€MEHTaxX BHITIOJIHEHA,
Tax Kak [ BcTpeyaeTcsl TOUHO OAHH Pa3 B KaXAOH cTpo-
Ke H croabuel!). Mbl MoxeM cpasy onpefenaurb oGpart-

)y W3 storo cBoficrBa Tal/HUbl SICHO, YTO AJS KaXKAOTO 3/MeMeH-
Ta cyulecTByer JeBbifi oOpaTHbll ¥ npaBblfi oOpatHbi. MX coBnmane-
HHe JIeTKO NpPOBEPHTb, HCHOJb3Ys AaCCONHATHBHOCTb ONepalHi, HO
MOKHO YCMOTpeTb M M3 TabjHubl, 3aMeTHB, 4TO 3JaeMeHTH [ pacmo-
JIO’KeHbl CHMMETPHYHO OTHOCHTE/NbHO TJaBHOH JAuaroHanu. — [1pus,
nepes,
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Hbll Ans mo6oro sneMexta rpynnsl. Hanpumep, cxema
: e

e s e

fr «e.

nokasniBaet, uto (fr)=t=f{r.

(3) I'pynna nexkommyrartuBHa, JoctaTtouno GerJoro
B3rVIAa Ha 3JeMeHThl TabJHuLbl, PacnoJoKeHHble CHM-
METPHYHO OTHOCHTEJbHO [JIABHOH JuaroHanu, uToOhl
y6equTbcs, Hanpumep, B ToM, uto (fr)f = r2 <= r = f(fr).

(4) Crpoxu u croanfubl SABJAAKTCA NepecTaHOBKaAMH
3JIEMEHTOB BEpXHeHl CTPOKM WJIM JIEBOTO cToJ6la COOT-
BETCTBEHHO — «COBMAaJeHHe», YiKe OTMeuaBlleecs Mpe-
xiae.

(5) (3 X 3)-kBagpar B J€BOM BEpXHEM YTJY — 3T0
B TOYHOCTH TabJsula YMHOXKEHMS TPYNNH nopsaka 3
BpallleHUHl PAaBHOCTOPOHHErO TPeyroJbHUKa B ero IJo-
ckocTH. Ha gpyrom KoHue rnaBHOM JAMaroHand, B npa-
BOM HHXKHeM yrJy pacnojoxen (3 X 3)-kBainpart, KOTO-
pHIfl MOJIyuaeTcsi NepecTaHOBKOH 3JIeMeHTOB JIEBOTO BepX-
Hero xBaiapata. B JeBoM HHXKHEM H IPaBOM BEepXHESM
yiaax naxoaarcs (3 X 3)-KBaApaThl, KOTOphle BOCHPOH3-
BOAAT JABA «TJaBHBIX» (PacloJIOKEHHLIX Ha IJIaBHOH Aua-
roHany) KBajgpata ¢ TOH JHIIb pasHULel, 4YTO MepeJ
KaXAbiM 3JeMeHTOM CToHT cuMBoa f. Ecin M osnauaer
MHOJeCT80 3JIeMeHTOB B JIeBOM BepXHeM KBajpaTte, TO
taba. 4.7 B cxeMaTHuecKOH (GopMe OTpaxKaeT TOJbKO UTO
OTnucaHHble 0COGEHHOCTH BHYTpPEHHEro CTpOeHHs TabJHILl
YMHOXKeHHS: :

Tabauya 4.7

M M

iMm | M

Sra cxema HaBOJAHUT HaC Ha pasMblllJieHHA O BO3MOXKHO-
CTAX nanbﬁeﬁmero YTOUHEHHUAA METOILOB aHa/MH32a C1pYyK-
TYpbl I'pYIIIHL. Mut uccaenyeM 3TH BO3MOXKHOCTH B TIJja-
Be, H()CBHLL[GHHOI':I HOpMaJibHbIM nonrpynnaM H (‘baKTOp-
rpyunam.
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Crpoenue 1aGauubl YMHOXEHHMA rpynnbl. Tenepb Mh
6/1MKe MO3HAKOMUMCsI C BHYTPEHHHUM CTpOeHHeM Ta6J/HIbl
YMHOXKeHHS rpynnel. IIpexle Bcero Mbl HccleflyeM «COB-
najeHue», OTMeueHHOe Bulllle B H. (4), a HMEHHO TOT
¢akT, UTO CTPOKH H CTOAOUB TaGJHUB YMHOMXEHHS
I'PYNnbl SBJAAIOTCH NepecTaHOBKaMH BepXHell CTPOKH H
JIeBOTO cT0/6Ha COOTBeTCTBEHHO. MBI MOKaxeM, 4TO 3TO
CcOBceM He cJyuyaliHoe cOBNajleHde, a CKOpee XapakTepH-
CTHYeCKOe CBOHCTBO TaGJHILl YMHOXKEHHS NPOU3BOJAbHON
rpynnsl. Ilocse Toro kak 310 6yfeT clesaHO, Mbl CTaHEM
paccmarpuBaThL TaGJHIY YMHOXMEHHS TPYNNbl Kak KBaji-
parHylo Tabsuuy, Xoropas o6pa3oBaHa pAacHOJIOKEeHHBI-
MH B OnpefeseHHOM mopsnke cuMBosaMmu'?). B sroi Ta6-
Jgulle Mbl GyleM BbIgBJSATH B3aNMHOE PaclNOJOXKEeHHE
(KoH}uUrypauun) CUMBOJIOB M HOKa3bIBaTb, KaX OHO OT-
pakaeT TIpyNnoBble cBA3H. TakHM INyTeM CTPYKTypa
rpynnel 6ydeT BbipaXKeHa uepe3 «reoMeTpHYecKHe» CBOM-
cTBa ee TaGJauIbl YMHOXKeHHs. MOXHO MOKasaTh, 4YTO H,
o6paTHo, kBajapaTHas TabJjuula ¢ TakHMH <«reoMerpHue-
CKHMH» CBOHCTBAaMH fABJsiercs Tabauuell YMHOXKeHUS He-
KOTOPO# I'pymIHL.

«Pagpewumoctos epynnosoix «ypasuenutiy, Korma
Mbl HMeeM [eJIO C 3JeMeHTaMH IPYNNbl H COOTHOLUEHHS-
MH MeXJAy HHMMH, TO yacto ObiBaeT HeOOGXOAMMO yMeTb
OoTBewaTh Ha CJeLYyIOUMH BOHPOC: CYUIECTBYeT JH JJs
3aJlaHHBIX 3JIeMEHTOB @ W b B HEKOTOpPOH rpynne sJe-
MEHT X 3TOil TIpPYNnel, TakoH, uto ax = b? Msl yTBep-
KJaeM, 4T0 X = a~'5 M ecTb HCKOMBIH 3JeMeHT IpPYIIH,
TaK KakK

ala~'b)=(aa")b=1b=b,

T. e. x = a~'b ynoBjeTBOPsieT IPYNNOBOMY «ypPaBHEHHIO»
ax = b.

BOo3MOXKHBI /I APYrHe pelleHHs 3TOro ypaBHEHHA?
Mbl OTBeTHM Ha 9TOT BOINPOC, NTOKA3aB, YTO eCAU Y eCTsh

1) To ecTb B AasbHefiuleM Mbl HoA Tabauuell yMHOXKeHus GyaeM
MOHUMaTh He BCIO MOCTPOEHHYIO Bblille TaGaHUY, a TOJBKO ee BHY-
TpeHHHH KBaJpar, B KOTOPOM CTOST mpoussefenus. O BepxHell CTpo-
Ke M JieBoM cTo6Le Mpl GyAeM TOBOPHTL KaK O CTPOKE, CTOsliel Haf
Tabauuelt, u cTonbUe, CToslleM cJjeBa OT Tabauubl. — [Ipun. nepea,
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peluenue ypasrenus ax =b, 10 Y = a~th; ppyrumu cio-
BAMH, 3JEMEHT a~1b ABJsercs eOUHCTBEHHbIM DellleHHeM.
Cnayana NMpeAnosOXKHM, UTO CYLIeCTBYeT 3/1eMeHT Yy Ha-
glefl TPynmel, A4S KOTOporo ay = b. Mpl 3naeM, uTO

a~! cyuecrByer {(axcnoma o0 OOPATHBIX 3JeMeHTax).
MO3KHO YMHOXHTb KaxAylo 4acTb ypaBHenus ay = b
cnesa Ha a~! u ybeaurtbes, uto a~'(ay) u a-'(b) npea-
cTaBagl0T cOGOH OAMH M TOT XK€ dJeMeHT rpyHNel, T. €.
- -1
a~'(ay)=a"'(b).

CaepoBare/ibHO,
(@ 'a)y=a"'d  (accounaTumnoCTb),
Iy=a7'b,
HJIH
y=a'b (akcHOMa O elquuHLE).

Tax Kak Mbl yKe NPOBEPHIH MOJICTAHOBKOH, UTO 3J]e-

Ment a~1b yIOBJeTBOpsieT YypaBHeHHMI0 ax = b, wHame

yTBepKJeHHe, UYTO 3JeMeHT @b siBisercs emMHCTBeH-

HbIM pelieHueM, jpokasano. OTMeTuM, uro das dokasa-

TeabcTsa Gblau HEOBX00uMbl 6Ce 2pynnosble QAKCUOMbL.
Peueune ypaBHeHnus BuLa

xa=D>,
rie @ ¥ b— 3JeMeHTB TPyNIbl, MOXeT GbITb MOJYYEHO
aHaJoruunHo. YMHOXas cnpaBa Ha qg-!, nosjyyaeM pe-
menue
xaa~'=x=>ba"',

CchopmynupyeM Hal croco6 pPelieHHs KaK <«NPaBHIO»:
yToGbl «pellluTb» ypaBHeHHe aX = b, yMuoxkaem ero cae-
ga wa a~! u nonyuaem x = a~'b; UTOGsI «pelHTb> ypaB-

Henue xa = b, ymMHOXKaeM ero cnpasq ua a=! u nonay-
yaem x = ba™t,

Ynpaxnenue 5. Hafitn ¥ B KaxmoM H3 cJefyio-
IMX ypaBHeHHI:
(a) abx=c; (d) a=bx2u x8=1,
(b) axb=c; (€) x*=a u xt=1I;
(¢) xab=c; () x'=abe,
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B xavecTBe mepBOro NpHJIOXKEHHS NPedbIAYIIHX pe-
3y/JbTAaTOB NOKAa}KEM OJHO COOTHOLIEHHE MexAYy 3JeMeH-
TaM{ TPyNnbl H WX OGpaTHBIMH, KOTOpoe GyHeT MOJe3HO
B RajbHefimeM. ITpeanmosio:KuM, 4TO Mbl paccMaTpHBaeM
sJeMeHT TPyNObl, KOTOPHIY NpeicTaBJ/ieH Kak Npou3Bele-
HHe JPYrHX sJeMeHTOB rpynmsl. [Iycts, Hanmpumep,

d=ab.

Borpoc TakoOB: Kak MOXHO NpeACTaBHTb 3JeMeHT d—,
ob6paTtHblfi K 3JeMeHTY d? DKBHBaJEHTHHIE BONPOC: Kak
HAHTH 3JIeMeHT TPynnbl X, Takof, uto dx = | nau abx =
=/? W3 npeunblAyIIHX pacCyxXKIeHHH MBI 3HaeM, YTO
3TO ypaBHEeHHE HMeeT eJUHCTBeHHOe peuleHHe. Uto6sl
HaHTH ero, YMHOXXHM CHaua/la ypaBHeHMe CJeBa Ha a™l;
MBI NIOJIYYUM

alabx=a"'1, ua bx=a"l.

3aTeM YMHOXKHM ero cjeBa Ha b~! u moayuum
-1 ~-1_~1 —1_~1
b"bx=b"a ", nm x=ba .

Yro6bsl y6eauTbcsl B CIpaBelHBOCTY paBeHcTBA d4~! =

= b—1g~!, mMbl noxkaxeMm, uyto d(b~la~1)-=[ [leilicTu-

TeJIbHO,

dp7'a ) =ab (6707 =
=a(g?“a“‘)=a[(bb‘l)a”] =
L

Ananornuno, ecau d=abc, o d—! = c-1b~ta—1. Cxema
fiCHA, W MBI MOKeM BHICKaszaTbh ofiee yTBepXKIeHHe:
e d=aq ... an, 10 d'=a7'azl ... ar'ar,
I, uHaue, 0OparHoli K npousdsedexuto eCTv Npou3se-
Jerue OOPATHOIX K COMHOMCUTEAIM, B3ATHIX 8 APOTUGO-
NOAOHCHOM nopAOKe.

B xauecTBe elle ONHOTO MPHJOXKEHHS MPOUEAYphI pe-
IIeHHst TPYNIOBLIX ypaBHEHHH AOKaXeM TEOpEMY, KOTO-
pas o0bAcHseT, nouemy Jwobas ctpoka (croaben) rtab-
JIMIBl YMHOXKEeHHA TPYNNbl SBJSeTCs NepecTaHOBKOH 3Je-
MeHTOB /1060 Apyroit cTpoku (cronbua).
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IlpeanosnoxuM, 4TO MH paccMaTpHBaeM Fpynuy IMo-
pAlKa A, COCTOALLYIO H3 3JEMEeHTOB aj, dg, ..., Gn (KO-
HeYyHO, CpPelld HUX eCTb €IMHHYHBIN 3JeMeHT /, HO OH He
o603HaueH 3THM CHMBOJIOM). BriGepem cpenn HHUX mpo-
H3BOJIBHLIH 3/1eMeHT @; H 0603HauuM ero yepes b. O6pa-
3yeM MHOXeCTBO H3 n NpOH3BeleHHil

ba,, ba,, ..., bay,,

YMHOMXKasi 3JeMeHTH c/JeBa Ha b. Mbl yTBepKIaeM, uTo
3TH NPOM3BeIeHHS NAalOT A HCXOAHLIX 3/eMeHTOB Tpyn-
nbl, OBITH MOXKeT, B ApyroM nopsajake. Yto6w noKasath
5TO, MBI NOKaxXeM cefiyac, 4YTO HHKaKHe [Ba 3JeMeHTa
B MHOXeCTBe TaKHX NPOH3BeleHHH He MOTYT MpeacTaB-
JATb COGOH ONMH W TOT Ke 3jaeMent rpymnmbl. [Ipeamo-
JOXKHM, Hanpumep, uro ba; =ba; rme i#j. Torza,
yMHOKasi c/eBa Ha b1, mosyuaem

b7'ba;=b""ba;, wm a;=a; (i ]).

Ho a; n a; — pasnuubble 3JeMeHTHl TPYNIBL, eCad i = f;
¢JefloBaTeNIbHO, TPEANONOKeHHe, 4TO” ba; = ba;, mnpuso-
IHT K NpPOTHBOpEYHIO, W, 3HauMT, ba;=* ba; mpu i=j.
Taxum o6pa3om, Bce n TNpOuU3BeJeHMH pas3auuHel. Tax
KaK KaxXkIplill H3 pasauuuslx saeMeHTOB bay, ba,, ...
..., ba, sBNAeTCA 3/eMEHTOM HCXOIHOH T'pYNIH, TO BCe
BMeCTe OHM JOJKHBl [aBaTb BCE N ee 3JeMeHTOB. ITO
sapepluaeTr 4OKa3aTe/JbCTBO.

Myl noxasanu Hauie VTBepXKAeHHe /s YMHOMXEHHs
cineBa. AHajoruuHele COO0pa’keHHS] MOXKHO NPHMEHHTh
K MHOXKEeCTBY MNpOHM3BeLeHHH, NOJyYalolHXCs YMHOXe-
HieM 3/eMEHTOB TIpynnb Ha (QHKCUPOBAHHBIA 3JeMEeHT
CnpaBa, W 3TO 3aBepLIHT [OKa3aTeJbCTBO cJenylolleil
TEOPEMBI 0 KOHEUHBIX FPyMNax:

TeopeEMA 1, Ecau i, Q2 ..., Qn— PA3AUYHBIC
3AeMCHTBL epynnbel nopadxka n u ecau b — guxcuposan-
HoLll anemenT 370 epynnot (OH O0AXCEH, KOHEUHO, COBNA-
0aTb ¢ OOHUM U3 3AeMEHTO8 Qi, . ., Oy), TO Kaxooe 13
MHO EeCcT8 npoussedenutl

.

ba,, bay, ..., ba, u ab, ab, ..., a,b
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COOepocUT 8ce 3AeMeHTo. epYnnbl, 803MOJNCHO, 8 OpyeoMm
nopsadke (a umenHo scakuil pas, xoeda b +1).

Drta TeopeMa OKOHuUaTeJbHO yOexnaeT Hac B TOM,
yro Jaobasi rpynnoBas TabsaMUa yMHOXKEHHS COCTOHT H3
CTPOK H CTOJOLOB, KOTOpLle SIBAAIOTCA NepecTaHOBKaMH
CTPOKH, crosiiedl Haji TabJjuuelt, U cT01011a, CTOSIErO
cJgeBa OT TabJHIbl, COOTBETCTBEHHO.

CooGpakeHHs, KOTOpPHle Mbl cefiyac H3J0XKHM, Ipe-
CJAelyIoT HeJdb N0Ka3aTb, ¢ OAHOH CTOPOHBI, YTO IPyHIO-
Bble aKCHOMBl H HX CJAEJCTBHS HaJlaramT onpejeseHHbie
Tpe6OBaHUS Ha B3aUMHOe pAacCHONOXKeHHe 3JeMeHTOB
B TabJHIle YMHOMXKEHHSI H, ¢ APYroil CTOPOHBI, YTO KBal-
patHas rtabauna «rtakoro obpasua» sBasercs Tabauuel
YMHOXKEHHst HEeKOTODOH rpynnbl. 3OTH uacTHbBE paccy-
JKAEHHS CTOAT HECKOJbKO B CTOPOHe OT OCHOBHOH JIMHHHU
H3J0XKeHus, Tak uTo He Oeflla, ecaM 3TO KODOTKOe OT-
CTyNJleHHe H He GyleT NOJHOCTbIO YCBOEHO NDH NepBOM
YTEeHHH.

[Ipeanosoxum, uTO 3afaHO MHOXKECTBO CHMBOJIOB,
o6pa3ylolnux KBaJpaTHyl TalbJaniy, KOTOpas sBJseTcs
TabauLeld yMHOXeHHss HekKOTOpoil rpynnbl. Torza tab-
Jauna objafaer CJAeAYUIHUMH NsThio cBoiicTBamu. (Hu-
TaTe/]b MOKeT OOpPaTHTbCA K TalJHue YMHOXKeHHS Tpyll-
nbl nopsaxka 6 Ha cTp. 48, YTOGH NPOCAENHTL 3TH CBOMH-
CTBa Ha KOHKDETHOM IpHMepe.)

(1) Ta6auua comep:XHT B TOYHOCTH CTOJbKO Pa3JfiHy-
HBIX CUMBOJIOB, CKOJIBKO Y Hee CTPOK (CTOJGUOB); TaKHM
ofpasom, ecau xsadparHas TAOAUYQ umeeT n CTPOK U
n ¢roa64y08, TO Cpedu n: CUMB0A08, COCTABASIOUUX TAG-
AULY, HAXOOUTCA 8 TOHHOCTU N PA3AUdHbIX. DTO CBOH-
CcTBO TabJHIBl OTpakaeT TOT (PaKT, 4TO Ipynma ecrh
MHOXKeCTBO M3 1 3JeMeHTOB ¢ GHHapHOH omepauueil.

(2) Kaxdasn crpoxa u raxdoul crosbey colepxar
Kaxcobid cumsos 8 TOYHOCTU OOUH pa3. DTO B CYLIHOCTH
yTBepyKJeHHe TeopeMbl I.

(3) TlpeanonoxuM, 4TO CHMBOJBI, MpeACTaBAAIOLINE
BCe pa3/HYHbie 3/JeMeHThl HEKOTOPOH TpyHmel, Pacrofo-
JKeHbl B INPOH3BOJBHOM, HO (MKCHPOBAHHOM MOPSiKe H
UTC CTPOKH U CTOJGLBI I'PyNnnoBoil TaGaulbl YMHOMKEHHS
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HOMeueHb COTJIacHO 3TOMY Yynopsjaouesuto. Hanpumep,
nycTb MBI HMeeM yNOpsiAO4YeHHble CUMBOJM a, b, I, ¢, ..,
..., k. Mb 3naem, uto CHMBOA [ 1/ eIMHHUYHOIO 3Je-
MeHTa AOJKEH BCTPETHTBCA MPH JIOGOM YHOPSZOYEHHH
cuMBoJoB. (B Hailem npumepe Mbl MOCTaBHJH €ro Ha
TpeTbe MecTO.) B cooTBeTcTBHHM ¢ rpynmoBofl akcHOMOMH
G eO0uUHUYHOM BdAeMeHTe KBalpartHas Ta6jHua KOJIXKHA
06J1a;1aTh TAKUM CBONCTBOM: OOHQ u3 cTPOK Hauletll Tab-
AUYDL, @ UMEHHO CTPOKQ, nomedenHas cumsorom I, Todx-
JecTBeHHA CTPOKE CUMBOAOE, PACROAONCEHHOU HAd Tab-
Auyeti, 4 00ux u3 croabyos, a umeHHo croabey, nome-
wernublli cumsorom I, roxmdectsen cToAGYHY CcumMBOAOS,
pPACNOAOIEHHOMY caesa OT Tabauybl. D10 CBOHCTBO HJ-
nwcerpupyetcs Tabauned 4.8.

Tabauya 4.8
a b1 ¢ ... k

b R - T VI . SR <
2
o
N L - R -
o
x

(4) TpynnoBas axcuoma 06 06parxbiLx 3iemeHTax
onpefenseT TaKkoe CBOHCTBO KBalApaTHOH TaG/MUbL: Kadx-
Oblil cumsonr Tabauybl MOJNCHO C8A3AT6 C OpYyzum cum-
BOAOM TQK, YTO HQ Nepeceqenui CTPOKU, NOME4eHHOL
nepsuim U3 TUX CUMBOAOS, CKaxcem r, u croabya, Had
KOTOpbLM CTOUT B8TOpOL cumsor (06o3Hauum ez2o s),
crour cumeor I; Ha nepecedenuu CTPoKu, nomedenHoil
cCUMBOAOM S, U CTOAOYQ, HAO KOTOPbiM CTOUT CUMBOA t,
1aK0ce cTOuT cumsoa I, u aru d0sa cumsora I pacnoio-
HCEHBL CUMMETPUUHO OTHOCUTEAbHO eaas8HOL Ouazonaal.
D10 pacnoJoKeHne 3aementoB (Taba. 4.9) orpaxaer
TOT (aKT; 4To r§ = Sr = | WJlH YTO S eCTb O6PaTHELIN K r
3/1leMenT.
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(5) 3aKoH accouHAaTHBHOCTH COOTBETCTBYET CJeNyio-
LeMy CBOHCTBY KBaApaTHOH Tabauusl, spagwoouieiicsa Tab-
Julel YMHOXeHHS Hexkortopo# rpynnul. [Ipeamosoxkum,
4YTO Mbl TaK BoIGpanu 8HYTpu TaGAMLbL ABa [POU3BOJIb-
HbIX CHMBOJA r ¥ §, UTO Ha HepeceyeHHH cTOJbLA, CO-
JepIKallero r, 1 CTPOKH, COJepKallell S, CTOUT CUMBOJ I.

Tadﬂuua 4.9 Tabauya 4.10
r s X Y
i 5
r /4 73 RN u.x ......... r
PR ] I 1’

Hazx cronbuoM, comep:kaiiuM CHMBOJ 7, CTOHT HEKO-
TOpbI#l 3/7eMeHT rpynnbl, ckaxeM y. CTpoxa, comepxa-
1mas CHMBOJ r, IOMeueHa ¢JieBa C MOMOLIbI0 HEKOTOPOro
3JeMeHTa TPYyNObl, KOTOPbI Mbl OGO3HAYMM uepes u.
Ananoruuno, Hag cTONGLOM, COLEPXKALIUM S, CTOMUT 3JI€-
MeHT X, a CTPOKa, cofepiKallas §, NOMeyeHa 3JEMEHTOM
v (ra6a. 4.10). 3axkoH accOUMAaTHBHOCTH HPOSBASETCS
B TOM, YTO HQ NepeceweHuu CTpoKu, colepxcaujed r, 4
croabya, cobepacauieeo s, T. e. 8 KAeTke 04 UX npous-
gedenus, 0oaxen HAxoOurvcs dnsement rs. Hrtobo yGe-
JIUTBCS B 3TOM, 3aMETHM, YTO

vy=yo=I1, uy=r, vx=s,
T. €.
ux = u(yv) x = (uy) (vx) =rs.

Taxum o6pa3oM, Tabaniia YMHOXKEHHUS] NOJXKHA BKJIO-
yaTh TaKyl KOH(pUrypauuo:

Ynpaxuenaue 6. [lycts 3anana ksanparuas ta6-
Jauua, Kotopas dAsjfercs TalJaHIlel yMHOXEHHA HeKO-
TOpo# rpynnbl. KakoH s/71eMeHT J0/XKeH CTOATH B YeTBep-
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TOi (C BONpPOCHTEJNbHBIM 3HAKOM) BepUIHHe KaX-
LOro M3 CJAeAYIOIUX <«NPSAMOYTOJbHUKOB» BHYTpU Tab-
JIMLBL;

Uro6el 3aBepuiuth OGCyXKAeHHe CBOHCTE TaGJHIEI
YMHOMKEHUS TpyNIbl, Mb BepHeMCH K BONpocaM, HOAHS-
THIM B Hayage 3Toil rsaBbl. CKOJIbKO HHGOOPMALHOHHBIX
CHMBOJIOB Tpefyercsd, uTo6bl 3alaTh rpynny Kak eIuHbld
marematuueckuii o6bexT? M Kak MOXKHO 3amucaTb 3Ty
nHpopmManuo? BoT oTBeTsl HA 3T BONPOCH: AJs KOHeu-
HOH rpynnbl NOpsAAKAa n HaM HYXXHO n? HHQOPMALHOHHBIX
CHMBOJIOB, a HMEHHO BCE BO3MOXHble MONMapHble NMPOU3-
BeleHHs 3JeMEHTOB rPYyNNsl. JTH n? NpPOU3BeleHHil pac-
noJoxeHsl B KBaapaTtHo# Tabaume yMmHoKeuus. Kpan-
patHag Tabauua OyleT Tabauuell yMHOMKEHHS TPyHINbl
TOrJa U TOJbKO TOTAa, Korjla oHa o6JalaeT YKa3aHHBIMH
Boillle NATHIO «T€OMETPUUECKHUMHU» CBOMCTBAMH.

Ynpaxuenue 7. [loctpouth Tabauny yMHOXKeHHA
rpynnel ¢ sJementamu 1, 2, 3, 4 u GUHapHO# omepauneht
«yMHOKeHHe 10 MOAy/o 5» (cM. crp. 36, rae pasbupa-
Jach 3Ta rpynna oCTaTKOB).



rnasa b

OBPA3YIOLLHUE SJIEMEHTbI FPYMIbI

Xora M3 Ta6Auubl YMHOXKEHHS TpPYNObl MOXHO H3-
BJIeYb BCE TO, YTO MBI XOTHM 3HAaTh O IpyIIe, NOCKOJIBKY
B He#l yKa3aHbl Bce NOMapHble TPOW3BENEHHS 3/JeMEHTOB
FPYNIBI, MOXKHO NDEeABHIETb PSl TPYLHOCTEH, KOTOpble
BO3HUKHYT IpH JIOGOH MONBITKE HEOrPaHHYEHHO pacilu-
puth o6saacTe ee npumeneHus. [lpeacrasere cefe, Ha-
NpHMep, YTO BaM HYXKHO NpPOAHAJH3UPOBATh TPYNOy Io-
psaka 60 ¢ nmomowblo ee TabAuLbl YMHOXKEHHUS.

Bossparumcs kK monsTtHio o6pasyiouieil. OHO mo3Bo-
JsleT ONHUCHIBATBL FPYNOY cNOCOGOM, HE 3aBUCALIUM OT ee
nopsaaka. Kpome TOro, noHaTHe ofpasyiolleil rpynmel
6yZer urpaTh OCHOBHYIO pPOJb TpH Nepexofe K Ocylle-
CTBJIEHHIO OZIHOH H3 OCHOBHBIX HAIUHX lesell — rpaduye-
CKOMY NpeICTaBJeHHIO TPYNM.

[Tycts a u b — s1ementsl HeXoTtopo# rpynnel. Torza,
COTJIacHO akcHoMe 06 o6paTHbIX 3jeMeHrax, a-! u b-!
TaKKe SIBJSAIOTCH 5JeMEHTaM{ HAHHOH Tpynnsl Hapsaay
¢ ab'a, aba'b u t. 1. Jlo6oe npousseleHHe, KOTOpOe
MOKHO 3alHCcaTh, HCMOJb3ys B KaueCTBe COMHOXKHTesel
3JeMeHTH a, b, al, b~! B awb6oM nopsake u B J1060M
KOHEYHOM YHcJe, ABJASEeTCS 3J1€MEeHTOM 3TOH rpymmbl, co-
rjacHo onpeleneHuio OuHapHO@l onepauuu. Ecam sce
3J/IeMEHTBl TPyNNBl MOXKHO 3alicaTth B BHAE NPOH3Bele-
HUMl, BK/IIOYAOWKUX Aullb @ 1 b (1 ux o6paTHble), TO MBI
HasoBeM a u b ofpasyrowjumu (nan o6pasyoIlUMH 3Je-
MeHTaMH) rpynnbl, Mbl MoXeM pacnpocTpaHuTb 3TO NO-
HsiTHe 00pasylouluX Ha MHOXeCTBO 43 6oJjee ueM ABYX
snemenToB. Ecau S — mHOXecTBO 3jeMeHTOB rpynnsl G,

S={a, b,c, ...},

H ecJaH 8ce 3JeMeHThl rpynnel G MOryT GbIThb BBHIPaKEeHbI
B BHJe Npou3BeJeHUH 371eMeHTOB H3 S (1 ux o6paTHHIX),
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TO Mbl Ha30BeM 3JeMeHThl MHOMKecTBa S 06pasyrouumu
rpynna G1).

Ilpocreiitinit ciayuat — ato rpynna ¢ ogHoil o6pasyio-
IIel, CKaxkeM a; Bce ee 37eMeHThl MOryT ObiTb MpefacTa-
BJEHbl KaK NPOH3BEAEHHUs, CORep:Kaliiie B KauyeCTBE CO-
MHOXKHTeJieH a U a”!. MH yxKe cTaJkuBa/juch C Tpynnoi,
NOPOXKJAEHHO OJHAM 3JIEMEHTOM: Tpynna BpaileHui Tpe-
yroJibHHKAa B €ro IJIOCKOCTH HMeeT TaGJaHLy YMHOMKeHHs
5.1 (cm. ctp. 38—39), u rak xak [ = aa™, 10 fcHO, uTO
KaXJAblH M3 Tpex sJjeMenToB rpynnsl I, a, a® asiasercs
NpOU3BEIeHHEM, COMAEPKAILMM B KayecTBe COMHOXKHTe-
Jeft quuib @ u a-l.

Tabauya 5.1
I a l a?
I I a l a?
a a | a? I I
a® | a® | 1 ' a

Linkauyeckne rpynnbl. Ml 10y4dM OLHO U3 CYIHECT-
BEHHBIX CBOHCTB Ipynnbl BpauleHUH TpeyroJbHHKA, ecJu
BHIIUIIEM CTeNeHd oOpasymwolel a:

a,a ad at, ad, a8, a’, ....

Tak kak a® =1, To 3Ty NOC/MeOBATEJbHOCTL MOXKHO Tie-
penucaTh Tak:

a,a® l,a,a%,1,a,....

Oua npencrapiaser co6ofl yukau4eckoe TNOBTOPEHHE OC-
HOBHO cepuH a, a?, I. VIMeHHO 1o 3Toli NMpHYHHe NaHHAaA
rpynna HasblBaeTcs yuxauueckol epynnoi nopadka 3.
MoxXHO onpefejquTh LHKJINYECKYIO Tpynnmy Jo060ro
nopsaka: ecJau JI0GOH 3JeMEHT TpyNnbl BhIpaxaercs

Y U 6yneM rosoputh, uto oHu nopoxcdaior rpymny G.— [Tpum.
nepes.
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B BHJIE CTeleHH €AMHCTBEHHOH o6pasyouleil, To rpynna
HasbiBaerca yukauteckold. OO6bIHHO Mbl GyleM HCHOJb-
80Barth I8 0603HaueHHs LHUKAHYecKoll rpynnsl 6ykey C,
a ee NOpAKOK 0003HAYaTb YUC/AOM B HUKHEM HHIEKCe.
Takum o6pasom, C; o003HAuaeT UHKJIHYECKYIO TPynmy
nopsigka 3, a C, — UHKJIUYeCKYI0 Tpynny nopsika A.

Ecnn n— HauMenblliee IeJ10€ NOJOXKHUTENbHOE YUCIO,
s KoToporo @™ = [, TO rpynna, NOpoXAeHHAs 3JeMeH-
ToM @, Gyner uMeTb nopadok n. HaumeHsblllas mnosioxu-
TeJbHAS CTENEHb 71, Takasi, 4To a® = [, HasbiBaeTcs no-
padkom uan nepuodom snemedta a. Hanpumep, B onu-
CaHHOl Bblllle UUKJAUYecKoi rpynne Cs BbINMOMHAOTCS

a?

1(-a9) a
Puc. 5.1

coornomenuns ab =1 a®=1I, a®=7 u 1.0 Tak KaK
@® =1 u 3— HanMeHblIad NOJOKHUTEJbHAA CTeNeHb, LIS
KOTOpO#l @™ = [, TO Mbl TOBODHM, YTO @ €CTb 3JEMEHT
nopadka (nepuoda) 3.

Ecau a nopoxpaaer uuxauueckyio rpynny C,, To Ho-
CJIe10BATE/IbHOCTD CTeNeHefl 3jeMeHTa a MpeacTaBjasieT
co6oll  UMKJAHUECKOe  TMOBTOPEHHe OCHOBHO#l cepuu
a, a, ..., a* = 1. 910 cBOfCTBO AONyCKaeT reoMerpuye-
CKYHI0 HHTEpIpeTanyio, KOTopas B CBOI Ouepelb MPHUBO-
JUT K OCYIUECTBJEHHIO Halllefl UeJu — NOCTPOeHUIo rpa-
¢duyeckoro npepcraBienus rpynnbl. Hanpumep, nux-
JuyecKkas rpynmna nopsaka 3 HaBOAUT Ha MbICIb O
TpeyeoAbHUKe, KANOas 8epUUHA KOTOPO20 COOTEETCT8YeT
aaementy epynnet (puc. 5.1). Kaxaol cropore tpeyroJb-
HHK3 NPUNHCAHO HAaNpaBJieHHe, KOTOpOe YKa3aHO CTpeJ-
ko#l. Hsuokenue 8 HanpasieHuu, YKA3AHHOM CTPeAKOL,
COOTBETCTBYeT YMHOMeHUuro cnpasa Ha o06pasyrouwui
asemenr a 2pynno.. Taxum 06pasoM, OTNpPaBJaAfCh H3
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BepIIMHBI, I[IOMeYeHHOH CHMBOJOM a2, NepeABHHYTHCS
B HampaBJ/ieHHH, yKa3aHHOM CTPeJIKOH, K BepLiuHe /| — 3710
BCe paBHO, 4TO o6pa3oBaTh npousBeneHue a?a =a=[.
Hsuxcerue 8 Hanpasiexutl, npOTUBONOLONHHOM YKA3AH=
HOMY CTPeaKOl, COOT8ETCTBYET YMHONEHUD Cnpasa Ha
rement a”!, obparusil k o6pasyowel a. Hanpumep, or-
NpaBasiacb U3 BepIUMHbI, MOMeuYeHHOH CHMBOJOM a2, Me+
PeIBUHYTbCH B HaNpaBJeHHH, NPOTHBONOJOXKHOM YKa-
3aHHOMY CTpPeJKOH, HanpapJ/JeHHOH K 3TO{ BeplIiHe, —
3TO BCe paBHO, uTO o6pasoBaTb MNpou3BeleHHe a’a~! =
= gaa”! = a.



FrNABA G

FPAD FPYMMbl

BosHnukaer npeanosoxeHue, YTO MHOTOYTOJNbHHK, CTO-
pOHaM KOTOPOTrO NPHIIHCAHO HAaNpaBJieHHe, MOXKHO pac-
CMaTpUBAaTh KaK IeOMeTpPUYeCKHH SKBUBAJIEHT L HKJHUE-
CKOM Tpynnbl, HJIH epa¢ uuxauueckoil rpynnsl. [laBaiite
IIOCMOTPHM, UTO Mbl 3HaeM 00 OCHOBHHIX CBOHCTBax rpyl-
Nbl ¥ KaK OHH OTPaXKaloTcs B TOJBKO YTO NpelioKeHHOH
reoOMeTPHYECKOH HHTepHpeTaluy.

Ecan a— o6pasyoimas nuk/au4eckol rpynmnsl, TO no
onpeleJeHHIO KaxIbllf 3JeMeHT MOxkeT OHITb NpeicTa-
BJIeH KaK Npou3BelleHHe coMHoXutenell a u a~!. O6parHo,
J1060e NpOU3BefeHHe COMHOXKHTeNEH a W a~' ecTb aJe-
MeHT rpynnbl. PaccMoTpum, Hampumep, NpOH3BEEHHS

a, aaa~l, a~laaa~'a;

SICHO, 4TO BCE TPH TNPOU3BELEHHS MPEACTAB/SAIOT COGOH
OJIMH M TOT Ke 3JEMEHT TPYHNbI.

[To oueBugHON aHa/oruu Mbl Ha3oBeM KOHEUHyIO MO-
c/1e10BATENbHOCT 00pPA3yIOMINX H HX OOPATHBIX CAOBOM.
Torna KaxaOMy CJOBY, COCTABJIEHHOMY H3 CHMBOJIOB @
# a! (kak Mbl OylAeM TrOBOpPHUTb, «CJIOBY OT CHMBOJIOB
a 1 a'»), COOTBETCTBYET 3JEMEHT [UKARYECKOH DYy,
nopoxAeHHoll a. Tak xak /M060# Hanepen 3ajJaHHBIA JJe-
MeHT MoxeT OblTb NpeACTaBleH B BUIE ClI0Ba GeCKOHeY-
HO MHOTMMH cnoco6aMu, TO NpeNCTaBJeHHe 3jeMeHTa
TPynnsl B BUAE CJI0BA HEOJHO3HAYHO.

Ecin X — HeXOTOpbIH 3/€MEeHT LUKJIUYECKONH TpyIHl
nopsiika 3, To Jw0b0e cI0BO, NpeAcTaBAdioliee 3JeMeHT
X, MOXKHO NOHMMATb Kak ABHKenue no rpady, paccMor-
peHHOMY B KoHHe mnpeabiaymell raaeel. Ilycrb caoso
aaa”! npeacraBaser 3neMeHT X. DyldeM uHTepnpetupo-
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BaTb €ro Kak Takoe [BH)Kenue no rpady, usobpakeH-
HOMY Ha puc. 6.1;

1. Bosbmem 3a UCXOOHYIO TOUKY GePUIUHY, NOMeUeH-
Hyto cumeosom I. Tax Kax mepBbHIM COMHOMKHTEJEM B
cJIoBe, NpeACTaBJAANIIEM 3JEMEHT X, fABJSETCH @, Mbl
nsuxeMmca u3 [ 8 wanpasienuu, YKA3aHHOM CTPEAKOL,
K IpPyromMy KOHIy OTpe3Ka, XOTOpbifl u3obpaxeH Ha
puc. 6.2. JTOT KOHeu fBJASeTCA BEPLIHHON, NMOMEYEHHOMH
CUMBOJIOM @, M OydeT CJAyXUTb HCXOZHOH TOUKOH I/ifl
AanbHe#lllero ABHIKeHHUS.

a? a?

1 a /° %
Puc. 6.1 Puc. 6.2 Puc. 6.3

2. Tax xak BTOpPOH COMHOXHTE/NbL DaBE€H d, Mbl BHI-
XOJUM U3 JOCTUFHYTOH Ha NepBOM Liare BepIUHHLI H JBH-
KEMCSl 8 HaNpPaBAeHUU, YKA3QHHOM CTPEAKOU, K IpyroMy
KOHIly oTpe3ka (pHc. 6.3). DTOT KOHel, ecTb BepIlUHHA,
noMeyeHHasi CUMBOJOM a?, OH U GyHeT CAYXKHUTb HCXOH-
HOM TOUKOH ANS JaJbHeilliero ABHKeHHS.

3. Tax Kax TpeTull COMHOXKHTeNb eCcTh a~!, o6parHbill
K @, Mbl OTIpaB/fieMcsl H3 BepILKHb], B KOTOPYIO MPUILIH
Ha BTOpOM Ilare, ¥ ABHXKeMCS B HaNpaBJAeHUH, NpOTU-
BONOAOMHOM YKA3aHHOMY CTpPEJKOH, K APYroMy KOHLY
oTpeska. DTOT KOHel — BeplUHHA, IOMEUeHHAs CHMBO-
JOM @, — MOr OBl CAYXKHTb HCXOAHOH TOUKOH s Aafb-
Hedurero ABuKenus. OgHAKo B AAHHOM CJOBe TpeTHH
COMHOKUTENb MNOCAEAHHH, W MOTOMY JAaJbHEHIUIUX IBH-
KeHunil He INPOHCXOAUT, T.e. HYThb, COOTBETCTBYIOLIUIL
C0BY aaa~!, 3aKaHuMBaeTcs B BepIlUHe, NIOMEUEHHOH
CHMBOJIOM 4.

CJ'IOBO, COOTBETCTBYIOLICE 3JMCMEHTY X, HHTEPNpPETH-
pyercsd, TakuM 00Da30M, KaK MHONeCT80 Hanpasieruil
npu Osuscenur 80046 HeKOTOPo20 nyTu B rpadHUecKoi



64 [JIABA 6

cetn. Kaxaomy c¢a0By coOTBETCTByeT OmnpejeseHHAs
NoC/elI0BaTeNbHOCTh  IBHKEHHA BJOJb HanpaBJeHHBIX
OTPE3KOB, H, 00paTHO, J000H NyTh BJCAb HANPAaBJEHHBIX
OTpe3KoB rpaga rpymnnel, HauyuHAOOHACA U3 BepLIUHH
I, coOTBETCTBYET KOHKDPETHOMY CJIOBY.

[Ipencrasienne rpynnsl KaK CeTH, COCTOsILIEH U3 Ha-
NpaBJeHHbIX OTPe3KOB (Hau pebep), rie BepIUUHBI COOT-
BETCTBYIOT 3JeMeHTaM, a OTPe3KH — yMHOMEeHHIQ Ha 00-
pasylouiue rpynnel ¥4 Hx obpaTHble, 6bl10 BBefeHO Kamu
eme B XIX Beke. Takas cerb, uau rpad, yacto Hashl-
Baercs Juazpammoti Kaau,

a !

<

at as

Puc. 64.

Bpaulenusi kBagpara B ero mjockoctu (ctp. 16) co-
CTaBAsIOT ULHKJAMUecKylo rpynny nopsaxka 4, Cs [Ipad
ITOH rpynmbl NpejicTas/ied Ha puc. 6.4.

Sameuyanus 1) Bepwun y rpada croabko Ke,
CKOJIbKO 3JIeMEHTOB B Tpymie.

2) Bepuiuna / BoiGupaercs NpOU3BOJLHO.

3) B xkaxpofi BeplimHe cxoLATCS JABa OTPe3ka,
OJlUH COOTBETCTBYeT YMHOMKEHHWIO clpaBa Ha o6pasyio-
LIyi0 @ 4 HanpaBieH OT BepIUIHHbl, a [APYrod COOTBeT-
CTBYeT YMHOXKEHHIO CIpaBa Ha 3jeMeHT a~!, o6paTHblil K
of6pasymwouieil, 4 HanpaBJ/eH K BepiIMHE.

4) KoukperHas ¢opma rpacduyeckoil cetu He HMeeT
sHayenusi. BaxHa nunup Koudurypauus cBssed MexLy
BepwnHamu. Hanpasnennvle orTpes3ky, cBs3blBalOLIHE
BepLIMHLI, He 00s13aHbl ObiThb MPAMOJMHEHHBIMY, a rpad
He 0053aH UMeThb (OPMY NPABHJIBHOTO MHOTOYTOJbHHKA.
Bbl MoOXeTe MpOsABHTHL CBOH BKyC, Boibupas Ty ¢opmy,
KOTOpas BaM HPaBUTCH, €CAM TOJbKO NMpPH 3TOM He HCKa-
JKaeTcs MaTeMaTH4YeCKUH CMBICA.
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Fpagom uukmuueckofi rpynnwm C, nopsigka n, cBs-
3aHHOH C BpallEeHHSAMU NPABUJIBHOTO N-YrOJbHUKA B €ro
[VIOCKOCTH, SBJSIETCS A-YTOJbHHK ¢ HanpaBJeHHBIMH
OTpe3kaMH B KadecTBe cTOpoH. Hampumep, uuxauueckas
rpynna nopszaka 6, Cg, COOTBETCTBYIONIAst CaMOCOBMellle-
HUSM TNPaBUABHOIO IIECTUYTOJbHMKA, BpPaLlaOIErocs
B CBOeHl IJIOCKOCTH, COCTOMT M3 3JIeMEHTOB a, a?, ad, at,

) a

at a3
Puc. 6.5.

a® n a® = 1. UlecruyronbHuk, pe6paMu KOTOPOTO fIBJIS-
I0TCS OTpEe3KY, HampaB/eHHble KaX Ha puc. 6.5, 6Gyner
rpacdoM 3TOH rpynmsl.

BeckoneyHas uukiauyeckas rpynna. Temepb Mbl MO-
cTpouM rpad Oeckouedrnoldl unkaAuyeckoll rpynnbl. link-
JIMYecKas rpynna onpenessnach TeM CBOHCTBOM, YTO BCe
ee 5Je€MEHTbl MOXKHO BbIPa3uTb KaK CTeNeHH OLHOro 06-
pasyioulero sjeMenta a. I'pynna, nopoxaeHHas sJjeMeH-
TOM @, KOHEYHa, ecJ¥ CYUIECTBYeT MOJOKHUTeJbHOe Leoe
yheao n, taxkoe, uro a* =J. Ecam Takoro mojoxurelnn-
HOTO LieJIOTO YHCJIa He CYIIeCTByeT, TO KaxJAas cielyio-
mas cTeneHb 3JeMeHTa a npejcTaBjaseT coO0H HOBLIH
3/eMeHT TPYIIL, ¥ B TAKOM CJydae IHK/IHUYECKas Tpyl-
na Oyzner Oeckoreunoll. DeckoHeuHas aanuTHUBHAL [pyn-
na (crp. 25) npencraeaser coGOd NpuMep Takoh
TPYHILL.

Koneunyio NHKAUYECKYI0O TPYyHIly MOXHO CBSI3aTh C
CaMOCOBMEILIEHHSIMU NPaBUALHOTO f-yroJbHUKa Ha MJIOC-
KOCTH Y NpHUTH K cooTBeTcTByMOUeHd auarpamme Kaaum.
Uro6el noctpouts rpad 6ecKOHEUHOH HHMKJ/IMYECKOH Tpyn-
Nbl, HAM Takxke OGyAeT yAOOHO ONMUPATHLCH HA HEKOTOpOe
reoMeTpuyeckoe npejcrasiaeHne. PaccmMorpuM npsMyio
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JUHHIO, pasfe/leHHY0 Ha paBHble HHTEPBaJbl, CKaxeM,
IUIMHBL 1, W ee caMOCOBMellleHHsl, KOTOpble CABUIraioT
5Ty JIHHHIO BAOJb caMoH ceGa Ha ONHY HJIM HECKOJb-
KO €JIWHHI BIpPABO WJAH BJeBO. MHOXeCTBO BCeX TaKHX
caMocoBMelleHH#I ecThb GeCKOHeuHas LHUKJIHYecKas rpym-
na, TmOpoXJAeHHas CABHUrOM Ha eJAHHHLY BMpaBoO.
Huarpamma Ksjaum 3toffi rpynnsl npeAcTaB/ieHa Ha
puc. 6.6.

at a? a? a 1 a a? a’ at

Puc. 66.

Iprumeuanns 1) EcrecrBennsiM o6pasom 0606-
LB HalK NpeablayuiHe 06O3HAYeHHs,, Mbl 0GO3HAYUM
GeCKOHEUHYI0 LMKAHYecKYylo rpynmy ueped Ca.

2) SlcHo, uto 3a I MOXKHO B35iTh JIOGYIO BeplUHHY.

3) CHoBa Mbl BHAMM, YTO B KaXXIOH BepllHHE CXO-
AATCS [Ba HaNpaBJeHHbIX OTpe3ka. [[BHKeHHe OT Bep-
ILMHBl BIOJMb OTpPe3Ka B HalpaBJEHHH, YKa3aHHOM CTpeJ-
KOH, COOTBETCTBYeT YMHOXKEHMIO cmpaBa Ha ofpasymwo-
LIYI0 @, ABHXKEHHEe B HaNpaBJ€HHH, MPOTHBOMOJOXKHOM
YKa3aHHOMY CTPeJIKOH, COOTBETCTBYET YMHOXEHHIG CIpa-
Ba Ha a’l

Ynpaxuenue 8 BolacHuTh, aBJAfeTCS JH ClOXe-
Hue OHHApHONH omepauued Ha KaKAOM H3 CJAeYIOHIUX
MHOXKECTB H, eClH Ja, To OyleT JIH 3TO MHOXecTBo Gec-
KOHEUHON UHKJAMYeCKOH rpynnofi ¢ 6uHapHO# omepauueii
CJI0XKEeHHS.

(a) MHOxKecTBO BcexX LeJBIX YHCEN, KpaTHHX 4, T.e.

muoxecteo {..., —8, —4, 0, 4, 8, .. .}.

(b) MHOXecTBO BCeX LeJIbIX YHCEJ, KpaTHBIX ULEJOMY
uncay k.

{(c) Muoxectso {..., a—3,a—2, a—1, a, a+1,
a+2, a+3, ..}, rtie a — Heyes0e HUCIO.

(d) Muoxecreo {..., ~3a, —2a, —a, 0, a, 2aq,

3a, ...}, rne a— Heyeroe uucio.

Fpynna ¢ asymsa o6pasywomumu. Tabanna yMHOXKe-
HHS Tpynmbl CaMOCOBMELleHHH paBHOCTODOHHEro Tpe-
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YrOJIbHUKA ABJfeTCs NPHUMepoM TpYImbel ¢ AByMs o6pa-
3YIOLIMMH: BpalleHHeM 7 ¥ ONPOKHAbIBaHHEM [. DieMeH-
TaM¥ 3T0# rpynnu (crp. 47) ABAsAOTCS

Ir, 1
f, fr, fr?,

rAe KaxAblil 3/1eMeHT MepBOfi CTPOKH MOJyvyaerTcss U3 co-
ceflHer0 cjeBa (cmpaBa) YyMHOXEHHeM CcIpaBa Ha r
(wmm r-'), a aneMeHTH BTOpPOM CTPOKH MOJYUAIOTCA H3
3JIeMeHTOB NepBOl yMHOXKeHHeM cJeBa Ha f. DTo HaBo-
JHT Ha MBICJb, YTO AJs rpada 5TOf rpynnbl HaZo HCMOJb-
30BaTh d8a TpeyaoAbHUKA, COeJMHEHHble OTpe3KaMH, CO-
OTBeTCTBYIOIMMH oOpasyiouteii f (puc. 6.7).

Puc. 6.7.

Mul oriinuaem Ha rpade ofpasymwoluyio r ot o6pasyio-
wefi f, HCOOb3Ys HeNpepblBHYIO JHHHUIO IJS YMHOXKEHHS
Ha r ¥ OYHKTHpHYIO aJas yMmHoxeHus Ha f. Cam Kamn
npeAsaraj pasiuuHble ofpasyloliue BbHJASNATb Pa3jHy-
HBIMHM I[BETAMH W Ha3bIBaJ 3TOT Npollecc rpacdHuecKoro
MpelcTaBleHiss MeTOLOM YBETHbLX 2pyn.

B kauectBe ciexctBusi toro (hakra, uTO paccMaTpH-
BaeMasi rpynna uMeer 0se ofpa3sywoliye, Mbl IoJyuaeM,
yTo J10GOH MyTh Haulero rpada mMoxkeT ObITb ONMHCAH 1O-
CMe0BaTebHOCTBIO, COJepiKallled JIHlIb CHMBOJB H3
MHOKecTBa

rhr

an/IMepaMI/I TaKHX NOC/eloBaTeNbHOCTeH ABJASIOTCS

A Y e
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KOTOpble MBI, KaK W paHblie, OyleM HasbiBaTb CA08AMU.
Koneuno, kaxnoe cioso ot ofpasywuiux 4 ux o6par-
HbBIX ABJAETCA 3JeMEHTOM TpyNNbl HWJH, FOBOps TOYHee,
npeacTaB/seT 3/JeMeHT TPYIHibl.

Unrateno caexyeT INPOBEPUTb, YTO IPOU3BeJleHHE
JIOOBIX JBYX 3JIeMEeHTOB, ONpeleseHHOe C MOMOLLbI0 Tab-
JIMIIBL YMHOXKeHHsi 3Toil rpymmul (ctp. 48), coBmazaer
C IpOHW3BeJieHHEeM, NOJYYeHHBIM C IMOMOULBIO rpada, H30-
6paxkeHHoro Ha puc. 6.7. UroObl, Hanpumep, NpOBEPHUTD

fr

fr?
(S
. Sw, frl
) > r f .

» ey

Puc. 6.8 Puc 69

paBeHcTBO rf = fr?, nmpofijemM cHaya/ia r-oTpe3oK, BHIXO-
aawui 3 I, a 3ateM f-oTpe3oK, BXOJASLIHA B BEpLIHHY,
noveyennyw cumBosom fr2 (puc. 6.8). [1yrs na puc. 6.9
nokaseiBaet, uto frrf =r,

OcHoBhble cpoiicTsa rpada rpynnel. Hamu npumeptl
rpa¢oB pa3uyYHBIX TPYNI HMEIOT HEKOTOpbie ofLiHe Cy-
LlecTBeHHble CBONCTBA.

(1) dJseMeHT rpynnsl «<—> Bepimuna rpada.

IJaeMenToL 2pynnbl HAX00ATCA 80 B3AUMHO OOHOIHAUHOM
coorsercTéuu ¢ gepuiunamu epaga. Kaxnas BepiunHa
rpada cOOTBeTCTBYeT B TOYHOCTH OJHOMY 3JeMeHTY
TpYNIb, H Hao6OpoT.

)] O6pasyiomasn <> Pe6pa 0ZHOTO «uBeTas.

Kascdoe pebpo epagpuueckodi ceru ecrv HanpasienuoLil
OTpe3ok, u orpe3ku O00HO20 <«yBeTa» C8A3AHbL ¢ OOHOU
u roti ace obpasyroweld epynnel. JIBUxKeHHe, HauHHAIO-
leecss B HEKOTOPOH BepLIMHe, BAOJbL OTpe3Ka B Hampa-
BJICHHH, YKa3aHHOM CTPeJKOH, COOTBETCTBYET YMHOXe-
HHIO crpaBa Ha CBA3aHHBIA C 3THM OTpe3KOM 06pasyio-
KA 3MeMeHT (Ha3oBeM ero a), B TO BpeMs Kak JBHXe-
HHe BAOJb OTpe3Ka B HaNpaBJeHHH, NPOTHBOMOJIONKHOM
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YKa3aHHOMY CTPeJIKOH, COOTBETCTBYET YMHOXKEHHIO Clpa-
Ba Ha @ !'—ajement, obpaTHbliii K o6pasywoueil. Ha-
npumep, eca A, B u C ua puc. 6.10 cyTh BepmMHLI
rpada, COOTBETCTBYIOLIHe 3JEeMEHTaM X, § U2 HEKOTOPOH
TPyOnbl COOTBETCTBEHHO, TO ABHKeHHe oT B k C orBeuaer

c

B z

Puc. 6.10.

YMHOKEHHIO 3JIEeMCEHTa Y Ha 4, TaK YTO Ya = 2, a ABHXeE-
HHe OT B Kk A oTBeuaeT yMHOXEHHIO 3JeMeHTa y Ha a”),
T.e. yal = x, :

3) CaoBo <> ITyTs.

Kasooe caoso, npedcraganioujee 3aeMent epynnol, Moxc-
HO UMTepnpeTuposarsb KaxK nyTb, UAU HEKOTOPYO nocie-
008aTeAbHOCTd HANPABAEHHbIX OTPe3K0os8 epada, u Ha-
o6opor. B kaxnol BeplIHHe NYTH, COOTBETCTBYIOLIETO
HeKOTOpPOMY CJIOBY, OuYepeaHOe ABHKeHHe OmpefiessieTcs
ClIeAYIOLIHM COMHOXHUTeJeM B cjoBe. Tak Kak J0GOH
COMHOXKHTENb — 3TO HJIH OflHA U3 00pa3yiolux, HJIH 3Je-
MeHT, o6paTHbI kK ofpasylooued, TO Kax/las BeplliHHa
ABJAAETCH KOHIEBOH TOUKOH O8yXx HampaBJeHHBIX OTpes-
KOB ONHMHAKOBOTO «IBETa» — OAHOrO, HaNpaBJIeHHOTO
K BepIlWHe, ¥ JPYroro, HampaBjeHHOro OT Hee. Ecam
rpynna HMeer aBe ofpasyiomiue, @ H b, TO B KaxJ10H
BepLINHE CXOAATCs 4eTvipe pebpa, Tak Kak yeThipe aJe-
MeHTa @, a~!, b, b~! COOTBETCTBYIOT YeThipeM BO3MOXKHBIM
IBHXeHUAM, HauKHAWOIIMMCSH B 3TOit BeplinHe. Boo6uie
B KaXXA0fl BepluMHe eCTb OJHO «BXOAsIlee» U OZHO «HC-
xonsuee» pebpo Las Kax/JoH o6pasymwolled.

(4) YmuoxeHnue sJeMentos <> [TociegoBaTeNbHOE
NpoXoXkaeHHe nyTel.

YmHoxcenue 08Yx INeMEHTO8 2pynnvl COOTEETCT8YET npo-
X0ncOeHUr0 Ha epage nyTu, COCTABAEHHO20 u3 08Yx no-
caedogaresvubix nyred. TIpoussefienue rs = { 3/1eMEHTOB
r ¥ § TPYNNB MOXHO HHTEpPNPETHPOBaTb Kak MYyThb
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B rpacde, KOTOPHIH CTPOMUTCS ClelAyWIIHM o6pasom. 3a-
IUIIeM r H § KakK CJ0oB& 0T 00pasylolHX H HX 00paTHLIX.
Boixoda us sepuunsl, cooreercrsyroujels dasemenry I,
npoiiieM NyTb, ONHCAHHBLIA CJAOBOM, OlpelleleHHBIM 3Je-
MeHToM r. KoHeuHas TOuka 3TOro NyTH COOTBETCTBYeT
ssaementy r. Teneph, NpuHUMasi 3a HAuYaJbHYI0 TOUKY
r-pepiunHy 1), npofizeM MyTh, OMHUCAHHBIA CIOBOM, COOT-
BETCTBYIOILMM 3J1€MeHTy §. TOT MyTh 3aKOHYHTCA B Bep-
HIMHE, COOTBETCTBYIOIUEH 3JIeMeHTy [ =rS, 6He 3asucu-
MOCTU OT TO020, KAKUE CA08Q UCNOALBYOTCA O npeod-
CTABACHUSL INEMEHTO8 I U §.

(5) CiaoBo, npexcrasisiouiee [ <> 3aMKHYTHE 0yTh,

Jrwboe caoso, npedcrasasroujee saremenr I, coorser-
cTeyer 3amKHyTOMY nyTu Ha epage. TIpeanonoKuM, yTo
W — cnoBo, mnpencrasasiouiee sgement [. Hampumep,
B TpYNIe CaMOCOBMeIeHHH paBHOCTOPOHHErO TPeyroJb-
HHKa 32 W MoxHO B3aTb frfr. Ecau npuHATH BepluuHy,
COOTBETCTBYIOLLYIO 3JeMeHTy [, 3a HauyaJbHYI0 TOUKY,
TO IyTh, Onpefesiemblii cioBoM W, oxkoHuutcs B /-Bep-
mMHe. Mbl Ha3blBaeM NYTb BAMKHYTOIM, €CIH €ro Ha-
yaJbHAs W KOHeYHasl TOYKH coBmazaior. Ecau sa Hauasb-
HYIO TOYKY B3ATa BepLIMHA, COOTBETCTBYIOLIAs 3/J€MEHTY
¢, oTmuyHOMYy OT [, TO NyTb, 3afaHHLIA cjioBOM W, OKOH-
yurcs B f-BepuinHe, Tak kak W ={ Takum o6pasom,
ecau W — ca080, npedcrasanoujee 3sement I, 10 nyre,
onpedeasemolii aTUM CA080M, 6YOeT BAMKHYToIM 8He 3Q-
BUCUMOCTU OT TO20, KAKAA TOYKA NPUHATA 3G HAYAALHYIO.

Takum o6pasom, rpad rpynmnl o6aajfaer HEKOTOPHIM
cBoificTBoM onHopoaHocTH 2). M3 3toro cBoiicrea rpada
TPYNNbl CJeAYeT, YTO ero BepIIHHbH MOMKHO NOMETHTb
Tak, uro6nl arbas Haneped 3adanHas s8epuiuHa C€OOT-
sercrgosaaa asementy I; cMm. ynp. 9 Ha crp. 74. (Cwm.
ynp. I11. na cTp. 74, ytoObl moayuuth npuMep rpada

) To ecTb BeplUIHHY, COOTBETCTBYIOUIYIO SJeMeHTYy r.— [Ipum.
nepes. .

2) IlponsBoabHell rpad) HasbiBaeTcsi OOHOPOOAbIM CTENEHH A,
eciH B KaXAyl0 ero BepIIKHY BXOAHT H H3 KaXAOM €ro BepIIHHEI
BHIXOJHT OJHHAKOBOE WYHCJIO HANpaBJEHHbHIX OTPE3K§B, paBHOE 7.
I‘pg(p rpynnet 6yjieT OZHOPOAHBIM rpadom B 3TOM cMBIcIe. — [Tpun.
peo,
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¢ HampaBJeHHLIMH pe6GpaMH, KOTOpHIA He OXHOPOXEH,
T.e. He gaBjaderca rpadom rpynmel. I'pad wuz ynp. 1l
«JleeKTen», MOTOMY UTO COAEPIKHT HanpaBjeHHOe pebpo
C COBNAajalolUMH KOHIEBBIMH TOUKaMH.)

6) Paspemumocts ypaBHeHus rx = s <> CeTb cBs3Ha.

Tpagp epynnet asanerca c6a3HOL ceTvIO, T. e. cylyecTsyer
nyro u3 a000d gepuunst 8 A06YO Opyeyro sepuiuny.
Ecan r u $— nBa TpOH3BOJBHBIX 3JeMEHTAa TPyINbl, TO
CYUIECTBYET  3JIEMEHT =r-ls, Takof, uro rx=s
(ctp. 50). Hcuo, uto ecan W — npoussoJbHce CJ10BO,
npejcrasiasiouiee 3jgeMeHT x =r-'s, to rW =s; Takum
o6pa3om, ecld BeplLIMHA, COOTBETCTBYIOIASl 3JEMEHTY 7,
B3fTa 33 HayaJbHYIO TOYKY, TO AYTb, ONHCAHHBIA CIOBOM
W, Beler oT r-BeplUHHBI K S-BeplUHHE.

BhinuuieM BMecTe BCe COOTBETCTBHS, YCTaHOBJEHHBIE
B XOJle NMpelblAYIHX pacCcyXKIeHu:

TI'pynna Tpagp

daement Bepmnna

O6pasyowasn Hanpapnenunie pebpa oaHoro
«lIBeTa»

Caoro ITyts

YMHOXKEHHE 3/1eMEeHTOB TTocnenoBaresibHOe NPOXOKAEHHE
nyTei

CJ/10BO, mpejcTaBJsiolLee 3aMKHYTHH myTh

anxeMeHT [

Pa3peltiMoCTb ypaBHeHHA Cers CBfI3HA

rx=sg

Tak Kak Mbl MOXKEM NpPOHM3BOJbHO BHIOHPATH BEPLIHHY
auarpaMMbl Kaju, koropasa GyAeT COOTBETCTBOBATb 3Je-
menty I, To rpa¢ sBasieTcs npencTaBjeHHeM OJXHOH U TOH
e FPynnbl BHe 3aBHCHMOCTH OT TOTO, MOMEYEeHbl JIH ero
BepwnHbl. Hanpumep, mo6as u3 HepasMeueHHbIX aHar-
paMM Ha pHc. 6.11 MOMHOCTBIO OMHCHIBAET LHKIHYECKYIO
rpynny nopsiaka 4. OfHaKO OT CTpPe/IOK, YKa3blBaIOLIHX
HampaBJeHHe Ha pe6pax, HaM He cJelyeT NbITaTbCs H3-
6aBuTbca. PaccmorpuM aBa rpada Ha puc. 6.12. Onu
OTJHYAIOTCA TOJNBKO HANpaBJeHHSMH, KOTOphle Npeanu-
caHbl pe6paM BHYTpPEHHEro TpeYroJbHHKa, HO TPYIIH,
KOTOpble OHH MpPEeACTaBJAIOT, COBEPUIEHHO pasJIHYHb,
TaK KaK TOJNbKO OAHA M3 HHUX KOMMYTaTHBHa (cMm. ymp. 10
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Ha c1p. 74). 3zecb u ganmee Mbl GyaeM fMoMeuaTb Bep-
IHHE TpadoB rpynnm MOCTOMBKY, MOCKOJBbKY 3TO HeoO-
XOLUMO s Oosbluell SCHOCTH H3J0XKeHUS.

Sameuanue o0 caosax, npedcragasrouwux 3remenr I
CroBo mpencraBisier saeMeHT [ TOrga H TONBKO TOrAa,

]
|

Puc. 6.1

KOL/Ia COOTBETCTBYIOIIUH 3TOMY CJOBY MyTh B rpaduue-
cKOH cxeMe rpynne 3aMkHYT. (Hanomuum, uyro myTh
3aMKHYT, €CJH COBMNAajaloT ero HayaabHasi W KOHeuHas
TOYKH.) MBI MOXKeM BLIAEAUThL [ABa COBepIeHHO Pa3JiHy-
HBIX BHAA 3aMKHYThIX myted. OHu nokasaHel Ha puc. 6.13

Puec, 6.12,

Kak NyTd B rpacde rpynnbl ABUKEHUH DPaBHOCTOPOHHErO
TpeyroabHuka (cM, cTp. 67). O6a myTH 3aMKHyTBHI, HO
OHH CyUIeCTBEHHO OTJIMUAlOTCS APYr OT ApPYyra Kak ¢ To-
noaoeudeckold TOUKHU 3pEHHUs, TAK U C TOYKH 3peHHs Teo-
pun rpynn. Tonoaoeus — 310 BETBbL [eOMETPHH, KOTOpas
H3yyaeT B3aUMHOE pacroJoMxKeHHe reOMeTpPUYeCKHX 00b-
eKTOB H COBCEM He MHTEpECYercss TaKHMHU UX CBOHCTBaMY,
Kak pajuHa. Tonojorus paccMarpuBaeT JHIUIb Te CBOM-
CTBa reoMeTpHueckoll KoHdUrypauuu, KOTOpHE coXpa-
HAKTCH NpH AedopMauuAX, He Pa3pbiBAIOIIHX JUHHH H
cBazelr. C TOMOJOrHYecKO# TOYKM 3peHHsl MYTH, COOT-
BeTcTBYIOILNE cioBaM Wy = rd u Wy = fr-r-lrrf-1, cyuie-
CTBEHHO pas3JHYalOTC MexXAy CO0OH: 3aMKHYTHIH MyTh,
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cooTBeTcTBYlOWHUHA cioBy W,, He NMPOXOAHT BTOpOi pas
HH 10 OJHOMY H3 OTPE3KOB, B TO BpeMs KaK 3aMKHYTbIH
nyTh, cOOTBercTBYIOIUH ciaoBy W, Bo3Bpamaercs mo
cebe Hasal, NpoOXOAs KaxAbHi OTPe30K BTOpOH pas, B
o6paTHOM HOpsAAKe U HanpasaeHud. (Yurartemo ciemyer
CpaBHUTbL 5Ty ocobeHHocTh nyTH W, co cBOicTBOM 3Je-
MeHTa, 06paTHOTO K NMPOM3BEAEHHIO 37 €MEHTOB B TPYIIIE,
KOTOpOe paccMaTpHBaOCh Ha cTp. 52.)

OcnoBHoe pasnnuue mexay nyramu W, u We MOxHO
YyBULETb M WCXOAS M3 aKCHOM, KOTOpble JieXXaT B OCHOBE

aq
— T
- f
RP—AS
! P Je.
Puc. 6.13

CuneBa n3o6paxen nyTb, Bexyutuit u3 I 8 P, Q u I;
COOTBETCTBYIOULee CJIOBO Wi=rrr=ri=],
Cnpasa uso6paxken nyts, seaymuit us / 8 R, S, T, S,Ru I;
COOTBETCTBYIOIee CJOBO Wi== fr—lr_lrrf"1~

Beex cBoficte rpymnbl. [1yte Wy = fr-ir-trrf-! onpenenser
snemedT [ B n1060H rpymnne, colepkalllefl ABa 3JeMeHTa
(koTopbie Mbl 0603HauaeM uepe3 r H f), a myrb W, =13
onpejessieT 3MeMeHT | TOAbKO 8 Tex Cneyuaibrbly 2pyn-
nax, 8 Koropuix rd =1,

Uro6bl y6eautbes B ToM, uto Wy =1 B ar060d rpyn-
e, BHIMHILIEM CJeAYIOlHe COOTHOLICHHS:

Wo=Fr e =0 T A =T W T =
=i =T = T =1 =1

[TyreM nmpUMeHeHHA aKCHOM TPYNNbl MBl MOC/J€AOBATENb-
HO HCKJIOYaeM 8c¢e CHUMBOJBI, 0603Hayalouine obpasyro-
mHe ¥ ofpaTHble K HUM, H cBoAuM caoBo Wy k I. Mul
HastiBaeM W nycTeim clOBOM, TaK Kak, NPHMeHSS ak-
CHOMBI TPYIINbl, MOXKHO y6eAHTbCS, YTO OHO OTJIHYHO OT
Ao6oro ajemeHta rpynnsl, kpome [. Hrak,

(1) 3amMkHYTHH nyTb B rpaduueckofl ceTH, KOTOPHIM
MOXKHO BO3BpaTHIbCA Hasaj, NPOXOAd MO KaxXAOMY OT-
pesky BTOpoii pas (u3MeHHB Ha oGpaTHble H MOPANOK
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NpPOXOXKJEHHsT OTPe3KOB W HanpaBJ/ieHHe [BHXKeHHs IO
HHM), COOTBETCTBYET IYCTOMY CJIOBY.

(2) Bce npyrHe 3aMKHyTbHle NYTH COOTBETCTBYIOT
CeNUaNbHEIM  COOTHOWIEHUAM MeXAy o00pasyiomuMu
Tpynnbl, KOTOpble He 00f3aHbl BHIIOJHATBCA B IPOH3-
BOJIbHOH TpyIIe.

Ynpaxuenue 9. Ilycre Ha rpace rpynmer camo-
COBMeIllleHHil PaBHOCTOPOHHero TpeyroJbHUKa (puc. 6.7)
B kKauecTBe / BriGpaHa BeplUHHAa BHYTPEHHETO TPEYTOJb-
HHKa, [epBOHauaJbHO 0G03HaueHHas uepe3 fr. Hapucyit-
Te guarpammy Koauu srtofi rpynmel, COOTBETCTBYIOLINM
o6pa3oM 00603HAUNB BCE BEPIUHHBL

Ynpaxuenue 10. Bosbmure pguarpammy Kaau
TpyNmbl CaMOCOBMELIeHHH paBHOCTOPOHHErO TpPeyrofb-
HUKA ¥ BHIOH3MeHHTe ee, HANpaBUB CTPeJKU Ha BHY-
TpeHHeM TpeyroJbHHKe B IMPOTHBONOJOXKHYID CTOPOHY,
a BCe OCTaJbhHOe OCTaBHB Ge3 H3MeHeHus. 3arteM 06o-
3Ha4YbTe BEpLIMHH BHYTPEHHEr0 TpeyroJbHHKa B COOT-
BeTCTBHH C TaKHM H3MEeHeHHeM HanpaBJeHHs Ha OTpe3-
Kax H cocTaBbTe TalJHLy YMHOXEHHS 3THX IIECTH 3Je-
MEHTOB, HCIIOJb3YS [JIsi OnpefelieHHs HOBBIX NMpOH3Beje-
Hufl BuAOHM3MeHeHHbIH rpad. Bymer AW 3T0 MHOXKecTBO
rpynmoi?

Ynpaxnenue 11. Huxe usobpaxen rpad, cocros-
IIMH M3 HanpaBJeHHHX pefep ABYX THIOB, WJIU <IBETOB»,
o6o3HayeHHBIX uyepe3 r U S. ['pad cBA3eH, U B KaxkAOH
13 Tpex ero BepiivH A, B, C MOXHO HauaThb 4eTHpe 1BH-
JKeHHS, COOTBETCTBYIOIIHEe YeThIPeM BO3MOXKHBIM COMHO-
XKHTEeJAM B caoBe: r, r-l, s, s7l. JloKa)KHTe, UTO TeM HE
MeHee 3TOT rpad He MoxeT GbIThb rpacdoM Tpynmel: co-
CTaBbTe CJAOBO OT 7 H S WJIH HX OGpaTHBEIX, KOTOpOe B Ofl-
HOH M3 BEepPUIMH COOTBETCTBOBAJO Obl 3aMKHYTOMY MNyTH,
a B apyroii — net. (IlonpoGyfiTe, nanpumep, ciosa sris
H rsr.) c

\ —pe

_ | mnens
1
1
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Pacnosnasanue epagpos epynn. ¥Yxe oTmeyanoch, 4To
Ruarpammy Kaau rpynnbl MOXHO pedopMHpoBaTh Jio-
6biM cmoco60oM, HO TOJMBKO Tak, YTOGH He pasopBanach
HH OJHA cBA3b MexAy BeplinHaMu. Hanpuwmep, na
puc. 6.14 wm3obpaxena pedopmanus anmarpaMmbl Kaau
TPYNNbl CaMOCOBMELIEHHH pPaBHOCTOPOHHErQ TpPeyroJib-
nuka. (Cm. puc. 6.7 Ha crp. 67.) Hduarpammy Ksnu sToit
rpynnbl MOXHO aedopmMupoOBaTbL B TpeXMepHYIO CeTb
(puc. 6.15).

TpexmepHrlfi rpad TouHO mepenaer AeficTBHTENbHbBIE
dusuyeckne BuKeHHsi, COCTaBAsOWHE 5Ty CpyNmy.
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Puec. 6.14. Puc. 6,15,
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Huxuuft tpeyroabHuk ABC MOXHO NpPUHATH 32 H30-
OpaxeHue HEONPOKHHYTOrO TPEYroJbHNKA CO CTPesJKaMH,
COOTBETCTBYIOUIMMH BpallleHHSIM B MJIOCKOCTH TPeyroJb-
Huka. Bepxuuii Tpeyronbnuk DEF wusoGpaxaer Tpe-
YTOJIbHHK MOCJe TOrO, K&K ero ONPOKWHYJAH, H JaeTr Io-
JOXeHHsA, KOTOpble MNpHHMMAaeT Bpallaloumuiics nocie
ONpPOKUALIBaHUA TpeyronbHHK. [lapel o6pasympomux ner-
JIIO AYT B Ka)XJ0Ul U3 BepUIHH OTPaXawmT oOpaTHMBIA Xa-
paKTep ONPOKHALIBAHHS.

Sta cBA3b MexAy Auarpammoii Ksan u rpaduueckum
npeicTaBleHHEeM COBOKYNHOCTH JIBUXKeHUH gBJsieTcd
CYacTaHBOH cayuafiHocTblo. Mbl uHOrma Gynem meHcTBo-
BaTh B OOpaTHOM MOOpsAAKe: HaYHHATL ¢ M300paKeHHS
MHOXKECTBa ABHIKEHHH, COCTaBASIIIMX TpyNNy, a 3aTeM
nyreM a6crparupoBaHuA MNOJyYaTh H3 HEro AHArpaMmy
Kaau 3toli rpynnsl.

I'pynna ausapa. PaccMOTpHM MHOXKeCTBO TaKHX JABH-
KeHMH KBajZpaTa, B pe3yJbTaTe KOTOPHIX OH COBMe-
HaeTcs ¢ caMuM cOG0H — MHOXKeCTBO CaMOCOBMelleHui
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kKBajaparta. Kak mnojpckasbiBaeT HaM cJydaii pPaBHOCTO-
POHHEro TpeyroJpHuKa, o6pa3ylOlINMH ABHKeHUAMH OY-
AyT: r— Bpamende Ha 90° B MJIOCKOCTH KBagpata u f-—
ONPOKHIBIBAHUE OTHOCHTEJIBHO JMAaroHajau KBajpara (Ha
180°). DTn ABUIKeHHS HaBOAAT HA MBICIb O TPEXMEPHOM
npeJcTaBJeHUH, H306pakeHHoM Ha puc. 6.16. 1ot rpad
agaserca guarpammoin Kanu rpynnel nopsiaxa 8 ¢ ofpa-
3YIOWHUMH r U f, TakuMu, uro ri=17 u f2=1 On obaa-
LaeT BCEMH CBOﬁCTBaMI/I, KOTOpbIMH JOJKHAa 00Ja4aTh
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ceTb, YTOGE OHa Gbljia rpagom rpynnsl. Ecau mel mpo-
zedopmupyeM ee B JBYXMEPHYH CeTb, TO NOJYUHUM
puc. 6.17.

Ananorus co ciayuaem pPaBHOCTOPOHHErO TPEYroJib-
HHKA COBepLIEHHO SICHA, ¥ 5TH PaCCyXAeHHs OUYEeBHIHBIM
06pa3oM pacnpocTpaHAKTCA Ha cJaydyaHd Cpynmel camo-
COBMelleHUH JM1060ro NpPaBUABHONO MHOMOYTOJbHUKA.

'pynna camocoBMenieHHH IpPaBHJABHOTO MHOTQYTOJIb-
HHKa HasbiBaeTca epynnod dusdpa. ClOBO «AHIAP» —
«JByI'DPAHHHK» — HABOJAHT Ha MBICJb O ABYX TJIOCKOCTSX,
M, [HeHCTBUTENBHO, TpPeXMepHBIi BapHaHT JHarpam-
Mel Kaau rpynnsl Aausfpa npeicTasiisieT coGoi ABa mio-
CKHX MHOTOYrOJbHHKA, Y KOTOPBIX COOTBETCTBYIOIIHE
BepLIMHBl CBA3aHB OTPe3KaMH, 0003HAYAIOLIMMH <OIpoO-
KuJbplBaHue». 34ecb H B JaJjbHelillleM Mb GyleM HCHOJb-
30BaTh Jaa o6Go3HaueHus rpynnm AudApa cumsoa D
C HHXKHHUM HHJEeKCOM, YTOOb 0603HAUHTb UYHCJIO BepUIHH
B MHOTOYTOJIbHHKE, ACCOUMHDOBAHHOM C JaHHOH rpym-
noi. Takum o6pasoM, rpynna ausapa nopsaiaka 6 paBHo-
CTOpPOHHEro TpeyronbHHKa Oyaer o603HauaTbes dyepes D,
a rpynna Ausapa nopsiaxa 8 xsaiapata —4depe3 D, Has
obulero cjayvass Tpynnbsl AH3[pa, acCOLUNPOBAHHOMN
C NpaBUJbHBIM f-yrOJbHHKOM, Mbl OyleM ymnoTpeGisTh
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o6osnauenne Dj. fcHO, uTo D, ecTb rpynna nopsn-
Ka 2n.

I'pad rpynnsl ¢ ofpasyomeil nopsigka 2 MOMXKHO He-
CKOIbKO YNPOCTHTb. TaK Kak «ONMpPOKHIBIBAIOUIUi» 3JIe-
MEHT TPYNIbl AM3Apa MMEeT NOPAAOK 2, TO MOXKHO MpoO-
HJJIIOCTPUPOBATh 3TO YIPOlIeHHe HA ee rpade; OLHAKO
MOXKHO Ghj0 Obl 2TO CAesnaTh M AJs rpada Jaoboi Apy-
roél rpynnel ¢ obpasywoueil nopsaka 2.

Puc. 6.18

Bce rpadn, B KoTOprle BxoauT oOpasymomas mo-
psiiKa 2, ckaxeM f, B Kaw/JOH BeplUHHE COAEpKAT «IeT-
JIIO», COCTaB/IeHHY0 H3 f-Ayr. Yc/AOBHMCA 3aMeHM1b Ka-
KIYI0 TAKyl NeTJI0 OLHHM OTPe3KOM, KOTOpHIA OydeT
o603HayaTh OJHOBPeMeHHO H o6pasymoumyio f u ofpar-
Huifi K Helt saemeHT [~1. Mb OoTKa)KeMcsi TOrla OT OGbIu-
HOH CTpeJKH Ha 3TOM OTpe3Ke, U ¢ 3T020 MOMEHTQ OTpe-
30k 6ea cTpeaku 6ydeT cooTsercT8osaTs obpasyroweli
nopadka 2. Tak Kak AJs d7eMeHTa nopsiaka 2 [ = [,
TO NpPOXOX/JEeHHe 3TOr0 OTpe3Ka B KAKOM-JHGO Hampas-
JIeHHM 03HayaeT YMHOXeHue crnpaBa Ha f uiau f~1. [padw
rpynn ausapa Ds u Dy, ynpouleHHble COTJIACHO H3J0XKeH-
HOMY BhIllle NMPHHUHNY, H306paxeHw Ha puc. 6.18. Or-
MeTHM euie pas, uto ofpasytoumas r, NOPALOK KOTOpPOH
GoJiblite 2, NpeACTaBAseTCd OTPe3KaMH CO CTPEJIKGH, B TO
BpeMs Kak OTpe3KH, COOTBETCTBYIOIIHe o6pasywouleil f
ropsiika 2, CTpe/KH He HMeloT.



rnasa?

SAJAHUE TPYNMNbl OBPA3YIOLLMMH
‘W ONPEJENAIOLLUMMHU COOTHOLUEHHUAMH

Myl BHZeJH, YTO KOHKpPETHAsl rpynmna MoxKeT OHITb
omnpejeNneHa CAeLYIOMIHMH CIOcO6aMH:

(i) Kak MHOXecTBO 3JeMeHTOB ¢ GHHapHOH omepa-
1Hel, YAOBJETBOpSWOIIEH TpeM TpYIIOBLIM . aKCHOMAM.
3T0 OCHOBHOE ompefeseHHe, H3 KOTOPOTO MOXHO MOJY-
YUTb Bce JPYTHe.

(ii) Tlpu nomowmm KBaApaTHOH TaOJHlLI CHMBOJIOB,
KOTOPYI0O Mbl HasBanu TabjHLel YMHOXeHHS TpyInel U
CBOficTBa KOTOpO#l GbiTH pasoGpausl B ra. 4. Taxkas Ta6-
JAuLa 3afaeT TPYyNNy, [OCKOJIbKY B HeH yKas3aHbl Bce
HpON3BELEHNA JEMEHTOB TPYIIHL.

(iii) I'lpn nomomu rpaduueckoln cxeMbl (ceTH), cO-
CTaBJIEHHO! M3 HampaBJ/ieHHBIX OTPe3KOB H o6Jjapnaloiiei
OCHOBHBIMH CBOHCTBaMM, KOTOPHIMH (KaK Mbl YCTaHO-
BHN) JojmxeH o6aamate rpad rpymnel. BayTpenHeii
CTPYKTYpO# Taxofi CeTH TpyINNa BIIOJHE OMpeaensiercs,
TaK KaK HaM H3BECTHO, KakKuM 06pasoM moc/ieLoBaTe/]b-
HOMY NpOXOX/eHHIO IyTeH [OJKHO COOTBETCTBOBAThb
YMHOXKeHHe 3/71eMeHTOB I'PYIIILL.

Ieap 3Tofi riaBel — [0Ka3aTh, YTO €CTh eWIE OAHH
crnoco6 3ajaHusi TPyNNbl— C MNOMOUIBK 06pasyolHX H
onpefensitomiux cooTHoweHHH. C 06pasyoUUMH Mbl yxKe
CTAJIKHBAJIHUCh B OLHOH M3 MpeIbIAYIIHX IVIaB.

Unkandeckas rpynna Cs. Mbl HauHeM ¢ H3yueHus
NpoCTOA cHTyanuu, BOo3HHKawoouell B rpynne Ci, IHUKJH-
yeckoii rpymnne nopsgka 3. DTo rpynna BpailleHHH pas-
HOCTOPOHHErO TPeyroJpbHHKa B IJIOCKOCTH (cTp. 26).
I'pynna C; Kaxk IUKJIHYeCKas rpynma MOxKeT OwITb IO-
pOXJeHa OJHHM M3 CBOMX 3J€eMEHTOB, HalpHMEp r, H
1P ee 37eMeHTa MOXKHO IpPeJCTaBUTh Kak r, 1%, r3=1,
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PaccmoTpuM Tenmepnr 06paTHYIO CHTYALHIO:

(1) G —rpynna, nopoXaeHHasi 3JIEeMEHTOM r;

(2) =1

Byayr au 3T ycaoBuS nOAHOCTbHO  ONpelensiTh
CTPYKTYpy rpynnmel G? B uactHoctH, 06a3aTesbHO JH
rpynna G GyZfeT LuKIHuecKoi rpynmoil mopsizka 3? Or-
BeT Ha 3TH BOIPOCH oTpuuarejbHuill. JoctaTouno o6pa-
THUTh BHHMaHWe Ha TO, YTO COOTHOUIeHHe rd = | BHNOJ-
HAeTCs s r—1—3ﬂaqm, rpynna G MOXeT COCTOAITb
U3 OJHOI'0 3JieMeHTa, T. e. ObiTh rpynno#i nopsinka 1. Ilo-
3TOMY, UTOOBl nROANOCTBIO oOnpefenuTb rpynny G, Mol
HOXKHbl BHAOM3MEHHTb Halle omucanue. Mel yTBep-
JXJlaeM, UTO eCau yc/10BHe (2) 3aMeHHTb YCJIOBHEM

(2’) enudcTBeHHOE cooTHOWeHHe r® = [ o6pa3yer MHO-
JKEeCTBO onpeﬂenmomnx COOTHOWeHHHA rpynmbl G,
10 yenosus (1) u (2’) snonue onpepensitor G KaK UUKIH-
YecKylo Cpynny nopﬂm(a 3. UroOb!l MOSICHUTL 3TO YTBEP-
JX/JleHHe, HaA0 YKa3aTh TOYHHIH CMBIC/ CJIOBA «COOTHOLIe-
HHe» ¥ 3aTeM NepefiTH K MOHSITHIO «ONpefessioue CooT-
HOLUEHHS» Tpynnel. TOJNbKO TOrZa Mbl CMOXEeM peLIMTh
BONpOC, SBJIsieTCA JIH «CcOOTHOWmeHHe» r3 =] B rpynne C;
onpedessowuM COOTHOLIEHHEM 3TOH IpyNIbL

CooTHOILIEHHEe — 3TO paBeHCTBO BHAA

W=1I,

rie W—caoso B rpynne (ctp. 62). EcTtp aBa cyme-
CTBEHHO Das/juuHbIX THma ¢10B W, NI KOTOpBIX MOXKeT
BLINOMHATLCS paBeHcTBo W = 1. TlepBulfl Tl — 3TO cJ0-
Ba, M1 KOTOPbIX YTBEpPKAEHHE

W=I

03HayaeT, 4TO CJOBO IpeACTaB/dAeT cOGOH TOT Xe 3Jje-
MeHT rpynnsl, uto u [ (Takue, Kax rrr, uau r3, B rpynme
C;). D10 paBeHCTBO He ABJSETCS CNe[JCTBHEM TPYNIOBLIX
aKCHOM H B IMPOH3BOJbLHON TIpylie MOXKeT He BHINOJ-
Hatbea. Hanpumep, B rpynne Ci, nNOpOXIeHHOH 3Je-
MEHTOM r, He clipaBel/iuBo paBeHcTBo 13 = [. Hanportus,
paBeHCTBO ;

BJASIeTCA NPAMHM CJe[CTRHeM aKcHOMbl rpynnui (00
o6paTHbIX 57eMeHTax) H BBINOJIHAETCS Ans Ja6oro
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sJeMeHTa r JMo6oH rpynnel. 3aMeTHM, uTo rr—!— mycroe
CJOBO, T. €. TaKoe, YTO BCe 06pasylolliHe TpynObl Hcue-
3a10T, KOIZla Mbl NpHMEHseM K HeMy TpyMIOBbe aKCHO-
Mbl U 3aMeHsieM Iapbl CTOALIHX PSAOM B3aHMHO o6part-
HBIX 3aeMeHToB 3neMentoM / (ctp. 73). Ho caoBo r3—
He TyCTOe CJIOBO, M TOJBKO B HEKOTOPLIX CIELHAJTbHBIX
rpynnax cnpaBelJMBO cOoOTHolueHHe rd = [. [lpuMmem Ta-
KOe corJallleHHe: B ONpeJeleHHH cooTHouweHHs W =]
U3 paccmoTperus uckawouaerca caydal, xoz0a W —
nycroe cA060. Uuratejb 10JXKeH NOMHUTH, 4TO o6a pa-
BeHcTBa r® =1 u rr-1 =] cooTBeTcTBYIOT B rpade rpyn-
nbl C3 3aMKHYTHIM NyTAM, NpHYeM BTOPOE — TPHBHAJb-
HOMY NyTH (BelylleMy «0GpaTHO» IO TEM XKe OTpe3KaM,
YTO H «TyZAa»), a NepBOoe — HETPHBHAJIbHOMY 3aMKHYyTO-
My nytH (cM. cTp. 72—73).

Ml 6yleM nmoab30BaTbCA TAKHM ONpefeseHHEM COOT-

HOLIEHHS B rpynme: ecniu W — HemycToe ¢JI0BO B Tpynfie
Gu

W=1I,

TO 5TO PaBEHCTBO Ha3biBaeTcs COOTHOuwleHuem rpynmul G.
Tak xak caoso W saBasercs npousBeleHHeM o6pasyio-
mux rpynnst G, To MB Takxe 6yleM TOBOPHUTb, UTO
W = I — coornowenue mexdy obpasyrowumu epynnot
a1y,

Uro6rl BBECTH TOHATHE Onpedersiroujux COOTHOUWEHUL
rpynnsl G, paccCMOTPHM MHOKECTBO, COCTOsIee H3 BCeX
HeTPHBHAJbHEIX COOTHOIWIeHHH rpymnbl G, T. e. MHOXKe-
ctBo {Rp =1}, k=1, 2, ..., rae Rn— Henycroe cJ0BO.
O6o3HaunM 3TO MHOKecTBO uepes A.

OcTaHoBMMCS TNpelBapuTesibHO HAa TaKOM BONpOCE:
MOXKET JIH MHOXECTBO COOTHOIIeHHH A GHTb NycTHIM (He
comepxkaTh HM OJHOoro 5JaeMeHta)? CylecTByer Ju
rpynna, B KOTOPOH HeT COOTHOLUEHMH MeXAy o6pasyio-
muMu? TpuBnasbHyro Tpynny, COCTOSIIIYK0 H3 €AHH-

') Kasasoch 6bl, ci1efoBa/io paccMOTpeTh B rpynne G COOTHOIle-
Hua Gonee o6uwero Buga W, = W, HO Tak kak paseHctBo W, = W,
MOXHO ¢ TIOMOMbIO TPYNNOBHLIX AaKCHMOM IIpeoGpasoBaTh K BUAY
W=W1W{1 =], TO JAOCTaTOYHO pPacCMATPHBATh TOJMBKO COOTHOLIE-
gua suga W=1.
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CTBEHHOro 3jeMeHta /, MOXHO GblIO Ob paccMaTpUBaTh
Kak rpynny 6e3 COOTHOINEHHH MeXIy oO6pasyloulnMH,
Ho mbl ompenenum Ty e rpynmy, eciau ckaxem, HalpH-
Mep, uTo OHa HMeeT obpasymwolue @ u b, yIOBAETBOPSIO-
mue cootHowenusm a =1, b = 1. B atom ciyuae aw6oe
cnoso paBHO /. UTOGH! HCKJIOUHTL B3 PACCMOTPEHHS 3TY
CHTyalHIo, OrpaHuyuMcs TpYNNaMH, B KOTOPHIX cylie-
CTBYeT IO KpafiHeli Mepe 0JHO cJI0BO, He paBHoe [. ITpu-
MepoM rpymnmbl 6e3 COOTHOLIeHUH siBAseTcsl GecKOHeuHast
uyukauMyeckas rpynna C., TOPOXKIEHHAs 3JeMEHTOM .
Mpl BHzenu (cTp. 65), YTO ecaH ClOBO 3TOH Tpymabl He-
OyCTO, TO OHO He MOXeT paBHAThbeA I, Tak Kak a1
npu n = 0; takum o6pasom, rpynna G He HMeeT COOT-
HouleHufi, B KOTOpble BXOAuJa Obl ee eIHHCTBeHHasi 00-
pasyiomas a. DeckoHeunas mukJaAHYeckass rpynna Ce,
NOPOX/JAEHHAS  OJHUM  5JeMeHTOM,  [IPHHANJEeXHUT
KJacCy TpyIN, He HMeIOIHX cooTHOweHud. Taxkue rpym-
Obl HA3LIBAIOTCHA CB0O0JHbIMU.

[Mpeanonoxum, uro MHOXKecTBO A cOLEPKHT XOTS Gbl
onHo coortHoileHne R = /. Mmn mnokaxeM, uto Ttoraa A
coiepKUT GeCKOHeYHO MHOro cootHowedufl. Jas 3roro
JOCTAaTOYHO MPHMEHHTh K COOTHOWeHHio R = [ rpynmno-
Bbie aKcHOMH. B uacTHocTH, TOTZA

“!=](rak kak RR'=1I), R*=R.I1=1

u aHajornu#o R—2 = J. [locneloBaTe/bHBIM YMHOXKEHHEM
Ha cJI0BO, paBHoe I, moJyuaem

R*=I u R "=I, n=12,....

OTo NOKAa3HBAEeT, YTO M3 OXHOTO COOTHOLIEHHS R =
MOXKHO B KauecTBe CJIeJACTBHH MNOJAYUUTb O6eCKOHEUHO
MHOTO COOTHOWIeHHH, U A HO/KHO cOlepXkaThb GecKo-
HeYHO MHOro cooTHoureHuit Ry = I, rae Rp— HenmycTuie
cioBa. W3 cooTHolleHHss R =1 ¥ TrpynmoBbx axkcuoMm
BBITEKAIOT He TOJbKO COOTHOIIEHUSi BUia R® = [ u R—" =
=] n=1,2 .... flcno, uro eciu W — npoussossnoe
ciaoBo or obpasyiowux rpynnsl G, 10 W-IRW =

=W-IW=1n WHRW =W-IW =1

Bosee TOro, MOXKHO NOKA3aTh, YTO MHOXKECTBO BceX
COOTHOUEeHHIi, KOTOPble MOXXHO BBLIBECTH H3 COOTHOLIEHHS
R = [, noayuaercs npupaBHHBaHHeM K [ BCeBO3MOMHBIX
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IpOH3BecHHH ¢ COMHOXHYeasAMH BHAa W-IRW u
W—RW. :

BepHemca K MHOXecTBY A BCeX HETPHBHANBHBIX CO-
oTHoweHuil rpynnsl G (He 3a0biBasg 0 TOJBKO 4YTO cXe-
JIaHHBIX BHIBOAAX) H BHOepeM B HeM, €ClIH 3TO BO3-
MOJKHO, NOAMHOXKeCTBO B, Taxoe, uto cooTHouwienus u3 B
€nexyr 3a cobotl 6ce COOTHOWlEHUR u3 MHoxecTéa A.
3TO MHOXKeCcTBO B COOTHOIIEHHH HasblBaeTcs MHOXe-
cTBOM onpedeasrouyux coorHowenud rpynnst G. Xota
6bl OZLHO MHOXECTBO B ompenensiolIUX COOTHOLIEHHH CY-
mecteyer (ecin A HemycTo), TaK Kak B KayectBe B
MOXHO B3fiTb Bce MHoxecTBo A. OnHako GoJiee HHTe-
pecHOH H INJOJLOTBOPHOH OKa3blBaeTCs CHTyallHs, Koria
B siBasieTcst cOGCTBEHHBIM MOAMHOXKECTBOM MHOXecTBa A
(1. e. Kora oHO He coBnapaer ¢ A).

ITpexpe ueMm HepefiTH K NeTassiM, CBA3AHHHIM C pac-
CMOTpPEHHEM KOHKDETHHIX FPYINN, Mbl Pa3bsiCHUM, YTO
noapasyMeBaeTcsl NOJ BbIpa)K€HHEM: <«COOTHOLIEHHS H3
MHOXecTBAa B BaekyT 3a co60H Bce COOTHONIEHHS H3
mHoxectBa As. OHo o3Hauaer, 4TO, NpPUMEHSsT TPyINNoO-
Bbleé AaKCHOMBI, MOXKHO BCE COOTHOIUEHHS H3 MHOKECTBa
A TONYYHTH M3 COOTHOLIEHHH, BXOAALUINX B MHOXKeCTBO B;
Mbl yiKe BHJIENH, HaOpuUMep, KaK MOXKHO H3 eMHCTBEeH-
HOTO COOTHOMIeHHs1 R = [ BbIBeCTH GECKOHEYHO MHOTO CO-
otHowenufi Rn =1, R~ =1, W-RW =] u W-1RW =
= I .

Bepuemcst Temepnr K Bompocy O TOM, GyZer Jau coO-
oTHOlWeHHe rd =] onpedessrouyim COOTHOIIEHHEM TIpyIi-
el C3;— UMKJHYEeCKOH Tpynmel nopsaka 3 ¢ oGpasyio-
mefi r. O6pasyem npexiie Bcero MHoxecTBo A BCex co-
ortHowenuit B C; (HamoMHHM, YTo J1060€ CJOBO OT r, r—t
MOKeT OBITb 3allHCAHO KaK CTeneHb 3JeMeHTa r),
Hmeem

A={r*=1}, k=x1, £2, ....
OTMeTHM, 4TO MHOXKeCcTBO A MOXHO Tak»Ke OMHCaTh CJe-
nyomum o6pasom (cTp. 34):
A={"=1I}, n=0(mod 3), n=%0.

JIto6oe HeTpHBHanbHOe cooTHOWeHHe rpynnsl Cs JeXUT
B MHOxecTBe A, Tak Kak ecad 6b r3*+ =] Grito coor-
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nouwenreM rpynnel Cs, TO Kak CJeACTBHE Mbl MOJYYHJIU
6bl, yto r = I. Ho B rpynne Cs r 5 I, clnefoBaTe/nbHo, H
r3k+t =& | AnanoruuHo, paBeHCTBO r3+2 = [ Bjieyer 3a co-
6o cooTHowleHne r2=1], KOTOpoe He BHIIOJHAETCA
B rpynne Cs. !

M&l yTBep2K/laeM, 4TO B KauecTBe MHOXKecTBa B ompe-
Hengomux cooTHowenui rpynnel C; MOXHO B3siTh OLHO
COOTHOLIEeHHE

ri=1,

Jlio6oe cooTHowleHHe K3 MHOXecTBa A sBJAseTcs Clel-
CTBHEM 3TOrO0 COOTHOLUEHHA H akcuoM rpynnsl. Hed-
CTBHTEJIbHO,

r3=1[ Bieuer 3a coGoii r3=],
H TIOTOMY

(=1, (¥=I, k=12 ....

Taxum o6pasomM, cooTHouleHHe r® =] Bjeder 3a coGoi
cooTHomenus r* =1, n=0 (mod3), n+0, a sT0
B TOUHOCTH BC€ COOTHOUIeHHs H3 MHoxXecTBa A. (Mu
HCKJIIOHYaeM H3 paccMOTpeHHst cayuaih n =10, Tak Kax
r — mycToe cJ0BO.)

MoXHO yKasaThb ApPYTHe MHOXeCTBAa OMNpeAesouHX
cooTHoilenuH rpynnsl C3: HanpuMep, OOHO COOTHOLIEHHE
r-3 =1 unu 0s8a cooTHoweuus ré =1/, ro=1

[TorenunanbHele BO3MOXKHOCTH NOHSITHH ONpelesio-
IIXX COOTHOLIEHHH IIOJHOCTBIO DAacKphBAalOTCAd B Clle-
nywollell o6iell TeopeMe, KOTOpas yTBep:KAaeT, YTO JIIO-
60e MHOXKECTBO COOTHOIUeHHHA MexXjy ofpasyoliuMu Ha
NPOM3BOJILHOM MHOXKeCcTBe 06Gpasyloulux NOJHOCThIO 3a-
JaeT HEKOTOPYIO TpPynay:

TeEOPEMA 2. Ecau 3adano muoxmecTtso B cooTwo-
wenuil Ry =1, e0e kamdoe Ry ecTv Henycroe cA080 OT
300QHH020 MHONCECTSA CUMBOAOS, TO CYUleCTéyer epyn-
na G, 0aa xotopol B asaserca mrnoxdcecTsom onpede-
AOUUX COOTHOWEHU,

IokasaTenbCcTBO 3TOM TeopeMbl BBIXOAHUT 3a pam-
KA CconepxKaHus JAHHOH KHHTH. Tem He MeHee MH
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NPOUJJIOCTPHPYEM €€ Ha NpuUMepe IBYX MHOXKECTB Onpe-
JeJAIUIHX COOTHOIHEeHHH.

Ham Heo6xoauMO TIOHATHE I9KBUBAAECHTHBIX CAO8.
PaccmoTpum nBa caosa:

Wi=rr-r 1 Wy=rlrr.

Ecau paccmaTpuBaTh 3TH CJAOBA KakK INOCJEN0BaTeNbHO-
CTH CHMBOJIOB, 0603HayawIuX obpa3syollie U ofpaTHbIe
K HUM 3JIeMEeHTHl, TO OHH pAa3JHUHBI, MOCKOJBKY OTJIH-
yalTcs NepBhiMH (M BTOPBHIMH) cuMBojiamMH. Ho ecan
paccMaTpHBAaTh UX Kak $OpMYy 3aMHCH 3JeMeHTOB Ipyn-
OB, TO OHH ONpENeJsIIOT OJHH H TOT Ke 3JeMeHT, IO-
CKOJIBKY ‘

W, =rr-r=(r-Yr=Ir=r
i

Wo=r"lrr=(0"r)r=1Ir=r.

CiaoBa W; u Wy Mbl GylleM Ha3biBaTb 9KBUBANEHTHbIMU,
eCJId OHU ONpeleJsloT OAMH M TOT K€ 3JeMeHT TPYIkl.

Ormerum, 4To MHl «npeo6pasoBanau» Wy u W, B r,
BblUepKUBast coueranus rr~t =] u r-ir = I, Kax TOJAbKO
OHH MOABJAAMUCH, PaccMOTpHUM Telephb CJI0OBA

Wy=r=r"' u W,=rrrr

8 yurxaudeckod epynne Cs. MB yKe BHIEJH, YTO 3Ta
rpymnna onpefeasieTcsi cooTHoweHnem rd =] (KoTopoe
BJedeT 3a co6ofi coorHowenne r—3 = [}, «IIpeoGpasyem»
caosa Ws u W,, BcTaBjsAs uau BHUepKUBAsA CJI0BA, paBs-
Hble [

Wy=r=lr-1=(rr-Yr~'r-! (BcraBka)=
=r(r~'r~r Y =rr3=ri=r  (BHUepKHBaHHE)
H
W,=rrrr=r(rrr)=r(r’)=rl=r (BblUepKHBaHHE).

Mu Gynem roBoputh, uto Wi u W, — axsusasentnoie
ca08a 8 epynne Cs; GYAyUH pasju4YHBIMH, OHH IpeJCcTaB-
JAIOT OJHH U TOT Xe 3JeMeHT LHKauueckoH rpynmbl Cs.

DTO IMOHATHe 3KBUBAJEHTHOCTH MOXHO O006MINTDL
¢ TeM, YToGbl OHO GbIJIO MPUMEHHMO K JI06BIM IBYM CJIO-
BaMm W, u W2 OoT nmpou3BOJILHOTO MHOXKeCTBa CHMBOJOB:
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cr080 W, axksusarentro cro8y W, ecau Wi moxcHo npe-
obpasosats 8 c1080 W, 6CTABAAS UAU BbI4EPKUBASL CAO-
8a, passble I. Tak Kak omepauuy BCTAaRKH H BblYepKHBa-
HUA O0GPATHMEI, TO Apolecc npeoGpasoBaHus cjioBa Wi
B c10Bo W, MOXHO «o6paTHTb» W npeoGpasoBaTh C/IOBO
W, B W, 1o sameuanue cIyXKHT 060CHOBAHUEM Clle-
Aywoulero yTBepxaeHus: eciau W, sxsuBanento W, 1O
W, sxBuBasnentno Wy Mbl npenocrasisieM 4yHTaTeNIO MO-
Kazatn, uro ecaun Wy, W, n Wi —rakue caosa, utro W,
skBuBaneHTHO W), a W, sxBuBanentno W 1o W; sxsu-
paseHTHO W3 DTuMH cBOficTBaM# NOJIKHO 0GjajaTh OT-
HOIlleHHe, KOTOPOe HA3BIBAETCS OTHOLIEHUEM 3KBUBAAEHT-
Hocrut).

Hcnmonb3yss mnoHATHe SKBHBANEHTHOCTH, pasobbeM
MHOXKECTBO CJIOB Ha KJacChl SKBHBAaMEHTHHIX cJoB. Tlycth
F — MHOXKeCcTBO BCeX c¢JIOB OT 3aJaHHOTO MHOXKeCTBa
CHMBOJIOB, T. €, F— MHOXeCTBO BCeX KOHEUHBLIX Mocie-
I0BaTeNbHOCTEll CHMBOJIOB, KOTOpHe spjasdiorcs obpa-
3yIOIAMA WIH uX o6patHbiMH. Bce caosa uz F deasrcs
Ha Kaaccol caedyowum obpasom: ectn Wy u Wo — skBu-
BaJieHTHbe caoBa u3 F, to Wy u W, npunaanexar omHo-
My knaccy; ecid Wy u Wi — He sKBHBaJleHTHBE CJOBA
us F, o W, n Wy ne nexar B ogHoM kJjacce. MHaue ro-
Bops, cao8a Wi u Wy sexcar 8 o0nom kaacce roeda i
T0AbKO To2da, koeda oru 3xsusarenrHol. (O6was npo-
GaeMa, cocTosiiiasi B TOM, YTOGb peLIMTb B CJyyae Opo-
H3BOJILHOH Tpyninsl, GyAyT Ju ABa CJI0BA SKBHBAJEHTHHI,
KpaliHe TpyaHa. drta npobJjeMa, H3BeCTHAsl Kak mpolJe-
Ma TOXIECTBA CJOB?), peilleHa /sl CPAaBHHTEbHO He-
mporux rpynn). Ilpumep Toro, xak Mox<HO pasbutb F
Ha KJacchl 3KBHBAJEHTHHIX /0B, OyJleT AaH HHKe, KOrAa
Mbl BepHeMcsi K Trpymme, onpejiefsieMofl COOTHOIIeHHeM
r3 =1 Korga muoxectBo F pas6uTo Ha KJacchl 3KBH-
BaJIEHTHHIX CJIOB, 3aJalOUlHX OAHH M TOT XKe 3JIeMeHT

1) TouHoe onpefeneHne OTHOUIEHHS SKBHBANCHTHOCTH MOXKHO
naiity, Hanpuamep, B kuure JI. A, CKOpHSKOBA <«DJIEMEHTH TEOPHH
cTpykTyp», «Hayka», M., 1970, crp. 5. — [Tpum. nepes.

2) T1. C. HosuxoBuiM B 1957 r. Gbuio nokasaHo, 4ro B ofem
BHIe 3T2 NpoGJeMa Hepaspelnma, T. €. HeBO3MOXKHO NOCTPOHTb aaro-
PHTM, KOTOpHI B TMPOU3BOABHON rpynne pewast 6ul BOMpOC 06 3KBH-
BaNeHTHOCTH C/ioB. — [Tpum. ped.
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rpynmsl, Mbl MOXeM B KauecTBe ApedcTasuress Kiaacca
BoiOpaTh J060oe ero cjioBo!).

Bepnemca k teopeme 2 (ctp. 83) M pagum HaGpoCOK
OCHOBHOH MNpoOLeAypbl IIOCTPOEHHSI TPYIIbl NPH MOMOLIH
obpasymoiiux u cooTHoweHHA. Mbl clenaeM 310 B ab-
CTPAKTHBIX H OOIUMX TepMHHAX, KOTOPHIM NpPUAAAUM
B fafbHefllleM KOHKPETHBIH CMBICHA, Korga OyaeM pas-
61paTh HEKOTOPHIE MPUMEDBL.

(1) 3amanum MHOXKeCTBO MOPOXKAAIOLIHX CHMBOJIOB H
MHOXKecTBO B coorHouwlenuit Ry = I, roe kaxnoe Ry ecTb
HeNmyCToe CJIOBO OT 3aZaHHBIX CHMBOJIOB.

(2) Paccmorpum MHOxKecTBO F Bcex CJIOB OT 3ajaH-
HBIX NOPOKAAIOUWHUX CHMBOJOB.

(3) O6pasyem noxmHuoxecTBO K, cocrosiee H3 BCex
cnoB W u3 F, rakux, uto paeenctBo W = I ectb caeo-
C78Ue 3alaHHOT0 MHOXKECTBa COOTHOWeHHl Ry = /. OnuH
H3 cnoco6oB «mocTpoeHusi» K ykKazaH B NPHBEIEHHOM
HHJKEe 3aMeYaHui.

(4) PazobGoem F Ha KJ4CCHl 3KBHBAJIEHTHHIX CJIOB,
T. €. TAKHX CJIOB, KOTOpble MOI'YT ObITb NPeoGpasCBaHbI
OLHO B APyroe ¢ TNOMOIUbI0 BCTABKM M BblUePKHBAHUS
C10B, paBHbIX /.

(5) BuiGepem MHOkecTBO G MpeACTaBJSIONIMX CJOB
N0 OJHOMY M3 KaXAOro KJaacca 3KBHBajeHTHOCTH. Jlio-
6oe Takoe MHO:KecTBO G ecTh rpynna?), ijis KOTOpOH 3a-
JaHHble COOTHOWEHUs Ry = ] ABJAIOTCA ONpefeNsioHMH.

Sameqanue o nocrpoenuu mroxecrea K. Mu yTsep-
knaeM, uTo K ecTh MHOKECTBO BCeX Npou3Benenuil (T. e.
KOHEUHBIX MOcjefRoBaTe bHOCTeH) c0B Buaa I—tRT uam
T—1R-T, roe R = I — COOTHOLIEHHe H3 3a[aHHOTO MHO-
)ectBa B, a T — npousBosbHoe ¢10Bo u3 F. Ecin R =
= I, T0 sicHO, YTO /1060 CJIOBO OIMMMCAHHOrO BHAA PaBHO
I, tak xax T-t/T =1, OGpaTHO, MOXHO IOKa3aTb, YTO

1) Ml yXe HCMOB30BA/H NMOHSITHE MpeACTaBHTENS KJacca, Koria
rOBOPHJH O Trpynne BpauleHui (c1p. 29) B 006 <«3KBHBANCHTHOCTH
no Moxymo 2» (crp. 34).

2) C Takoil onepauueil: MPOH3BEAEHWE [BYX MpeICTaBHTenel —
5TO MNpeACTaBHTe]b KJjacca, KOTOPOMY NPHHAMJIEKHT ¢opMasbHOe
npouseejenue. — [lpum. nepes.
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ecsim V—caoBo u3 F u ecau pasectBo V=1 ecto
CleJCTBHe HALIHX COOTHOIUEHHH, TO V ecTb mpousBene-
HHe coMHoxuTesdeli Buga T—1RT.

3apanne rpynnei C; onpelensiiOUMH COOTHOWEHH-
aMu. (1) IIpumeHuM onMcaHHYIO Bhlle NPOLEAYpy AJs
«OTBICKaHHA» rpynnsl G, 3anaBaeMolt onpeesiolUM CO-
orHoulenueMm r® =] ot onmnofi o6pasywoomeii r. (Mn, Ko-
HeuHO, OxupaaeM, 4to rpynna G OkaKercs IMKINYECKOH
rpynnofi nopsaxa 3.)

(2) B mauwem cayuae mMHOXecTBO F BCex CJOB OT r
COCTOUT M3 BCeX KOHEUHBIX MPOH3BELEHHH CHMBOJOB r
u r~1. flcHo, uto mo6oe cioBo T u3 F MOxHO mpeoGpa-
30BaTh K BUAY r, n=0, =1, +2, ... .

(3) Yrobr obpasoBath MHOXKecTBO K, HafiieM Bce
cl0Ba, <«IOpOXKAeHHHe» cJjoBamu Buga I—1RT wunan
T-1R-T, 1. e. c0Ba BHJA

(")) ™) wan (7)) (7).

Ho ecau yoanuTb 43 3THX CJIOB BCe CTOSIIHE PSAOM Haphl
B3aHMHO OODATHBIX 3/JEMEHTOB, TO Mb! IIOJYUHM

r* u rs,

TaxkuM o6pasoM, MHOKecTBo K Bk/IIOuaeT B cebs Bce
NpOU3BEJEHUS CTeNeHell 3J1eMeHTOB r3 u r~3;

K={"}, rme n kpatho 3,
HJIH
K ={r"}, n=0 (mod 3).

Dtumu caosamu u3 K ucuepnwiBaiorcs gce caosa W, nis
KOTOpHIX paseHcTBO W = I ecTb caeacrBue u3 3 =1/,
(4) TlpeoGpasys cyoBa r™ u3 F nyTeM BCTaBKH HJIH
BHIUEPKUBAHHA CJIOB, A KOTopmx n =0 (mod3), Mol
2aMeyaeM Telepb, YTO MHOXKeCTBO F JeJHTCH Ha TPH

Knacca:
A: caoBa r", nas koropuix n==0 (mod 3), Hanpumep n="6;
B: caosa r", nas xoropuix #=1 (mod 3), Hanpumep n=4;
C:cnoBa r’, Ans KOTOPLIX =2 (mod 3), nanpumepn=—1,
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(5) B kauecTBe npeicTaBHTeNEH 3THX KJIaCCOB BBI-
GepeM
I ns A (n=0), r us B, r* us C.

(@10 yno6Ho, HO, BOOOLLe rOBOPS, BMECTO HUX MBI MOIVIH
6bl BLiOpaTh, HapUMep, TAKUX NpelcTaBuTesel: 13 u3 A,
r-2usz B, r® u3 C.) Tpu npexacraBasiiomux ciopa I, r, r2
o6pasyioT rpynny, a HMeHHO LUHMKJHMYecKyio rpymmy To-
pAfka 3 c 3JeMeHTOM r B KauecTBe obpasywouiedl. (Ml
JOJIZKHBl IIOMHHUTb, 4TO 3JE€MEHTY TPYIUIBI COOTBETCTBYET
LeJbii KJacC SKBHBAJEHTHHIX CJOB. Hampumep, cjoBo
(r?) (r?) = r* JeXuT B TOM XKe KJacce, 4TO U CJOBO 7, H,

r?

Puec. 7.1

CJleIOBATENbHO, Mbl MOXKEeM CKa3aTb, 4TO 3JeMeHT (r2)2
€CTb He YTO HHOe, KaK 3JIeMeHT r.)

Mpb BuauM, uro rpynna G ¢ onpenessiOWUM COOT-
HoweHneM 73 =/, Kak MB U O0XKHJaJHu, OKasamacb LH-
KJHYECKOH rpynnoll mopsajka 3.

flpeanonaraeMoe MHOXECTBO ONMpPERENSIOIUX COOTHO-
wennit rpynnel D ;. Ty Xe OCHOBHYIO MpOLeAypy Haxo-
MKIeHNs ONpelesIOlHX COOTHOLIEHHH Mbl NPHMEHHUM Te-
nepp B ciayyae rpynnsl D; [lpexpge Bcero Hamo HalTH
MHOKECTBO TaKHX COOTHOLIeHHH, KOTopble (Kak MHl Gy-
JleM HaZesThCAd) MOTYT OKa3aTbes ee onpelessiolMHU CO-
oTHomweHHAMH. Kilou K pellleHHIO 3TOH 3ajadd [OJIKeH
IaTb HaMm rpad TCpymIe, H MO3TOMY Mbl BHOBbL 06pa-
tuMcH K HeMy (puc. 7.1).

Mbl HileM Takoe MHOXECTBO COOTHOLIEHHH OT r H f,
U3 KOTOPOTO MOXKHO BLIBECTH BCe COOTHOLIEHHS BHJA
W =/, rne W —caoBo ot r u . HanomHuM, 4ro moGomy
COOTHOIUEHHIO B TpYMNNEe MOXKHO COMOCTaBHTb (HETpPH-
BHAMbHBIA) 3aMKHYTHH nyTh B ee rpade. Ha puc. 7.2
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NOKa3aHbl HEKOTOPbie HETPHUBHAJbHLIE 3aMKHYTble MYyTH
rpada rpynnel D;. Ilyts a) cootBetcTByeT COOTHOLIe-
Huio rP=1[, nytb 0) — cooTHoweHHo {2=17 U nyTb
8) — cootHoiuenuto rirf = 1. OTmerHM, 4TO Takue 3aM-
KHYTble TYTH B CHJIY OZHOPOAHOCTH rpada rpynmsl (CM.
cTp. 70) OepyT Hauaso B KaxkAOH 3 BepliuH rpada.

r d
," p———
4 / AY
4 ’ A
AN c “ .
a) 6) &

Puc. 7.2

Mgl yTBEpXKAAEM, YTO COOTHOIICHHS
ri=1, =1, rfrf=1

COCTaBJISIIOT MHOXECTBO OrNpelesslioIiMX COOTHOILEHHUM
rpynnsl Ds.

3ananue rpynnei D; MHOXECTBOM COOTHOLIEHHIA.
(1) MHoxXecTBO  MOPOKAAOUIUX  CHMBOJOB — 3TO
{r,f}, a MHOXKecTBO COOTHOLICHHH MEeXAYy HHMH — 3TO

r’=I, P=I, rfrf=1

(2) F-— mMHOXKecTBO BCEX cJoB oT r, f, r=i [~
B npoTHROMNOJIONKHOCTL MpeABAyLIEMY NpPHMepy y Hac
HeT MPOCTOro crmoco6a omicarh Bee 3TH CNOBA.

(3) [Monmuoxkectso K comep:kut Bce ciaosa W, mas
KOTOPHIX cooTHouweHue W = [ sBasieTcd c/aelcTBHEM 3a-
JaHHLIX cooTHowendi. O6paTuM BHUMaHHE HA ONHU Clie-
uuanbHOE CJ0BO u3 K, KOTOpoe HaM noOHanoGuTCs
B najabHeiiiem. PaceMorpus 370 cjioBo V, cocTaBjieHHoe
uz comHoxutenedt suga T—'RT wan T-1R-1T:

V=i F e r e R =
=P iR = i) (P P = frfr R
Tak xak V — ca10Bo 13 MHOXecTBa K, TO
V=Ffrfr-2=1 unau f[r=r¥.
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(4), (5) Tlpeo6pasyem remnepb ci0Ba M3 MHOMKECTBA
F, BcTraBasis uNM BhlUEPKHBAS CJOBA, paBHble [, H paso-
G6beM F Ha KJacCh 5KBHBAJEHTHHIX cJOB. Mel yTBep-
XKIaeM, UTO CYU4ecT8YeT WecTb KAACCO8 IKBUBANEHTHbLY
CA08 C TAKUM MHONCECTBOM ApedcTasuTenetl:

Lyr, |, 2 rf, fr.

Urobul 10Ka3aTh 3TO YTBEDPKAEHHE, MOKAXKeM CHa-
yaJa, 4yTo He MOKeT ObiThb 00Jiee MMIEeCTH KJAaccOB IKBH-
BAJIEHTHLIX CJOB, T. €. UTO JI060oe CI0OBO U3 MHOxKecTBa F
MOXHO mnpeoOpa3oBaTh B OAHO M3 YKAa3aHHBIX MIeCTH
CJOB, a 3aTeéM — UTO HHKAaKHe JABa M3 HHX He 3SKBUBaA-
JIEHTHBI. DyZeM OCHOBLIBATLCA Ha TOM, UTO J1060€ CJOBO
3 K paBHo I, H MCNOJIb30BAaTh ChenHasbHoe c1oBo V
n3 K

N3 rtoro, uro

V=P [ e

npHHAJJIeKUT MHOXecTBY K, KaK Mbl BHAENH, caeayer?)
PaBeHCTBO
fr=r.

Mcnonpayem 3To Aasi p0KasaTeJbCcTBA TakKoro (axra:
Kaxcdoe caroso uz muoxcectéa F 3sxeusarentHo HeKoTO-
pomy caosy suda refb, ede a u b — Heorpuyatessubie ye-
Abte uucaq. JeACTBUTENbHO, €CH 3aJaH0 IIPOU3BOJBLHOE
CJ10BO M3 MHOxecTBa F, TO MOXKHO NpPHUMEHHTb paBeH-
CTBO fr = r2f paa TOro, uToGHl «NEPeCcTaBAATb» | U 7,
3aMeHsil OJHOBPEMEHHO r HA r2?; TakuM NyTeM MH MO-
JKeM «CIBHHYTb» BCe CHMBOJIb [ BHPABO, 8 BCe CUMBOJIbLI
r BJeBO. B KOHEUHOM cueTe Mbl TPUAEM K 5KBHBaJeHT-
HOMY CJIOBY, B KOTOPOM BCe CHMBOJHI 7 CTOSIT BTEpPeaH
Bcex cuMBOJioB f. KpoMe TOro, BCe CcTeleHH 3J€MEHTOB
r u f B npeo6pasoBaHHOM CJIOBE MOMKHO CYHTATb HEOT-
pHIATENbHBIMH, IOCKOJbKY COOTHOWleHus ri=1], f2=]
BJEKYT 3a coboii coorHoulenusi r~t =r2 [~1=f Takum

1y Coornoutenne fr = r?f = r~!f ectb uacrtublit cayua#t Gosee 06-
LEero pesysbTaTta: COOTHOWEHHS [?= [ u rfrf =1 smecre Brekyr 3a
co6ofi paBeHcTBO fr™ = r~"f s Bcex ueanix n. Kpome TOro, edun-
crgenroe cooTHOWeHHe rfrf = I Bieuer 3a coGoil paBeHCTBO [ord =
=r*fv, rae x = (—1)% u y = (—1)%a,
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06pasoM, Kaxjoe C0OBO H3 MHOXKecTBa F, Kak H yTBep-
AJaJOoChb, SKBUBAJNEHTHO cjoBy BHAa rofb. Hampuwmep,
r?fr*fr okasbiBaeTCsi SKBHBAJEHTHLIM CJIOBY 7:

r2[efr=r2(fryrfr = r2(22f) rfr =
=rfrfr=r(fr)fr=
~r (%) Ir = PP =

=Tr.

Hanee, u3 coornouernnil r¥ =1 u f2 =1 caenyer, 4To Kas

®Ioe n3 cnoB rofb sksuBamentHo cnioBy Buaa r®f°,
rae o’ paBio 0, 1 unu 2, a b’ pasuo 0 unu 1, 1. e. mpo-
M3BO/ibHOE CJI0BO M3 MHOXecTBa F 3KBHBAlEHTHO OIHO-
MY H3 Cl0B

Ior, [ 7% rf, P =]r.

[Toka ™Mbl JoOkasanu, uTo CymecTByer He O6oaee
IieCTH KJNAacCOB 3KBHUBAJIEHTHHIX CJIOB M3 MHOXecTBa F.
Ho HekoTOpEle M3 3THX WIECTH KJIAacCOB ¢ MpPeACTaBHUTE-
asimu [, r, f, 13, rf u fr, 66ITH MOXKeET, COBNAZAIOT, T. €.
HeKOTOPbie H3 NpeAnofaraeMblX NpeacTaBHTeNed MOTyT
6biTe nmpeoGpasoBaHbl omuH B apyrofl. Ocraercs A0OKa-
3aTb, YTO TAKOro GbITb He MOXeET — HUKAKHe NBa H3 yKa-
3aHHBIX IIECTH CJOB H: 3KBUBaJeHTHH. CyillecTBeHHAs
4acTh HOKa3aTeJbCTBA ZOCTOUT B TOM, YTOOH MOKA3aTh,
uto rs=1 u 1. Xora coorHoutenusi r=1/ u f =1 ne
BXOJST B Hallle MHOXECTBO ONpejesisiONluX COOTHOLIE-
HUH, MB He MOXeM 3apaHee NpeAnoJaraTb, 4TO 3TH pa-
BEHCTBA He ABJSIOTCH CIEACTBHAMH HALIMX HCXOAHBIX CO-
oTHOLIeHHH 1).

[MoxkaxeM cHauana, yto f= 1. Ecam coorHomenue
f =1 sABasercs cielcTIHeM 3afaHHBIX COOTHOLIEHHH, TO
f—caoBo u3 muoxecrsa K. CrepgosaTenbHo, B K ecThb
CJIOBO, TpEICTaBHMOE 3 BHIE I[POM3BEleHHsi COMHOXH-
treaeit T-'RT wumu T-1R-'T, xoropoe MOxHO npeobpaso-
BaTh B ci0Bo f. Ham Hamo mokasare, 4To, Kak Obf Mbl HH
NPUMEHSJIH TPYIIOBble aKCHOMB! M 3a/laHHble COOTHOIle-
HH#, TNpeICTaBUTb [ B BHAe TNPOH3BECHHA TakKAX

!y Hanpumep, nsa coorHousenuss xyx?=1I u x3=1] Baekyr 3a
coboit paBeHCTBO y = I,
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COMHOXHTeJeH HeBO3MOxHO. CYIIHOCTL HALIEro MeTola
COCTOUT B PAcCCMOTPEHHH CYMMbl NOKasaTesell cTelnenH
3/MeMeHTa [ B NpPOU3BOJNBHOM C/IOBe M3 MHOXKecTBa K.
Mpl nopcunTaeM, CKOJbKO BHOCHTCA B 3TY CYMMy Ka-
KIBIM U3 BO3MOKHBIX coMHoxuTestedl Buga I-'RT. Cao-
BO R — 310 onHo u3 caos 73, f2, rfrf (uau ux o6paTHBIX),
a CymMMa nokasaTejeH CTeleHH 3J€MeHTa [ B 3THX CJO-
Bax paBHa 0, 2, 2 (uam 0, —2, —2 ana o6paTHBIX) CO-
orBercTBeHHO. Tak Kak T — npou3BOJbHOE CJAOBO H3
MHOXKecTBa F, TO cyMMa NoKa3aTeseHd CTeleHH 3JeMCHTa
f B ciaoBe T Moxer GbThb JOGBIM uucAoM. [lycTe oOHa
paBHa t. Torga coorBercTByWOmas cymma Ajs ciaosa [}
paBHa —¢. (Bcnomuum, uro ecad, Hanpumep, T = r?fr-33,
To T-! = f-3r3f-1r2; cMm. paccyxieHne 00 3jaeMeHTe, 00-
paTHOM K npousBeleHHio, Ha crp. 52.) CoBMecTHBI
Bkaax or 771 u T B 3Ty cymMmy Ais n1060ro COMHOZKH-
Tens paBeH HyJdw. CilefoBaTelbHO, Cymma nokasareiell
creneny arementa [ 8 awbom comnoxcurese euda T-'RT
pasna 0, 2 uau —2. Takum o6pa3oM, cyMMa MOKa3sare-
Jiefl CTeneHu 3JeMeHTa [ B JIOOOM C/IOBE M3 MHOXKECTBA
K ectb uernoe wumcio. IlockoabKy cooTBeTcTByIOLIas
cyMma aas  paBHa 1, cJioBO [ He MOXKeT NMpHHALMEXKAThb
MHOxecTBY K.

[ToneprraeMcs Temepp NPHMEHHTb HAall METOH «CYMM
noxasarejiefi» K J0Ka3aTeJbCTBY TOro, 4ro rs=I. Mbl
cpa3y Xe ybeauMcd, 4To 3/echb OH HuYero He paer. [eil-
CTBUTEJNBHO, CyMMa [oOKa3zaTesdefl CTeNeHH 3JeMeHTa r
B caoBe Buna I-'RT mowxer GbiTh paBHa 0, 2 unu 3, 1. e.
CYyMMBl NOKa3aTeseli 1/4 cJI0B H3 MHOXecTBa K MOryT
6bITb Kak UeTHBIMH, TaK W HedeTHnIMH. Hame pokasa-
TeJbCTBO TOFO, UTO r 5= I, 6yaeT OCHOBAHO HA H3BECTHBIX
HaM dakrax o crpoeHuu rpynnsl D;, Tpynnbl caMocoBMe-
IIeHUH paBHOCTOPOHHETO TpeyroJbHHKa. [Ipeamnosiozum,
YTO COOTHOIUeHHe r =] sgBAseTcss CJAeACTBHEM COOTHO-
LIeHHR

r’=I P=1I rfrf=1.

Torpa r =1 Gyner ciaencTBHeM YKa3aHHBIX COOTHOLIe-
Huft B /M06O# rpymnme, B KOTOPOH OHH HMeEIOT MecTo. Mu
8HaeM, 4TO 3TH COOTHOIUEHHS CNpaBeMJHBH B rpynmne Dj,
HO B rpynne D3 He uMeeT MeCTa COOTHOINEHHE r =/,
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3nayur, OHO He ABJIARTCS CJAEACTBHEM YKa3aHHBIX BhILIE
COOTHOLIERNH.

MoxeT nn cooTHOIIeHHe r = | GbITb CAeACTBHEM 3a-
LAHHHIX cooTHOWeHu#? Ecau r={, 10 r2 = fr =r?, or-
kKyna f =1, Ho f % I, cnegoBarennHo, r +# f.

Mpl noKa3agu, 4TO HHKaKHe faBa W3 ciaoB [, r, [ He
skBUBaJeHTHBl. [lpegocraBisieM uHTaTeql0 B KauecTBe
yIOpajKHeHHs [A0Ka3aTh, YTO OCTaJbHBle TPH H3 HANIUX
[ecTH CJ0B-TpeACTaBUTe/ el MONAapHO Pa3JHYHBH MEXIY
coboii (Kak 3JeMeHTBbl TpyNNbl) U He SKBHUBANEHTHH HH
onHoMmy H3 caoB [, r, f. Hanpumep, MoxKeT H GbiTh r = r2?
$lcHo, uTo Torma 6buio 6wl 7 = [ W T. .

YnpaxHenue 12. MHoXecTBO
A={r3=I =1, rfri=1}

ABASETCA MHOXECTBOM ONpeleNsIOHX COOTHOLIEHHH
rpynnsl Dj. JlOKaXXHTe, 4TO MHOXKeCTBO

B={*=1, frir2 =1}

TaKKe SBJSIETCH MHOMKECTBOM ONpeaesiolUX COOTHO-
lIeH#H 3TOH TPYyNMHL.

[¥kasanue. Mbl 3HaeM, YTO COOTHOLUEHHA H3 MHOXe-
cTBa B saBasiores CAeACTBHSMM COOTHOUIGHHH H3 MHO-
xecrea A (crp. 89). CrnenoBarenbHo, MOKasae, 4TO CO-
OTHOWIeHHS U3 A ABJAIOTCS CAEACTBHSIMH COOTHOIIEHHIt
u3 B, MBE J0KaxeM, 4TO 3TH MHOXECTBAa COOTHOIUEHHH
KBHBaJIEHTHH, T. €. 063 OHH ONpege/siioT OMHY U Ty XKe
rpynmy.]

Tenepb MBI TNpejstaraeM 4YHTaTeTl0 NPHCTYNHTh K
ynpaxHenuaMm 13—17; nns ux pewenus tpeGyercs He-
CKOJBKO 60JblIe, 4eM MpOCTOe NpHMeHeHHe OCHOBHOH
npoueaypsl. Ecain uuTaTes 0 3TH yNpaXKHEHHUs IOKAXKYTCsS
TPYAHBIMH, TO MOXXHO OTJIOXHTb HX, MOKa He OYAYT H3y-
UeHBl CJeAYIOINHe TIiaBbl KHHTH.

Ynpaxuenue 13. (a) Ilpeanosioxum, uro rpynna
G nopoxpaaercs ABYMs 3JeMEHTaMH X H Y, YAOBJETBO-
PAIOLIAMH COOTHOUIEHHAM

=1, xyx~' =y
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[Tokaxure, uTO Yy SIBAACTCA 3JE€MEHTOM KOHEYHOTO [10-
psifKa, YCTAaHOBUB, uTO Y2 = I

(b) IIpeamosoxum, uro rpynna G nopoxaaercsa 3Je-
MEHTAMH X H Y, TAKHMH, YTO

=1, xyx~'=y", rae n>1.
[Toxkaxwure, uro
n2—1
Y =]

Ynpaxuenue 14. (a) Ilyctb 4 u v — 31eMeHTH
rpynnsl H; OpeAnoJOKHM, 4TO .

w=1, uvu"l=uov4

JloxauTe, uTO U €CTb 3JeMEeHT KOHeYHOro mMopsiikKa.
(b) Iycrs B rpynne H ecTb 3JaeMeHTH 4 M v, AJs
KOTOpHIX CpaBeAJHBL paBEHCTBA
u™ =1, uvu=! =o",
rie m H k—TakHe LeJable uucaa, dro B >1 u m=+0.
JlokaxuTe, 4YTO U — 3JIeMEHT KOHEYHOTO MOpsAKa.

Ynpaxunenue 15 Tlokaxure, uTo cyuecTsyer
rpynna nopsaka 16, o6pasylomuMyu KOTOPOH SABJASIOTCA
IBa 3JIeMEHTa X U Y, YAOBJETBOPSIOIIHE COOTHOUIEHHAM

=1, xyx~'=y3

(TIpennonaraercs, uYTO J0Ka3aTesbCTBO OyAeT 3akJio-
yaTbCsl B IIOCTPOEHHH rpacda rpynnsl.)

Ynpaxuenue 16. Ilokaxure, uto jgrobas rpynna
G ¢ nBymMsi o6pasyloUHMu § M f, yNOBJETBOPSIOUIUMH
COOTHOLIEHHSIM
s*=1I, sts~l=t¢*

rie n W k— uenvle uncia, n# 0, k>1, 6yrer rpynno#t
KoHeuHoro nopsigka. ITokaxkure Takxke, uto G He MOKET
cogepkaTb Gosee ueM (B™ — 1)n pasauYHBIX 3/IEeMEHTOB.
{¥rasanue: wcnonbsyiTe MeTox, NpPHMeHeHHHH Ha
ctp. 90 ana moxasaTeNbCTBa TOIO, YTO BCe CJIOBA TPYI-
nbt D3 MoxHO npeobpa3oBaTb K BHAY r%fb, MOCKOMBKY
B HeH HMeeT MeCTO COOTHOlIeHHe fr = r?f]
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Ynpaxnenue 17. Tlycre B npeabiaymieM ynmpax-
HeHun n = 3, k = 2. Tlokaxure, 4yTo AefCTBHTENBHO CY-
WecTByeT rpynna nopsaxka 21, o6nagawmas AByMs 06-
pasyolumMy § 4 f, IJas KOTOPBIX

=], sts1=£,

Buinonunre 310 ynmpaxKHeHHWe, MOCTPOMB rpad Takoi
TPynObL.

O6pasylomme M COOTHOWEHHs rpynnsl ausapa D,.
Mel nompo6HO HCCAeOBaNH ONpEAeNsiiolHe COOTHOLIe-
HUSl OJIHOM M3 Tpynn AusApa, a HMeHHO rpynnsl Ds.
Te xe camble MeTOZbH MOXKHO HCNOJB30BaThb A AOKa-
3aTedbCTBa TOTO, uTOo ob6uwas epynna Auadpa D, nos-
HOcTbi0 onpedeanerca cielyroujunu TpeGosanuamu:

(1) D, nopomdaerca Osyma ceoumu 3semenTaMu,
o6o3navaemoimu uepes r u f;

(2) aru obpasyrouue ydosaergoparor tpem onpede-
AAIOWUM COOTHOUEHUAM

=1, =1, (rf2=1I.

(Ha ctp. 82 o6bsicHfMOCH, KaKOe MHOXECTBO COOTHO-
WeHHN Mbl Ha3BIBAeM MHOXKECTBOM OMNpede/sIOUX CO-
orHouienuit.) OcoOuili HMHTEpec NpeACTAaBJSIOT UacTHble
cayqau rpynn gusapa D, gna maabx n. [lpu n=1
ONpefensiollHe COOTHOMIEHUA TPYynnel JAU3apa TpPHHH-
MawT cAeAywIui BHA:

r=I, f2=1: (ff)2=[.

[Tockonbky eciu r =1, 10 (rf)2=f =1, y Rac ocra-
eTcsi [Ba ONpelensiiollMX COOTHOWeHHs: f2=1[, r=1[.
Ho onu onpenensiior uueauueckyto rpynny Cp mopsika
2. Takum o6pasom, Dy = C,. Ectb npyro#t crnoco6 yGe-
IWTbCS B 9TOM. JlocTaTouHO mpeacTaBuTh rpynny D, Kak
IPynny CaMOCOBMelleHH#l «MHOMOYro/JbHHKa» C OAHOM
CTOPOHOM, WIH OTpe3ka. [IBa MOJOXKeHHs OTpe3Ka, B KO-
TOPHIX OH COBMEILAETCst CaM C COOOM, TaKOBHI:

1—2 u 2—1,
u rpad rpymnel D, B kommaktHoii dopme (ctp. 77)
HMeeT BHJ

i
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Ecau n =2, To onpefensiomue cootHowenus (2) rpyn-
nel Dy uMeT BHL

r=I1, P=I1 (rff=I,
uu

P=P=(fp=1.

Mu noctpoum rpad rpymnet D, usobpaxkas «2-yroab-
HHK» KaK MJIOCKY GUTYypy ¢ ABYMS CTOPOHaMH-LyTraMu.
Puc. 7.3 usobpaxaer caMOCOBMeEIIeHHs1 2-yroJbHHKA.

f, Ir
I// ‘\‘ /! ‘\‘ —_——r
- P s
i

Pue 73

3aech r— BpalleHye, a [— onpokuabiBaHde. Ecaum Mbl
npuMeM BO BHHMaHHe YCTaHOBJIeHHble paHee (cTp. 68)
cBofictBa rpada rpynnbl, To ybeaumcs, yto H3o0paxe-

f—— 1t
| | r
' |
: T f
L

! r

Puc. 74.

HUE camucOBMelleHHH 2-yrolbHHKa Ha pHC. 7.3 ecTb Ha
caMom gnene puarpamMma Kaau rpynnsl D.

Hcnonbaysi koMmnakTHOe IpencTaBjeHHe aias obpa-
3YIOLIUX MOPsALKA 2 M YUHTHIBAs, 4TO U 7 ¥ [ HMEWT mo-
pAmoK 2, MbBl MoOxeM ynpocturh rpad rpymnmbl D
(puc. 7.4). OTMeruM, 4TO BepIUMHA, PACIONOKEHHAs HA
OZHOH pauaroHajy¥ ¢ BepLWIHHOH [, MOMeueHa CHMBOJOM
rf, Ho rpad sICHO TMOKa3biBaeT, YTO NyTb, COOTBETCTBYIO-
LKA c10BY fr, MPUBOAUT B TY e BepLIHHY, YTO H MYTh,
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coorBerTcTByIoWUi caoBy rf. Takum o6pasom, rf =fr, u
Dy, — kommyrarusnas epynna.

[Tockonbky rpynnma D, nopspka 4 BcTpeuaercss 10-
BOJILHO YacTo, OHa MNOJYYHJIa CHellHajbHOe Ha3BaHHe
uergeproil epynnol. Ee Takke Ha3bIBAlOT KBanpaTHYHOMH
rpynnofi u3-3a nokasartejs 2 B ee COOTHoweHHAX. Mul
CHOBa BCTPETHUMCSl C Hell NpH H3y4YeHHH TPYNNbI caMo-
COBMellleHH#l TeTpasipa.

Kommyrarusnsie epynnet dusdpa. Tpynnet Dy u Dy
KOMMYTAaTHBHb, HO HOCTAaTOYHO B3TJSHYTh Ha rpadul
rpyan Ds w Dy (ctp. 77), uto6el y6eduThest B TOM, 4TO
OHH He KOMMYTaTHBHBL. MoxeM 1u Mbl cHOpMYIHPOBATDL
obliee yTBepKIeHHe O KOMMYTaTHBHOCTH TPYNNbl AU3A-
pa D,? Jla, MBH TOKaxeM, 4YTO €IHHCTBEHHBIMH KOMMY-
TAaTUBHBIMH TPYNNaMU AH3Apa sBASIOTCS rpynnbl D; u D,

TeorEmA 3. CooTHOWerUE

6yder caedcrauem onpedeaflouux COOTHOWEHUL
=1, P=I, (rf)?=1I

epynner Ousdpa D, ¢ obpasyrowumu r u f T016K0 8 TOM
cayuae, koeda n =1 uay n = 2; uAU, 8 uHOl popmyau-
poske: ecau n>2, 10 epynna ousdpa D, He xommyra-
TUBHA.

Ilns moxasaTenbeTBa 9TOM TeOpeMbl 3aMeTHM TIpeXIe
BCero, 4To B J1060H KOMMYTAaTHBHOH Tpylne ausipa

I=(rfR=(r)(rf)y =D ([r)=rPPr=r>~

Ecau n 4erno, To cootHouienue r? = [ Bieuer 3a coGoi
COOTHOILLEHHe r™ = ] Tak uro HALIM HCXOJHble OMpele-
JSOLUHe COOTHOIIEHUS >KBHBAJEHTHBI TAKUM COOTHOILE-
HUSAM:

r2=19 f2=[s (ff)2=1,

T. €. OTNpeleNsomUM COOTHOIIeEHAM rpynnel Dy Ecan n
HeueTHO, CKaxkeM n = 2k + 1, To

PRe=]=r"=r 1 =% = [r =7,
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CJIeI.lOBaTe.HbHO, r =1 u UCXOJHbIE onpeaecdwuine Coot-
HOLIeHUd 3KBHBAJEHTHbBl COOTHOLLIE€HHAM

r=1, f2=]’

ONpeAeNAOMUM CcoOTHowWeHUAM rpynnsl D;. [loka3a-
TeJIbCTBO 3aBepLUEHO.

I'pynna O0usdpa De. CyliecTByer Ju rpynna AH3APa
D 6eckoneunoro nopsaaka? I[Toctpous ee rpad, Mbl 10-
KaxeM, uTo oHa JeficTBHTe/bHO cyulecTByeT. I'pad rpyn-
ns Dp COCTOHT M3 ABYX A-yrOJbHHKOB, COCTaBJIEHHBIX
H3 r-OTPE3KOB, M CBS3bIBAIOUINX HX f[-oTpe3koB. Ecau

T L
oo —r
] I | f |
SRS S T f
rt I r re
Puc. 75

BCIIOMHHTb ceffuac, Kak rpad rpynnel C. CBS3aH C rpa-
dom rpynnel C,, (n-yroibHUK 3aMeHsieTCs npsMoii, pas-
Outofi Ha GecKoHeyHOe MHOMKECTBO OTPE3KOB), TO BO3HH-
KaeT MbICJAb TNOCTPOHTb rpad rpynnnl D u3 rpada
rpynnbl Dy, 3aMeHHB JBa fn-yroJbHHKA ABYMS CBfi3aH-
HbIMH MeXAy coGofi napaJsie/bHbIMU OPIMBIMH (pHC. 7.5).
OTa cxeMa, COCTOsllasg W3 HANpaBJEHHbIX OTPE3KOB,
o6.1agaer BcemHu cBoificTBamu rpada rpynnel, ¥ Me 0060-
3HA4YHM COOTBETCTBYIOLLYI0 Tpynny uepe3 De.

Hccaenyem ténepp rpynny Do ¢ TOUKH 3peHHs obpa-
3YIOIWIUX U ONpefeNslOUlHX COOTHOLIEHHA. 3aMeTHM, YTO
nepBoe H3 ONpefe’siOLIUX COOTHOLIEHHM

=1, P=I (rfP=1

rpynnel D, B rpace rpynns Do He BhimojHsercs. (Ana-
JoruuHo B cayuae rpynnel C, COOTHOIIeHHe am = | He
BBHINOJIHSIETCS, H Mbl ero oT6pocuan.) OT6pocHM CoOTHO-
weHue r* =] ¥ COXpaHHM B KayecTBe NpeAnoJaraeMbix
OnpeaeasOWUX cooTHoWweHn: rpynnsl Dy JHIID

=1 u (rfi2=1.
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Uro6bl BRIMOMHSANOCH f2 = ], B Ka)0oH BeplIiHHe rpa-
¢da rpynnbl Do moMXKHA GBHITH NMETJS WIH, B KOMNAKTHOH
dopme, f-orpesok. CooTHowenne (rf)2 =1 cooTBercTByeT
YeTHIPEXYTOJAbHHKY B KaxKA0H# BepldHe, NpHYEM CTOpPO-
HaMH 4YeTbIpeXyroJbHHKA JOJKHB GBITh Yepepyiolluecs
r-otpeskn u f-orpesku. I'pad Ha puc. 7.5 obaamaer
HMEHHO 3THMH CBONCTBAMHU?!).

IIpamoe npoussederue. I1pu B3rsize Ha QHArpaMMbI
Ks:iu Bcex rpynn gusapa BO3HHKaeT OLUYIIEHHe, UTO 3TO
«MpoLy6/aHpOBaHHEIe» AHAarpaMmbl KM UHKIHYECKUX
rpynn. 'pynna D, npeicraB/isieTcs ¢ NOMOILBIO ABYX
n-yroJqbHUKOB, COCTABJEHHBIX M3 r-0TPE3KOB U CBS3AHHBIX
OAMH C ApyruM TmocpeactBoM f-otpe3koB. I'pymma Do
NpeACTaBAsETCS [BYMs MapajjejbHbIMH NPAMBIMH, CO-
CTaBJEHHBIMH M3 r-OTPE3KOB, CBSI3AHHBIX [-OTpe3KaMH.
3To HAaBOAWT Ha MbICJAb O TOM, YTO HOBble, «O4JablIHE»
Tpynnsl MOMKHO HHorga o6pa3oBblBaTb, KOMOHHHUPYS
«MeHblLIHEe» TPYNMHL.

PaccmMorpuM rpad rpynnsl AM3ApA, B KOTOPOM MBI U3-
MEHHJIH Ha TNPOTHBONOJOKHOE HallpaBjeHHe OTPE3KOB Of-
HOTO M3 MHOTOYTOJBHHKOB M COOTBETCTBYIOIIMUM 006pa3oM
nepeoGosnaunnu BepmuHnl. Ha puc. 7.6 usoGpaxkena
nuarpamMma Ksau rpynnsl Dz nocie 310l MOLH(UKALHH.
B rpynme, cooTBercTByMOUIEH 3TOMY HOBOMY rpady, cooT-
HowenHa r3 = f2=[ no-npe:xHeMy BHITIOJIHAIOTCS, a CO-
orHoutenne (rf)2 = I — ner. BMecro Hero BbIMOJHsETCH,
Kak BHAHO Ha rpade, cooTHowenH e fr = rf, uau fri~ir—t =
=] (cooTBeTcTBYIOLlee 3aMKHyTOMy nyTH oT I K Bep-
wuHe f, 3ateM K BepllHHe fr, K BepIIHHe 7, a MOTOM

1y Kaxpoe Apyroe COOTHOLIEHHe CJIeAyeT H3 STHX ABYX. [eil-
CTBHUTENbHO, M060€ COOTHOILEHNE COOTBETCTBYET 3aMKHYTOMY NyTH Ha
rpade, a BCAKHH 3aMKHYTbIHl NMYyTb, KAK JeTKO BHAETb, — 3TO MOCAEN0-
BaTeJbHOE TPOXOMKIEHHE r- H [-OTPe3KOB, KOTOPOe MOMKHO 34mHCaThb

) i i i i
B opue rfr2f...r%f wm B Bume fr 'fr2... fr® rue k uerno, a
iy +is+...+ k-1 =1+ i+ ...+ ir (IpOXOKAEHHE OTPE3KOB MO
«BepxHefl» M «HHXKHefl» npamoii). Ho kaxnoe W =/, rne W — cio-
BO YKa3aHHOTO BN, #B/IAETCA CJeJCTBHEM HAUINX ABYX COOTHOLIe-
i i
HHB, TaK Kak, Hampumep, r 'f...r kf  skuBaneHTHO crnosy

it +ik—1"kjk = 1. - Hpun. ped.
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o6parHo k I). Hosas rpynna sBasercs abeseBoll, UJIH
KOMMYTaTHBHOH, IPYIIONH ¢ COOTHOLIEHUSMH

3 2 -1 =1
rr=fF=ff"r" =1
Oua o6osnavaercs uyepes Cp X Ci, TaK Kak siBJAsETCH

«koMOuHanueit» nukiuyecko# rpynmsel Cy (2= 17) u uuk-
Jaudecko#t rpynnel Cy (r® = 1),

Puc. 76.

Ynpaxuenue 18. Mcrnoassyitre guarpammy Kamau
rpynnsl Co X C3 A BHIYHCJAEHHA MOCAEL0BaTeNbHBIX
crenenedl s;nemenra fr. Kakofl ajeMeHT rpymnsl COOTBET-
creyer crenenn (fr)%? Jlokaxure, uro Cy X C3 = Cs.

frz et f fr fr?
MR ——r
. /
¢+ ¢ 1 ¢ s
re prto r re
Puc. 7.7

[Ykazanue: nonoxure g = fr u moKaxkute, uTo JHOOOH
9JIeMeHT TPYINbl MOXHO TNpeACTaBHUTb KaK cTelleHb 3Je-
MeHTa £.]

Ecan mpl Mozuduuupyem rpad rpynnel amsipa Da,
H3MEeHHB Ha INPOTHBOIOJIOXKHOE Hamnpas/jeHHe OTPE3KOB
OJHOTO H3 n-YrOJbHUKOB, TO MOJNYYHM rpad «ABaxKibl
nukanueckoii» rpynnsl Cs X Cp ¢ COOTHOWEHUAMH

=P =frf"r =1

M3 rpaga rpynnel D, Mbl noayuuM rpag GecKoHeuHOH
«mBaxAbl wukavyeckoi» rpynnel Cy X Co (puc. 7.7).
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Ora auarpamMa Ksau Hanomunaer ABe mapasieNbHbie
YJAHLE ¢ OLHOCTODOHHHUM [BHKEHHEM, CBSI3aHHLIE YJIH-
laM¥ C IBYCTOPOHHHM JABHIKEHHEM.

Paccmorpum auarpammy ma puc. 7.8. OHa BHINISAHT
KaK CXeMa yJMil ¢ OZHOCTODOHHHM [BHXKEHHEM, BO3MOXK-
HO, KaK NJaH TOpOACKOro kBapraja. B rpynme, cooTser-

) ) A A [}
1 | 1 | {
Coo
4 4 A 4 4
_frd et e
i i ! | !
A A A A A
R L Lo AU LA I
I
} A ) 4 4
o et et e 2
o
A 4 A A )
N A !
[ 1 [ 1 o
) 4 [} 4 L)
Puc. 78

cTByIolielf sToMy rpady, cooTHoweHue f2 =] He BHINOJ-
HfieTCs, T.e. NMOpPSAOK s/JeMmeHTa [ He paBeH 2. [Tostomy
Mbl f-oTpesku u3obpaxaem co crpeikamu. Onpenenser
3Ty TPYNNy €AHHCTBEHHOE COOTHOLIEHHE

fri7'r V=1 (uau fr=rf),

03Hauvalollee KOMMYTAaTHBHOCTb. B crpoennn ee rpada
OHO TIPOSIBJISIETCS B TOM, UTO KaXJAas ero BeplIHHa CJay-
XKHT HauyajJoM 3QMKHYTOZ0 4eTblPpeXyrOJLHOTO NyTH, CO-
OTBETCTBYIOILEr0 CJI0BY frf-'r~l. OT1a rpynna «ropojckux
yaul» sBjAsercs Haunbonee obuiefl abeneBoHl rpymnno#
¢ aByma obpasywomuMu. (EcrecTseHHO cuWTaTh rpynmy
TeM Gosiee oOiiel, ueM MeHbllle CyLIECTBYeT YCJOBHH,
KOTOPBIM JOJIKHbl YIOBJETBOPSTH €€ 3JeMEHTH, a B HdaH-
HOM CJyuae eMHCTBEHHHIM YyCJlOBHeM siBasercs rf = fr.)
I'pynna «ropoackux yaun» ofosnayaercs yepes Co X Coo

2
unn Cx.
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Tpynna C; X C; HaswblBaeTcst npambim npoussederuen
uuxauueckux rpynn Cp u Cs; aHajoruuso, rpynna Ce X
X Cw siBAsSiETCS NpPAMBIM npousBefeHHeM rpynnel Co H
rpynnsl Ce. TlOHATHE «NIpsAMOro NPOH3BEAEHHSI» B €ro
Haubosee obuiei u abcrpakTHOH (opme Upe3BbIYAHHO
M0JIE3HO; HANIPHMEP, MOXKHO MOKa3aTh, UTO 40604 KOHel-
nas abenesa epynna ABAKETCL NPpAMbIM npoussede-
Huem ') yuxkauveckux epynn. Mbl auiib oueHb 6eryo Koc-
HeMCsi CBOACTB NPSMOr0 NPOU3BENEHHs, PaCCUHUTHIBAS
Ha TO, YTO OCHOBHbBIE MOHATHS OyAyT YCBOEHBHl U3 MPHU-
MEpOB. .

Iycts S — MHOXKecTBO ¢ GHHapHOfi omepauuel ®,
a G u H—ero noaMHoxecTBa, fBJAAOIHECT TPyNNaMu
oTHocuTelbHO onepauun . Ilycts rpynna G HMeeT
o6pasymwoume g, ge, ..., a rpynna H —ob6pasyouue
hy, he, ... . Mb GyzeM Takxe cuurtath, uto y rpynn G
H H ectb T04bK0 00UH 06UULL 316 MEHT — eOUHUYA U YTO
A0600 anement u3 G nepecranogoder ¢ Ar0GbIM 3AeMeH-
ron u3 H. Ilpu 3THX YCJHOBHSX MOXKHO NOCTPOHTb NpA-
moe npoussederue G X H, o6pasoBaB MHOXKeCTBO Bcex
npousBefeHut snemMenToB U3 G M H. MoXHO moKasarTs,
yro MHOxectBO G X H ectb rpynna ¢ o6pasyolluMH
g, 8o ooy My, oy L 2).

B kauecTBe mnpuMepa mNpsIMOro NpOH3BeReHHS pac-
CMOTPUM TPYNNy «TOPOACKHX YJIHI> ¢ OGPa3yioOlUMH 7
uf (puc. 7.8). Kaxnas u3 o6pa3ywoluux r U [ B OTHeNb-
HOCTH TOPOXKAAET HEKOTOPYIO GECKOHEUHYIO LHKIHYECKYIO
rpynny. (HanoMHuM, uTo HU B O4HOH M3 3THX ABYX UHK-
JIMYeCKHX TPYNn Ha o0pasyloulyl He HaJjaraercs HHUKa-
KHX COOTHOIIEHHH.) DTH JABe 6eCKOHEUHble LHKIHYECKHE
TPyIIbl He MMeET O6ILHUX d7aeMeHTOB, KpoMe [. [Tockoas-
KY Mbl YCJIOBWJIHCH, uTO rf = fr, unu rfr-'f-* =1, o nmwo-
Golf sjeMeHT mnepBofi rpynnsl OyAeT mNepecTaHOBOUEH
¢ JIOObIM 3/71¢MEHTOM BTOPOH TPYNILI ¥ MHOXKecTBO obpa-

1) Ins aGeqeBbix FPyNN uacTO YNOTPeGUSeTCs TEPMHH «IpAMasi
CyMMa», NMOCKOJIBKY ONepaunus B HHX O6GbIYHO 06O3HAuUaercs CHMBO-
noM +.— ITpum. nepes.

?) B npuMepax TIPAMOrO NPOM3BeleHHs MHOKecTBO S 6yjer
rpynno#t. [pynnsl G w H Torjia OKasbiBAalOTCS «TPyfnaMH BHYTPH
rpynnbi». [aBa 8 nocBalieHa CHCTEMATHUECKOMY H3YYEHHIO TaKHX
«DOATPyNI>,
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3yiux r, f I'l()pO)KﬂaeT npamMoe MNpoUusBeLCHHE Coo X
X Coo = C2 .

IIpamoe npoussedenue u onpedessroujue cooTHOUle-
Hus. B ofumem ciyyae onpefessioude COOTHOLIEHHS
npaMoro npouspefeHus G X H MOXKHO NONYy4UTH U3 OTpe-
AeNAIWAX COOTHOLWeHU rpynn-coMHoxuteneit G u H
npucoedunenuem K HUM COOTHOUIEHUL, BbLPANAIOUUX
nepecranosouHocTy 40606 obpasyrowel epynnot G ¢ ir0-
6ou obpasyrowed epynnot H. TlpucoennHeHHBE COOTHO-
LIeHHS TapaHTHPYIOT HaM, 4To J060# saeMeHT rpynnsl G
KOMMYTHUDYeT ¢ Jio6bIM 3JeMeHTOM rpynnst H, — Takoe
Tpe6OBaHHe BXOAMT B ONpeJeseHHe NPSIMOro Npou3Bene-
Hus. PaccMoTpuM Tenepb HECKOABKO TPYMN, SBJASAOILUX-
cs TpSIMBIMH IPOHM3BeNeHHSAMH, H HCCIelyeM HX onpele-
JISIIOIHE COOTHOLIEHHS,

Uro6bnl nocrpoutb rpynny G = Cy X Cy, 3apanum
IMKAHYECKYI0 Tpynny Mopsika 2, NMOPOXK/IEHHYIO 3Je-
MEHTOM X C COOTHOLleHHeM x2 = [, ¥ ApYryw UHKJIHYe-
CKylo Tpynmy nopsiika 2, HOPOXKIEHHYI 3JeMeHTOM Y
¢ coorHourenueM y?=1 Tpynna G = Cy; X C; umeer
o6pasyioliie X ¥ Yy, YAOBJIETBOPAIOILIHE COOTHOLIEHHSM
x2 = y? = 1. Tpe6oBanue, uToGE X H Y KOMMYTHPOBAJH
Mexay cobofl, MOXKHO 3anucaTb QGopmynoll xyx'y-l =1,
4T0, KOHEYHO, SKBHBAJNEHTHO COOTHOWEHHIO xYy = yx. Ta-
kUM of6pasoM, rpynnma G = Cy; X C, 3ajaercsi ompepe-
JSIOIAMHE COOTHOLIEHHSMH [PYIN-COMHOMXKHTeeH

=1, y*=1I
H JOMOJHHUTENBHO COOTHOILEHHEM
xyx~ly~t=1.
Tak kak x!=x u y! =y, To onpeaensioUIie COOTHO-

weyus rpynns Cp X Cp MOXHO NepenucaTh B BHIeE

=1, =1, xyxy=I,
HJIH
=y =(xy)=1

Ho 310 ompepeasiioulye CoOTHoweHHs rpynnel Dy (ueT-
pepHoli rpymnsl;, cM. ctp. 97). Takum o6pasom, Cz X

X Cz=D2.



104 TJIABA 7

Paccmorpum Tenepb npsiMoe npoussemenue Cp X Do.
ITycts rpynna C, mopoxjaaercs 3JeMeHTOM X, yHOBJe-
TBOPSIOUIMM coOTHoueHnw x2=1 a D;— 3jeMeHTaMH

Yy I_______.,ll‘y
|\\ ,/
N x
boyzar—1ayz |
[ TS T it |
z) Xz
l R4 N I ....... z
N
I, N

Puc. 7.9

Y ¥ 2, VIOBJETBODSAIOUIUMH COOTHOWeHHsM y? = 2?=

= (y2)2 = 1. Utolpl noJyudTh ONpeaessIolHe COOTHO-

weHust rpynnst Cg X Dg, Mbl IPHCOEIUHHM K OUpEReNsiio-

KM cooTHoweHusim rpynn C; u Dy ABa COOTHOLIEHHSH
xyx~ly =1, xex"l27'=1;

NepBOe H3 HUX O3HAYaeT, 4TO 3JAEMEHT X NepecTaHOBOYEH

¢ 3JIeMEeHTOM Y, @ BTOpPOe — UTN X MepecTaHOBOUEH C 3je-

Y ——— 1y

~
4

Puc. 7.10.

MeHTOM 2. Tak kKak Bce 06pasymolifde HMEIOT MOPSAOK 2,
TO Mbl MOKeM I[epenucaTh 5TH NPHUCOeAHHeHHbIE COOT-
HOLIeHHUSI B TAKOM BHAE:

(g =1, x2P=1I,

¥ MoJHasl CUCTEMa ONpeleNAIOUINX COOTHOIIEHHH TPYIIbl
Cy X Dy BHIMASAHT TakK:

=y =2=(y2) = (xyP = (x2)*=1.

PaccmoTpum rpaduueckoe mpezacrabienue rpynnel Cp X
X Dy Ha puc. 7.9. 3aMeTHM, YTO HEKOTOPHIE YACTH 3TOrO
rpada, B3ATble HE3aBUCHMO OT APYruX ero yacred, MOX-
HO paccmaTpuBaTbh Kak rpadn rpynn. Hanpumep, ka-
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Kpasi u3 KoHdurypauui, usobpaxennnx Ha puc. 7.10,
sBJsieTcss rpadom ueTBepHOH rpynnbl. B caedymoomeit
riiaBse, NOCBSIIEHHOH nodepynnasm, Mbl BHIICHAM 3Haue-
HHe Takoro «rpada BHyTpu rpacdas.

Ynpaxuenune 19. Haiinure mHOXKecTBa omnperne-
JAOINX COOTHOWEHHH # rpadsl NpAMBIX NpPOH3BeLeHUH

(8 G=C,XC, u (b) H=CyXCs

Ynpaxuenue 20. INokaxure, uro Dg = Co X D3,
Henoab3ysa auarpammbl Kanu, Tabaulbl yMHOXKEHHS HJH
cooTHolleHust Mexnay o6pasyoumumu. (Boobme Dy =
= Cy X Dy, rie k— ueTHoe uucn0.)

Ynpaxnuenne 21. Hapucyéite rpad rpynnsl, onpe-
easeMoll cooTHoleHUAMH a2 = b2 = (ab)? [Ykasanue:
CHauajla TMOKa)kKHTe WM, eCAH HYXHO, npednoaodxcure,
yro ot = bt =1]

Vuonpaxuenue 22. (a) Ilyers H —rpynna ¢ o6pa-
3YIOLIHMH [ H g u onpelensiOIHMH COOTHOUICHUAMH 2=
= g? = [. Hapucyiite rpad s10#i rpynnsi.

(b) HanomuuM, uTo onpeneisfiomiHMY COOTHOLICHHS-
MH TPYNIbI Dm ¢ ofpasywouwumu r u f OyAyT paBeHCTBA
f? = (rf)2 =1 (ctp. 98). TloxaxuTe, 4TO COOTHOIIEHHS

=g?=1], rae g =rf, rakxe OyLyT ONpeAeAIOWIUMYU
aas rpyninbl De.
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NOArPYMMNbI

Msyuenue BHyTpeHHell CTPYKTYpbl KOHKDETHOH rpyll-
Ibl I03BOJIsSIET YCTAHOBHTb MHOTHe ee CBOMCTBA. BHYT-
PERHIOI CTPYKTYPY HEKOTOPBIX TpYIN MOXKHO ONHCATDL
¢ moMoubio ¥x moarpynn. CJ0BO «mOArpymnmas o3Hauaer
«Ipylna BHYTPH FPYMNMBI»; TOuHee, MHOXKeCTBO H naswi-
BaeTcs moarpynmofi rpynmst G, eciu

(A) Kaxawii sneMeHT MHOXecTBa H sBasercs 3Jje-
MeHTOM rpynmel (;

(B) H ectb rpynna (oTHOCcHTENbHO GUHApHOH omepa-
nuy, onpejenenHoil B rpymne G).

3HaueHue 3THX YCJIOBUi OyIeT pacKpbiTo B HajbHel-
meM. Mbl HayHeM C OTBHICKAHHSI W HCCJeIOBaHUS HEKOTO-
PBIX MOATPYNN B A2HHOH rpymie.

PaccMoTpuM HUKJAHYECKYIO Tpynmy nopsiika 4

Cy I, a, @, a

W HalijeM ee moarpynmel nopsiaka 2. Tak xak moarpymmna
SIBJISIeTCSl 2pynnod W, cJeloBaTesqbHO, AOJIKHA COdep-
KaTb 3JeMeHT /, TO Bce MOArPYNNH MOpPSiAKA 2 TPYIIbL
C. IOMXKHB HAXOAUTHCS CPEAHd MHOXKeCTB

R={l,a}, S={l,0a%, T={,ad%.

[Tpexkxge Bcero MBI BHAMM, 4TO BCE 3TH MHOXKeECTBa
yaoBaeTBopsitoT ycaosuio (A), Tak Kak uX 3JeMeHTH
npunajexar rpynne C,. Uto ke Kacaercs yciaosus (B),
TO MHOXeCTBO R W3 IBYX 3JeMeHTOB Obljio Obl, OUeBHA-
HO, HHKJUYECKOH rpynmofl nopsjgka 2, ecau Obl BBITOJ-
HAJg0ch cooTHomenne @* = 1. Ho mnpu onpefenenHoit B
rpynne C, Gunapuoii omepaunuu a*= /. Takum o6pasow,
R ne sBasierca noprpynnoii rpymnst Cy. Ilonp3ysick sTuM
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MeTOLOM <«Npob u OWHO0K», yberkaaeMmcsl, 4YTO eAHH-
cTBEHHOH ToArpynoii nopsinka 2 rpymnn C, sBasieTcd
MHOXeCTBO S. B najpHefilleM A/ BBISIBACHHS MOArPYIIIl
Gyner npuMeHATbCA 6GoJiee MPOCTOH H CHCTEMATHYECKHH
MeTCLd.

Hia 1oKasaTesbCTBa TOTO, YTO MHOXECTBO 06pasyer
rpynny OTHOCHTEJbHO HEeKOTOpOll omepauuy, HalpHMep
®, Hago yO6eauTbLCS B BLIMOJHEHHH BCEX TPYNNOBBIX akK-
cuoM. Ecan Mmul 3HaeM 3apauee, 4To paccMaTpHBaeMoe
MHOKECTBO SIBJSAETCSl MOAMHOMXECTBOM TpPYIIbl, TO HpPO-
BepKa BBINOJHEHHsI akcHOM ynpomaercs. Ytobul ybGe-
IHTBCSI B 9TOM, paccmMoTpuM ycjaoBue (B) us ompegnese-
nus noarpynnbl. CHawana Mbl AOJOKHBL [10K23aTh, UTO

(i) onepamus ® rpynmel G, paccmarpuBaeMasl JHlllb
Ha 3JeMeHTax MHOXKectBa H, siBasiercss Gumuap-
HOIl onepamuell Ha MHOxecTBe H.

ATo CBOAUTCA K MpOBepKe TOro, 4to ecau hy, hy—
IBa sJeMeHTa MHoxectBa /1, To u hy & hy mpunaaIexur
H. Ecan nmogmuoxectso H rpynmel G o6Gaajgaer 3THM
CBOHCTBOM, TO Mbl TOBODHM, UTO OHO 3AMKHYTO OTHOCU-
reabro onepayuu &@. (CM. paccyXaeHHe 0 3aMKHYTOCTH
na crp. 13.) Uro6m gokasarte, uto A — rpynna, Hy}XHO
TakKe MPOBEPUTb BHINOJNHEHHE CJAELYIOUIHX YCHOBHH:

(ii) omepanuss ® accomuaTHBHA;

(iii) ob6patubii X m0O6OMY 3J€MEHTy H3 MHOXKeCTBa
H npunagnexur H;

(iv) enuununa rpynnel G npuHajaJIeXHT MHOXKeCTBY f.

YcaoBue (ii) BbIMOJHSIETCS ABTOMATHYECKH, TAK KAK
® — rpynmnosast onepaius rpynitet G H, CaelOBaTeNbIIO,
ona acconuaTtusHa. Kpome Toro, ycioBsue (iv) chaeayer
ns yeaosuit (i) u (iii), Tak Kak ecau h— sneMeHT MHO-
sxxectBa H, 1o, cornacuo ycnosuwo (iii), si1ement h~! npu-
napgaexut H, a no ycaoeuio (i) B ® h™' = [ rakxke npu-
nagaexur H. Takum o6pasom, nodunoocectsao H epynno
G sasaserca nodepynnoil epynnot G, ecau 8blROAHEHDL
dsa ycrosua.

(1) snemenr hy @ hy npunadaemcur muoxcecrsy H,
ecau hy u hy— aaementor mroocecraa H (3amk-
HYTOCTb);

(2) sqemenr h~t npunadaexcur mruoscecrsy H, ecau
h npunadaencur H (obparumocts).
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Ynpaxneune 23. Tlokaxkure, 4ro npeasiayuiee
yTBEP KACHHE 3KBHBAJIEHTHO CJeAYIOLIeMY: nOGMHONMCE-
c180 H epynnor G asaserca nodepynnod epynnot G, ecau
aaement abt npunadaexwur H, kax tosvko a u b npu-
radaexcar H. (D10 yTBepKAeHHe COMEPKHUT JUILb OMHO
ycJoBue.)

Tenepr ME ucmosbsyem yciaoBusi (1) u (2), 4to6bl
OTHOCHTEJIbHO KaXX[JOro U3 noamuoxects R, S, T rpynmsi
€, BBHISICHUTH, SIBJSETCH JH OHO MOArpymnmoi. Ecau mHo-
JKECTBO He YIOBJETBOpDAET XOTA OBl ONHOMY H3 3THX
YCJIOBHH, TO OHO He MOXeT OblTh MOATpymnoi. das pe-
[IEHHS BONpOCA O 3aMKHYTOCTH MHOXECTBa MOMKHO BOC-
NOJb30BaTbCA TalJUNed YMHOXKEHUS 3JeMEHTOB 3THX
MBOXKeCTB (cJeLyeT MOMHHTh, 4To a* =1, a?== 1, ad+I):

. Ta6bauya 8.1
Mmuoxecrso R Mmuoxectro S Muoxectso T
I I a I | a? I , a?
1] oa 1|1 e ] e
a a | a® a* | a% | I ad ad I aS=qa?

MuoxecTBo S sdBafeTc eIHHCTBEHHBIM Cpel’ pac-
CMaTpHUBaeMbIX MHOXECTB, TabAula YMHOXKEHHS KOTO-
pOro 3QMKHYTA OTHOCHTEJAHO TpynnoBoil 6UHAPHOM
OTlepanuy, T. €. COOePHCUT TOALKO 3AEMEHTbL 3T020 MHO-
ace:Tea. ChegoBatelbHO, MHOXKECIBO S siBJasieTcs MOAI-
TPYNmo#, ecad TOMBKO OHO VJOBJETBOPReT VCJOBHIO
o6parumoctd (2). M3 Tabauubl YMHOXKEHHS BHAHEO, 4TO
o6paTHBIMK AJs1 3JeMeHTOB [ U a2 ABJAAIOTCS 3JeMeHTHl [
u a? coorBetcTBenno. Takum ofpasom, 0O6paTHEIR K Jio-
60My Y3 3JeMEHTOB MHOXKecTBa S NpHHALJIEXKHUT 8, mo-
stroMy S — moarpynna rpynmnst Cy.

Ects i B rpynme C, noAarpynmel nopsiika 3? Pac-
CMOTPHM HEKOTOPOe MHOXKEeCTBO 3JeMeHTOB rpymnnl Cy,
cocrosiillee W3 | ¥ ABYX APYTHX 3J€MeHTOB, HalMpumep
MHOXECTBO -

D={l, a, a.
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Tax kak aa = a® BxoAuT B TaGAHIY YMHOKEHHS MHOXKe-
¢tBa D, HO He sBasieTcd 37eMeHTOM MHOXectBa D, 1O
paccMaTpuBaeMoe MHOMK2CTBO He OyJeT 3aMKHYTHIM OT-
HOCHTeNbHO Guuapuo#i onepauun rpynnet C;. Ilostomy
OHO He fBJasercsl moArpynnoi. Hurtarenab MoxKeT Jerko
yOeauTbcsl, 4YTO ¥ HHKaKOe JApyroe IONMHOXKECTBO H3
Tpex sjaeMenToB rpynnsl C, He YJOBJETBOpsieT YCJIOBHIO
(1). Takum o6pasom, C, He COLEPNKUT MOArpymn Mo-
psaiaka 3.

Kaxpas rpynmna umeeT ABe ocoGble noarpymmel. MHo-
KeCTBO, COCTOsillee M3 BCeX 3JeMeHTOB rpymun G,
ABAAETCS MOAMHOKECTBOM TPYNNel G U IPYNEOH OTHOCH-
TeJLHO OmpejeseHHoll B Hefl GunapHofi onepamuu. [lo-
3TOMy rpynna 6yaer nodepynnod camoii ceba. Iloamuo-
®ecTBo H, cocToslee M3 E€NMHCTBEHHOIO 3JeMenrta /[,
yaosaetBopsier yeaosusaMm (1) u (2), Tak kak [.]=1.
Cnenosateanno, kawdas epynna codepiur nodepynny,
COCTOAUYIO U3 eOUHCTBEHHO20 3AemenTa |

O6biuHo Hac GyAyT HHTEPecOBaTh MOAFDPYIMEl, OTJIHY-
Hule OT 3THX 0coOuIX moArpynn. Mbl 6ydeM Ha3blBaTh HX
cobcT8eHHbIMU, a 3TH JBe 0COOble MOATrpPYyNNbl — Hecob-
CTBEHHBIMUL,

Ynpaxuenune 24. Ilycte Dy—rpynna ausipa mo-
paaka 6 ¢ aaemMeHTaMH

I, a, @, b, ba, ba?

N COOTHOIUEHUAMHU
a3 =b? = (ba) =1.

(a) [Moxkamxure, uto {/, ba} — noarpynna rpynms D;.
(b) Haiinure B D3 noArpynny nopsiaka 3.
(c) Ectb am B rpynne D; noArpynmsl nopsiika 4?

Ynpaxuenue 25 Ilycts C;— nnxiaudeckas rpym-
na mopsaaka 5. Hajiaure Bce ee COGCTBEHHBIE NMOATPYTILL.

Beckoneunbie noarpynnbl. PaccMoTpuM GeCKOHEUHYIO
nukauueckyio rpynny Ce ¢ O6pasywuleil a u sjaemen-
TaMH
a~?, a Y I, a, & ....

vy
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Jwbas noarpynna rpynnbl Ce SBASETCS IMUKAHYE-
ckofi !). TlocmortpuM, umetotcsi-jau B rpynne Co KOHeu-
Hole coGCcTBeHHBle mnoarpynnel. PaccMoTpum  moxMHo-
3KEeCTBO

S,={, a, &, a%.

Ha nepBbifi B3rsA MOXKeET MOKa3aThCsl, 4T0 Sy — 3T0
npkanueckas rpynma C, KOTOPYIO Mbl paccMaTpHBAaJH
Ha ctp. 64. OnHako a* =+ [ npu onepayuu, onpedenen-
noi 8 epynne Co, H, CAelOBaTeabHO, S; He cOBHajnaer
¢ rpynnoit C,. MHO)KecTBO S, He 3aMKKYTO OTHOCHTENBHO
onepauuH, onpenenenHol B rpynne Ce, TaK KaK BCe CTe-
meHH sJeMeHTa a B rpynne C, pas3iyguHbl; Hampumep,
sJaeMeHT a?a® = q° He mpuUHAAMEKUT MHOXKeCTBY Si. Cure-
JOoBatesbHO, S, He siBAsieTcsl MOArpynod rpyrnst Co

Te ke camble cooGparkeHHsI NOKa3bIBaIOT, uTO Oec-
Konetnan yuxkauueckan epynna C. 8000uwje He umeer
COBCTBEHHbIX KOHEUHbIX nodepynt.

CyiiecTByloT a1 6GeCKOHeYHBle TMOAFPYNIB [PYIL
Co? TloamHOXKecTBO

D={...,a*% a2 I, a% at, ...}

COCTOHT M3 YeTHBIX cTeneHefl o6pasyiowed a rpynasl Co,
YcnoBue 3aMkHYTOCTH (1) BBIMOJIHSIETCS, TaK Kak IpOH3-
BeeHHe JBYX UeTHbIX CTelleHeH sieMeHTa 4 sBAseTCs
ero yeTHo#l crenenpio. YtoGsl y6eauThCs B BLIHOJHEHHH
yeaoBus (2), oTMeTHM, YTO OOpaTHBIM K JE€MEHTy a2t
CHAYKUT 3JAeMeHT Q72 Take NpHHAAMENKAUIMH MHOKe-
ciy D. Takum obpasom, D ~—noarpynna rpynnn Ca.

') HeficrBuTe bHO, SICHO, uTO caMa rpymna Co. M rpynma {/} —
uMkanveckue rpynnel. Ilycts T — HekoTOpas cofeTBenHas MOArpymna
rpynmsl Co. Torma Bce ee 3eMeHTHl SBJAAIOTCA CTENeHAMH 3Je-
MeHTa @, DpHyYeM ecaH a® npuHaliexur noarpymme 7, To a™* Takxke
NPHHAMNMEKUT eff, TNOCKOJBKY 3TOT 3JE€MEHT sBJSIETCA OOPaTHHIM K
snemeuty a*. Baaronaps stomy csoficTBy u ycaosuio T =={I} cpeau
371eMeHTOB MoArpynnsl 7 MOXKHO BHOGDaTh 3j1eMEHT ¢ HaHMeHbIIHM
MOJIOKHUTE/bHBIM TOKa3aTeJeM CTeNeHH, ckaxeM a™. Toraa Jio6oit
apyroit asaemedt a® (n>0) u3s T MOXKHO NpeACTaBHTb B BHJE
ar —ahm+‘?—ah"’aq rge ¢ -—ocTaTOK OT [eleHHs A Ha m H
0 << g < m. DneMeHT a*™ ecTb CTelleHb 3JeMeHTa Q™ U MPHHALTe-
®HuT moarpynne T BMecte co cBouM obpatHeiM a~*™, Torpa a kmq” =
= g hmghmgq = g7 gBiserca saeMentoM us T, HO ¢ < m, 3HaudT,
g=0, a® = (a™)* u a™ gBasercs oépasy}omen rpynnet 7. — [Ipun.
nepes.
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Ipynma D rakxke siBiasieTcss 6eCKOHEUHOH NUKIMUYECKON
rpynnoii ¢ obpasyoueit @2 CyWecTBYOT Takxe Mnoi-
Tpynna, NOpPoxXAeHHas 3JeMeHTOM a3, MoArpynna, nopox-
JeHHas 3JieMeHTOM a*, u T. A.

Taxum o6pasom, epynna C. umeeT GOCKOHEUHO MHO-
20 cobcreennblx nodepynn, Kaxoas u3 KOTOpblX A8ASeT-
ca beckoreurnoll yukauueckoil epynnod.

Mbl yKe AOCTAaTOYHO XOpOLIO 3HaeM GECKOHEUHYIO
HHK/ANYecKyio rpynmy N Bcex umenblx uucesn ¢ GuHapHO#
onegauneﬁ CJIOXKEHHS.

AeMEHTbl 2pYynnsl — BCe Lesble Yucaa (NOJOKHTE b-
Hble, OTpHLlaTeJbHblE W HYJb).

T'pynnosas onepayus — cloxenue.

Eounuunoul snement — uyap.

Obparnoui k OaHHOMY IAEMEHTY -— TIPOTHBOIOJOKHOE
eMy 4HCJIO.

Obpasyroujans —uucao 1 (uau ero o6patHbili — 1).

Mbi HazoBeM 3Ty rpynny adourusxoil WHKAHUECKOM
TpYMIo#.

SIBnAercs au MuoxkectBo E werweoix uncen moarpym-
nofi rpynns N? TlpoBepuM BrilosHeHHe IBYX YCJAOBHH:

(1) 3amgryrocTd: cyMMa JMIOOBIX ABYX UeTHBIX UHCEJ
€CcTb YeTHOe YHCJIO.

(2) Obparumocto: 06paTHHIM JUIST UETHOTO HUCJA &
ABJAETC UHCA0 — R, KOTOpPOe TaKXKe UETHO.

DT ycn0BUs BHIIOJHeHb. TakuM o6pas3oMm, YeTHble
ypcaa 06pasyioT NOATPYNNY aAJUTHBHOH LHUKJIUYECKOH
TPYNOBl LEeAbIX Yuces.

Byner an nmoarpynnoi rpynnet N muoxkectso O Bcex
HeweTHolx unced? Tak Kak cyMMa JBYX HeueTHBIX upcel
SIBJIIETCS UETHBIM UHMCJOM, TO 3TO MHOXECTBO He 3aMK-
HYyTO OTHOCHTeNLHO caoxkeHus. [loTomy oHo He coctas-
JsieT TOArpymIy.

Ynpaxuenune 26. [lokaxure, uTo

(a) MHOXKecTBO BCeX 4HcesJ, KpaTHwmIX 3, obpasyer
NOArPYINNy AAJHTHBHOM LHK/IHUECKOH TpyNIbl LebIX
unces;

(b) MHOXecTBO BCEX UHCeJN, KpaTHBIX n (rAe A — Jio-
6oe 11es0e uncsao0), o6pasyer NOArpynny agAuTHBHON IH-
KJAHUECKOH TPYIIbl.
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Ynpaxuenune 27, Ilogaxute, uto ecait R u S —
JIBe TMOArpynmnsl rpynmsl (, TO MHOMKECTBO 3/IeMEHTOB,
npuHajJjekallux OAHOBpeMeHHO moAarpynmaMm R u S, fB-
Jsiercsi rpynmnoii (d, cJexoBaTe/NbHO, MOATPYNNOH Tpyl-
nsol G).

YunpaxuHenune 28. Joxaxure, 4T0

(a) Bce xoMniekcHble udcaa a + b, rae a u b — me-
Jiple uicaa, 06pasyioT TPYyNny OTHOCHTEABHO OMNepaliu
CJIOXKeHHS];

(b) MHomecTBO uuces r + is, vhae r H S — 4eTHble lle-
Jiele uncaa, o6pasyeT mMoArpynmy rpyunsl U3 m. (a).

Mopanxu moarpynn. Kak u3BEeCTHO, APOCTHIM 4UCAOM
HasbiBaeTcs IeJoe 4ucao, GoJbliee eJHHUNB, KOTOpPOE
He MME€eT MOJOKHTENbHBIX JeJdHTesNell, KPOMe CaMoro
ce6a U enuHunpl. MHTepecHO, 4TO CYLIeCTBYIOT TPYMIIbl
¢ aHaJOTHUHBIMHE CBOICTBaMH, T. e. TPYMNMBl, He cOfdep-
JKamue APYTHX MOOATpynmn, Kpome caMoil cebsi u moi-
IPYINBL, COCTOsIeH M3 OAHOFO eJHHHYHOro 3JeMeHTa /.
B camom nese, KoHeuHasl rpynna He UMeeT COOCTEEHHbIX
NOArpynmn Torja M TOJNLKO TOTAa, KOrja ee Mopsiok —
npocroe uyucao. HacTb «TOraas 5TOro yTBEP:KAEHHS SB-
asercs ciaefctBHem OoJee 0Oluell TeopeMbl, yCTaHABJH-
BaIOILEl YHCJAOBOE COOTHOLIEHHE MEeXAy MOPAAKOM KO-
HEYHOH TPYMNbl U NOPSLAKOM JI06OH U3 ee moAarpynm. Ita
TeopeMa, JAoxkazaHuas Jlarpamxkem!), Gura copmynu-
poBana B 1771 r. B manpHefilleM MB K HeH BepHeMcCH.

JlarpaH>X OIHHUM U3 [ePBBIX NPHUMEHWJ CTPOTHe Ma-
TeMaTHUECKHe MeTOAbl K 3allayaM aHaJHTHYeCKON Mexa-
HHkH. Jlo cUX NOp B 3HAK YBaXKeHHSI K ero 3acayram
ONHY M3 OCHOBHBIX (YHKHHHI B AMHaMHKe 0603HAYAIOT
OykBo#i L — nepBoit 6ykBo#l ero ¢pamuand. OH BHeC Tak-
JKe BKJaj B Pa3BUTHe TeOPHH TPYNI H e€e MPUIOKeHHH

1) JKosed-JIyn Jlarpaux (1736—1831) cosman MoluHble aHajH-
THYeCKHE MeTOAbl 1/ pelueHHs npoGieM MexaHukH. OH ropauacs
OTCYTCTBHEM B ero TpakTate <«AHaauTHYecKas MeXaHHKa» KaKux-
au60 uyeprexedt. Ero Merozn! OblIH HCNOJIbL30OBaHBl B HebeCHOH Mexa-
HHKe /s pellleHHs npoG/eMbl TPeX Tesq B MPHMEHEHHH K IBHXKeHHIO
Jlynel. TlposBnsa HHTEpec K CO3[aHHIO OOWMHMX METOAOB pelueHHs
ajare6panyecKux YypaBHeHH, JlarpaHx OIHMM H3 MePBEIX YJI0BUJI
¢BA3b MEXY MOHATHEM IPYNNbl H PelleHHeM ypaBHEHUH,
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K pewendio anrebpauveckux ypaBHeHH#l. «PesosbBenta
Jlarpanxas Gwlja mo3aHee HUCIosb3oBaHa lanya B pa-
foTax 1Mo HCC/AelOBAHHIO PA3PEIIHMOCTH aJjdreGpanueckux
ypaBHEHHII ¢ MOMOLIbIO TEOPHH TPYMIN, KOTOPbIe NPOH3-
BeJTH MOJJHHHBI NEpeBOPOT B Hayke. BepHemcsi Tenepn
K TeopeMe Jlarpanxa o NOpPSAKax NOATPYNN KOHEUHOH
rpymnnel,

TEOPEMA JIATPAHXA. Ilopsadox xowneunotl epynnot
Kparen nopadky aobold us ee nodepynn.

dra TeopeMa YyTBep:KIaeT, UTO eCJaH g — MOPS/I0K
rpynnel G B h— nopsaaok ee moarpynnst H, T0 g = nh,
rie n— oAHo u3 ueanlx uucea 1, 2, 3, ..., g. Jas Heco6-
cteenupix noarpynn G u I n paBHO | U g cooTBeTCTBEH-
HO. Ecau H — cobcrsennas MOATpyIna, T0 1 — OLHO H3
Ueasix uucen 2, 3, ..., g— L.

B noxasaTesqbCTBe 3TOH TeOpeMbl MBI HCIOJb3yeM He-
KOTOpPHE MHOXKeCTBa 3JeMEeHTOB TpYINbl, Ha3blBaeMhle
cmexcHoiny Kaaccamu. TloHsiTHe CMEXKHOro KJjacca ur-
paeT BaxHy!o poab B Teopuu rpynn. [locse Toro Kak Mul
BKpaTile O3HAKOMHMCSl CO CMeXHBIMH KJaccaMu M ux
CBOHCTBAMH, [0Ka3aTeJbCTBO TEOpPEMBEl He COCTABHT

Tpyna.

Cmexcrvie Kaaccor epynnot. Ilyets H — moarpynna
rpynnsl G. Ilpeanosmoxum Ans mpoctoTel, uto H comep-
KHT, Hampumep, ueTolpe (pasjHyHBIX) 3JeMeHTa, Tak
YTO

H={1’ hl: h2s h3}

[Mycte b — snement rpynnsl G, He NpHHAANERKALIHH O~
rpynne H. PaccMoTpuM MHOXKeCTBO

Hb={by bhly th’ th}y

MOJyueHHOe YMHOXKEHHEeM 3JeMeHTOB MHoxectBa H cae-
8a Ha 3jeMeHT b. ([laia onpelejieHHOCTH Mbl BHIGHpaeM
3jlech YMHOXeHHe cjeBa.) Mel yTBepxaaeM, UTo

(i) Bce snmeMeHTH MHOXKecTBa Hp pasiuuHbL;

(ii) H u Hy He uMeroT OOIIHX 3J€MEHTOB.

Uro6br noxasath (i), mpeAmoJiOKUM, HalmpUMep, 4YTO
bhy = bhs. YmHOXHB Q0e 4AaCTH 3TOrO PaBeHCTBA CJeBa
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Ha b1, mosyuum paBeHCTBO
b~'bhy=b""bhy,, wru hy =hs,

B NPOTHBOpEYHe ¢ MpPeANoJOKEeHHeM O TOM, YTO rpylnma
H comepHUT ueTbipe pa3AuU4HbIX 3TEMEHTA.

Urobnl NokazaTb yTBepxKjaeHue (ii), nomyctum cHa-
yaja, 4To HEKOTOPHI 3JeMeHT moarpynnsl H paBen He-
KOTOPOMY 3JleMeHTy MHOXKecTBa Hp, HanpuMep TyCTb
h, = bhy. Torma, ymHo)as 3TO pPaBeHCTBO CIpaBa Ha

AT', Mbl MpHAEM K COOTHOLIEHUIO
hohi ' =bhihT = b,

dnement hohi' npumagnexur nogrpymme H, Tax
Kak f{ —rpynma, B To BpeMsl Kak MO I[PEANOJIONKEHUIO
ajeMeHT b He mpuHamjexan H. Takum oGpasom, momy-
iuenve, yto H u H, umelor o6muii 37eMeHT, MPUBOJIUT
K NPOTHBOPEYHIO.

Mpl nmoayunan, TakuM 06pa3oM, BOCEMb 3JEMEHTOB
rpynnsl G: uetwipe B nodepynne rpynnst G

H={17 h’l: h2r h3}

¥ OCTaNbHBlE UeTblpe B MHOXECT8¢ 3JeMEHTOB M3 Tpyml-
nol G

Hy={b, bhy, bhy, bhy}.

MHuoxecTBO Hp HasbIBaeTCs Ae8biM CMENCHBIM KAQAC-
com epynnot G no nodepynne H u o6Goznauaetcss yepes

bH ={b, bh,, bhy, bhy}.

Cama noarpynna H siBisetcss CMeXHBIM KJaccOM rpym-
nel G mo H, tax xax

H=1H={[) ]hli 1h21 [h’3}={[’ hl’ h2’ h3}'

Ecan ¢—>saement rpynmsl G, He NpHHAAMEXAUIMH HU
cMexkHOMY Kaaccy H, uu cMmexuomy kmaccy bH, To ero
MOXKHO HCIIOJb30BAaThb MJs1 06pa3oBaHHUsT HOBOTO CMEX-
HOTO KJiacca mo noArpynme H:

CH={C, Ch‘, Chz, Ch3}.
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Mul yke 3HaeM, 4To Bce 3/eMeHTH CMeKHOro Kaacca cl
pasjuuHel U yto MHO)KectBa H u cH He uMeroT 06WHUX
5JIEMEHTOB. DJleMeHTbl CMeXHOro kiaacca ¢H OTauuHb
TakKe H OT 37eMeHTOB kJaacca bH. [JokaszaTenbcTBo 3T0-
ro YTBepxJeHHS COCTAB/IsSIeT 4acTh pelleHHsl yMpaXKHe-
Hust 29 (cM. Huxe). Temepb y Hac ecTh ABEeHaANaTb 3Je-
MEHTOB rpymnnel {, colepXKalUlHXcsi B TpeX JeBbIX CMex-
HBIX KJjaccax

H={17 hl: h’2, hS},
bH ={b, bh,, bhy, bhy}, cH={c, ch,, chy, chy).

Ecau B rpynne G Bcero ABeHainaTb 3JeMeHTOB, TO
Mbl HX BCe y:Ke BBIIHCAJH H NOJY4YHJIH, TAKHM o6pasoM,
pasbuenne rpynnel G Ha Hemepecekalwluecs') mwuooce-
crea. Tor ¢akrt, uro rpymna G gaBaserca ob6belnHe-
HueM 2) 3THX IMOJAMHOMKECTB, Mbl OyleM Bbpa)katb 3a-
MUCHIO

G=HUbHUCcH.

Ecan B rpynme G 6oJblie ABeHAJLATH 3JeMEHTOB, TO
B HEH CYLIECTBYET 3JeMEHT d, He npnnannemamnﬁ MHO-
xeersy HUbHU cH. 06pa3yeM TOTAA HOBBIA JIEBBIi
CMeKHBIH Kaace

dH={d, dhl, dhg, dh3}.

Bce ssneMentol Kaacca dH pasiuuHbl, U, KaK cJaefyeT U3
peayabTaTa ynpaxKHeHHs 29, HH OLHH H3 3THX 3/JEMEHTOB
He COAEpKHUTCS HH B KAaKOM H3 DPACCMOTPEHHBIX BbIlle
¢MeXHBIX KjaaccoB. TakuM o6pa3oM, Mbl MOJYYHJIH HIeCT-
HaAnAaTb DPAa3JUYHBIX 3JeMeHTOB rpynmel @, cofepxa-
LAXCH B YeThIpeX JeBhIX CMeXKHHIX KJaccax, Mo ueTnpe
sJeMeHTa B Kaxkaom. Ecan rpynma G COCTOMT U3 IlecCT-
HaAnaTd PasjHUHBIX 3JE€MEHTOB, TO Mbl MOXEM 3almHcaTb

G=HUbHUcHUdH.

[lnan goxasaTtenpcTBa Tenepp siceH. Buibpas B rpym-
ne G HekoTopyw mnoarpynmy H mopsiika h u sjeMeHT b,

1) To ectb He cofepiamue o6UHX TeMeHTOB. — [Ipum. nepes.

2) Ob6veduHenuem ABYX HJIH HECKONbKHX MHOXKECTB HA3BIBAeTCH
MHOXECTBO, COCTOALIee H3 BCEX 3/€MEHTOB, MNpHHALIeXKallHX XOTH
6B OLHOMY H3 [AHHBIX MHOJKECTB.
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He npunajgiexawufi 3Tofi noAarpymnne, o6pasyeM CMex-
HBUi KJacc bH. DToT cMeXHBIH KJaacc COLepKHT h 3Jje-
MEHTOB, a MHoxecTBa H u bH BMecte coldepxar 2h pas-
JIMUHBIX 3/JeMeHTOB rpyninsl. Ec/iu ecTb 3/7e€MeHT ¢, He BO-
IMeINA B 3TH 2k 37eMeHTOB, TO Mbl o6pasyeM HOBBbI{l
cMeXHbIA Kiaace ¢ v moayunM Bcero 34 passiuuHBbIX 3Jje-
mentoB rpynnsl G, W Beskuit pas, xorna Haiilletcsl XoTd
6bl 0ANH 3JdeMeHT rpynmul G, He BolleAWHit B o6beAnHe-
HHe paHee 06pPa30BAHHBIX CMEXKHBLIX KJIaCCOB, Mbl MOXKeM
o6pa3oBaTh HOBHIH CMeXHbIfI KJacc (comepxauiii A
pasauuHbIX 3JeMeHTOB). Tark Kak mnopsaok rpynns G
KOHeueH, To, 106aBJsfs HAa KaXAOM llare A pasjHUHBIX
5/1eMeHTOB, Yepe3 KOHeWHOe HUHCJAO IIaroB Mbl JOAKHDI
HcuepnaTh Bce 3JeMeHThl rpynnsl G. Ecau nocae oGpa-
30BaHUA f JEBHIX CMEMXKHLIX KaaccoB no noiArpynne H
BCe 3JeMeHTbl Tpynnsl G OKaXyTCf HCIOJNb30BaHHLIMH,
TO Mbl mnoJyuaeM pasGuenue rpynnsl G Ha 1 JeBbiX
CMeXHBIX KJaCCOB 10 A 3J1eMEHTOB B KaKAOM:

G=HUbHUcHU ... UkH.

n KJaccoB MO A 3JeMEHTOB 8 KaXAOM

Takum o6pasom, nopadok epynnot G ectv 4ucao,
KparHoe nopadky aobol ee nodepynnot H.

Hrax, paccMOTpeB NoHsATHE CMEXHBIX KJIacCOB rpy-
Mbl 10 ee NOATPYMNe, Mbl NOMYTHO 1OKa3aad TeopeMy
Jlarpanxa.

Ynpaxueune 29. Ilyers rH u sH — nBa neBnix
CMexXHbIX KJjacca rpynnel G no mnoarpynne H. Iloka-
XKHTe, UTO KJaaccel rH u sH an6o He uMeroT 06ULUX 3Jle-
MEHTOB, 160 COBNAAAIOT.

Hecosnadenue aesvix u npagslx cmexmuolx Kiaccos.
B npuseleHHOM JoKasaTeabCTBe TeopeMbl Jlarpanxka
6bl HCIOJb30BaHbl JeBhle CMeXHble Kaacchl. Ecan uc-
NOJb30BAaTh IpaBble CMeXKHbIE KJAacChl, TO HOKa3aTesb-
CTBO MO cyulecTBy He usMenutcsi. [locTaBuM Takoii Bo-
IpoC: COBNAZAIT JH COOTBETCTBYIOLIHE JieBhle U INpaBble
CMeXKHble KJacchl Mo OAHOH u Toil e noarpynne? Ecuu
3TO He Tax, TO MOXHO JH, 10 KpaiHe#l Mepe, HalesAThCH,
yto JI060H JeBbIfi CMeXHBIE Kaacc bH comepXKuT B TO4-
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HOCTH Te Ke 3JeMeHThl, YTO H HEeKOTOPhIfi TPaBLIH cMex-
Hblll kaace He?

PaccMorpum rpynny ausgpa D;s wecroro nopsiaxa
(puc. 8.1). Ona comepKuT HUKJIHUECKYIO TOATPYMIY BTO-
poro nopsiaka

H={1, b}.

O6pasyem sieBble W NpaBble CMeXKHbE KAaCCH rpynns Ds
no moarpynne H. (Ha rpade Buauo, uto a2 = ba u
bat = ab.)

JleBble CMeKHbie KJacchl Hpaable CMeXHble KJacchl
H={l, b}, H={, b},
aH ={a, ab}, Ha={a, ba},

a?H ={a?, a*}={a?% ba}, Ha®>={a? ba% ={a?, ab).

3ametuM, 4TO B 3TUX pa3bHeHUsIX HHKaKue JBa
CMEeXHBIX KJacca, 3a HCKJAK’IeHHeM CaMOH MOArpyMHNbl

———— (]

cee>---b
a*: b%:(baf’: |

Puc. 8.1

H, ve cosmagator. Kak cMmexusiil kaace af, 1ax 0 cMex-
HBIf Kaacc a2H oTanvaoTcs OT 0OG0MX NMpaBLIX CMEXHbIX
KjaaccoB Ha v Ha? Mpl nosyuuan IBa PasjHUHBIX pa3-
Guenus rpynnsl D; Ha JeBble W NPaBbie KJIacChl COOTBET-
CTBEHHO:

D,=HUaHUa’H
u

D;=HUHaUHa.

DT0T mnpHMep TNOKa3bIBAeT, UTO e8ble U npasule
cmeocHole Kaaccol epynnot G no nodepynne H moeyr da-
sarb pasaudrvie pazbuenus epynnot Q.



118 I'VIABA 8

Beckoneunvie cmescrnore Kaaccol. Mul yiKe 3HaeM, 4TO
MHOxecTBO N Bcex HeABX 4YHCead SABJISETcS TPYNNoi
¢ 6uHapHON onepamuesl caoXeHus (aAJKETUBHOH HHUKIHYe-
CKOHl TPYNNo#l) M YTO MHOXKeCTBO E BCceX UeTHBIX 4HCen
sBaAseTcs MoArpymnmoit stoit rpynnel (ctp. 111). [Momw-
TaeMcsd NMpeacTaBuTh rpynny N kak o6beHHeHHe CMeX-
HBIX KJaccoB 1o moxarpynne E. Ilyete a — snemenT rpyn-
nol G, He npuHagnexaumii E, T. e. a-— HeKOTOpoe
HeueTHOe YHCJ0; PACCMOTPUM MHOXKeCTBO aE, monyueHHoe
IIpHMEHeHHeM TPYNNOBOH onepanuu (CAOXKEHHd) K 3Je-
MeHTy a ¥ BceM 3JeMeHTaM MHoxectBa E. Ecau o6o3Ha-
YHTL 3JEMEeHTH MHoxecTBa E uepes ey, e, €3 ..., TO
MHOXKecTBO aE GyneT cocTOSATb H3 3Je€MEHTOB

at+e, ate, a+e;....

Tax Kak cyMMa YeTHOTO H HEUeTHOI'O YHCesJ eCTh YH-
CJIO HeyeTHOE H KaxkKjJoe HeyeTHOe YHCJAO0 MOXKeT ObiTh
3amnHcano B BUAE CYMMbl HEYeTHOTO UHCJAa @ ¥ HEKOTO-
poOroc 4eTHOro 4MCJIa, TO CMEXHHH Kiaacc aF coBnajaer
¢ MHOox)ectBoM O Bcex HeUeTHBIX YHCeJ, Kakoe Obl HeyeT-
HOEe YMCJO Mbl HH B3sJHM B KayecTBe a. $cHo, uTto 0Obe-
IHHeHHe cMeKHbIX KnaccoB E u O coBmajgaer co BceM
MHOXecTBOM Heablx yucea N. Takum o6pasom,

N=E|aE,
unn

N={..,—4-2,0,2,4,..3U{.., =3 —1,1,3, ...}

(OTtMeruM, ¥TO BBHAY KOMMYTAaTHBHOCTH rpynnsl N Jje-
Bble W TpaBble CMe:KHble KJAacChl COBNAJalT, TaK 4YTO
cMexHbIl Kaace Ea— aTo Takke mHoxecto O.)

[Moarpynna E — 3T0 MHOXECTBO 4YHCe]d, KPATHBIX HH-
cay 2, a cMeXHBIH kaace aE — 3T0 MHOKeCTBO Bcex Ie-
JIBIX yHces, Aapliux octaTok | npu jgeneHun Ha 2. Ana-
JIOTHYHBIM CIOCOO0M MOXKHO HafTH CMeXXHble KJIacChl
mMHOXKecTBa N no noxarpynme T Bcex uHces, KPaTHHIX 3.
BoimuiieM HX:

T={..., =6, —3,0,3,6,...}=

= {Bce LeJble yHucJa, TAlollHe NpPH JeJeHHH Ha 3
ocratok 0},
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aT={..., =5, =2, 1,4,7,...}=
= {Bce meJble upc/aa, JAwllie NPH feJeHUH Ha 3
octatok 1},
bT={..., —4, —1,2,5,8,...}=
={Bce meJsble uucJa, NalOUlHe IPH AeJeHHH Ha 3
ocratox 2}.

(3mecb umMca0 @ MOXKeT ObiTh NpeACTaBleHO B Bule
3n + 1, a uncno b— B suge 3n + 2.) Torna

N=TUaTUbT

— TIpeicTaBJeHHe MHOXKecTBa N C TMOMOUIbIO CMEXHBIX
KJlaccoB nmo noarpynne 7.

Ynpaxueunune 30. I[lycrs #J u ¢/ — cMexHble Kaac-
cel rpynnet L no noarpynne J. Tlokaxure, uto

(a) ecan ¢ — sneMeHT CMEKHOTO KJacca rf, To CMex-
Hble Kaaccol ¢J u rJ copnajaior;

(b) cMmexHBle kJjaccel ¢/ B rJ coBmajamT B TOM H
TOJbKO TOM CJy4dae, KOrZa 3JeMeHT r~ic NpUHA/LIeKUT
noarpynne J.

VYnpaxuenune 31. [lokaxuTte, 4TO eCyu
L=JUrJUsIU ... UoJ

— mpelcTaBienye rpynnul L B BHIe OGbeIUHEHHs /e-
6blX CMEXHHIX KJacCOB No noAarpymnne J, 1o

L=JUJr-tyJts~ty ... UJo!?

SIBJISIETCS €e NMpeACTaBJ/JeHHeM C NOMOIUbIO NMPAaBBIX CMeX-
HbIX KJacCOB.

Ynpaxuenue 32. Halizute npaBele u JeBble
CMexXKHble Kaacchl Tpynnsl AudApa Ds ImecToro mnopsiaka
no ee nmoarpynne K = {/, a, a%.

Hexoropeie caedcreun us teopemot Jlaepanma. Yxa-
eM Tenepb HEKOTOPbIE HENOCPEeICTBEHHbIE CJeACTBHS H3
TeopeMul JlarpaH:xa o mopsaAKax NMOArPYIII.

TeoPeMA 4. Ecau nopadox epynnst G ecTe npocroe

4UCAO, TO
(1) epynna G He umeer coOCT8eHHbIX nodepynn;
(2) epynna G asaserca yukauweckod,
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YrBepxaenne (1) caenyer HemocpeACTBEHHO H3 TeO-
pembl Jlarpauka # onpefeJeHHs NPOCTOro 4ucaa. [uis
JOKa3aTeNbCTBA YTBepKJAeHHs (2) 0603HAuUUM depe3 r
N06o# oTaHUHBIE oT [ 37eMeHT rpynnsl G MPOCTOro no-
paaka. Ecau mopsnox r paBeH n, To r*=1 u n> 1.
MuoxecTBo

H={l,r . ...rm),  a—1>0,

COCTaBJIsIeT HUKJIHYECKYI0 TPyNNy A-ro nopsika B rpym-
ne G (cm. ynp. 33), Tak uto H — moArpynna JgaHHOH
rpynnel G npocroro nopsinka. Ilo Teopeme Jlarpanxa
TOPAIOK 7 3TOH MOATPYNNbl SIBASETCS NeJUTeNeM YHCaa p.
Tax xak ns1, To n=p. Ho A —noarpynna rpynnu
G: caenosatennno, H cosnadaer ¢ rpynmoii G. dto no-
Ka3blBaeT yTBepxKIeHHe (2).

M3 rteopembl Jlarpauxa clenyer TOJMBKO, YTO €CJd
B rpynne G ecre noarpynna H, To nopsaok rpynnsl G
KpaTeH NOPSIAKY rpynnel H. [oka JJs Hac OCTaeTcsi or-
KDBITEIM BOMpOC, BepHO JH 00paTHOe yTBepKAeHUe: 06s-
3aTeJbHO JH B rpynne G, Mopsiiok KOTOPOH KpaTeH He-
KOTOPOMY YHCJY R, COAEPKHUTCH MOArpynmna mopsanka k?
Mul oTBeTHM Ha 3TOT BOMpPOC MO3JHee, KOTAa mepeiigem
K H3yYeHHIO TPYMIbl TeTpasipa ABEHAIUaTOro MOpSAKa.

Pewrns HexoTopble 3 CAeNYOIHNX HIXKe YIPaKHEHHH,
MOXKHO BBIBECTH OJHO HHTEpPecHOe CJeICTBHE TeopeMbl
Jlarpanxa. Yurarteab, KOTOpHH Kak cleayeT MOTpy-
OUTCS HaA HHUMH, TOJYYHT B Harpaly A0Ka3aTelbCTBO
OMHOM XOpOIUO M3BECTHOH TEOpPEeMEl TEOPHH YHCes, NpHu-
Halgexauiei Pepma.

Ynpaxuenue 33. (a) ITokaxkure, uto ecan nops-
IOK sjeMeHTa a rpynnsl G paBed n, 10 H = {/, a, a2,

., "1} — nukanueckas noArpymnna rpymnmst G.

(b) Kakoe coorHolienne cBsi3bIBaeT Mexay co6oil
NOPSAOK MPOH3BOJBHOTO 3JeMeHTa KOHeYHOM Tpymne H
NopsAgOK caMOi FPyNnbl?

Ynpaxunenue 34. PaccMOTpUM rpymiy <ocrtaT-
KoB» mopsaxa p— 1 (ctp. 37) c sneMentamu 1, 2,

, p— 1 (p—npocToe unca0) U GUHApHON Onepamueit
YMHOXKEHHS N0 MOAyJA0 p. Ilas JAo6uX ABYX YHCea X i
Y U3 paccMaTpHBaeMOro MHOXKeCTBa HalJeTcs Takoe uu-
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CJI0 r, UTO Xy W r AalOT OJMHAKOBBIN OCTAaTOK NpHU Jefe-
HUH Ha p, Tak uTo xy == r (mod p). SlcHO, 4TO KaKIbl
3JeMeHT 3TOH KOHEUHOH TpyNIbl «OCTATKOB» HMeEeT KO-
HeuHslfi nopsaok. [lycTb g — HeKOTOPHIl 3jeMeHT Tmo-
paika n.

(a) Tlokaxwure, yto umnciao g"—1 KpaTHO uucay p,
T. €. 4TO

g" — 1==0(mod p).

(b) Hcnonwsys Tteopemy JlarpaH:ka, Mmokakurte, 4TO
g?—'— 1 ecTh 4HCJO, KpATHOE YUCIY p, UIH

gr~! — 1=0(mod p)
{cm. ynp. 33).

Ynpaxuenne 35 Ilycrs uucio a KpaTHo mnpo-
cTOMy uucay p, T. e. @ =0 (mod p). Toraa o6a uucaa
ar u aP —q SIBAAKOTCA KPAaTHBIMH YHCAA p U, 3HAUHUT,
a? = (a? —a) (mod p) = 0 (mod p). Hoxaxure, 4T0 H
B TOM c/lyyae, KOTJa HLeloe MOJOXKHTENbHOE YHCAO a He
ABJSETCS KPAaTHHIM udcaa p, T. e. a 3= 0 (mod p), aP —a
€CTh uuCa0, KpaTHoe p. [¥xasanue. Mur LOMKHBE OOKa-
3aTh, uto aP=a(mod p), uan a(a?r~! — 1)=0 (mod p).
Ins  poxkasaTeNbCTBA 3TOTO IOCJeNHEero COOTHOLIEHUS
HYKHO HCMOJIL30BATb Pe3y/bTaT ynpaxHeHus 34.]

[1pu peuieHHd 3TOro ynpa)kHeHHs HOKasaHa CJaeldyio-
utasn teopema Pepwma: ecau p—npoctoe 4ucao u a-—
A1060e yeaoe NOAOHUTEAbHOE HUCAO, TO AP — a KPAaTHO
qucay p.

Ynpaxueunue 36. [lycte a u b — snementsl rpymn-
st G. [lokaxure, 4TO

(a) mopsAnox 3JjeMeHTa ab paBeH NOPSIAKY 3JeMeHTa
ba;

(b) ecan ab = ba, To mopsAOK 3/1eMeHTa ab sBASET-
ca JleJMTeeM NPOH3BelJeHHs] NOPSALKOB 3JeMeHTOB a U b;

(c) ecnu ab =ba, a NOpsiAKM M W A 3JE€MEHTOB Q
1 b COOTBETCTBEHHO — B3aMMHO INPOCTHie YHcaa, TO MO-
PALKOM 3JeMeHTa ab fBJAfAETCS uuca0 mn (4Hcjaa m U n
Ha3LIBAIOTCS 83QUMHO NMPOCTHIMU, eCJH €LHHCTBEHHBIH HX
oflwui geauTeas ectb 1),



rifaBa 9

OTOBPAHEHHKA

TlousiTHe TpyNmBEl TeCHO CBSI3aHO C MOHATHEM OTOGpa-
XeHUA WM, BepHee, MHOXecTBa oTo6Gpaxenuil. Mui cefl-
yac BBeAEM 3TO NOHATHe (SIBJAAMOLIEecs OCHOBHBIM MJ%
MHOTHX pa3ielOB COBPeMEHHOH MaTeMaTHKH), HauaB
¢ pacCcMOTpeHHA HEKOTOPHIX NPOCTHIX NMPHMepOB.

CiioBo «0oTOGpaxenye» OOGLIYHO O3HAUAET «HAFJISAHOE
omucaHue 4ero-HuGyAb». CMEICA, B KOTOPOM 3TO CJOBO
ynorpe6/sieTcss B MaTeMaTHKe, JOBOJbHO GJH30K K TOMY
3HauYeHHIo, B KOTOPOM OHO HCHOJb3yeTCsl B NOBCEIHEBHOH
JKH3HH, DTO CAyyaercs CPaBHHUTENBHO PelKO — uyallle BCe-
ro MaTeMaTHUeCcKOe 3HaYeHHe TepMHHA BecbMa J[aJ/exo
oT ero o6eineHHoro cmbicaa. (Cp. TepMHHBI «Tpymnmas,
«ToJIe», «KOJIbLOY.)

MaremaTnueckoe MOHATHe OTOGPAKEHHS BO3HUKJIO
MNyTEM €CTECTBEHHOr0 aBGCTParHpOBaHHsT U3 OOBIUHOIO MO-
HATHS MJaHal), HalpuMmep «IJaHa ropoaas. B ugeass-
HOM cJjyyae MJaH — 3TO TaKoe H300pakeHHe HEKOTOPOTo
o6beKkTa (ropoma) Ha aucte GyMard, 4To AJA Kaxkaof
TOUKH 5TOT0 OOBeKTa (ropoja) uMmeerTcs OAHA U TOJbKO
0fHa TOYKa Ha Bymare B KauecTBe ee KONHUU. B maTema-
THKe MOHSATHE OTOOpa’KeHHs BO BCeX €ro BapuaHTax oc-
HOBEIBAETCSI HA MNOHATHH COOTBETCTBUSI MeXAY 3JeMeH-
TaMH HCXOJHOTO 0GBeKTa W 3JeMeHTaMu ero o6pasa.

Mgl HauHeM H3yueHHe OTOGpPAKEHHS C PACCMOTPEHHS
NPOCTOrO ciayuas, KOrja OTOGpaXaeTcss MHOMXKECTBO C KO-
HEeUHbIM YHCJOM 3JeMeHTOB. [IycThb 3afaHO MHOXKECTBO
X ={a, b, ¢}, cocrosllee U3 Tpex 3/JeMEHTOB, H MHOXKe-
ctBO ¥ = {r, s, t}, TaKKe cocTosiLiee U3 TPEX 3JEMEHTOB.

1) B anraufickoM s3biKe «OTo6pakeHie» («mapping») o6paso-
BAaHO OT CJa0Ba «IjaHy («map»). — [pun. nepes,
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Mpl MOXKeM pa3JHYHLIMH NYTSIMH OGBLEIWHHTL 3/JE€MEHTH
STHX JBYX MHOXKECTB B Mapbi; Hanpumep,

(a b c)
r s t);
31echb COOTBETCTBYIOLUHE 3J€MEHTbl PACNOJOKEHB OXUH
NOA JPYruM, KaxKAOMY BEPXHEMY 3J€MEHTY CTQBUTCA
8 COOTBETCTAUE PACHOJIOKEHHBIH MOA HHUM 3JeMeHT. DTO
COOTBETCTBUE W eCTb NPUMep 0TOOpaXcexis OXHOTO MHO-
Kectea Ha Apyroe (X wua Y). Boobuie oroGpaxenue
MHOKecTBa X B MHOXecTBO Y onpedeasercs ciaenyio-
UM 06pasoM: KaxkIOMy 3JeMeHTy MHOXectBa X cra-
BHTCSl B COOTBETCTBHE 8 TOYHOCTU OOUH 3JI€MEHT MHOXe-
ctBa Y.

PaccMorperHoe Bbille oTOGpakeHHe MHOXKecTBa X
Ha MHOXeCTBO ¥ MOXKHO DPa3JHYHLIMH ClocoGaMu 3aru-

caTb C TOMOILUbIO ABYX CTPOK, 3aKJ/IOUEHHBIX B KPYIJble
CKOOKH:

a b ¢ a ¢ b b ¢ a

rst)’“ml rts)’mm s t r/)
710 BCe 3aNMUCH 00HO20 U TO20 %Ce OTOOPAKEHUS MHOMKE-
ctBa X Ha MHOXecCTBO Y, Tak Kak KaXK/IOMy 3JeMEHTY
MuoxkecTBa X BCIKMH pa3 CTABHTCS B COOTBETCTBHE 00un
U TOT e 3MeMeHT MHOXKecTBa Y: a Bcera oto6paxaercs
Br,b—Bsunc—sL

Hwmerorest, ogHako, ¥ Jpyrue oroOpaxkeHHsi MHOxKe-
ctBa X Ha Y, CymecTBeHHO OTJHUAIOLIHECS OT NpHBElEH-
HOTO Bbillle; HanpuMep,

a b ¢

s r t)'
Ato oTobpaxeHue OTIUYHO OT Mpeiblayllero, Tak Kax,
XOTSI 3JIEMEHT ¢ TO-MpeXHeMy OoToOpaKaeTcss B 3JEeMEHT
! muoxecTBa Y, 3JeMeHT a OTOOGpakaeTrcs Tenepb B 3Je-
MeHT s, 4 He B £, KaK 3T0 ObJIO B MpeAbIAyLLeM caydae.
C monsitTieM OTOGpPaXKeHHs OJJHOrO MHOXKeCTBa B ApY-

roe cBsi3aHbl caMble pa3zHOOGpasHble TEPMHHBI H 0003Ha-
tenusi. Hexkortopele H3 HHX HaMm OyAyT HeoOXOAMMBI, H
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Mbl UX cefiyac BBeleM, Ha/JesiCh, UTO YUTATEJb YCBOMT HX
NOCTENeHHO B MpOIecce YTEHHS 3TOH TIJaBbl.

Mbl npojgeMOHCTPHPOBAJH OLHMH M3 BO3MOJKHBIX CMO-
co60B 3anuce oTOGparKeHHS — C MOMOILIbIO ABYX CTPOK,
3aK/IOYEHHBIX B CKOOKH. B KHHre OyAyT ynortpebaaThes
H Apyrue cnocobbl 3amucu otobpaxenuil. Ecau unrarenb
BCTIOMHAT HAUIM IepBOHAuaJbHLle paccyxAeHHs O Ou-
HapHOH oNepauyu B Fpyfnne, 10 OH yOelHTCs, YTO 2pyn-
nosyo GUHAPHYIO ONepayuro MONHO paccMaTpusaTs Kax
otobpasicerue, IlefcTBUTEIbHO, KaXIOH YNOPANOUYEHHON
nape 3J€MEHTOB 7 ¥ S TpYNINbEl CTABHTCSA B COOTBETCTBHE
eIHHCTBEHHBIIl 3JeMeHT { rpynnol, Takof, 4To

(r, s)—t.

Takum o6pa3oMm, MHOXXECTBO YMOpSJOUEHHBIX Nap 3Je-
MEHTOB Trpynnsl orobpasaerca Ha rpynmy. Ta6auna
YMHOXEHHS TPYNNH IMOJHOCTBIO OMHCHIBAeT 3TO oToGpa-
:xense. IlepBrie 3/1eMeHTHl Bcex nap (r, S} 3amuCLIBAIOTCS
B cTOJI0LE C/eBa, BTOPble 3JeMeHTBl — B CTPOKE CBEDXY,
a obpas napel (r, S) NIpH OTOGPAaXKEHHH 3aMHCHIBAETCS
B COOTBETCTBYIOILEM MecTe TaOJHILH.

Ins orobpaxenuss mMHoxectBa X B MHOXKecTBO Y
ynorpe6aserca 3anuce X — Y. CTpenku ucnoan3yores H
4751 0603HAUEHHS COOTBETCTBHS MEXAY OTJAENbHBIMH 3Jle-
MeHTaM{; Tak, B HallleM NepBOM TpHMepe a—r, b— s,
¢ —{. DJeMeHT r MHOXecTBa Y, comocTaBasieMulli 3Je-
MeHTy a npyu ortobpaxkeHuu Muoxecrsa X, Ha3bIBaeTcs
obpazom >7eMeHTa @, 3JeMeHT § — 06pa3oM 3jeMeHTa
b n t—o6pasom saeMeHTa ¢. MHOXecTBO X HasblBaeTcs
obaactoro onpedesenus OTOOpaXKeHUs, a COBOKYIHOCTh
BCEeX 3JEMEHTOB MHOXKeCTBa Y, ABJAAIOILHXCA oOpasamu
3/1eMEeHTOB M3 MHOxecTBa X, HaswiBaeTcs 00.4acTvi0 3HaG-
4eruld otobpaxeHus Uau 00paszom mHoxkecTBa X,

B sToifi kHure Mbl 6yIeM B OCHOBHOM NMeTb AEJN0 CO
crenfa bHBIM KaaccoM oToGpaxenuii X — Y, npu xoro-
pbIX KaXkKIblfl 3JeMeHT MHoxkecTBa Y sBJseTcs1 06pasoMm
o KpafiHel Mepe OJHOTO 3JeMeHTa MHOMKecTBa X, nHaue
rosopsi, Korda obpa3 muoocecrsa X cosnadaeT ¢ muodce-
creom Y. Ilpo Takue oro6paxenns Mbl GyIeM FOBODHT,
YTO OHH OTOOpaxKaloT MHOXKeCTBO X Ha MHOXKeCTBO Y,
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O6a paccMOTpPeHHBIX Bbillle OTOGpaKeHHS fABJISIOTCS OTO-
OpaKeHHAMH Takoro tuma. Bo3bMmeM Tenepb oToGpaxe-

nye
(a b c>

N:
s r s

MHOXKecTBa X B MHOXeCTBO Y. 3TO AeHCTBUTEJBHO OTO-
GpaKeHHe, Tak KaK KaxIOMYy 3JeMeHTy MHoxecTBa X
CTaBUTCSl B COOTBETCTBHE TOYHO' OAHH 3JEMEHT MHOXKe-
crBa Y. Opnako MHo:KecTBo X mpu 3TOM OToOpakaercs
He Ha BCe MHOMKecTBO Y, Tak Kak 3JeMeHT { u3 Y He sB-
Jigercsas 06pa3oM HHKAKOro 3JeMeHTa H3 MHoxectBa X.

Oro6paxenne MHoxecTBa X B MHOXKecTBO Y uacTo
o6o3HauaeTcss KaKHM-HHOYAb CHMBOJIOM, Hamnpumep f,
TOrJa Mbl NHIIeM y

fi X->Y.

B a3toMm cayuae f[(a)=r
o3Hayaer, uTro a—r, T. e.
yto 06pa3oM 2JeMeHTa a fB-
aserca aaeMeHT r. AHajo-
ruuHo, of6pa3aMH 3JeMEHTOB
b u ¢ ABAAIOTCS 3JeMEeHTH
f(b) =s u [(c) =1 coorBer-
CTBEHHO.

IMousitue oTo6paKeHus
OJIHOTO MHOXKecTBa B JApyroe Puc. 9.1
HESIBHO HCMOJb3yeTcHd BCAKUE
pas, Koria Mbl CTpoUM rpaduk ypaBHEHHS C ABYMs He-
U3BECTHLIMH. PaccMoTpuM, Hanpumep, ypaBHeHHe

y=2x+1

u ero rpadux (puc. 9.1). Ypasnenue onuceiBaer oto6pa-
JKeHHe OCH X Ha OChb Y, TaK KaK ocb abcuucc ABaAfgeTCH
ero 064acTbl0 ONpefesieHHs, a BCA OCb OPAMHAT — €T0
obgacTblo 3Hauenuit. PaccMartpuBaemoe oToGparkeHue
MOKHO 3alHcaTh B BUJe

fi x—=y, um [(x)=y.

dTa 3anuch O3HayaeT, yTo 06pasoM 3JeMeHTa X SB-
Jsietcs JeMeHT y, The ¥y =2x + 1, uau f(x) = 2x + 1.

3t-«fy=2x+1

—T

LN P
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Kaxzno#i Touxke ocm x ypaBHeHHe y = 2x + | cTaBHUT
B COOTBETCTBHE 8 TOYHOCTU 0OHY TOUKY ocH y. Takum 006-
pasoM, KaxKAOMY JMAeHCTBUTENIbHOMY UHCJY CTaBUTCH
B COOTBETCTBHE B TOYHOCTH OAHO HeHCTBUTENBHOE YHCJIO.
Hanpuwmep, uucsio x = 1 nepexoiur B uucao 2-1 4 1=3.

Hapsaay ¢ oTo6paxeHnsmMu OJHOrO MHOXKECTBa Ha
Jpyroe MOXKHO paccMaTpuBaTb OTOODaKeHHS MHOMKeCTBa
na ce6s. Paccmorpum muoxectBo X = {a, b, ¢}. Oquum
u3 ero orobpakeHu#l Ha ce6a aBAseTCH OTOGpaKeHHe

*fa b ¢
b a ¢/
OHO CTaBHT B COOTBETCTBHE KaKAOMY 3JEMEHTY MHOXKe-
crtBa X B TOUHOCTH OJHH 3JEMEHT 3TOro e MHOXKecTBa,

c c

M

Puec. 9.2

¥ obJjactb ompeleseHHs 3TOr0 OTOGpaKeHHs coBMafaer
¢ ero o6aacteio 3Hauenufi. OGosHauuM AaHHoe oToGpa-
xenue G6yksoit M.

[lpeanonoxum Tenepb, uTO @, b, ¢ — BEpUIUHBE PaB-
HOCTOpOHHero Tpeyroabhuka. Orto6paxenne M MOXHO
HHTEpIpEeTHPOBATh KaK ONPOKHUALIBAHHE 3TOTO TPEyroJb-
HHKA OTHOCHTENLHO BLICOTHI, NPOXOAsilleli uepe3 Bep-
mwudy ¢ (puc. 9.2). Mur nokaxem, uTo ABa TaKHX NoCJe-
LOBATebHBIX ONPOKHABIBAHUA MOXKHO pPacCMOTPETh Kak
«MOCJe0BaTeNbHOE BHIIOJMHEHHE» ABYX oToOpaxkeHnii M
H OPEACTaBHTL TAKYIO CYNEPNO3HIHI0 OTOOpa)KeHHH Kak
0JHO oTOOpaXxKeHHe.

CnpocuM ce6s cHayasa: YTO O3HAUAET «IIOCHAENOBa-
TeJbHOe BBIIOJIHEHUE» ABYX OTOOpaxKeHHi:

M2 a b ¢\/a b ¢ R

“\b a c¢/\b a ¢
HanomuuM, 4TO OAHO H TO XKe OTOGpaKeHHe MOXKHO 3a-
nucath ¢ MOMOUbI0 ABYX CTPOK, 3aK/AIOUYEHHBIX B Kpyr-
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Jgble ckoOKH, pasubiMu crnoco6amu. Hanpumep, M moxHO
IpEeLCTaBHTb B BHIE
(b a ¢
a b ¢/

3aMeTHM, UTO BEPXHAS CTPOKA NMPH TAKON 3amuicH COBMa-
llaeT C HHXKHEH CTPOKOH NpH nepBOHAYAJNbHOH 3amHCH
oto6paxenuss M. [loctaBnenHblfi BeIllle BONPOC MOXKHO
Tellepb nepenucaTth Tax:

2 (abc)(bac)p
“\b a ¢/ \a b ¢

[TepBHII COMHOXHTENb NIOKA3LIBAET, 4TO @ — b, a BTO-
poii —uto b—a. B KoHeuHOM cueTe moJyuaeM a—a,

¢ c ¢
AN YANSVAN
— i
a b b e a b

Pue, 23

T. €. 3JeMEHT a nepexofuT B ce6si. AnasnoruyHo b— a,
sateM a—b u B pesyabrarte b —b. Hakonen, ¢ —c¢, 3a-
TeM ¢-—¢ U B pesyJabTare ¢ —>C. Mtak, Mbl MOXeM Ha-
NHCaTh

a b ¢\/a b ¢ a b ¢
M2= = =[
b a ¢ b a ¢ a b ¢
H cHenaTh BHIBOA, UTO B Pe3yJabTaTe MOC/AeI0BaTEIbHOIO
BHIMOJIHEHUST JBYX OTOGpaxkeHuii M mosayuaercs ortobpa-
J}eHHe, KOTOPOe KaxKJIOMY 3JeMeHTY CTaBHUT B COOTBET-
cTBue caM 3ToT aJgementT. OToGpakenue, obaananolree

TAKUM CBOHCTBOM, Ha3bIBAETCS TOXOeCT8eHHbLM 0TOOpA-
scenuem u obosHauaercs uepes [.

Bosspamasicb X TreOMETPHYECKOH HHTeplpeTaluy
oto6paxkenust M, BuaumM, uto / COOTBETCTBYeT ABYM IO-
C/1eJIOBATeIbHEIM OINpPOKHJABIBAHHAM TPEYroJbHHKA OTHO-
CHTEeJIbHO BBICOTHI, NIPOXOAsiilell uyepe3 BepLIMHY ¢, B pe-
3yJbTaTe KOTODLIX TPEYroJbHUK BO3BpallaeTcss B CBOe
HCXOHOe noJoxeHue (puc, 9.3).
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VYpasuenne y = x unu f(x) = x HaeT APYroi mpumep
TOKIecTBeHHOro oto6paxenus. M3 rpagpuka sroro ypas-
Henus (puc. 9.4) BmAHO, YTO KaXKHOe uyucao oTOoOpa-
JKaeTcsl caMmo B cebs.

OToGpaxeHuss Kak ajeMedTnl rpynnbl. OToGparkeHue
M wmoXHO paccMaTpHBaTh KaK 3JeMEHT MHOXeCTBa OTO-
O6paxenunil. Bonee Toro, mMul BH-
Iea¥, YTO CYHIECTBYeT TOXIe-
CTBeHHOe OTOGpa)keHHe, U MBI
R noKaxKeM Jajee, 4TO CyHepHo-
3ULHUs JBYX OTOOpaxKeHu#l CcHO-
Ba sBJAseTca OTOOpa)KeHueM.
r DBce 3TO HaBOAHT Ha MBbICJb,
uyTO OTOOpAasceHus Mozyr OotTo
R P anremenramu epynnot. W pei-
CTBUTENbHO, GyAeT yCTAHOBJEHO,
YTO HEKOTOpPble MHOXKECTBa OTO-
Puc 94 OpaxKeHu# yJAOBJACTBOPAOT rpyn-
noBuiM akcuomam. [Ipm aTom
MbL 02PAHULUMCH PACCMOTPEHUEM OTOOpaXCeHui MHOxMce-
c18a Ha cebs.

y

LR S (Y
[}

Iast nokasatenbcTBa TOrO, UTO MHOXKECTBO oTOGpa-
XKeHn#l ob6pasyer rpynmy, HaM NMPHUAETCH HNOCTYMHTb, Kak
BCeraa, — NPOBEPHUThL BHINOJHEHHEe TDYIHOBBIX AaKCHOM.
Mgl 3aHEMAJMCh TAaKOro POJA NMPOBEPKOH MHOrO pas, u
ofbuiass npoueaypa Ham xopowo 3HakoMa. OnHaKo Haul
OnbIT O6pallleHns ¢ OTOOPAKEHUSIMU KpaliHe OrpaHHueH,
N OHM MO-NpeXHeMy NPeACTABJAIOTCS HaM KAaKHMH-TO
CTpPaHHHIMH O006Pa30BaHUAMH, KOTOPLIE MOTYT — U BeChbMa
CJOKHBIM CIIOCOGOM — IEPECTaBAATL IJEMEHTbI MHO-
xkectB. [lostoMy 6ynem npoOBOAMTL NPOBEPKY OUEHD
TIIaTeNbHO, YHenss oco60e BHHMaHHE HEKOTOPBIM TOH-
KM BompocaM. B pesyabrarte meranbHOro mucciemoBaHHst
Mbl YCTAHOBHM, KaKHe HMEHHO MHOXeCTB@ OTOGpaieHuil
MHOXecTBa Ha cebs o6pasylor rpynny. BeoGie rosops,
laleKo He BCAKOE OTOOpaKeHHe MOMKET CJAYKHTL 3Je-
MeHTOM rpynmnet, Mul nccaelyeM, HacKOJbKO COBMECTHMBL
cBOficTBa OTOGpakeHHs C TIPYMIOBbIMH AKCHOMAMH, H
BBISICHAM, KAKHM YCJIOBHAM AOJKHO YIOBJETBOPATH OTO-
6pakenue, BJAIOIEECH 3JeMEHTOM FPYIIbL.
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CHavalla moKaeM, YTO IOCJAeN0BaTE/NbHOE BBINOJIHE-
HHe, HJIM CY[NepHo3HUHs, ABYX OTOOpaxKeHHi sBIgeTCs
fuHapHoll omepauuefi Ha MHOXKeCTBe OTOGpa)KeHHU HAaH-
HOro MHOXecTBa S Ha celbs. .

(1) Bunapras onepayus. HyxHo noxkasatb, YTO ecJH

1 © My — 1Ba oroGpaxenuss mMHOXecTBa S Ha cebd, TO

HX IPOU3BeleHHe TaKxKe ABJASETCS TAKUM OTOOpaKeHHeM.
IMpencraBum My u My cxeMaTHUeCKH B BHIE

a... ... b ...
M, = b...)’ M, = R B
rie a, b, ¢, ...—3neMeHTH AaHHOTO MHOXecTBa S. Ilep-
Boe otoGpaskenne M, CTaBUT B COOTBETCTBHE 3JEMEHTY J
HeKOTOpLI 3sneMeHT b, T. e. a—b. OtoGpaxenue Ms
CTaBUT B COOTBETCTBHE 3JEMEHTy b 3JeMEeHT ¢, T. e.
b—c. »

Takum o6pasoM, npH MOCJAEIOBATENbLHOM BHIMOJIHE-
Hun otobpaxeHuit M, u M, aneMeHT a NepexoauT B 3Je-
MEHT ¢, T. €. @—-¢, H, caenoBatelbno, MM, — oto6pas
skeHue MHoxkectBa S. IlpemocTaB/isieM uuTaTENIO CaMO-
CTOATEJNbHO A0Kas3aTh, uto MMs — oT0bpascenue na Bce
MHOXKECTBO S, T. €. UTO €CJIH I — NPOU3BOJbHLIA 3JeMEeHT
MHOXKecTBa S, TO HaflleTca 3JeMeHT X, KOTOpHI mepe-
XomuT npu oto6paxennn M;M, B s;1emenrt y.

(2) Accoyuarusuocts., Ha mepBblil B3rAsL MOXKeT mMo-
Ka3aThcsi, YTo GHHApHAA oONepauus — nocaedosaresvHoe
gbinOAHEeHtUe 0TOGPaKEHHN — HECOMHEHHO accOLMaTHBHA.
OnHako ecqn yyecTb, YTO 3JeMEHTHl MCXOLHOFO MHOXKe-
CTBA NPH KaxKAOM oTOOparKeHHH MeHSIOTCA MeCTaMH, TO
3TOT (akT mepectaer GbITh CTOMb YK oueBHAHBIM. OcTa-
HOBUMCH NOAPOGHO Ha NpOBepKe 3TOro TpeGoBaHHA.

Mbl 10JIKHBEI [I0KA3aTh, UTO AJA JIO6HIX Tpex oTob6pa-
Kenu#t My, My 1 M; MHOXKecTBa S Ha celst cnpaBedJHBO
COOTHOLIEHUE

(M1M2) M;= Ml (M2M3)-

Ecin x — npou3BONbHBIA 31eMeHT MHOXxecTBa S, TO M
NepeBOANT X B HEKOTOPHII aaeMmeHT y. Tak Kak Kaxnioe
u3 oroGpaxeHuiiT Mz u Mz CTaBHT B COOTBETCTBHE
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KaxJI0My 3JEMEHTY MHOXKeCTBa S B TOYHOCTH OAMH 3Je-
MEHT 3TOTO XK€ MHOXKecTBa, TO Haf/’IlIYTCﬂ Takue 3JeMeH-
Thl 2 H W MHOXXeCTBa S, uTo

M x—y, My y—>z Mg z—>w.

Taknm o6pasom, mpu otoGpaxenun (MiMs)M; ocy-
ILeCTBASAIOTCH NOCJAeNOBaTeNbHBIE Mepexodbl: X—2 H
2 —w, B pesy/bTaTe KOTOphX x — w. [Ipn oroGpaxennu
M, (M;M;) cnavana 3JeMeHT X MEPeXOAHT B Y, 3aTeM Y
IIEpEeXOIUT B @ U B Pe3ylAbTaTe X TaKXKe MEPEXOAUT B W.
CienoBatenbHo, o6pasoM s/aeMeHTa ¥ NpH 0GOMX OTO-
Opaxennsax (M M)M; u M, (M.M;) saBnsiercds omnH H
TOT e IEeMEeHT . DTO H JAO0KA3bIBAeT aCCOLHATHBHOCTB.

(3) Eoduuuya. Tlpu TOXKOAEeCTBEHHOM OTOGpaXKeHHH
KaKJblli 3JeMEHT paccMaTpHBaeMOro MHOXeCTBa COOT-
BEeTCTBYyeT caM cefe, T. e.

! a b ¢ ...
“\a b ¢ ...)
$icHo, uTO 3TO OTOGparkKeHHe SBASETCS eAHHHUYHBIM 3Je-

ME@HTOM OTHOCHTeJbHO OUHApHON OmepauHu Cymepnosu-
uuu otoGpaxenuit: MI = IM = M.

(4) Obparnovie snementort). Paccmorpum ortobpaxe-

HHe
u v w
m=( )
r s t

o6paTHoe K Hemy orobOpaxkeHune, o0GO3HauaeMoe uepes
M~!, HomKHO TepeBOANTL 3JeMeHT U3 06.1acTH 3HaueHUd
oTo6paxennss M B ToT 3/MeMeHT 06/acTH ONpeleTeHHd,
KOTOPOMY oOH Obl1 cOmocTaBJeH NpH ortoGpaxeHun M.
HMuaue rosops, npu otobpaxennn M~ kaxabii obpa3s
nepeBoAiuTcss OGpPaTHO B TOT 3JeMeHT, B3 KOTOpPOrO OH
noayunscst npu oro6paxkenun M. Toraa

- r s w
M = .
u vt
1) B sTom nyukTe (paKTHUECKH PaccMaTPHBAIOTCA MPOH3BOALHEIE

OTOBpaKeHHsA MHOMKECTB, & He TOJBKO OTOGPaXKeHHs MHOMKeCTBA Ha
ce6s. — [Tpun. ped.
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(3ameruM, yTo B 3amHcH OTOGpaxenus M-! yyacTeyior
T€ Ke CTPOKH, YTO U B 3anHcH oTobpaxenus M, ux auub
HYyXKHO noMeHsiTb Mecramu.) Torza

- u v w\/r s t u v w
MM = = =1,
r s t u v w u v w
u, anajoruudo, M-'M =1, 1.e. orobpaxenne M-! gB-

Jasetcst obpaTHblM K M.
PaccmotTpuM, Hanpumep, oToGpakeHue
(u v w)
N= .
r s r

Honyctum, uto 370 OTOGpa)KeHHe uMeer ofpaTHOe, CKa-
keM X. Torma anast BuimoJsiHeHHs paBeHCTB XN = NX =7
Heo6X0aUMO, yTOOb X [JEPeBOAUNO COOTBETCTBEHHO r— i,
s—v n r—w. Ho 370 yXKe He oTOOpaxeHHe, TaK Kak MO
onpeneseHno oTob6paXkeHHe CTABHT B COOTBETCTBHE KaxXK-
JIOMY 3JIEMeHTY 00J1acTH ONpelefeHHs 8 TO4HOCTU GOUH
s7aeMeHT 06GJacTH 3HauYeHHUH, B TO BpeMs Kak X nepeso-
IHT 3JIeMeHT r B d8a 3JjemeHta u 1 w. [lostomy otobpa-
xeHye N He umeeT 06paTHOrO.

Kakoe pasauune wMmexay orobGpaxenuamu M u N
MPUBOAHT K TOMY, uTo M uMeeT o6paTHOe oToGpakenue,
a N —uer? Ilpu orobpaxkenunn M pasiHyHbIe 3J€MEHTbI
06JacTH onpeneNeHls NePexXodsT B PasJHYHLIE 3JEMEHTH
ofsacTH 3HaueHHil, a npu otobpaKeHun N ajgemeHTaM u
i @ COTMOCTaBJAAeTCS OXHH ¥ TOT Ke ajeMeHT r. Or06pa-
HeHte umMeer 06paTHOe 8 TOM U TOALKO TOM CAYHae, KO-
2da OHO pQ3AUdHbIE 3NEMEHTbL Nepesodur 8 pas’AudHble
SAEMeHTbL, T. €. KaXKAbIH 3JeMEHT U3 ero o6JgacTH 3Have-
HMH COOTBETCTBYET TOJbKO OAHOMY 3JeMeHTY 06.1acTH

onpenenennsi. Oro6paskenne, obaajaiouiee TakMM CBOIi-
CTBOM, HA306(BACTCA B3AUMHO OOHOZHAUHLIM ).

1y Orobpaxenye Ha ceba KOHe4H020 MHOXKeCTBAa 3JeMEHTOB 6y-
JleT, OYeBHAHO, B3aHMHO OAHO3HAuHBIM. ONHaKO Ma8 OecKoreursvix
MHOMKECTB 3TO yiKe HeBepHO. PaccMOTpHM. HampuMmep, oTo6pakeHue
otpeska [0, 2] ocn x, onpeneasiemoe popmyaoit x” = f(x) =2(x —1)2
Slcno, 4TO OHO ABASieTCSl OTOOpaxkeHueM Ha cels, OMIIAKO KaXIOMy
¥, 0 < x" < 2, COOTBETCTBYIOT B TOUHOCTI J8a 3HAUEHII X, NMO3ITOMY
oBpaTHoe 0TOGpasKeHlie OnpefenuTh Heabas. — [Ipus. ped.
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Mbl nokasanu, 4TO MHONECTBO 6CeX 63AUMHO OOHO-
BHAUHbIX OTOOpaNcenuil mHoxcecT8a Ha cebs obpasyer
epynny OTHOCUTEALHO onepayuli CYREPRO3ULUU, UAU NO-
c2e0068aTeabHO20 BbINOAHeHUs 0TOOpawceruld. B caenyro-
LIHX IJlaBax Mpl MO3HAKOMHUMcA C TAKHMH rpynimaMmy KOH-
KPETHO, KOrja 3afiMeMcst HCcJeAOBaHHeM epynn nodcra-
HOBOK W CUMMETDUYECKUX 2pyn.

Honoanurenvroie 3amewanus 00 obparuslx orobpa-
aerusx. Paccmorpum orobpaxenne M: x—y, onpene-
JeHHoe popmyJoii

y=2x+1, nm f(x)=2x+1.

Fpacdux orobpaxenns y=2x+1 usobpaxen Ha puc. 9.1
(ctp. 125). Byner qu 310 orofpaxkenue B3aHMHO ORHO-
aHayHbIM? Ilpeznosmoxkum, 4To X1 W X2 — pas3JHYHbIE YH-
cna. Pasauunnl m Takke uX 00pasnl [(x) =y u
f(x2) = y2? Uncna x; v x, paznuyHbl, KOrila HX pasHOCThb
He pasHa HyJ10. Tak Kak

Y=Y =Q2x;+ 1) — (21, + 1) =2(x; — xp),

Y= Yo =2(x; — %),

TO NpaBasg 4acThb PaBEHCTBA OTJIHYHA OT HyJAs (X1 U Xp
110 NPeANOJOXKEeHHIO DAasJHUHLI); CJIEAOBATENbHO, H Je-
Basi 4acTb OTJHYHA OT HYJS U Yy F Yo

Orto6paxenue M™, takum oO6pasom, cyulectsyer. [lo-
KaxeM, YTo OHO 3ajaercs GopyyJI0#

-1, _y~l
M x= 5

st mpoBepKH 3TOrO yTBep:KJAEHHS BO3bMeM CHayaja
obpas y umcaa x npu oro6pamennn M (y=2x+1), a
3aTeM HaigeM o6pa3 uncna y npu otofpaxenun M-,
Mub nonyunm

MM -Qit——«——;)’_ L

Tak 4to OTOGpaxeHne MM-' 1epeBOIUT KaXJbli 3Je-
MeHT B celd H, ciefoBarenbio, MM™ = [, Touno rak xe
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M~M oto6paxaer y B y, MOCKOJIbKY

H, Takum o6pasom, MM = I.
Paccmorpum Temepbp ortoGpaxkenne N: x—y, sana-
Baemoe (HopMyso
y=x% unmm f(x)=x%
rpaduk KOTOpPOro moxkasaH Ha puc. 9.5. Bszaumuo onsxo-
3HayHo JH 3710 oTobpaxkenue? Ilycts x; u xp — pasauy-

f(x) fix)
=x?
y=x? /
L L Yo =<1
: : !
4 ) Y= t
X, Xy Xy Xz
Puc. 95. Puc. 9.6.

Hble yHcaa, T. e. X3 — X3 = 0. Cinenyer /nu oOTciofga, 4TO
y1— Yo = [(x1) —[(x2) ¥ 0? Passoctb 06pa3oB paBHa
Yy — Yy =% — x5 = (x, = %,) (%, + X,).
[To npennonoxkeHuio x| — x350, oHaKo ecin X;+x3=0,
T0 Y1 — y» = 0. TlosToMy Hmaxe ecin Xy U X Pa3AUYHBH,
Y1 U Y» He 06s3aHE OBHITh Pa3JHYHBIMH. [leficTBHTENbHO,
€CJIH Xy = — Xa, pu4eM X1 =0, TO Y1 = y2. Takum o6pa-
30M, oTo6pakeHue N He B3aHMHO OHO3HAYHO U NO3TOMY
e umeer obpatHoro. OQHAKO ecan u3 06JacTH oOlpee-
JeHust oto6pakeHuss N HCK/IIOYHTb BCIO OTPHIATENbHY O
nosyoch OCH X (HJH BCIO MOJIOKHTENbHYIO MOJYOCh), TO
NoJIyueHHOe NpH 3TOM  OTOOpaxKeHue N, onpeneneHHoe
tHopmyaon
y=x, x>0,

B3alMIIO OMIIO3HAuUNO H IHMeeT ob6paTHoe (puc. 9.6).
B o6mactu onpenesnenuss oto6paxenusa N paBeHCTBO



134 TJIABA 9

X1 = — X» BBIIOJHAETCS TOJABKO INA X; = X2 = 0, Tak 410
pasauyHble 3JEMEeHTH MepexoisT B pasnuunbie. Ortobpa-

keHne N —»3TO B3aMMHO OJHO3HAYHOE OTOGparkeHHe
MHOKECTBa BCEX HEOTPHLATE/]bHBIX AeHCTBHTE/NbHBIX YH-
cen Ha cebsi. O6paTHbHIM 151 Hero sBasieTcss 0TOGpa-
KeHHe

N x=Vy, y>o.

Uto6bl NpOBEpUTbL pPaBeHCTBA NN-t = NN =1, zame-
THM, uTO OTOGpaxenne NN-' moxHO 3amath GOPMYJIOQ

Fx)=Vx=x, x>0,
a N-1N — qaopmynoﬁ

=(Vy)V=y y=0.

l"omomopcbnsm. Hepep"meM TelePpb K PaCCMOTPEHHIO
oToOpaKeHHH CrelHaJbHOrO THUNA, HIPAIOIHX B TEOPUH
rpynn Goasliyio poas. Hac 6yayT uHTepecoBaTh oTo6pa-
JKEHHS, Ha3hIBaeMble 2oMOMOpHUIMAMU, U HX HACTHHII
BUA — usomopgusmol. TloHaTHS, CBI3aHHBIE C 3THMH OTO-
OpakeHHSIMH, BaKHbI IJIS H3Y4eHHS CBOHCTB He TOMIBKO
I'pPynH, HO W Apyrux aare6paunyeckux cucreMm. CjaoBa «ro-
MoMophHu3M» B «H30MOPGH3M» OLHOKOpeHHble. Kopeub
«Mopd» (4TO mO-rpeueckH O3Hauaer «dopmar) ykasbl-
BAET Ha HX CBfI3b CO CTPYKTYPOLL.

[Tpe:xxme uwem nmaTb cTpOroe ompeiesneHue, paccMoT-
pHM IpUMEpP TOMOMOpP(HOro oTOOpakeHusi afAuTHBHOMH
rpynnel N Lenwix yucesa Ha alQuTHBHYI rpymnny £ uer-
Hotx yucea (ctp. 111). D10 oTobpaxenne M cTaBuUT B cO-
OTBETCTBHE KAXKAOMY 3JeMeHTY n Ipynmel N 3JeMmeHt 2n,
npuHamacxkamui E,

M (, -2, —-1,0, 1, 2, ...
“\e.., —4, —2,0,2,4,.../)"

3ameTum, u4TO J106BIe ABA 3JeMeHTa 7y H Ay rpymnsl N
IIPH 3TOM IIEDEXOAST B 3JeMEHTH 2n; U 21, COOTBET-
CTBEHHO, a HX CYMMa M + fi3— B 3JeMeHT 2(n, + 1.),
T. ¢. 06pas 2(hy + n2) cyyMMor 3TEMEHTOB 7; H M, PaB-
HBI 2n) - 2n,, ecTb cymma 06pazos 2ny u 2n, 3THX e-
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MeHTOB. CoBeTyeM YHTATEN 0 3alOMHHTH 3TO OTOGpaxe-
HHe M kak KOHKpeTHbIl npuMmep romomopduama OIHOM
Ipynmnsl Ha ApYryo.

IycTh Teneps naunt ase rpynnul G u A 1 oToGpaxe-
Hue rpynnel G Ha rpynny f. DTo 03Hayaer, 4TO KaKIAblid
sJieMeHT rpynnel H aBasercs o6pasoM HEKOTOPOro 3Je-
menra rpynnsl G. O603HauuM 06pasbl 3/71eMeHTOB @ H b
rpynnsl G depes f(a) u f(b) coorserctrenno. Torna f(a)
u f(b) — snementsl rpynne H. Tak xak G u H—rpyn-
Nbl, TO TpousBeldeHHss a-b u f(a)-f(b) npunamnexar
rpyonaMm G u H COOTBETCTBEHHO.

XapaxkTepHCTHUECKOe CBOMCTBO TOMOMOP{HOIo 0To-
Opaxenus, uad romomopopusma, rpymant G na rpynny H
3akJ/i104aercs B TOM, 4YTO AJf JIOObIX ABYX 3J€MEHTOB a
u b rpynabl G uX npousBeleHHe a-b mMepexOAMT B 3.de-
MeHT f(a)-f(b) rpymnet H, 1. e. 06pas npoussedenus
08Yx 3/1eMeHTO8 paser npoussedexuio ux odpasos:

Fla-b)=F(a)-F(b).

B paccmorpenHOM Bbillle MpuMepe romoMopdusia rpyn-
nel N va rpynny E (rpynnosoit omepauueit B 06edx rpyn-
riax 6blJIO cJ0XKeHHe) BBINOJIHAETCS PaBEHCTBO

[+ ng) =] (ny) + [ (ny).

Hy:xno sicHo npemcrasaats ceGe, urto, BooGLle ro-
Bops, Kaxaaa u3 rpyan G u H umeer csoio coGerBen-
HYIO elMHuly, OuHapnylo onepaunuio u T. 4. [Tostomy

fla-b)=f(a)-f(b)

SIRASIeTCS] COKPALIeHHOH 3alHCbIO CJAeyILLEero yTBepXK-
renus. [lyets cumMBon & o6ozHayaeT OUHapHYyIO omepa-
uuio B rpynne G, cuMBol () — GHHapHy0 Omepamuio B
rpynne H, a f—romomopdHoe oTodpaxenue rpymnsl G
B rpynny f; Torna mas JOOLIX 3JeMEHTOB 4 M b rpyn-

ne G
fla® b)=[(a) ® [ (D).

B manpmefiiuem Mbpl He GyJeM MO.JIb30BATbCA 3TOH CJIOXK-
noit ¢opMoii 3amucH, 3a HCK/IOYEHHeM cJayyaeB, KOriaa
01Ka3 OT Hee 3aTpylHseT foHMMaHHe, H GyleM, KakK Mpa-
BuJsio, nucate f(ab) =f(a)f(b). B To Bpems Kak mpu
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DPOU3BOJILHOM OTOGPAXKEHHH YCTaHABJIHBAeTCS COOTBET-
CTBHE MeXAY OTAENbHO B3STHIMH 3JeMeHTaMu ABYX MHO-
JKEeCTB, NMpHU roMoMopdHOM OTOGpaKeHHH NPUHHUMAIOTCH
BO BHHMAHWe TakKe GHHapHBHIE Onepauud B O6eHX rpym-
Nax M YCTAHABJWUBAETCS COOTBETCT8UE KAK Mexdy OT-
OenbHbIMU BAEMEHTAMU, TAK U MexXOy npou3eedeHusmu
S/MEMEHTO8,

Uro6rl MOMyHHTb enle OAHH NpHMep roMoMopdusMa,
paccMOTPHM cJeRyiolilee OTOOpaeHHe MHKJIHYECKOH
rpynnst C, (¢ ofpasywluefi @) Ha HUKAHYECKYIO TPyINy
C, (c obpasytoueit b):

‘ (1 a a* a

f‘ 1* b l* b .
OtMerum, uto egununy rpynnsl C; Mbl 0603HAYUIN Ue-
pes I*, yTo6bl OTIHYHTL ee OT eAuHMuH rpynnsl Ci.
Panee Mbl yxXe ofpalllanu BHHMAaHie Ha TO, 4TO M 6u-
HapHble ONEpanuu B JBYX CBSI3aHHKEIX TrOMoMopdusMoM
rpynmax pasauudsl. Mbr HazmeeMmcs, ¥To &8 Oasbreduiem
yuTaress Oyoer nomHuTy 06 3TUX pasaudusnx, daxe ecau
8T0 HUKQK He OTpaxaeTcs 8 0003HAYEHUSX.

[Tonb3ysick TaGanuell ymHoXeHnsi rpynnsl C;, MOXKHO
NpPOBePHTh, UTO [ MepeBOAMT KaxKJoe NPOH3BefeHHEe 3Je-
MeHTOB rpynnsl C, B npousBeleHue o6pasoB 3THX 3Je-
meHToB B rpymne Cp, Tak uTo

[(rs)=F(r)[(s),

rae r, s — nwb6ble ABa sJjeMeHTa rpynns C. B Ttabauue
yMHOXenusa rpynnsl C, (taba. 9.1) ykasaHet Bce mpous-
BelleHHS 3JeMeHTOB Ipynnsl H (MPSMO MO HUMH) HX 06-
pasbl B rpynmne C,. OTMeTuMm, yTo Tabauia o6pasoB Beex
Npou3BelleHUH 3aeMeHTOB rpynnsl C, NpeacTaBiaseT co-
6ofi  uerbipencdor nOBTOPeHHYy0 TaGMHLY YMHOXKEHHS
rpynns Co.

I'omomopdHoe oTo6parkenne 06HaPYKHBAET CXOACTBO
ctpyxtyp rpynn C, u C,. Ha camom gmene umenuo 6.1a-
rofapst HaJUYNIO 3TOr0 CXOACTBA M CYILLECTBYeT TaKoe
otobpakeHne. Ecan Mbpl mombITaeMcsi MOCTPOMTL TOMO-
Mopgu3M, Hanpumep rpynnel C; Ha rpynny Cs, TO CTOJK-
HEMCfl C HENPEOLOIHMBIMH TPYAHOCTAMH, NMPHUMHA KOTO-
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pBIX 3ak/ai0yaeTcs B OTCYTCTBHH HeOOXOZMMOro AJs Cy-
lI[eCTBOBaHHUs rOMOMOP(HU3MA CXOACTBA CTPYKTYpP 3THUX
rpymnm.

Tabauya 9.1
I a a? ad
; 1 a a? a®
f(1)=1‘ fla)y=b fa®)y=1 fa®=b
. a a? ab I
fla=»b fla®)=1 f(a®)=b finh=1
a2 a? a® I . a

f(a®)=1I f(a®)=b =1 fla)=0

" at I a a?
f(a®)=b =1 fa)=b fa®)=1

Ynpaxuenune 37. Jokaxkure, uto ecan oroGpas
xenne [ rpynnsl G Ha rpynny H He NMepeBOAHT eAHHHY-
HbIH 3/eMeHT rpynnbl G B eAMHHUYHEIl 3JI€MEHT rpYMsl
H, To 0oHO HeroMOMOpP(HO, WM, HAIPOTHB, €CIH f-— roMos
MopdHoe orob6paxkenne rpynnsl G Ha rpynny H, to
f() =1

Vnpaxuenne 38. Ilycts f— romomopdusm rpyn-
nul G ua rpynny H. Iloxaxure, yro ecan x~! — obpat-
HBIfl K X 3JIEMEHT, TO

Fe) =[F )17,

T. e. npu romomopdusme o6pas o6paTHOro 3/eMeHTa
€cTb 3JEeMEeHT, o6paTHblil K 06pasy.

Vnpaxunenune 39. Ilycts rpynna G romomopdHO
oToBparkaercs (¢ nmoMoulblo romomMopdu3Ma f) Ha rpyn-
ny H, u uycts f(x) = f(y) Ans HEKOTOPLIX ABYX 3JeMEH-
10B X 0 y rpynnsl G. Tlokaxure, 4to

[y =f(ly) =1,
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VYnpaxuenne 40. Ilycts f— roMmomMopdusm oaHoil
rpynmsl Ha Apyrylo. loxaxure, uTO

(a) ecan f(x) =T uf(y) =1 10 f(xy) =1,

(b} ecan f(xy) =1, To f(yx) = 1.

H3omopibuam. Paccmorpensoe Bollle roMomopdHoe
oro6paxenne rpynnol C, Ha rpynny C; He siBAsieTcs
B3aHMHO OJHO3HAUHBLIM; JBa Pas/HYHbIX 3/J1eMeHTa a H al
rpynnel C, TlepexoAsiT NpH HeM B OAMH H TOT XKe 3Jje-
meutr b rpynnsl Cp. (OTobpakeHue ONHOH KOHEUHOM
TPYNIbl HA APYryio MOxeT OblTb B3aHMHO OLHO3HAYHBIM
JIMIIb B TOM CJAyuae, KOTAa 3TH TPYNINbl HMET OLHHAKO-
BbIH nmopsinok.) BaauMHO 0gHO3HAUHOE TOMOMOpP(HOE OTO-
6paxeHue ORHOH TpYMNH Ha JPYrylo HA3bIBAETCS U30-
mopgHoim  orobpancerndem, wnm uzomoppusmom. Hrag,
n3oMopdu3M Tpynnm — 3To OTo6paKeHdue OXHOH TPYHIL
Ha ApYTyio, YAOBJETBOpAINIIee IBYM YCJAOBUAM:

1) f(ab) =f(a)f(b) nns Bcex sneMeHTOB a u b
(romoMopdusm);

2) f(a) =f(b) B TOM U TOJILKO TOM CJlyyae, KoOraa
o = b (B3anMHasg ONHO3HAYHOCTh).

PacemoTpuM JBa mnpuMepa TakKHX OTOOpaKeHHM.
B omnom M3 HHX yYacTBYIOT KOHEUHbIe TpYMNMbl, a B ApY-
rom — GeckoHeunsle. Yuratenwo caenyer oOpaTHTb BHHU-
MaHue Ha chaefyoinil GakT: u30Mop(pH3M OLHOH IPYMIIkI
Ha ApPYTYIO0 03HayaeT, YTO OHH HMeIOT OMHHaKOBYIO ajre-
pauueckywo cTpyktypy. Mmenno no sTofi mpuunue u cy-
LlecTBYeT H30MODPMHIM OAHON TPYIIILEl HA APYTYIO.

Iycts saementamu rpynnsl A cay:kaT KOpHH ypas-
Henusi ¥*— 1 =0, L

H={l,i, —1, =i}, tae i=}—1.

['pynnopas onepauus — o6bi4HOe yMHOXeHHe, Paccmor-
puM nHkanyeckyo rpynny C, Takux BpallleHHll KBaapaTa
B €ro MJOCKOCTH, B pe3yAbTaTe KOTOPhIX OH COBMeEIaeTcs
¢ cobo#,

C,={l, a, &, a%.

O6osnauum uepes f: Cy,— H takoe orofpaxKeHue rpyn-

net C, Ha H:
I a a a3
1 ¢ -1 =i/
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Ouesngno, u4T0 f-— B3aMMHO ONHO3HAUHOE OTOGpaXKeHHUe.
Ho Gymer au ono romomopcubiM? UToBbl OTBeTHTL Ha
3TOT BOMpoC, HeeaenyeM Tabauny ymHoxedus rpynnsl Cy
(taba. 9.2) u cpaBHHM Ka)KIoe NpOM3BeleHHE r C €ro
obpasom f(r) (3amuCaHHBIM NOX HHUM):

Tabauya 9.2
I a a? a®
I
a a? al I
PR [PSRRSPO OO PO (O
i —1 —i 1
a? a® I a
112 ...................................
—1 —i 1 i
a® I a a?
% SN RRHIRRRHITN SUHIRTRIIONS FRARUMTIIN PN
- 1 ) -1

Uurateab Jerko nNpoBepHT (YYUTbIBast PaBeHCTBO
i2 = -—1), uto obpasni f(r) saementoB rpynnel C, o6pa-
3yloT Tabaully yMmHoxeHHs rpynnel H. Takum o6pasowm,

f(rs)=F(r)(s),

H 1OTOMYy OTOOpasKeHne [ He TONbKO B3aHMHO ONHO3HAY-
HO, HO W roMomopdHo. 3Hauut, [ — u3omopduam. B ra-
KHX Cayyasix Mbl 6yaneM roBoputb, uto epynnet C, u H
usomopgrer. JIBe rpynnsl U30MOPQHBI, €CIH CYLlecTByeT
u30MopQH3M OfHON rpynnsl Ha APYrylo. C TOUKH 3peHus
3TOr0 OUpEAesaeHHA H30MOD(H3M eCTb KaK CBOHCTBO ABYX
TPy, TaK H CBOHCTBO CBA3bIBAIOILErO MX OTOOpaKeHHs.
MMeHnHO 5TO CBONCTBO Mbl H MMeJaH B BHIY, KOI'Za rOBO-
PUJIH, YTO TPYIIL HMEIOT OAMHAKOBYIO CTPYKTYDY.

Tpadel OBYX H30MOPdHBLIX Ipynnm H300paxeHel Ha
puc. 9.7. Slcuo, uro 3TH rpadel €08nA0AOT C TOUHOCTHIO
10 0603Hauenill IpA BepliHHax U 00pa3yOLIHX.
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B xavectse BTOpOro mnpumepa H30MOpPHBIX TPyHI
paccMOTpUM MHO¥KecTBO P NoJOXHUTeJbHHX HeHCTBH-
TeJbHHIX 4Hceq H MHOXectBo L ux sorapudmon. (He
BaXKHO, 0 KAKOMY OCHOBaHHIO pacCcMaTpHBaloOTCs Jora-
pudmbl, HO A7 onpeAeseHHOCTH 6y/AeM CYHTATh, YTO OHH
decaTtHuHble.) [Ipexpae Bcero OTMETHM, YTO KaxXJoe H3

o a? -f -1

s (1 —’—i

1 G 1 i
' H
C, -

Puec. 97,

3THX MHOMKECTB SIBJISIETCS TPYNNOH OTHOCUTEAbHO GHHAp-
HOH olepalyi, yKa3aHnHON B cielyollell Tabaune:

Fpymna P I'pynna L

DIeMeHThE Ioaomurersvnoie wucaa  Jlozapugmot noroxuress-
: Hotx yucea (8ce deiicreu-
TENbHOIE HUCAQ)

Bunapras O6uunoe  ymuomenue  OGviunoe caomenue

onepamHs: (x>0 4 y>0 saewer [logx + logy = log (xy)]
3a coboid xy>0)

Epunnya: 1 0

O6paTHmit: O6parnoe uucJso ITpoTHBOMOMOKHOE YHCIO

HoxaxeMm, uro 3T rpynnbl U30MOPGHLL H UYTO OTO-
6paxenue f: P— L, onpenenennoe GpopmMynoi

f(x)=log x,

ectb u3omopdusm. Kaxkabiit snement muoxkecrBa L npu
YKazaHHOM oToGpaxeuun [ sBjaserca o6pa3soM HeKOTO-
poro aneMenra x us P. HMrak, ob6macteio omnpenesedus
9TOr0 OTOOPAXKEHHUS CJAYNKUT MHOXECTBO BCEX IMOJOXKH-
TeJbHbIX yuces, a 06/1acTblo 3HaUYEeHUI — MHOXXECTBO BCeX
JAeficTBuTebHBIX uucena (puc. 9.8). Ocraercsa npoBepHTh,
410

(1) f(xy) =F(x)[(y) ana mobLx x u y u3s P;

(2) orobparkeHnue B3aHMHO OJHO3HAUHO.
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3aech HY}KHO ObITh OCTOPOXKHBIM, YTOOLI He CIyTaTb
onepauun B rpynnax P u L. Ilycts ® — 6unapHas omne-
paumus rpynnsl P, a ®— GuHapHas omepauus rpynmsi L.

fixi=log x

t

Puc. 98.

Torna mns moGbIX ABYX 3/1€MeHTOB X, y rpynnsi P

XQ y=2xy (ymuoxenue NOJOKHTENLHHIX
IelCTBUTENbHBIX YHCEN);

a ans ux obpasos f(x), f(y) B rpynne L

F(x)® f(y)=log x + logy (caromenue meiCTBUTEJNbHBIX
ypcen).

Taknm ofpasom, nuas seinonHenus yenosus (1) (ompe-
Jejsilollero cBofictBa roMoMopdu3Ma) HyXKHO, UYTOGHI
L7s JI00BIX 2JE€MEHTOB X H y rpynnsl P uMesno MecTo co-
OTHOLLIeHHe -

fx®y)=F(x) ®f(y), nm log(xy)=Ilogx+logy.

Ho nocnepnee paBeHCTBO BbipakaeT H3BECTHOe CBOH-
crBo sorapudmos. [Tosromy paccMmarpuBaemoe oTobpa-
JKEHHE eCTh 2OMOMOPPU3M TPYNNB BCeX MOJONKHTENbHBIX
ygcea Ha TPYNNY BceX AeACTBHUTENbHbIX UHCes.

Uro6bl y6emuTbca B €ro 83auUMHOL OOHOSHAYHOCTHU,
nocMoTpum Ha rpadux ¢ynkunu f(x) =log x. Hocrarou-
HO MPOBEPHTH, uTO JIOble ABA Pa3JHYHLIX 3JE€MEHTa ne-
PEXOHAT B [1Ba pasanuHbiXx d1eMeHTa. [IpeanosoxuM, 410
f(x) =T(y), 1. e. uto log x = log y. Torna

logx—logy=0, um 10g%=0.
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X
Orciona caenyer, 4to rin 1 u, snauur, x = y. Takum

o6pasom, oTo6paxeHHe [ B3aUMHO OJHO3HAUHO W, CJI€M0-
BATeJbHO, ABJISAETCH H30MOP(HIMOM.

AoGcTpakTHbie rpynnsl. ByzeM Ha3blBaTb [Be H30-
MOphHbIe Tpynnbl abCTPAKTHO pPABHbIMU U CUHTATh ab-
CTPAKTHO paBHble IPyNNbl OOHON K TOH Ke abCTPAKTHOU
epynnoti. Vimenno 6jaropapsi 3ToMy npHo6peTaioT moJa-
HYI0 OIpefcJeHHOCTb, HalpUMep, TakKHe TepMHHbI, Kak
«Ipynmna Ausapa MOpsaKa 6» WM «IHKJIHYecKast Tpymmna
nopsnxa 6». YTBep:KaeHue, 4To ABe H30MOpdhHbIe TPYIIH
abCcTpaKTHO PaBHLI, He O3HauaeT, YTO TaKHe TPYHNbLI CO-
BeplleHHO ONWHAKOBbI, U3 HEro JWIlb CJAeIYyeT, 4TO OHH
06/1a1a10T ONMHAKOBHIMH TPYNIOBLIMH CTPYKTYPHBIMH
coitctBamu. M3 ynpaxuenus 41 6yner BHIHO, UTO Fpym-
na Moxer ObITb U30MOpPDHHA cBOell cOOCTEEHHOU NOATPYI-
ne. I'pynna u omHa u3 ee cOGCTBEHHBIX MOATPYHI — 3TO,
KOHEUHO, He O0HO U TO e, OMHAKO HX TPYNNOBas CTPYK-
Typa MOKeT ObITb OLHHAKOBOM.

MoXHO TOKa3aTh, 4TO CYLLECTBYeT JAHIIbL KOHEUHOe
yucao «aOCTPakTHO  Pa3NHUHBIX» TPYNN MOpsiAKa H.
C TtouHOCTHI0O MO 00O3HAYEHHS 3JEMEHTOB NS MHOXKe-
CTBa, COCTOSIIETO M3 71 PA3JHUYHBIX CHMBOJOB, CYLIECTBYET
JIUIIp KOHEYHOEe YHC/IO TabGJHIl YMHOXKEHHS, MMeEIOIHX
n kaerok. OTMeTHM, 4TO Ipynma AW3Apa Nopsifka 6 u
HUK/AHYecKas rpynna nopsinka 6 xe usomopdusl (u, cie-
JoBaTenbHO, a0CTPAKTHO Pa3JiMyHbl), TaK Kak BTOpas M3
39TUX TPYNN KOMMYyTaTHBHA, a nepeas — HeT. MoxHo mo-
KaszaTb, YTO APYrux abCTpaKkTHBIX Tpynn nopsanxa 6 He
cyulecTByeT. AHaJOTHYHO, €CTH P — POCTOE YHCIO0, TO CY-
LlecTBYeT TOJNbKO ofHa abCTpakTHas Ipynna nopsiaka p,
M 3TO, KOHEUHO, unk/aAnyeckas rpynna Cyp.

Ha ocroBanuu 3THX MpHUMepoB He cJefyeT AeJ4Tb Bbl-
BOZA, UTO JIerKO MePEeYUCIUTb BCe a6CTPAKTHO pas/uuHbie
rpynnsl naHHoro mnopsinka. MasecTHo, uTO cyllecTByer
267 abcTpakTHBIX TPynn mopsiika 64, HO MOKa ellle HHUKTO
He IIOACYMTAJ YHCI0 abGCTPaKTHBRIX TPYNN nopsaxka 256,

OTtoxpecTBrenye M30MOpPGHBIX TPYNN H obpasoBaHue
TMOHSITHR aGCTPAKTHOH I'PYNNbBl aHAJOTHYHO 06pa30BaHuIO
NIOHATHS YHCIa NyTeM abCTparupoBaHUsA OT ero KOHKpeT-
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HpIx nH1epnperauuit. Yncao nars — sro nekas aberpax-
LHsl, KOTOpass BO3HHKAeT M3 PAacCMOTPEHHS] KOHKPETHBIX
MHOECTB, COCTOSIHX M3 MATH 3JEMEHTOB;, HamphUMep,
IATb Hajbues, NATbL pyOJiell, nsaTh Moped, OATb IJACHBIX
6ykB. TouHO Tak ke MOXKHO PacCMATPHBATh KOHKPETHbIE
npencrapsiendss abCTPaKTHOR TPYNIbL: CYLIECTBYeT JHIIb
00Ha abcTpaKTHasd HUKJAMYECKash TPYnNa YeTBepToro Io-
pslKa, HO €CTb MHOTO €€ KOHKDPETHHIX MHTepHperamui.

[Tonatne n3oMOpdHBIX, WJIH abGCTPAKTHO pABHAIX,
rpynn sBJseTcss O4Y€Hb BAXKHBIM: MHOTZA Mbl MOXEM CYy«
LECTBEHHO YHPOCTHTh AOKA3aTENbCTBO TEOPEMBI, HCIIOJb=
3ysl BMECTO HeKOTOpoii rpynnel efi udomopduylo. Tak Kar
u30MOpPHLle epynnbr UMerOT O00HY U TY e 2PYRNosyo
CTPYKTYpY, TEOpeMa paclNpocTPaHseTCsl Ha BCe TPYMIHL,
u3oMopdHble TOH, KoTOpasi 6bl1a HCNOJAb30BaHa B J0OKa-
3aTe/bCTBE.

Ynpaxuenune 41. Moxer nu rpynna OblThb H30-
mMopdHa cobcreennoit moarpynne? Ilyerb G — aganTus-
Has rpynma uenblx uucea (crp. 25). Ilyers H —ee
(coGeTBeHHast) MOATPYMA, COCTOAlLAs M3 BCeX YeTHHIX
unces. [Tokaxure, uro rpynny G MoxHO U30MOpPHO OTO-
Gpasuts Ha rpynny f, T. e. cyulecTByeT oTo6paxeHue f
rpynnet G wa rpynny H, takoe, yro

f(x+y)=Fx)+F()

f(x)=[(y) Toraa #u TONMBKO TOrJAa, KOria X = y.

Vopaxueuune 42, Pacnpocrpanure pesyJabTar
yrpaxuenusi 41 Ha aGerpakrtayio rpymny Ce (cTp. 66).
IMycts G — GecKoHeyHasl UMKJIHUecKas rpynna, NOPOK-
nennas saemeHToM r, 1 H — ee {cob6cTBeHnas) moArpyn-
nma, mopoxkaeHHasn saeMmentoM r®, 1> 1. [Tokaxure, uto
rpynny G moxuo uzomopdHo oro6pasutb Ha rpynny H.

Vopaxuenue 43. [Tyctb G — GeckoHeuHast rpynna,
NOpOXKACHHAS 3JIeMEeHTOM F, H MycTb H — miknuueckas
rpynna BTOPOro mopsjka ¢ semMentamu /, b, rae b* = 1.
ITokaxure, 4To cyllecTByeT roMomopdusm rpynnsl G Ha
rpynny f1, a usomopusmMa He CyLleCTByeT,



144 IJIABA 9

Ynpaxuenue 44. Ilycte G —rpynna u r — Heko-
TOpuIl ee (UKCHPOBaHHBIN ajgemeHT. Ecau x — 060
ajnemenT rpynnsl G, T0 0 r7lxr ~— 37MeMEHT 3TOH TPYIIBL
Onpenennm oroGpaxenue f: G— G dopmyol

fo x—r=txr, wmn f(x)=r"1xr.
Hoxkaxure, uro [ — usomop¢usm rpynmnsl Ha cels.

Ynpaxuenue 45 Ilycts G—rpynna u f— oro-
6pakeHue, CTaBslliee B COOTBETCTBHE KaXKIAOMY 3JIEMEHTY
rpynns ero kBaxpaT. Takum o6pasoM, f: x—Xx? nian
f(x) = x2 Bymer nu 310 oTOOpaxKeHne U3OMOPPUIMOM?
Moxer au [ 6biTb roMOMOp(H3MOM, U eciH Aa, TO AIA
KAKUX Tpynn?
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rPYMMbl NOACTAHOBOK

MHuorune pa6oTsl M0 TeOpUH FPYNN MOCBSILIEHb HCCTe-
NOBAHMIO KJjacCa TPyNM, Ha3bIBAEMbIX T'pynmnamu nodcra-
HOBOK (WJu TpynmaMu nepecranosok). I'pynmu mojacra-
HOBOK OCOGEHHO HHTePecHbl TeM, YTO C HX IOMOIIBIO
MOKHO INONYYHTBL KOHKpEeTHble INpeACTaBJEHHS BCeX KO-
HeyHbIX rpynn. B stofl rmaBe mbl yBUIUM, 4TO 20648 KO-
Heunaa epynna u30Mop@Ha Hexkoropoll epynne nodcra-
HOBOK.

Mb1 npUBOANIN MHOTO NpHMepOB -0TOOparKeHHf, 3anu-
CaHHBIX B BHJE IBYX CTPOK, 3aKJIOUeHHBIX B CKOOKH, rie
37eMeHTbl U3 00nacTu onpefleleHust CTOSAIM B BepxHeil
CTPOKE, a 3JeMeHTH U3 06J1acTh 3HAYeHHH — B HHKHEH.
Dri1o 1nokasaHo TakiKe, YTO MHOXECTBO B3aHMHO OIHO-
3HaYHBIX OTOGpaKeHH! MHOXKEeCTBa H3 1 3JeMEHTOB Ha
ceba cocraBasier epynny oTobpaxcenul. Takne orobpa-
KeHHs Ha3biBAIOT NOOCTAHOBKAMU, a TPYMIH, 3JeMeH-
TaMi KOTOPHIX ABJAAIOTCA MOACTAHOBKH, — epynnamu nood-
CTAHOBOK,

[TycTh MHOXKECTBO COCTOMT M3 TPeX 3JIeMEHTOB, pac-
TOJIOKEHHBIX B NPOH3BOJIbHOM, HO (HKCHPOBAaHHOM MO~
pAlKe: ai, Ay, G3. B Takux cayuasax 4acTo GhiBaeT yao6HO
o6palilaTh BHUMAaHHe JHIIb HA HHXKHHE HHIEKChl H CYH-
TaTb, YTO Mbl HMeeM [1eJ0 ¢ INOCIeA0BaTeIbHOCTbIO 1,
2, 3; TakuM 00pasoM, HampuUMep, TPETHil 3/1eMeHT a3 000-
2Hayaercs MpoCToO Kak 3.

[ycts Tenepr M — HeKoTOpOE B3aHMHO OJHO3HAYHOE
oToGparkeHHe 3TOr0 MHOXKECTBa Ha cels:

1—2,

123
(al “ a3>’ HJH ( ), uan 23,
a, a3 a 231 31
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Bynem paccmarpusath 310 otobpakenne M xax nod-
CTAHOBKY 3JE€MEHTOB YNOPSJIOUEHHOrO MHOXecTBa (BMme-
cro | «noxcrapasercs» 2, smecto 2— 3, BMecto 3 — 1)
HIH Kak nepecTanosky nocaenoBaTtesbHoctd 1, 2, 3, B pe-
3yJIbTaTe KOTOPOIi, MoJyuaeTcss MOCAEN0BaTeNbHOCTL 2,
3. 1. Umenno 1o 3Toil mpHuHHE Mbl HA3blBaeM TPYIIlY OTO-
GpakeHuil KOHEUHOTo MHOXKeCTBa B ceOsi epynnot nood-
CTaHOB0K (WJM TPYINON NepecTaHOBOK).

Pazaoscenue nodcranosox & npoussedenue YUKAOS.
Oto6paxenne, Uau noacranoBka M, ycranaBaupaer co-
OTBETCTBUS

{ =2 ll N2 ) /‘\2

2—>3 nmim 2 14.[”4 !

T / k
33 3

Ora yukauveckas KoHQUTYypalldsl HABOAUT Ha MBICIb
sanucatb M B Buje OHOH CTPOKH, 3aKJIOYEHHOH B
CKOOKMH:

M=(123),

H Takasa 3anuch Oyper o3HauaTth, uto M oroGpaxkaer
KaXKAblt cuMBOJ B OuMiKailllHH K HeMy clpaBa, a Mo-
crennuit — B nepBuiit. Ilogcranosky M MoxHO 3amnucath
B BHJe LHKJa TpeMs crnocofamu:

(123), ©@31), 312)

TaK KaK HeCYLWEeCTBEHHO, KakKo# 3JeMeHT YKa3aHHOTO
IHKJga Mbl NIOCTABUM [EPBLIM.

Ilyctp 3amano cienywouee otobpamenne N muoxe-
CTBa U3 YeThIpexX 3/JeMeHTOB ai, Az, a3, Q4

N 1234
\2314/°
MoxHo Ju mnpencraBuTh 3TO OTOGpa)KeHHE B BHIe
unkaa? Tax xak 4 oro6paxaercs B 4, To N MOXKHO mpes-

CTABHTL Kak
(123),
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€CJIH YCJOBUTBCA, UTO JI0OO0H 3/1eMeHT, He NOABAAIULHACS
B LHKJeE, TepeXOAHT B ceba. AHAJOTHYHO,

(1234
1432 =24,

TaK Kak oToOparkeHHe, 3allMCaHHOE B JIEBOW YaCTH, MOJ-
HOCTbLIO OIUCHIBaeTCA ABYYJEeHHBIM LUKJIOM (2 4), ecau
3Ty 3amuCh NOHHUMAaTh TaK: 2—4, 4—2, 1 —1 u 3—3.

MoKHO a1 3anucaTth ¢ MOMOULBIO LHKJOB IPOU3BOJb-
Hoe OToGpakeHHe KOHeUHOTro MHoOxKectBa B ceba? Ha-
npuMep, Kak sanucartb oTobpaxeHue

B 12345
~\24513)

B KOTOpPOM B TpPOTHBOINOJOKHOCTb IpeibIylIeMy OTO-
Spaxennio N MHOKECTBO COOTBeTCTBHMI He «BBICTPaH-
saerca» B onun nuka? Haunem ¢ cumBona | u 3amnuiiem
crpaBa or Hero ero ofpas 2:

12 .

Urobbl MpOAOJKHTL LUK Aajee, Hal0 NOCMOTPeTb, BO
yro nepexoaut cumpoa 2. Ero o6pasom Oygmer 4, u MH
nuieM

(124.

Ecay Mbl TOMbITaeMesi TPOAOJKHTD LMK AaJbllle, TO yBU-
AuM, uto otobpaxenue A nepeBoaut 4 B 1, W OKOHua-
TeJBHO HMeeM

(12 4).

Ho 5TOT LHKJI He ecTb 3amuch OTOGpaxeHus A, Tak Kak
COOTBETCTBYWIUee eMy oToGpakeHue He MepeBOAHT 3 B 5,
a b B 3. DTn mepexoanl OCYIIECTBJIAIOTCs UHKAOM (3 5),
KOTOpHIil KaXK[Abli M3 OCTaJbHbIX CHMBOJIOB NEPeBOAHT
B ce6s. Mrak, AacHo, uTo ecnu BHIIOJHSETCS cHauana OTo-
Bpaxerue

12345
(1249=(y43,5)
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a sateM OoTOOpaKeHHe

35 (12345)
B5={10543/

TO TMpPOU3BeeHUe ITHX OTOOpaXKeHui (UX CyMeplno3HLUs)
ecTh oroGpaxenue A, T. e,

20 (12345 (12345 <12345)

(12468={y,315/\120543/~ 22513/
OTMeTI/IM, qToO HOCKOﬂbe 3TH JABa HHKJA HE coaepxKaT
OflIUX CHMBOJIOB M He OKa3bIBAIOT APYT Ha ApYyra BJuA-

HHA, To Ge3pasNu4yHO, B KAKOM HOpsAKe MBI IPOH3BOIHM
COOTBETCTBYIOIME OTOOpaKeHUd; Cael0BaTeNbHO,
(124)(35=(35)(1 2 4).
Yro6el MONyYHTH NpeAcTaBieHHe otobpaxenus A ¢ To-
MOLIBIO IMKIOB, Mbl BOCIHOJIb30BAJUCh CIIOCOGOM, KOTO-
pHIl MOXHO TIPUMEHHUTH K OTOGpakKeHHI0 MIOG0ro KoHey-
HOro MHOXecTBa Ha cebq. OTtciofa caefyer, uTo KaxOy0
NCOCTAHOBKY KOHEUHO20 MHOMCECTBA MOWCHO 3anicaTo
Kax npousgedenue YUxKA0s, He coldeprcawjux obuux cum-
80.108.
Paccmotpum Tenepb orobpaxenus

(1223 n 23)( 2

H BBIACHHM, GYNyT /u NepecTaHOBOYHB UMK (1 2) u
(2 3) c obwum cumBoioM 2. Ilpoussenenue (1 2) u
(2 3) paer:

1—2, 3zatem 2—3 u okoHuaTenbHo [ -3,
3—>3, sareM 3—2 u oxoHuareJnbHO 3-—>2,
2—>1, 3arem |—1 u okoHuatejsbHO 2-—>1.
Takum obpasowm,
(12)23)=( 32).
C zpyroit cropons, (2 3) (1 2) naer:
1—1, sarem |—2 u oxoHyarteJbHo 1—2, .
2—>3, szarem 3—>3 u okoHuaTeqbHo 2— 3,
3—>2, sareM 2—1 #® OKOHuaresbHO 3-—1.
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Takum obpasom,
23)(12)y=(1 23),

T. e. uukAbnl (1 2) u (2 3) ne xommyrtupylor. Llukasr,
He cofiepxKallpe oOUIMX CHMBOJIOB, IEPECTAHOBOYHB MeX-
Ay co6oil, a cofepxKaliHe OGllHe CHMBOJMBI MOTYT H He
GbiTh MepecTaHOBOYHEL,

Koneunas epynna usomopgra epynne nodcTanosox.
Mbl yxKe moarotoBuau GyHaaMeHT AJs OAHOH H3 OCHOB-
HBIX Teopem O MpejacraBJeHUH KOHeuHbX rpynm B ra. 9
yKasblBa/NoCh, YTO KaxKAyl0 KOHKDPETHYIO TPYNINY MOXKHO
paccMaTpHBaTh Kak OLHO M3 MHOTHX BO3MOMKHBIX Mpel-
CTaBJieHH#t HeKOoTOpol abCTpakTHOH TpyNnsl, KoTopas
usoMopdHa KaxKJIOMY M3 3THX IpeicraBieHuil. B cdop-
MYJIHDOBaHHOI HHUXe TeopeMe YTBepikKHAaeTcs, UTO A4
KaXKJA0ll KOHeUHOI ab6CTpakTHOH TpyIIbl CYLLECTBYET ee
KOHKpeTHOe MpelcTaB/ieHHe B BHIE HEKOTOPOH IDYIIIbI
noacranoBok. HamomHuM, uto mopcraHoBKa Ha 7 CHM-
BOJIaX — 3TO B3aWMHO OJHO3HayHOe OTOGpakeHHe MHO-
JKeCTBa M3 M 3JeMeHTOB Ha ceba ),

TeEOPEMA 5. [Tycrs 3adana KOHeuHas epynna nopao-
ka n. Toeda cyuwjecrsyer epynna nodcTarosox Ha H 3.ae-
MeHTAaxX, usomopran OanHol epynne.

JokasaTelbCcTBO 3TOH TeopeMbl MOXKHO HaHTH B JIO-
Goii KHHre, MOCBALLEHHOH TeopuM KoueunnX rpymim. [o-
3TOMYy HaM KajKercs, UTo uuTaTteso OyaeT mosesHee mpo-
CJIeIUTh XOJ M0OKa3aTeJbCTBA B IIPHMEHEHHH K KaKOH-JH-
60 KOHKpeTHO# rpymne (HCIOJb3yeMblil 31ech cnoco6
paccyxneHuss Momer Obirb o606wen no ¢opMasbHOTO
AOKa3aTeJbCTBa TEOPEeMHl).

Hafizem npexcraBieHue B BHAe TPYIINB M0JICTaHOBOK
Ias uukaInueckoli rpynnul C; uerseproro mopsiaka. Co-
CTaBHM TpeXie BCero TabJully yMHOXEHUs 3TOH rpym-
mbl, npuyeM sjaeMeHTH [, a, a4, a® Oylem 0603Ha4YaTh
TaKKe CHMBOJAMH g1, g2, &3, 4+ COOTBETCTBEHHO.

1) TMoAcTaHOBKY Ha fi CHMBOJAX HA3LIBAIOT MOJCTAHOBKOR CTé-
fneHu n, a CPYNNy BceX TaKMX NMOACTAHOBOK — PPYNNOHR cTeneau n. —
Mpum. ped. :
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Tabauya 10.1

1 a a? at
g1 g2 g3 ga
1 I a a? a® ( 1 2 3 4)
....... =m,
&1 £1 g2 g3 84 1 234
a a a2 a3 I ( 1 2 3 4)
=my
€ g gs gs g 2341
a? a? a’ I a <l 3 4)
.................. =m,
g3 gs g4 &1 g2 341 2
a® at I a a? (1 9 3 4)
recemsrassnsess | ceeesmericeressrens | eessssasessssssnes | srsessersssssessens | ssssensenesentans =m,
84 &4 &1 g2 g3 4123

Kaxpnasa crpoka ta6a. 10.1 — 310 mepecranoska Bepx-
He#l cTpoku (cM. Teopemy | Ha ctp. 53); Hampumep,
NOoC/IeJ0BATeNbHOCTb g2, g3, i, &1 (MaH MpocTo 2, 3, 4, 1)
BO BTODOH CTPOKe €CTb IIepecTaHOBKa IOCJAel0BaTENb-
HoctH 1, 2, 3, 4 u3 nepBoit cTpoku. Yerblpe NMOACTAHOBKH
(uw1¥ B3aMMHO OJIHO3HAUYHBIX OTOOGpa)KeHHs), COOTBeT-
CTBYIOLIME MepecTaHOBKAaM B CTPOKAx, 3alucCaHbl clOpaBa
0T Tabaunbl. X MOXHO NpeACcTaBUTD C IOMOLLbBIO LHKJ/IOB:

m=1)2)3)(4) =1, my=(1 3)(2 4),
my=(1234), m,=(1 4 32).

(Urobel 3anmucats My = [ B BUAe LHUKJIOB, HAM NPHUILIOCH
BBECTH IHKJb, COLEePXKALIHE OAUH CHMBOJ.)

Vnpaxuenue 46. IlpoBepbTe HemocpeacTBeHHO,
YyTo

(ay mi=m, (b)y mi=I, (c)mi=m, (d) mm =1
H 4TO O0TOGpaXKeHUs my, Mg, Mz, My obpasylor rpynny M.

Uro6nl ybeautbes B TOM, uTo rpynna M, cocrosimas
U3 IOACTAHOBOK My, My, M3, my, usoMopbHa rpynne Ci,
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paccMOTPHM TaKHe ABHXKEHHS KBajJpaTa, BepIIHHL KOTO-
poro mepeHymepoBannl nudpamu 1, 2, 3, 4, B pesysabrate
KOTOPbIX BepLIHHL MepeMellalOTCsl B COOTBETCTBHH C MOJ-
CTAHOBKaMH My, My, ms, m, (puc. 10.1). fcuo, yro my —
eldHUIa Tpynnel noacranoBok M. ConocrasuMm el emu-
HuuHblt snement [ rpynnst Cu. IlogcranoBka ms 3xBUBa-
JeHTHA MOBOPOTY MPOTHB 4acoBO# cTpesku Ha 90°1), Co-
mocTaBUM efl obpasyiontyio a rpynnst Cy.

2 3 3 4 4 ]1 1r_2
2 4
ms my

3
m, m,

) (2 (3) (@) (1234) (13)(2 4) (1432)

‘Puc. 10.1.

Ynpaxuenue 47. Orob6pasute ocraBliHecs 3Je-
MeHTHl M3 u my rpynnst M Ha snements rpynms Cj ta-
KM 06pasoM, utoObl rpynna M orobpaxkanach Ha rpyil-
ny C, usomop@dHo.

Bosnunkaer ecrecTBeHHBIH BONpOC: notemy oTobpaxe-
HudA, BeinucaHHble B Ta6a. 10.1, ob6pasywr rpynmy, H30-
MopdHy0 ucxoaHoii? BoT BKpaTile OCHOBHble cOOGpaKe-
HuS 10 3TOMy moBomy. Yernipe oroGpaxenua mj (j =
=1, 2, 3, 4) MOXHO oNucaTh TaK:

'_( &1 & g3 84 )
""\gig gig €18 88’

T. €. M;j— 3TO OTOOpakKeHHe
gi—~>gi& (=1,234)

1) Yrobn y6eauTbCs, 4TO MOACTaHOBKA My = (1 234) cootser-
ctByeT noBopory Ha 90° nporus 4acoBoi CTPENKH, BCTIOMHHM Halle
NepBOHauaTbHoe o6CYXKAeHHe TPYNIL caMOCOBMemeHui (cTp. 26—34).
MoskHO cuuTaTh, 4TO nosepHyTas ¢urypa HanoxeHna Ha ¢urypy, Ha-
XOAAULYIOCA B HCXOAHOM NOJIOXKeHuH (puc. 3.2); samuck a — b osHa-
yaeT, UTO BeplIHHA @ B pe3y/bTaTe NBH/KeHHs 3aMelllaercs Bepuin-
noit b (crp. 28). Takum oGpasom, mg= (1234) osnauaer, uto
1 -2 (sepwmuna | 3aMewaeTcs Bepunuo# 2), 2—3 (pepwnHa 2
3aMemaercs Bepwinioi 3) m T. A B pesysbTate KBagpar okasbl
paeTcs MOBepHyThM Ha 90" MPOTHB 4acoBOl cTpeJKH.
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Oto6paxerue mi;My, ecTb NOCAEI0BATENbHOE BHIOJHEHHE
oToGpaKeHull M; U Mg, T. €. TIPH MMy
&> g8 A 3aTeM  g;—> gLy
Taxum obpasom, Npu orobpakeHuu MMy
g~ 8;(2r8:) =884 &:-

C/ienoraTesbHO, CYLLECTBYeT B3aHMHO OJHO3HAYHOE COOT-
BeTCTBHe MeXIy [POH3BELeHHSMH MMy B TpyNNe NOA-
CTAHOBOK M npousseiedusmu g;gr B rpynne Cu. (Cp.c
teopeMoH 1 Ha c1p. 53.)

J—

]I a b ab

FAEMEHITBI

[

[

[}

'

[}

1
o

g & & &
a?= b= (ab)?: |
Puec. 102

Tenepb HaliieM NpeicraBieHHe 4eTgeprold epynnoi Dy
B Bume rpynnel nogacranoBok (puc. 10.2 u rta6a. 10.2).

Tabauya 10.2

1 a b ab
& g2 &3 84
/ [ a b ab (1 9 3 4)
=m
g g g gs gs 1234
a a I ab b 1 2 3 4
2 1 4 3)=’"2
g2 g2 81 84 &
b b ab 1 a (1 2 3 4)
. =,
g3 g3 &4 &1 82 3 412
ab ab b a I (1 9 3 4)
......................................................................................... =m,
g4 g g g & 4321
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DJyieMeHTH IPYNIL NOACTAHOBOK M 3anucanbl B BHAE
ABYX CTPOK, 3aK/IOUeHHLIX B cKOOKH. IX MoxHO caenyto-
uM o6pasom Bblpa3HTb KaK NPOH3BeIeHUS LUHUKJIOB:

my=(1)(2)(3)(4) =1, my=(12)(3 4).
my=(1 3)(2 4), m,=(1 4)(2 3).

Ynpaxunenue 48. (a) Iposepsbre, uto B rpynme M
BBIIONRAITCA paBeHcTBa M) = m3=(m,m)’=1.

(b) 3anuwmuTe ¢ NOMOIULIO ABYX CTPOK, 3aKJIIOYEH-
HbIX B CKOOKH, H30MOP(®H3M TpyInsl NogcTanoBok M ua
yeTBEePHYIO rpynny c sJeMeHtamu [, a, b, ab u onpene-
JAIOLIUMHE COOTHOWIEHUAMH @ = b% = (ab)? = I.

4 4 3

A A
1 ! 2
my =1 m, = 12)34)
Puc. 103 . Puc. 104.

Kak u B npeasiayuem npuMepe rpynnsl C;, npexpcras-
JIeHHe YeTBepHOH T'PyNIbl ¢ MOMOLIbI0 MOACTAHOBOK MOM-
CKa3blBaeT KOHKDETHYIO HHTeplpeTallllo, OCHOBAHHYIO Ha
nepeMellieHHAX yeTbipex 00bekToB. Ha 3T0T pas obbeKTH
6yayT TOMellleHbl B YeTblpe BepLIUHbI NPAaBUJBLHOLO TeT-
pasnpa (puc. 10.3). ToxaecTBeHHasl MOACTaHOBKA My
OCTaBJsieT BCe BepPHIMHB! B MepBOHAYANBHOM IOJOXKEHHH.
Uto6Ll MpeAcTaBHTh NOACTAHOBKY My = (1 2) (3 4), nyx-
HO NOMeHATb MecTaMu O00beKThl B BepuiuHax 1 u 2, 3 u 4
(puc. 10.4). IlpaBunbHbIft TeTpasAp MOXKHO TMepeBeCTH H3
HayaJbHOTO [0JIOXKeHUsT B IOJI0XKEeHHe, COOTBETCTBYIONee
pesyJbTaty NOACTAHOBKH Mg, BpallenueM Ha 180° Bokpyr
ocu AB, uso6paxkentoit ua puc. 10.4 Ocy AB npoxoxut
yepes CepeInWHbl ABYX <IPOTHBOMOJOXKHBIX» pebep [—2
¥ 3—4, Mp 6ylem HasbiBatbh ee meduarnou TeTpasipa.
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AHaoruyHo, 0TOGpaKEeHNUs M3 U M4 MOXKHO MHTEPIPETH-
posaTb Kak BpauleHue Ha 180° Bokpyr meguan CD u EF
cooTBeTcTBeHHO (puc. 10.5).

2 1

o
-
w
8N

C
3 4
my = (13)(24) my=(14)(23)

Puc. 105.

Taxum o6pasom, ofHUM U3 NpeACTaBIEHHH YETBEPHOH
TPYNNBl ABJASETCA HEKOTOPOe MHOXKECTBO JBHXKeHHH Npa-
BHJ/IBHOTO TeTpa’apa, B pe3y/bTaTe KOTOPbIX OH COBMe-
IlaeTcs CO CBOUM II€PBOHAUYAJLHLIM IIOJOXKEHUEM, 8 UMeH-
HO BpauieHuit Ha 180° Bokpyr MemuaH. MoxHO nokasarTh,
4TO TPH 3TH MeJMaHBl [epeceKaloTess B OAHOH TOUKe H
NONAapHO MNeplneHAUKyJAApHBl. [103TOMYy MOXKHO CUMTaTh,
YTO YyeTBepHAas TIPYNNa COCTOUT U3 BpallleHH[I B3aMMHO
NeplHeHAUuKy/IsSpHLIX oCell, B pe3yabraTe KOTOPBLIX OCH
COBMEIAI0TCA CO CBOUM HCXOAHBIM [10J10XKeHHeM.

B cnexpyomem pasgesnie Mbl paCCMOTPHM COBOKYNHOCTb
BCEX CaMOCOBMellleHHH MNPaBUIbHOTO TeTpasipa — 2pyn-
ny rerpasdpa-—u YBUAUM, 4TO epynna TeTpasdpa co-
Sepocut uersepryr epynny 8 Kadectge caoel nodepynnot.

VYunpaxueunne 49. (a) Ilocrpoiite rpynny nopcra-
HOBOK Ha IuectH OObeKTaX, H30MOPQHYIO rpyrme AH3A-
pa D; nopsanka 6.

(b) 3anuwurte KaXKAbIH M3 3JeMEHTOB 3TOH TPyNMH
[OACTAHOBOK C IMOMOLIbIO LHKJ/OB.

Ynpaxneunue 50. [lycte 3anaHo mweerb 3/€MeHTOB:
I, a=(123), b=(132), c=(1 2), d=(1 3),
e = (2 3). ITokaxure, uTo oHH 06PaA3yIOT TPyNIy AH3Apa
D; nopapka 6. [3ameuanue: 3nech 3MeMEHTH TPYIMNLI
npeacTaB/deHbl ¢ MOMOILbIO MOACTAHOBOK Ha Tpex CHM-



FPYTINBI NMOACTAHOBOK 155

BOJIAX, B TO BPeMs KaK B NpelblAylleM yNpaKHeHUH AJs
3TOH LEJH HCHOAb30BAJIUChH MOACTAHOBKH HA WiECTU CHM-
BOJax.]

Ipynna rerpasapa. 3uaunteqbHb HHTepec npei-
CTaBJ/AIOT TPYIINbl, CBA3aHHLIE C CAMOCOBMEIIEHUAMH TIATH
NpaBUJALHBIX MHOTOTDAHHMKOB: TeTpasiapa, kyba (rek-
casfipa), OKTasapa, AOAeKasnpa M HKocasapa. Mel He
MOXKEM MOAPOOGHO OCTaHABAHBATBLCSA Ha KaXknofl M3 ITHX
TPYNN M OTPAHHYHMCA  paccMoTpe-

HHeM JIHIIb TPYNIBl TeTpasapa. 4

Ciienyer NMOMHUTB, YTO B KauecTse
rpynnoBsoi fuHapHOH onepamnuu
3llech, KaK M BO BCeX TpyInnax IBHU-

KeHMH, paccMaTpHBaercd Cyneprosu-

LXA, WJIH <«I0CJeJOBATENbHOEe BHIMOM- 2 3
nexue». (Coseryem uHuTaTegi0 Aas

HarJsiAHOCTH HCIOJb30BaTh KakKylo- 1
HUOYIb MOZEJb TeTpasipa.)

[Tpexae BCETO NOJACUYHTAEM, Puc. 105

CKOJIBKO DAa3JUYHBEIX 3JIEMEHTOB CO-
HepXKHUT Tpyllia caMOCOBMelleHHH [paBHJbHOIC TeTpa-
5Apa, a 3aTeM BbILeJHM HEKOTOpble OCHOBHHIE ABHIKEHHUS,
KOTOpble NOpPOXKAA0T Beio rpynny. Has storo Mbl 0606-
I{HM METOJ, KOTOpDbIH paHee HCMNONB30OBAJCS HAMHU ]S
U3yueHHus TCPYyNObLl CaMOCOBMeElIeHMH pPaBHOCTOPOHHErO
TpeyroabHuka (rpynnsl gusapa Ds; oM. ctp. 42).

BriGepem 3a ocb BpallleHHs NepreHAUKYAAP, OMyLIeH-
HbIl M3 BeplUMHbl 4 HA NJOCKOCTb TPEYTOJbHHKA C Bep-
wubamyu |, 2 u 3, w 3agaauM Ha Hefl HalpaBJeHHe, KaK
nokasano Ha puc. 10.6. Mbl paccmatpuBaeM CTpesnky Ha
OCH KaK KOHell NpPaBOCTOPOHHEro BHHTa H 0603HauaeM
yepes r ppailenue Ha 120° B HanpaBaeHUH BBHHUHBAHHUS
eunTa. Ilpu BpailleHud BOKPYT 3TOfl OCH BepXHAS Bep-
IHHA 4 OCTAeTCs HAa MEeCTe€ M MOXKHO MONYYHTh TPH pas-
JIMYHBIX NOJNIOKEHHA TETPa’aApa, oTMeueHHnie Ha puc. 10.7
6yksamu [, r, r2. 3ametuM, uTO u300pax<eHHbHE Ha
puc. 10.7 BpailleHHs HCUEPNHIBAIOT BCE IBHXKEHHS TeT-
pasapa, NpH KOTOPHIX OH cOBMelllaeTca caM C coboi,
a pepiunHa 4 ocraercs Ha MecTe. AHAOTHUNAA CHTyauns
BO3HHKAeT M TPH pacCMOTPEHHH APYTHX BepIUHH, H
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NOTOMY Mbl HMeeM Bcero 4-2 = 8 HeTOXKIeCTBEHHBIX ca-
MOCOBMeIIEHH# TeTpasaApa, NpPH KOTOPBIX Kakas-a16o
OllHa BeplIMHA OCTaeTCAd HENMOABMKHOH. Jlerko BHIETb
TaKXKe, 4TO eIUHCTBEHHBIMH CaMOCOBMELIEHHSMH TeTpa-

3/pa, NpH KOTOPHIX HH OJHA M3 BepIUMH He OCTaeTcs Ha
MecTe, fABJAlOTCA BpalueHus Ha 180° BOKpyr Tpex ero
mennad. Takum o6pa3oM, CylLIecTBYeT BCero JABeHaAllaThb
caMOCOBMellleHHH TNpaBHJbHOrO TeTpasipa. [ pyana rer-
pasdpa umeer nopadox 12.

4 2

A onpoxuduariie A

Puc. 108.

OGo3naunm onpokuabiBatine (Bpaulenue Ha 180°) or-
HocuTeJbHO Meanannl AB uepes f. B pesysabrate artoro
JABHKEHHS TETpasAp MEPeXOAUT B HOBOE NOJIOKEHHe, H30-
Gpaxennoe Ha puc. 10.8. (3aMernM, uto | mepecrasaser
BeplMHbl Kaxao#h u3 nap 2, 4 u 1, 3.) Ha puc. 10.9 (co-
orBetcTBeHHo Ha puc. 10.10) muzobpaxkeHo mnonoxenue,
B KOTOpOEe NepeXOAMT TETPA3AP B pe3dyabTaTe MOCJAeN0BA-
TEJNbHOTO BLINOJHEHHA ABHXKeHH{ r 1 [ (COOTBETCTBEHHO

fur).



IPYIIIE MOACTAHOBOK 157

UnraTemo ciepyer npoBeputb, YTO BCe ABEHAALATh
CaMOCOBMelleHUlt TeTpa’Apa sBAANTCA KOMOHHAUHAMH
ABUKeHUHA r u f, 1. e. r u | nopoxdaror epynny TeTpasd-
pa. OTMeTuM, B YaCTHOCTH, UTO ONMPOKHUABIBAHHE OTHOCH-
TeJbHO KaXKJIol M3 TpeXx MeldHaH MOXHO NDeICTaBUTb

4 2
3‘1 1‘3
o2 rf oy

Puc. 109

B BHle cjoBa or r u f. Ho 3TH ABMIXKeHHA, KaK MHl yiKe
BUIENH, [al0T KOHKPeTHOe MpeACTaB/JeHHe 4YeTBepHOH
rpynnbl (ctp. 153). CnenoBartenbHO, YeTBepHAs Tpynna
SIBJSETCS MOATPYNNOHA TPYNIbl TeTpasiapa.

2 3
‘1 ‘
f 3 ff' §

Puc. 10.10.

O6pasywolline JeMeHTH 7 H [ MOXKHO NPEACTaBAATH
cebe Kak oTobpakKeHHs MHOXKeCTBa, COCTOALUEro H3 ue-
ThIpeX BepLIMH, Ha ceba:

1234
r=(2 i, 4)=(1 2 3)=(1 2)(1 3),

1234
f=(34 , 2>=(1 3)(2 4).

OrieTHM, 4TO KaK r, TaK U [ ABaA0TCA npoussedenusmu
dsyx yuxaos, codepxauiux no 0sa cumsosa Kaxcoold.
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MbI He B COCTOSIHMM ellle NMOJHOCTBIO OLEHHTb 3HAUEHHE
sroro $akra, KOTOpoe MPOSCHHTCA B JAajbHellleM
(ctp. 193) npu OOCYXKAEHHH CUMMETPUHECKOLU W 3HAKO-
nepemennol epynn. Iloka oTMeTHM TOJBKO, YTO TpyNIy
Terpasipa 4acto oGosnauvarT uepe3d A uyroObl yKaszaTb
Ha CcOBMNajeHHe ee CO 3HaKomepeMeHHOH !) rpynmo#i oOT
YyeThIpeX CHMBOJOB.

Tpag epynnot rerpasdpa A.. Toctpoenve rpada rpyn-
nel Ay Gyger NPOBOAUTLCS @HAJOTHYHO MOCTPOEHHIO Ipa-
da rpynnsl gusapa (ctp. 76).

Vs 7

N VA NP
a)‘l &)
Puc. 10.11.

Paccmorpum yceuennblt Terpasap, H3o0paxkeHHbIfl Ha
puc. 10.11,a). TpeyroabHuK Npu KaxKAOH BeplIHHE COOT-
BeTCTBYeT BpalleHuo mnopsaka 3. Ha puc. 10.11, 6) wmul
CHaOAMJIH CTOPOHBI TPEYTOJNbHUKOB CTPEJKAMH, YTOOH Ha-
MOMHHUTb O BpallieHMd BOKPYT (PUKCUPOBAHHON BepILUMHBI
TeTpasapa. Korga Mel yBHAWM, KakK M3 3TOTO MpeNCTaB-
JleHHsl CaMOCOBMeILeHHHA moJydaercs rpad, craHer cHO,
mouyeMy Mbl BbOpasu MMEHHO TaKHe HalpaB/eHHd, KOTO-
pble MoKasauel Ha pucyHke. OTpe3ok, CoeqUHAWIUNA ABa
TpeyroJbHHKa, MOXKHO PaccMaTpHBAThb KaK MpeACTaBJe-
Hue ONPOKHIbIBAHUA OTHOCHTEJBHO MeAuaHbl (MOPANOK
sToro ABuxXeHHs paBeH 2). Hamomuuaewm, uto o6pasyro-
e mopaaka 2 uzobpaxkanuch Ha rpade Tpynnsl Kak
OdMH OTpe30K 0e3 CTpeaKH; I[03TOMY Mbl He CTaBUM
CTPEJIOK H Ha COOTBETCTBYIOILLUX pebpax TeTpasipa, U3o-
Gpaxensoro na puc. 10.11, 6).

1) Tlo-auramniicku 3HaKoNepeMenHas rpynna — «alternative
group», OTKyRa U BO3HIKI0 obosnauenne A. — [Tpun. nepes.
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3aMeTHM, UYTO TpaHH YCEYEHHOTO TeTpasapa — 3To
TPeYroJbHUKH U LIeCTHYroJbHHKH. UTOOH NepeiiTH K ABY-
MepHOMY NpeACTaBJeHUI0, CINTIONIHM Hall TeTPa’dap Tak,
uToBbl B CepeflMHe OKas3aJjcs TPEYFOJAbHHK HJH LIECTH-
yroabHuK (puc. 10.12). B a1uX mJ0CKUX TIpeACTaBAEHUAX
KaXKAbl# HalpaBJ/eHHbIHl OTPe30K, COOTBETCTBYIOMIUA Bpa-
wendio r Ha 120° usobparkaeTcs HempepwiBHON JHHHEH,
a KamAbll OTPe30K, COOTBETCTBYIOIIMH ONPOKUABIBAHHUIO [
nopsaaka 2,— nyHKTHpHOW Jaunuedl. JlBe ceru, wu3obpa-
>KeHHble Ha puc. 10.12, TONONOrMUECKH SKBHBAMNEHTHBI.

Puec. 10.12.

Mbl yTBep:KaaeM, YTO 3TH CeTH ABJATCA rpadamu
rpynnsl Terpasapa Ai, OueHb Ba)XHO, YTOOHI UHTAaTENb
oTAaBa/i cefe OTYET B TOM, UTO HOCTPOEHHE MOJENH, TIPe-
CTaBAfAIOLIEH CaMOCOBMEILEHHs, He 00sf3aTeJbHO NPUBO-
AMT K rpady rpynnbl. B KakIoM KOHKDETHOM clyuae
c/elyeT mpOBepsiTh, YTO MOJyUeHHAS CeTb YAOBJAETBOpAET
BCeM TpeGOBaHMAM, KOTOPBIM, KaK Mbl YCTaHOBUJIH PaHb-
e, JOJMXKeH YAOBJETBOPAThH rpacd rpymsl.

Onpedeastoujue cooTHOWeHUs 0aa epynns. TeTpasd-
pa As B ra. 7 MBl noApoBHO paccMOTpesu TPynmy AUI-
pa D; Amnanoruynble coo6paKeHHs MOKa3blBalOT, UYTO
epynna A, NOAHOCTbIO OnpederseTcs caedyrouwumu Oan-
HbLMU:

(1) Ay nopooxdaerca dsyma obpasyroujumu, 0603Ha-
waemoiMU Hepe3 r U f;

(2) aru obpasyroujue ydosaeTsoparor onpedersio-
UM COOTHOUWEHUAM

=1, R=I, rfrfrf=1 [uau (r)P=1].
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Ynpaxuenue 51. INoassyscy rpadom rpynnsr Ay,
yGenutech, uto rfri-r3fr =f. Ilokaxure TO Xe CaMoe,
HCTIO/Ib3YSl COOTHOLIeHUs 13 = f2 = (rf)3 = I.

Ha stom ™Mbl 3akaHuMBaeM paccMOTpPeHHE CAMOCOBMe-
LleBHil PaBUABHOTO TeTpadfapa. KpaTkue 3ameyanus mo
MOBOAY TPYIN, CBSI3aHHBIX ¢ Ky6OM M OKTa3ApoM, MpHBe-
AeHbl Ha crp. 188, B mpuaoxeHuu OYAyT paccMOTpeHH
HeKOTOpble CyllecTBeHHble 0COOGEHHOCTH TPYMNNbl HKOCA3I-
pa (u rpynmsl JoAeKaszpa).



raasa il

HOP MAJIbHBIE NOArPYNMbI

Mur 3afiMeMcs temepb ToMOMOPGHBIME OTOGpaKeHHs-
MH rpynnsl, ob6paumjas ocoboe BHHMAaHWE HA TO, Kak Jeli-
cTByeT oTOOpaKeHue Ha nodepynnax TPyl

B pasButHM M TpUMEHEHHH TEOPHU TPYHN 0CO6YVIO
pPOJIb HrpaJi HeKOTOpble MOATPYNNBl CElHa bHOTO BHAA.
B 1830 r. 'anya ), sanumasicb uCC/IefOBaHHEM KOpHeil
ajrebpanyeckux ypaBHeHUH, BBHIIBUJ 3HaueHHE ITHX 0OCO-
OblX TOATPYNI, TaK HA3bIBAEMBIX HOPMAAbHLIXZ) (WMin
CaMOCONPANCEHHbIX, WIN UHBAPUAHTHbix) noarpynn. Ol
MOKa3aJ, YyTo KaxKAoMy anrefpaHyecKOMY ypaBHEHHIO CO-
OTBETCTBYeT Tpymma KOHEYHOTO TMOpsAAKa, a mnpupojaa
KOopHeil ypaBHeHUS 3aBHCHUT OT TOrO, KAKOBHl HOPMAAbHbLE
nodepynnet 3TONR TPyNImBl, T. €. B OCHOBE H3yYeHUS CBOHCTB
pelleHHH COOTBETCTBYWOLIEro ajreGpanyeckoro ypabHe-
HHUSA JIeKUT paccMOTpeHHe HOPMAaJbHBIX NOATPYIIL

Hcenenyem HopMajbHble NOATPYNIBI C ABYX TOUeK
spenus: (1) ¢ Touku 3peHHsT rOMOMOpPOHBIX OTOOpaxe-
HuH, (2) ¢ TOuKM 3peHus pa3bUeHHs TPYNObl HA CMexK-
Hble KJaacChl 10 HopmaJbHO# moarpynme. Kakx Mol
yBUAUM, 06a 3TH MOAXOAA COOTBETCTBYIOT PAa3IMYHBIM
acmekTaM OJHOTO H TOTO K€ OCHOBHOTO CTPYKTYPHOrO

) dpapuct Tanya (1811—1832) 6bl1 oAHMM M3 MeEPBHIX, KTO
NPe/JIONKHUA TAKOH MOAXON K MaTeMaTHKe, NMPH KOTOPOM LEHTP TsKe-
CTH TIEPEHOCHTCA Ha ofuiHe TeopeMbl 06 aGCTPAKTHBIX CTPYKTypax.
Buarogaps TakoMy NOAXOLY OH YCTAHOBHJ YCJOBHA Pa3peuldMOCTH
B pajiikasax MPOHM3BOJBHBIX anrebpauucckux ypasHeHuil. Tlpu stom
1M Obl70 BBEJEHO MOHATHe 1048 W NafileHO COOTBETCTBHE MeKAy
NOAAMH M TPyNnaMd, cOXpaHHBIIee 3HaueHHe X0 HACTOSLIErO Bpe-
MeHn (OHO M3BECTHO Temepb MoA HaspaHHeM «reopHs laaya»). Taaya
Gul1 yOHT Ha Ayaau B BospacTe 21 rona.

?) HopmaibHble DOATPYMIBE YaCTO HA3LIBAIOT «HOPMAJbHHIMH He-
aurendaMmu». — [Ipum. nepes,

6 3ak, 1090
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cBoficrBa. [lepBhifi MOAXOA OmHpaeTcst Ha BHIIBJIEHHE pS-
Ia COOTHOLIEHHH MeXKIy 371eMEeHTaMHU I'PYIINHl NyTeM <BHI-
YHCIeHUH», OMUPAIOIIUXCAd Ha TPYNIOBbie aKCHOMbL. Mbl
yKe TNPOBOAUJIM TOAOGHBIE BHIUMCIEHUS, KOTJa, HaNpH-
Mep, pellajy IPYNNOBble YpaBHEHHS U NOJydasu ONpese-
JISIOIIHE COOTHOIUEHHUS TPYIIILL.

HopmanbHbie moarpynnsl U reMomMopdHbie oTo6paxe-
nus. HauHnem HccnegoBaHHe HOpPMAJbHBIX MOATPYNN C
paccMOTpPeHHs] HEKOTOPBIX TPYINOBHIX T[OMOMODPGH3IMOB.

_____ b Prc. 111

I'pyuna ausgpa Dg ¢ snemeHtaMmu [, a, a2, b,
ba, ba® W onpelensOMIHMY COOTHOLICHUAMH
a*=b?=(baj?=1.

Mur notpebyem, uto6bl 3TH roMOMOpPGHU3MBl OTOGpPaXKanH
HEKOTOpble CHelHa/ibHble MOATPYNNLl B €AUHHILY TPYIIIHI-
06pasa, W NMOCMOTPHM, K KaKUM pe3yJabTaTaM [PHUBELYT
9TU YCJOBHS.

KonkperHo, paccMorTpum rpynny ausapa D; nopsinka 6
(puc. 11.1). Ira rpynna umeer moarpynny H = {I, b}.
Ilpeanonoxum, uto f—romoMophHOe 0TOGpaxKeHHe
rpynnsl D; Ha rpynny G, Takoe, 4TO 8ce 34eMeHTbL nO0-
epynnot H nepexodsar e I epynnet G, 1. e.

fh=1 u f(o)=1I.

[TocMorpum, Bo uto npu romoMopduamMe f nepexoasit ame-
MEHTHl, He NpHHagdexaiuue noarpynmne H. Mb yTeepx-
LaeM, uTo

fa)=1.

JefcTBUTeILHO,
a=Ila=(ba)a=babaa, unu a=(ba)(ba?).

Tak kak f--romomMopdusm, TO A JNOGHIX 3JeMEHTOB

r ¥ S 3TOH rpynnsl
f(rs)=F(r)F(s);
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CeloBaTe/bHO,
f(a)=F(ba-ba®)=f(ba)f (ba?) =
=f®) @) f®) (@) =[(a)f (@ [rak kak f(b)=1]=
~1@)=Fu)=1,
KakK u yrBepxiuanock. [Tostomy

Ha)=F @) f(a) =1,
f(ba)=F®)f(a)=F(a)=1,
f(ba®) =F(b)[(@®) =[(a)) =1,

TaK 4TO KaKABIH 3/MeMeHT rpynnnl D; oro6paxkaerca B /.
OTO NOKasbIBaeT, UTO /0006 eomomopdusm epynnoet Dy,
koropuiti nepegsodur nodepynny H e I, orobpaxaer g I
scro epynny Dj.

Paccmorpum Teneps romomopguam rpymnsl Ds B rpym-
ny G, KoTopblii mepeBOANT B | HEKOTOPYIO APYTYIO MOJ-
rpynny, ckaxem noarpynny K = {/, a, a?. Hs coorno-

HIeH 1
fy=Ff(a)=F(@)=1
clefyer, uTo
[(ba)=f(b)[(a)=T (D),
f(ba®) = (b)f(a®) = (D),
H 5TOT TOMOMOP(hU3M MOXKHO NpPEACTABHTH B BHIE
I aa®hbbaba®
(I Il ¢cc¢ ¢ )’

rae ¢ = f(b). Tak xak
E=[®)@)=F0)=Ff)=],

TO MHOXECTBO, COCTOsIlliee H3 31eMeHTOB [ U ¢, aBasercs
yuxauseckot epynnoti sropoeo nopadxat). Takum obpa-
30M, eomomopproe oTobpancenue epynnor Ds, koTOpOe

1y Mu HeaBHO mnipeanodaraeM, uro ¢ = f(b) 5= 1. Koneuno, cy-
mecTByer (TpuBHanbHOe) oTobpaxenne f, Taxoe, uto f(b)=/I, Ho
paBeHcTBO f(b) = I He ABJIAETCH HenpemeHHviM CJIEJCTBHEM pPaBeH-
crea f(a) =L
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nepesodur nodepynny K 6 I, ne obasarervno orobpa-
ocaer 8 I scro epynny Ds; ono moxceT oTobpascars epyn-
ny D3 Ha yuxauveckyro epynny 8TOPO2O nopadka.

OTH pe3yJbTaThl NMOKAa3blBAIOT, YTO MEXAY MOATPYI-
namu K n H B D3 umeercs CylleCTBEHHOE pasJuuHe.
B nmanbueiitneM Mbl yBUAMM, yTo noarpynmna K peficTsu-
TeJbHO oOfJMafaer HEKOTOPO#l OCOOEHHOCTBIO, KOTOPYIO
MOXKHO OXapaKTepH30BaTb KaK «HeH3MeHsieMOCTb» (HMHBa-
PHEHTHOCTb) HEKOTOPOrO CBSI3aHHOTO C Hefl 06BEKTa, B TO
BpeMsI KaK COOTBETCTBYIMOUlUi 0oGvekT moarpymnsl 1 6y-
IeT «M3MeHAeMBIM»; B CBsisu ¢ 3TuM moarpynny K Ha-
3BIBAIOT HOPMAALHOL, WIH uHBapuanTHol, V3yuarh cylue-
CTBEHHBIE CBOMCTBA HOPMAaJbHBIX MOATPYII HAaM IOMO-
KeT pacCMOTpeHHe CMEeNCHbIX KAQCCO8 TO TaKHM IOA-
rpynmnam.

B ra. 8 Mbl yxKe uMenn AeJO CO CMeXKHBIMH K1accamu
Mo DOATpYymMe H BBIMHMCAJIHM BCe JieBble ¥ NpaBble CMeX-
Hble KJacchl rpynnsl guagpa Dz nmopsaxka 6 mo moarpym-
ne H. Boinio oTMeueHo, uto Knacchl afl w Ha ne coBna-
paior (kak MHOXectBa) (ctp. 117); JeBbli cMexHBIH
kaacc aff —3To MHOXKecTBO

{al, ab} ={a, ba?,
a mpaBblii cMexHBIH Kaace Ha — 310 MHOXKeCTBO
{Ia, ba)={a, ba}.
UTo MOXKHO CKa3aTh O JIEBHIX W NPABBIX CMeXKHBIX Kjac-
cax rpynust D; no noarpynne K nopsaaka 3? Bor oum:
Jlesble cMexHble KJaacehi Hpas&e CMeXHbI€ KJaccChl
K={l, a, o%, K={l, a, a%,
bK ={b, ba, ba%; Kb ={b, ab, a®b} ={b, ba?, ba).
JleBble 1 npaBble CMexHble Kaacchl mo moarpymme K co-
BHajgawr, T. e. bK = Kb.
FomomopdHoe otobpaxenue [ rpynnsl D; Ha mukau-

YeCKylo Tpynmy nopsifika 2 JAeficTByeT CJEAVIOUHM 00-
pasoM: :

cMexkublii kmace K— 1,
cMexHblfl kiaace bK = cmexubiit knace Kb —f(b).
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Ha puc. 11.2 3Haukom O OTMeYeHH! T€ 5J€MEHTH TPYIIHI
ausapa Dz, KoTOpble NMpHHAAMEKAT CMEKHOMY Kiaccy K,
a 3HaukoM [] —Te 3JeMeHTHb, KOTOpble NpUHAAJERAT
cmexkHomy kiaccy bK. Ha puc. 11.3 oguHakoBbIMH

Puc. 112,

3HayKaMu 06O3HayeHbl 3J€MEHTHl, NPHHAAJeKalIHe Of-
HOMY H TOMY K€ JIeBOMY WJIM NPaBOMYy CMEXKHOMY KJaaccy
rpynnsl Ds o moarpynne H.

Hs storo mpuMepa BHAHO, YTO NpejCTaBiIeHUe Cpyl-
no D; B Buie o6beiAMHEHHS CMeXHBIX KjaaccoB mo K

I
[}
1
~a e
~ -

Puc 113

Ha neBoM pHcyHKe, OTBeuamoUleM JeBLIM CMEXHBIM KJAcCcaM,
cuMBoJIoM () 0603HaYeHBl 31eMeHThl U3 H, cHMBOJIOM [ — 3Je-
MEHTH M3 a@H ¥ cHMBOJOM A — 3JeMeHTH H3 a3H.

Ha npasoM pHcyHke, oTBedaioUleM MpaBhiM CMEXHLIM KJac-
caM, cHMBoJoM () ofo3HadeHbl dJMeMeHTH H3 H, CHMBOJOM
[1 —saemedTH M3 Ha # cUMBOJNOM A ~ 37eMeHTH u3 Ha

ocTaeTcd HeM3MeHHBIM, WHaue, UHBAPUAHTHbIM, BHe 3a-
BHCHMOCTH OT TOrO, MpeAcTaBjsercss Ju TPyNna B BHAE
00belHHEHNS JEBbIX W/ NMPABbIX CMEXHBIX KJIAaCCOB.
Boo6mwe noarpynna K rpynnet G HaswiBaeTcst HOp-
MQAbHOU, WIW UHBAPUAHTHOL, ecIy KaXK bl Aegolil cmeor-
notld kaace aK epynnet G no K cosnadaer ¢ coorser-
creyroujum npasoin Kiaccon Ka. OTMeTHM, B YaCTHOCTH,
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MTO NOATPYINIA, COCTOsALIAs W3 OLHOrO 3JjeMeHTa I, HOp-
MaJbHa, TOCKOJIbKY AJA KaxKIOro 3jeMenta g rpynnsl G
knaccol g/ u Ig cosnagaior (KaXKawlét 3 HUX COCTOUT U3
¢AMHCTBEHHOrO 3JeMeHTa g). Bces rpynnma G Takxke
IBJSIETCA CBOeNl HOPMaJbHOH TNOATPYNNOH, MNOCKOJbKY
mo6o# JeBnfl cMmexHLIt Kaace gG u moboil mpasblil
cMmexublil kaacc Gg coBmafaer co Bceil rpynnoit G.

B crnenyoliell TeopeMe ycTaHaB/AHBAeTCH CBSI3b MeEX-
Iy HOPMAaJbHBIMH HOATPYNIAMH H TOMOMOP(QHBIMH OTO-
OpaKeHUsIMU.

TeoPEMA 6. [Tycto [-— eomomopgroe orobpanenue
epynnot G na epynny H, Toeda mroxecrso K acex rakux
arementog x epynnot G, uto [(x) =1 (e0e [ — edunuya
epynnot H), asaserca Hopmaavxoi nolepynnod epyn-
net G

JokaszaTenbcTBO. ¥Y6Gegumes cnavajga, uto K
apasercd moArpynmofi rpynnel G. Jlsis 3TOro mposepum
BLINOJIHEHHE [BYX yKa3aHHHX Ha crp. 107 ycaosuii, xo-
TOPBIM JOJ/UKHA YAOBJIETBOPATb NMOArpynna. 3aTeM Aoka-
KeM, uto noarpynna K HopMasbHa.

(1) 3amruyrocrs. HyxHO mMOKa3aTe, uTO eclm X; H
Xp— IBa NPOU3BOJBHBIX 3JeMeHTa U3 K, TO XX Takxe
npunazaexut K. Ias aToro mokaxem, uro ecau f(xy) =
=1 uf(x) =1, 10 f(x1%2) = I. TTockosbKy f — romomop-

pusm, ,
Fox) =Fx)[(x)=1-1=1.

TeM caMbiM dOKa3aHa 3aMKHYTOCTb MHOXkecTBa K.

(2) O6parumocts. TlokaxeM, uTO eclH 3JeMeHT X
NpHHALMEXKUT MHOKeCTBY K, TO ero o6paTHblll x~! Takxe
npunapiexur K, t.e. ecan f(x) =1, o u f(x!) =L
Tak xak f-— romomopdusm, 10 f(f) =1 (cMm. ymp. 37,
ctp. 137) n

Fa)=1-F)=F)f () =f(ex)=F (D) =1.

Takum o6pasom, ans K BhINONHsAETCS CBOHCTBO ofpaT-
MOCTH.

Teneps moxaxem, uto K sBasercs HOpMaJbHOH NOA-
rpynnofi rpynnsl G. s 3T0ro MH A0/MXKHB TOKa3aTh,
uyto YK = Ky 0as awboeo saementa y epynnet G. (Ha-
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NOMHUM, UTO ofipedesexile HOPMAaJbHOH HOATPYMIB CO-
Jep:KUT JHlIb TpeGOBaHHe COBMAAEHHS JEeBBIX U NMPaBbIX
CMeKHBIX KJaccoB M0 3TOH moArpynme.) .

Ilycts %y — npou3BOABHBIA, HO (QUKCHPOBAHHHIA 3Je-
MeHT noprpynnsl K. Torma xiy dBAseTCs 3/J1€MEHTOM
CMEeIKHOTO KJsacca

Ky={xly7 XoY, X3y, .. }

Mbl x0TUM nokKkasaTtb, 4YTO 3JEMEHT XY HpI/IHa,ElJIe)KI/IT
CMEXKHOMY KJjaaccy

yK ={yxlv YXo, YXs, « . }y
A/ 3TOTO pEeUIUM OTHOCUTEJNbHO 2 YypaBHCHHE
yz=x1y

H HOKaxeM, UTO 2 AsafeTcs 3diemenrom nodepynner K.
DJeMeHT

2=y lxy

ABJIAETCA pelileHHeM 3TOro YPaBHEeHHs, H ocTaeTcs JHIIb
nokasarts, uto f(2) = /. Ho

f()=[(y~'x;y)= (nockoabKy [— romomopdusm)
=f(y~Y)f(x)f(y)= (nockoabky x, npunannexur K)
=f(y- l)f( = (mocko.sbky f— romomopdusm)
=f()=

Takum o6pasom, 2z npunaniexur noarpynne K. Tak
KaK X,y — NPOM3BOJIbHBIH 3/1eMEeHT CMeXHOro knacca Ky,
TO MBl AOKa3adu, 4TO KaxcObill 3AeMEHT U3 CMENHO20
kaacca Ky npunadaexcur cmescrnomy Kaaccy yK.

AHaNOruuHO, eclH  YyX; — NPOU3BOJBHBI  3JIeMeHT
cMexHoro Knacca yK, To MBI MoXKeM NOKasaTb, UTO yX;
npuHagiekuT cMexkHoMmy kaaccy Ky. Jas atoro Hy:KHO
JUIIL PEUIHTh OTHOCUTENbHO 2 ypaBHeHHe 2y = yXi, a 3a-
T€M NPOBEPHTb, UTO 2 = yX1y~! ABAsieTCA 3JeMeHTOM MO-
rpynnel K. Orcioga Gyner cienoBaTb, 4To Kaxcdoul die-
MenT cmexmroeo Kaacca yK npunadaemur Ky. Takum

o6pasom, yK = Ky.



168 TJIABA 11

ITodepynnot abearesoil epynnor Hopmarvol. Iyt
K — vopmasbnas nogrpyuna rpynnsl G. Bremnuit sug
coorHollennsi yK = Ky HaBOOHUT HA MbICAb O TOM, 4TO
peub HIAET O HEeKOTOpOofl pa3HOBUAHOCTH KOMMYTaTHB-
Hoctu. MHTepecyioulee Hac CBOMICTBO MOXKHO copMyJiH-
poBaTh CAEAVIOIMM 00pa3oM: AJsl NPOH3BOJBHOILO 3Jie-
MeHTa y rpynnsl G u 06oro aiementa xy noarpymmsl K
MOXKHO HafiTu JieMeHT x» u3 K, Takoil, 4To

— 1 — -1
Yo =Xy, HIH Xy=yxy X =yxy .

W3 srtoro cpoficTBa BbITEKaeT, 4TO Kaxdas nodepynna
abenesoll, Uil KOMMYTATUBHOU, epynriol HOPMAALHA, Aek-
CTBUTEJIbHO, B a0esieBoil rpynne AJs Jo0blx ABYX ee 3Je-
MEHTOB Y H X1

yxi=x1y
H, TakuM obpasoM, yK = Ky.

Ynpaxuenne 52, Jloxaxure, 4TO eciu MOPAAOK
rpynnel G paBen 2n, rae n— uejoe uuciao, u H —nox-
rpynna nopsiika n rpynnsl G, To H — ee HopMmaJjbHas
NOArpyIa.

Ynpaxueune 53. Ilycre rpynma G cocrout us
3JIeMeHTOB g1, Zo, &3, ... . LlycTb, najsee, X o6o3Hauaer
JM1000f1 U3 3THX 3JEMEHTOB; PACCMOTPUM MHOXKECTBO

S={xgx7!, xgsx~!, xgsx~, ...}

JokaxuTe, 4YTO MHOXKECTBO S COHEpPXKHUT BCE 3JeMEeHTH
rpynnsl G. (DaeMeHT xgix™! Ha3bIBACTCS CONPANCCHHbIM
K 9JIEMEHTY gi C HOMOLIbIO 3JIEMEHTa X.)

Ynpaxunenue 54, Ilycts ¥ u y — nmo6eie gBa sae-
MEHTa HEKOTOpO# Tpynnbl, Takue, uTo X = yxyi. Kakum
H3 H3BeCTHHIX HaM paHee CBOHCTB o6jagaer Takas mapa
aJeMeHTOB? (DJieMeHT X Ha3bIBACTCS CAMOCONPANCEHHbIM
¢ NIOMOIILbIO Y.)

Ynpaxnenue 55 Tlycrb K —mnopmaabnasa mnog-
rpynna rpynnst G, npuuem K coCTOMT M3 3/1eMeHTOB A,
ks, ks, .... Tlyctb, nanee, g — NpOU3BOJBHBIH 3JE€MeHT
rpynnst G. PaccmoTpum MHoxectBO S = {gk,g™, gk,g™!,
gksg™, ..}, Hokaxure, uro MHoxectBa S H K coBna-
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Aaiot. (Bwulpaxkas 3to cBoficTBo, Mbl 6yAeM TOBOPHTB,
YTO HOpPMaJibHasl MOATPYIIIA CAMOCONPANEHA.)

Obpawenue reopemsr 6 (paxropepynna). Korna ma-
TeMaTHK 3aBepillaeT [0Ka3aTelbCTBO HEKOTOPOil Teope-
Mbl, OH aBTOMaTHYeCKu 3ajaer cebGe HOBHIH BONPOC: Bep-
Ho Jn obpatHoe yTBepxkaenne? OTBET Ha 3TOT BONPOC
AJis TeopeMbl 6 COAEpPKUT HEOXKHMIAHHBIH HONOJHUTE]b-
HBIl pe3yJbTaT — CBOEro poja <«IpeMuio» — B Ipolecce
J0Ka3aTeNIbCTBA BO3HHKAeT HOBBIl TUN rpymn, Ha3biBae-
MBIX gakropepynnamu. ChopmyaupyeM TeopeMmy, obpart-
HyI0 K Teopeme 6 (KoTOpas U B caMOM JeJie OKa3hBaeTcs
ClpaBe//IUBON).

TeopEMA 7. [lycTe 3adana Hopmarvras nodepynna K
epynnot G. Toeda cywecrayror epynna H u ecomomopproe
orobpancenue | epynnot G na epynny H, rakue, 410 8ce
aaementol epynnor K, u ToAbKO OHU, nepexodar npu [
8 edunuyy epynnor H.

B caenywouiem pasiene Mbl A0CTpOuUM TpPHMep Tpym-
nbl, cessanHoit ¢ rpynnamu G u K Tak, Kak 310 Omu-
caHO B TeopeMe 7, U TeM caMbiM ybenumcs, uto rpynna H
«cylectsyer», Takyio Tpynny HasblBalOT (paxiopepyn-
noti rpynnsl G no noxarpynne K n o6o3nauaior uepes G/K.
Mu yBuauM, uto dJeMenTaMu rpynnsl G/K apasiorcs
MHOXMCECTBG 3JIEMEHTOB, a HMEHHO CMexcHble KAACchl
rpynnsl G no moarpynne K.

OTMeTHM, UTO 3Ta TeopeMa MHO3BOJISIET YCTAHOBUTD,
MOXKeT JH 3JeMeHT X TMpHHalJexaTb XOTs Obl OAHOH
HOPMaJIbHOM MOATpyNIe, He coBNafawllell co Beelt rpyn-
noii. HyXXHo /nuip BBISACHHTb, KakHe CJeJCTBHA BBITe-
KaloT M3 MPEANOJIOKEeH s 0 CylleCTBOBAHUH FOMOMOPdhHU3-
ma f, npu koropom f(x) =/. Ecan moGoe oToGpaxe-
Hue [, ymosnersopsiotlee yciosuio f(x) =/, nepesogut
B / 8ce 3MeMeHTHl IPYNIbl, TO X He SABJAETCH 3JEeMEeHTOM
HHKaKO#l COGCTBEHHO HOPMAJbHON NOATPYIIIBL.

dakroprpynna. dsapucr [anya nepsBeiM mokasad,
uto cmexcuble Kaaccol epynnot G no ee Hopmarvroil nod-
epynne K obpasyior epynny. Ity Tpynmy Mbl HasBaau
¢akroprpynnoit G/K. B xolle ee uayueHHss HaM NpHJIETC
MPHEIOCOOHTBCS K HOBOMY A HAc (GaKTy, a HUMEHHO uTo
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3JeMEHTaMH JaHHOH TPYNNBl ABJSIOTCS MHOXKECTBa 3Jjie-
MEHTOB JPYrod Ipymmbl.

[Ipexnme uem MBI CMOXeM Ha KakoMm-1u60 mpHMepe
NpOBepHTb 3aMeuaTejbHbI pe3ynbraT [anaya, HeoOxo-
JUMO ONpeNeNuTh HAa MHOMXKECTBe CMeXHBIX K/J1accoB IPyl-
nel G no nopmanabsoll moarpynmne K GunapHyio omepa-
puro. Onpenenum npousdgedenue 08yx CMeNHbIX KAGC-
cos R u S (B Takom nopadke) Kak MHOXNeCTB0 Bcex
nipoussefieHul Buaa rs (B TakoMm nopadke), rae r — ale-
MeHT MHOXKecTBa R, a §— 3eMeHT MHOXecTBa S. Takum
o6pasoM, npousBefenne R-S ABYyX CMeXHBIX KJaccoB
€CTb MHOXeCT80, COCTOsIIlee U3 BCeX NMPOU3BeleHHH 3ie-
MEHTOB TPYNIB!, NepBble COMHOXKHTENH KOTOPHIX MpH-
HalJexaT CMeXHOMY KJjaccy R M BTOpble — CMEXKHOMY
Knaccy S (3T0 MHOXKECTBO Jerko HaiTd mo tabauie
yMHOxeHHs), HHUTaTeno ciegyer 10KasaTb, UTO ecau R
¥ S — cMexHble Kjacchl rpynnsl G MO ee HOpMAAbHOU
noarpynne K, to R-S Taxke 6ydeT CMeXHBIM KJIacCoM
rpynnet G no moarpynne K, T. e. B3siTue NpOU3BedeHUs
ABJsercs OvHapHON omepauueli HA MHOXECTBE CMEXHbIX
knaaccos rpynnsl G no noarpynne K.

[TosicHuM 3TO oupeneseHUe, UCIOAB3Ys PaHee HallleH-
Hble CMexHble KJacchl Tpynnbl ausapa Ds mo HopMasb-
#ofi moarpynne K, uukanueckofi rpynme mopsigka 3
(cTp. 164):

K={l,a, a* u bK=Ib, ba, ba%.

O6pasyeM, COrnacHO HameMy ONpeeJeHHIO, TPOH3-
Befedne K-K. B pesyaprare Mbl MONYyYHM MHOMKECTBO
3/1€MEHTOB, KOTOPble COCTABJSIOT TabJHIy YMHOMXKeHHS
11.1. Dto muoxmecTBO coBmagaer, oueBHAHO, ¢ K; Takum
o6pasoM, K-K = K. MHOXeCTBO 3/1eMEHTOB, U3 KOTOPBIX
cocTout npoussefieHue K-OK, cocraBaser Tabauny ym-
Hoxennd 11.2. Uuratensio ciefyer OpOBEPHTb, HCIOMb-
3y B KauecTBe yL0OHOH (opMbl TaGJHIB YMHOXKEHHS
rpad rpynmst Dj, 4TO 3TO MHOMXKECTBO, COCTOSIEE H3 Je-
BATH INPOH3BeleHUl, COBMNAZaeT CO CMEXHBIM KJIaccoM
bK, 1.e. K-bK = bK. AHanOriuno MOXKHO NPOBEPHUTS,
yro bK-K = bK u bK-bK = K. TakuM o6pasowm, TNpou3-
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BeleHHe JI0OLIX ABYX CMeXKHBIX KJIACCOB — CHOBA CMeX-
HbIH Kaace, a K — eIMHUUHBIN 3JEeMeHT,

Tabauya 11.1 Tabauya 11.2
K-K K-b8K
I ] a [ a? b ba ba?
I I a l a? { b ba ba?
a a a® ’ 1 a ab ’ aba aba®
a? a? I ' a a? a’b a%ba | a’ba?

Tabnnua ymuoxenus 11.3 pas cmesmnoix kaaccos K
# bK cymmupyer noayueHHble pesyaprathl. OHa moKa-
3bIBA€T, YTO 3TH CMeXKHBbIe KJacchl 06pasyloT LHK/IHYe-
CKyIO Tpynmy mopsifka 2 u uTO cMexHbifl kinacc K sB-
Jsetcs ee eAnHuIel. Ta rpynna Ds/K cMeXHBIX K/1acCOB

Tabauya 11.3

K | 6K
K| K |bK
bK | bK | K \

HaswiBaercsd QaxrTopepynnod rpynnst D; mo HOpMaabHOH
noarpynne K. Yurartenio ciaelyeT MpoBepHTb, 4TO OTO-
6paxenne D;— Ds/K, onpenenennoe ¢popmyoi

x—xK,

ectb roMomopdHoe orobpakenue rpynnsl D; Ha rpynmy
D;/K. (Tlokaxure, uto xy — xyK = xK-yK.)

HasBanue «daxroprpynna» u o6osnauenue Di/K
06DBACHAIOTCS aHAJIOrHell MeKAy pas/okeHHeM TpYIIH
B 00BbeJlHeHHe CMEeXKHHX KJaccoB

D;=KUbK
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H (dakrTopuszauued duces, T.e. UX pPas3JOXKeHHeM B Ipo-
H3BeJdeHUe ABYX COMHOMHTeJeH !), Tak 4TO MBI «KaK GbI»
HMeeM

Dy=(I +b)K =IK + bK =K +bK.

Boofuwe ecau rpynna L npencraBieHa Kak o0bedH-
HeHHe
L=JUriUsJIU ... UdoJ

CMeXHBIX KJacCOB N0 HOpMaJbHOH moarpynne J, To 3TH
kaacchl o6pasyioT dbaxroprpynny?), o6o3HauaeMyio ue-
pes L/J. 3ra dakroprpynna OJHO3HAYHO OMpegessiercs
oByMs rpynmnamu: L u J.

Yunpaxuenue 56. Obpasyiite npoussefeHue AByX
nodepynn R u S rpynnel G Tak Ke, Kak 3T0 [ejaercs
IJIsi CMEXHBIX KjaaccoB. Iloxaxute, uto

(a) muoxecrso R-S saBAsercss MOATpynnoi TOTAa H
TOJbKO TOrjga, korga R-S=S8'R;

(b) ecam omna u3 noarpynu R unu S HopMaJsbHA, TO
R-S = §S-R sBnsgercs MOATpymnmo.

T'pynnosoie cootnowenus u gaxrTopepynnot, Bripasum
HEKOTOpble U3 MOJYUEHHBIX PEe3YyJbTaTOB O HOPMaJbHBIX
noarpymnnax, roMoMopgHbelx otofpaxenuax u ¢dakrop-
rpynnax ¢ MOMOUIbIO TPYMNOBLIX COOTHOLIEHUH U rpadoB
rpynm.

Ha puc. 11.4 uzo6paxen rpad rpynnel gusgpa Ds.
®akroprpynna Ds;/K coaep:uT Bcero asa 3JeMeHTa

K={l,a, a2 u bK={b, ba, ba?,

B TO BpeMsl Kak rpynna Dj; coIepXKUT WeCTb 3/eMeHTOB,
NpeicTaBieHHBX B BHAe BepuwiudH ee rpada. Ecau bl

') 3toft Xe aHamorHedi 06DBACHSAETCH APYroe Ha3BaHHe HOPMaJb-
HOft MOATPYNIBI — «HOPMaJbHBIH AeauTenbs, — [Tpum. ped.

2) Jlerko mpoBepxTh, 4TO A GAKTOPTPYMIB BLIMOJHSIOTCH BCe
TPYnnoBble akcHOMBL. JleficTBHTE bHO, |) 3aMKHYTOCTb OTHOCHTEIBbHO
6uHapHOf omepaliu yMHOMeHHMs CMEXKHBEIX KJacCOB yKe Gbl1a TMOKa-
sana {ctp. 170); 2) accouuaTHBHOCTb CPa3y CJAeLYeT H3 aCCOUMATHE-
HOCTH YMHOXeHHS B L; 3) ennnuueli ssasercs caMa HOpMaibHas
nogrpynna J; 4) obpatHeifi K rJ cmexHE Kaace ectb ro\. — Mpus.
peod.
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K ONpeleNsfollHM cOOTHOWeHHAM rpynnbl Ds npucoenu-
HHM COOTHOLIEHHE
a=1,

3JleMeHThl B cMe:KHbIX knaccaX K u bK npumyr Bun
,a=1,a2=1) u {b, bI=b,bI=0b},

T.e. Mbl Jo6ujHCh He TOJBLKO TOTO, UTO BCe 3JEMEHTH!
noarpynnsl K npespaTuimch B 3eMeHT [, HO H TOro, 4TO
BCE 3JEMEHTHl cMexHoro kjaacca bK mpeBpaTusinck B sJje-
MeHT b. MHbIMuU cioBaMu, HONOJHHTE/NbHOE COOTHOLIEHHE

‘a’zh?= (ba)Z:]

a =1 ckaeuBaer Bce sjeMeHTH MOArpynnb K B eluH-
CTBeHHBIH 3jeMeHT /, a Bce 3JIEMEHTHl CMEXKHOTO KJjacca
bK — B enuncTeennbii snement b. Tax kak b?=1I, To
Ho6GapneHne cooTHoUleHHs g = [ MPHBOAHT HAc K LHK.JIH-
yecKOH rpymne mopsiaxa 2, T.e. rpynne, #30MOPGHHOH
rpynne Ds/K. Takum o6pas3oM, BBECTH IONOJHHTEIbHOE
cooTHOUIEHUe a = ] — 370 BCE PaBHO, YTO TOMOMOp(HHO
oro6pasutb rpynny Ds Ha Ds/K TtaK, 4roGbl B eAHHHIlY
¢axToprpynnsl mepemsu B TOUHOCTH  SJNEMEHTH MOA-
rpynne K.

MOKHO CuHTaTh, uyro BBElEeHHe COOTHOuleHHs a =/
NPHBOAMT K Takofi aedopmaund rpada, npu KOTOpOH
BepUIMHB, COOTBETCTBYWOLIHE 3JEMEHTaM NOArpymbl K,
CIHBAIOTCS ¢ BepIIHHOM, COOTBETCTBYIONUICH SJEMEHTY 1.
Taxoit npoulecc MOXKHO npeacCTaBiATb cef6e KaK «CTATH-
BaHHe» B TOYKy o6pasywoouieil @, W 3710 Jerie BCEro
clefaTh, ecad cHauajga npuaaTbh rpady TPeXMEpHYIO
dhopMy, a 3aleM «CTAHyTb» BCe Q-OTPe3KH B TOUKY.
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IToctenennas nedopmanus uszobpaxkena (ciesa Hanpa-
BO) Ha puc. 11.5. Buano, uto npucoeinHeHHe COOTHOILE-
uua a =17 (1. e. o6pauenne noArpynnsl K B efHHHUIY
rpynnst Ds/K) npespauaer rpad B urpoenusii epad yu-
Kaudeckol epynnol nopadxka 2, y KOTOPOro OfHAa Bep-

b ba b ba ba? (bK)
:'\/l: —_— :; . I,’T\\ _____ b
R R I A
a it
\i/ e v
! a,a? (K)

IIMHA COOTBETCTBYET CMeXHOMY kaaccy K, a gpyras —
cmexxHoMmy knaacey bK. Hrak, ¢ noMombio aedopmaiuu
rpada rpynnsl Dy MBI NPHXOAHM K epaguueckomy nped-
crasaenuo paxkropepynner Ds/K, nsoGpaKkeHHOMY Ha
puc. 11.6.

cmexmoid kaacc K cmexcHoil kaacc bK

Puec, 11.6.

ITocmoTpuM, B Kakoil Mepe 3TH peaysbTaThl clpa-
BeLMUBBE JJs OecKoHeuHbiX rpynn. PaccMmotpum aanu-
TUBHYIO LUHKAHYECKylO rpynny N Bcex UeABIX qucen H
BO3bMEM B KauecTBe ee HOpMAaJbHOH MOArPYIIbl MHOXKeE-
ctBo E Bcex ueTHbIX unces. [Ipencrasum rpynny N B Buie
00beAMHEeHUs CMeXXHBIX KJjaccoB [0 HOpPMAaJbHOH noi-
rpynne E, T.e.

N=EUaE, roe a He npunagaexur E;

cM. cTp. 118, (Moxuno He comueBaTbesi, uto E — Hop-
MaJsibHas MOATpyNnna rpynnsl N, mMOCKOJAbKY KaXAas MOA-
rpynna afeneBoH, HAM KOMMYTAaTUBHOH, TPYIIBl HOP-
MaJbHa.) CMmexHblil Ka1acc aF cospmagaer ¢ MHOMKECTBOM
O Bcex HEUeTHBIX HHCeN M, C1e10BATENbHO,

N=EUO.
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O6pasyior nu cMmexHble kaacesl £ u O rpynny? Hawm
HYXHO yOeAuTbCcs B TOM, YTO Ka)KJO0e M3 MpOU3BeleHHMl

E-E, E-O, O-E, 0-0

ecTb Jau6GO cMexHbll Kaacc E, nu6o cMmexkHbift Kaace O
H 4TO BBHINOJHSIOTCS aKCHOMBl rpynnel. BemomuuM, d4Tto
CunapHas omepauus rpynnsl N — 310 caoscenue. Torna

E.-E=FE, tak Kak E-E ecTb MHOXECTBO BCEX CYMM
IBYX UETHBIX UHCeN;

E.-O =0, rak kak E-O ecTb MHOXKECTBO BCEX CyMM
YETHOrO M HEYeTHOro YHCel,

O-E = 0, tak kak O-E eCTb MHOXECTBO BCE€X CYMM
HEeYeTHOTO M YeTHOTO uuces,

O-0 =E, tak kak O-0O ecTb MHOXECTBO BCEX CYMM
JBYX HEUYeTHBIX YHces.

Tabauua 11.4 —3to Tabauila yMHOXKeHHS IJd CMeXK-
HbIX KaaccoB E u O. Takum o6pasoM, y (GakToprpymnisl
N/E rakas xe Tabauua yMHOXEHHS, KaK y UHMKJIMYECKOH
rpynnst nopsaaka 2 (E urpaer ponb eaumnuus). B ra. 8
Mbl BHAENH, 4TO OecKoHeuHas HHMK/IHYecKas rpynma He
HMeeT KOHEeUHBIX nodepynn; Telepb Mbl BHIHM, UTO KO-
HeYHas rpynna Moxer OblTb ee (axkropepynnod.

Tabauya 114

I E| O
EVE | O
o|o|E

[Moctpoum Temepb ¢akroprpynny N/E ¢ momounio
rpacda rpynnel N (puc. 11.7), cnenysa cxeme, HCIOJb30-
BaHHON B MpelbIyLeM NIpUMepe, U HailjeM NOTOJHATE/b-
HO COOTHOIICHHE, 9KBHBaJeHTHOe OOpallleHHI0 HOpMaJib-
Hoil moarpynnsl E B eqUHHIY.

Ecau o6osHauuth yepes a 06PasylULyd IPYNIB U
BBECTH COOTHOILIECHHE

a®=1,

TO
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[TpucoenvHeHHOE COOTHOLIEHHE OTOOpa’KaeT 4eTHble CTe-
NeHH 3JeMeHTa a B [; APYrHMH caoBaMH, noirpynna E
adourusroli uukauueckoil rpynmel N oroGpaxkaercs B /.
OnpenenieHHas 3THM PACUUPEHHbIM MHOXKECTBOM COOT-
womenufi rpynna (dakroprpynna N/E) ecTb B TOYHOCTH
LHUKIHYecKas rpynna nopsaaka 2. (Msl roBopuin o coort-
HOLIEHHH, NPUCOEAWHEHHOM K «HCXOAHOMY» MHOXKECTBY

-2 - 0 { 2

Pue. 11.7.

B rpynne HeT COOTHOWEHHE.

COOTHOLIEHHH, JHLIb /i TOr0, 4TOObl COXPAHHTH CXeMy
paccyxXaeHuil npeabiayulero npumepa (rpynna D;). Ho
B HallleM cJyyae «HCXOJLHOE» MHOMKEeCTBO COOTHOLIEHHH
«nycro» — rpynna Coe cgobodua; cM. crp. 81.)

Kakoe pgefictsue Ha rpad rpynnbl N oxa3sbiBaer Ile-
pexon BceX 3JeMeHTOB noArpymnsl £ B aneMent /? Uto6u

4 a
a 3 a’
2 a 2
a a
a a
) ! -
a’ a’t
o ) a? 3
a3 . a
< L]
. .

OTBETHTb Ha 3TOT BOMNPOC, NpHAaauM rpady yaoOHYIO
iopMy W 3aTeM CKJEeHM BepLUMHB], COOTBETCTBYIOLIHE
aJgeMeHTaM noArpynnst E, ¢ BepIiuHOH, COOTBETCTBYIOIIEH
BepiinHe /. OcranbHble BepLIHHB], COOTBETCTBYIOLIHE 3Je-
MeHTaM KJjacca cMexHoCcTH O, TaKXe CKJeHBAIOTCH
B ofHy Touky (puc. 11.8). ITpu stom rpac rpvnnst N npe-
Bpaulaercd B GeCKOHEUHO MHOTO pa3 HNOBTOPEeHHuIH r'pad
LHKJIHYECKON rpynnsl Nopsika 2, ofHa U3 BepUIHH KOTO-
poro COOTBETCTBYeT CMexHOMY Kaaccy E, a apyras—
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cmexkHomy kiaaccy O. Ha puc. 11.9 wusoGpaxen rpad
daxroprpynner N/E.

Ecau Bmecto cooTHowenuss a? =/ Mbl NPHCOEAHMHUM
cooTHoweHue a® = I, 1o B [ Gyger ob6paiatscsi NOArpyIm-
na T Bcex wumcen, kpatablx 3. I'pad, npusemenunlfi K

Cmemnora waacc £ Cmexnua knace 0

Puec. 119

yaoGHOMY HaM BHAY, U rpad, moJydyeHHbil nmocie CKIeH-
BaHHUs BEPUIHH, COOTBETCTBYIOUMX 3JeMeHTaM MOArpym-
nbl T, ¢ BepuIHOH, COOTBETCTBYyMOILEH 3JaeMmeHTYy [, H30-
6paxenst Ha puc. 11.10. Tlonyuenuniit rpad ectb rpad
daxroprpynnu N/T.

2

a

cmexmnsid knacc V

a CMeMmHbIL CMEMHBIL
. wnacc T Kknacc U

a
Tpynna N Parxmopepynna N/T

Puc. 1110

T — noarpynma, coCcTORILAA U3 BCeX UHCed, KpaTHBIX 3; U—cMeXHBIA
Kaacc af, rae @ uMeeT BHI 3n 4+ 1; V — cMexubiil kaace b7, roe b
HMeeT BHI 3n + 2.

Wayuenne rpynn D3 u N npuBoguT Hac K TaKkoMy
crnocoby MOCTpoeHHs (HaKTOPrpynim:

(1) Paccmorpum rpynny G ¢ 3agaHHBIMU o6pasyio-
IAMH U ONPeAesONUMI COOTHOLIEHHSIMH.

(2) Bpenem- HOBOe COOTHOUIEHHe, T.€. NPHPaBHAEM
37eMeHTY | HEKOTOpoe ¢J10B0O OT ofpasyomux rpynnsl G.

(3) U3 310r0 HOBOTO COOTHOLICHHS CJAEAYET, 4TO CTa-
HOBATCA paBHBIMU [ ellle ¥ HEKOTOpble APYrHe 3/JeMEeHTbI
rpynnsl G. MHOXeCTBO Bcex 3/jeMeHTOB g rpynnnl G, aas
KOTOpPbHIX ~ paBeHCTBO g =1 aBjdeTcs  CJlE[CTBHEM
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N0GAaBJEHHOTO COOTHOLIEHHS H TPYIMOBBIX aKCHOM, o6pa-
3yeT HopMaJabHy1o noarpynny K rpynnst G.

(4) Coornowenus u3 n. (1) 1 (2) B COBOKYNHOCTH
onpezneasior $akroprpynny G/K.

D10 HexoTOpas PasHOBHIHOCTD onpeleneHus ¢akxrop-
rpyNNBl C MOMOILBIO TOMOMOPQHOro oToOpaKeHHs, Tak
Kax ycjaosus m. (2) u (3) BMecTe 3KBHBAJIeHTHbI 3afa-
HUIO ToMOMOpHOTro oToOpakenus rpynnel G Ha dakTop-
rpynny G/K, npu xotopom B [ oTo6paxaioTcs B TOYHO-
CTH BCe 3JIEMEHTHl HOpManbHoil moarpynmne K.

Mnb moxem caeayioumum o6pa3om 0606HIHTL 3TOT
crocofb:

(1) Paccmorpum rpynny G c 3ajpaHHBIMEH GOpasyio-
IHMH H A ONpEeNeNsOUIMMH COOTHOLIEHHSIMU

Ry=I, Ry=I,..., R,=1
(2) BBemeM S JOMOJNHUTENbHBIX COOTHOLIEHHII
Rn+l=l) Rn+2=l’---, Rn+s=17

npupaBHuBas K / caoBa or ofpasyoumux rpynns G.

(3) MHoxecTBO BCex 3JeMeHTOB g rpymmel G, aas
KOTOPBIX paBeHCTBO g =/ sABJAseTcs cAeicTBHeM J006a-
BJIEHHBIX COOTHOLICHHH H TPYNNOBBIX aKCHOM, oGpasyer
HopMaJbHyio noarpynny K rpynnu G.

(4) Bce n+ s cootnHomennit Ry =1, Ry=1, ...
..., Rpys =1 onpenensiior daxroprpynny G/K.

Mbl He 6yZeM NPHBOILHTL IIOJIHOTO Jl0Ka3aTeNbCTBA
9THX YTBeP:KAEHHH M OrpaHHuYHMMCS JHLIb TeM, UTO yKa-
XKeM, KaK NpHCOeJHHEeHNe HOBBLIX COOTHOIICHHH oOmpene-
JseT HOpMaabHyio noarpynny K rpynnet G. PaceMotpum
cHauaJa 3JeMeHTH g rpynnsl G, 115 KOTOPHIX pPaBEHCTBO
g =1 saBJaseTcs cneicTBHEM HEKOTOPOrO INPHCOENHHEH-
HOr'O COOTHOIUEHHs, cKaxeM R,;; =1 Taxk Kak R, —
CJ0BO OT 06pasywwux rpynnsl G, 10 R,4 COOTBETCTBYET
HEKOTOPOMY 3JeMeHTy x rpynnsl G. CorjacHo Hauemy
HOBOMY COOTHOuIeHHI0, x = [; cjefoBaTelbHo, x~! =],
yxy ' =1 u yxly' =], rne y — NPOHU3BOJIBHBIH 3JeMEHT
rpynnst G. Takum oGpasowm,

T={yxgr"s g7 'urhs worys, vx 'yt L)
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eCTb MHOXKECTBO 3JEeMEHTOB g, HJS KOTOPHIX COOTHOMIE-
HHe g = | sABJseTcss NPSMBIM CJHELCTBHEM COOTHOLIEHIIsI
Ry 41 = I. SlcHo, uTo mpousBenenye JOGbIX ABYX 3J€MeH-
TOB MHOXecTBa J cHoBa paBHO /, mpousseneHue M0OBIX
JABYX TaKHX HpOM3BeNeHHH Takxke paBHo / W T. 1., T.e.
eci K — MHoxecTBO aseMeHTOB rpynnbl G, noposxden-
Hoe 3JeMeHTaMH M3 MHOxKecTBa J, TO KaxAbll 371eMeHT
3 K paBeH I/, U 3TO paBeHCTBO eCThb CJeJCTBHE COOTHO-
wennsl Rpiq = 11). Mb npegocrasisieM YHTATENO CaMO-
crosiTenbHo y6enutbes, uyro K —noarpynna rpynnbl G.

Byner nu K ropmaavroti noarpynnoii? Iloarpynna K
HOpMaJibHA TOTHAa H TOJMLKO TOTAa, Korja

yK=Ky wmn yKy'=K,

rae y— npoussonbHblil ageMent rpynnel G. [loxaxew,
uTO €ec/AH KR;— HEKOTOpOe KOHKpeTHoe cjioBo H3 K, To
ykiy! croBa npunagnexutr K. Haw Merox npumeHHM
K Mo0oMy 3/1eMeHTy U3 K U ocHOBaH Ha TOM (dakre, 4TO
aw06o# anement U3 K sABJIseTCs CJIOBOM OT 3JE€MEHTOB
mHoxecTBa J. [lycte Mbl BEIOpaau clI0BO

k= (207" (o095 ") (05795 )-
Torna
yky" =y (9,297 (y='9) (92957 ) (9~"'9) (3295 ) v

tak Kak y~ly = I. [Tockonbky (yy:)~'=y;'y~!, b umeeM

gk = (y9,) % (59) ™" (932) * (99) ™" () x (W)™ =
= (CJIOBO OT 3/1€MEHTOB U3 J)=
= (sseMeHT noxarpynnet K).

[pouenypa, NpHMeHEHHas HaMH /s J0KasaTeJbCTBa
Toro, uTo yk,y~! npuHamiexur K, npuMeHuMa K ao6oMy
saementy yky', rge k—snemeHT H3 K, u, 3HauuT, Ka-
wcObtil aaement muoxcecrea yKy' npunadaemur nodepyn-
ne K. Kpome Toro, 3T0T MeTOJ NMPHUMEHHM K M060MYy 3Je-
MeHTy y rpynnbt G; B 4acTHOCTH, eciH R — IPOU3BOJIb-
HBIf 3ement moarpynnsl K, To y~'k(y~') ~! npunagaexut

1) Cp. ¢ mHoxec1BOM K, omicaHHbiM Ha cTp. 86.
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K. Taxum o6paszoM, 171 moﬁoro 3eMeHTa k Nmoxrpymnnsl
K cyuecrByer ajeMeHT kR B K, Takoit, uto

E=y 'k (y‘l)“ =y 'Ry,

k=yky 1.

10 NoKasbiBaeT, uTo Kandoiui daemenr nodepynnot K
npunadaexcutr muosxecrsy yKy-l. CnemoBatenbHo, K =
= yKy~' u K—uopmanbHas noarpynna rpynnst G.
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Puc. 1111 Puec

UYro6el TpOUATIOCTPHPOBATh HAIUM OOLIHe paccyxpe-
Hua 06 onpeneseHHH GaKTOPTPyHNbl ¢ NMOMOULLIO AOMOJ-
HUTENBHLIX ONpelefsiioulIX COOTHOLIEHHH, pPacCMOTPUM
TaKOH TpuMmep:

(1) B xauectBe rpynnei G BO3bMEM TpYINY «TOpPOA-
ckux yaun» (crtp. 102) ¢ obpasywomwpmMu r 1 S U olpe-
IeJsIoUMM cooTHoweHHneM rsris~l =] (puc. 11.11).

(2) Ilpucoenunum cooruoutends r2 =171, s2= 1.

(3) MuoxectBo Takux 3sneMentoB g rpynnn G, mis
KOTOPbIX DaBeHCTBO g =/ sBJsieTCss CAELCTBHEM 3THX
HOBBIX COOTHOLUIEHHI H IPYNHOBBIX aKCHOM, MOPOXKAaeTcs
saeMeHTaMu 72 ¥ $2 1 PAaBHO MHOXKECTBY BCeX 3J€MEHTOB
BHAa r?™s?", rne m W n npuHAMatT 3Hayenus 0, *1,
*2, ... (T.e. MHOXeCTBy BceX CJOB, B KOTOpble 00pa-
3YIOILHE ¥ U S BXONAT C 4eTHulMU CTemeHsMu). DTH 3Je-
MeHTH 00pasyloT HopmaabHylo noarpynny K. Ha rpade
puc. 11.12 cooTseTcTBylOUIME BEPIIHHBI OTMEUEHBl KPYXK-
KaMH. (Mbl ONnycTHIH CTPEJNKH, NOCKOJNLKY OHH Hecylile-
CTBEHHBl NPH H3YUeHHWH paclpeleeHHs 3JEeMEHTOB IO
CMeXXHBIM KJaccaM.)
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(4) ®axroprpynna G/K onpelensieTcsi pacUIdpeHHBIM
MHOJKECTBOM COOTHOLIEHHH

r’=1, s2=1I, rsr-lsl=],

ITepBple f1Ba COOTHOLIGHHS [AlOT paBeHCTBa 7 =r7l,
§ = 571, a mocjeflHee MOXHO Tepenucartb B BUAE rSrS =
= (rs)2 = 1. UnraTenp Ge3 TpyAa ysHaeT B HHX ONpele-
Jsilollve COOTHOUIeHHS #erseprod rpynmet (cTp. 96).
I'pacduueckn pacnpepenensie 371eMeHTOB 10 CMEXHBIM
knaccam ¢axroprpynner G/K mokasano Ha puc. 11.13.

m 2n
MEHTHl U3 K (BHJla r2ms? ); CHM-

BOJIOM L1 —31eMeHTH w3 K
n

(BHlla r2m+ 12 ); chBo,;lzom X =

s _gn .

snementn na sK (Bugpa r27s¥11);

CHMBOJOM A — 3]1eMeHTR H3 rsK
2m+132n+1)

! ! 1 ] 1 '
P E-o 08
1
S AN AN A
A O SRS
i i ]

A AN o
O—EO— -0
Puc. 1113 VDN SRV
Cumsosom () o6ospauensl 3Je- N LA [AANREANNRYAAN
; ' 1 ] ! i
oY M AN M oM
5o 5o

: A
S

(Bnna r

Ynpaxuenue 57. Ilyetb G — HekoTOpasi rpymnna
u G/K—ee dakroprpynna. Urto MOXKHO CKa3aTb 0 KOM-
MYTATHBHOCTH CJEAYIOIHUX Ipynmn?

(a) G/K, ecnu G KOMMYTaTHBHA.

(b) G/K, ecain G HekOMMYyTaTHBHA.

(c) G, ecnmu G/K xoMMyTaTHBHA.

(d) G, eciu G/K HeKOMMYTaTHBHA.

Ynpaxuenne 58 Ilycrs rpynna G c oGpasyio-
MMM X M Yy onpedeieHa coorHowenueMm x2y3 = 1. Tlo-
Kaxure, uTo G HEKOMMYyTaTuBHA. [¥YKa3arue: ucnonb3yi-
Te pesyJabTaThl MNpeAbAyLIlero yrnpaxHeHds, Mofo6paB
MOAXOASUIYIO - HEKOMMYTATUBHYIO TpYINY, H30MOPQHYIO
Hekoropoit dakroprpynne G/K]



raasaiQ

MPYMnA KBATEPHHUOHOB

Kaxdaa mnoiarpynna XOMMYTaTHBHOH Trpynmbl HOp-
majpHa. CylliecTBYIOT MK HeaOeJieBBl I'PYMNIblL, Y KOTOPHIX
8ce MOArPynnel HopMaJbHbl? CyulecTBYIOT M TaKue He-
abeseBbl TPy, HH OAHA cOOCTBEHHAs MOArpynna Korto-
pBHIX He fABJAfeTcs HopMaJbHOH? ['pynmel 060X yKasaH-
HbIX THNOB JeficTBHTeNbHO cyulecTByloT. Hanmenbumas
HealeJsieBa rpynna, 6ce TMOATPYINb KOTOPOH HOpMalb-
HbHl, — 3TO TAK Ha3blBaeMas 2pynna KEaTepHuoHos, OT-
kpoiras TamuaproHom!'). Ona umeer mopsaoxk 8. Hau-
MeHblIas HeaGeneBa rpynna 6e3 coGCTBeHHbIX HOpMalb-
HBIX HOATPYNI — 3TO epynna uxkocasdpa nopspxa 60.

I'pynna uxocasipa XopolIo H3BeCTHa B MaTeMaTHKe
6aarofaps TOH pOJiH, KOTOPYIO OHa CHrpaja B HCCIeNo-
BaHHMAX ['anya o pa3pemrMMOCTH ypaBHEHHUs NATOH CTere-
HH ofuero Buaa. laiaya mokasaj, 4to CBOHcTBa pellle-
HHil mo6oro anare6paHyeckoro ypaBHEHHS 3aBUCAT OT
TpyNnb TNOACTAHOBOK, CBSI3aHHOH € 3THUM ypaBHeHUEM,
M 4TO pa3pelIMMOCTb YPaBHEHHS B CYUIHOCTH OIpeje-
JsieTcsd HaJAM4YMeM WM OTCYTCTBHEM HODMAaJbHBIX TNOA-
Ipynn M cBolicTBaMu (aKTOpPrpynn no 3THM NOArpym-
naM. [Jas ypaBHeHHH nsATol cTemeHd o6umiero Bujaa, Ha-
npHUMep, peluamuMM 0KasbiBaeTcsl TO 006CTOATENbCTBO,
4TO rpynNa HKocaslpa He HMeeT COOCTBEHHBIX HOpMasb-
HbIX MOArpynin. 3Ty rpynny MBI pacCMOTPHM B IpHJIO-
JKeHHH.

OcHoBHble CBOHCTBa Trpynibl KBaTepHHOHOB Q no-
paaka 8 6o onucaHsl B 40-X rozax HpPOLIJIOTO BeKa
Famuibronom, Chenas psaj BakHefIIHX OTKPBITHA B 00-
JacTH ONTHKH U AHHAMHKH, OH o0paTwica K MaTeMaTH-

1) Vuabsam Poysn Tamuavron (1805—1865).
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UeCKHM HcClefoBaHHsM, [ aMHJAbLTOH n3yvaa BoOINpoC O
BO3MOKHOCTH 0006LUEHHS KOMINIEKCHBIX 4HCesa (T. e. 4yu-

cen suma a + ib, rae i =V —1), Hamesachb MONYYHTH
C TMOMOIIbIC 3THX O06GOOGIIEHHBIX KOMIIJIEKCHBIX 4uCeJ Ta-
Koe ke yJaoOHOe ONMCcaHHe BpalleHHH B TpexMepHOM
NPOCTPAHCTBE, KAKOe JOCTHTraercss ¢ IOMOIUbIO GOBIYHBIX
KOMIJIEKCHBIX 4Mcesl [JIs BpalleHu#t B IockocTu. [a-
MHUJBTOH TOKa3aJ, UTO AJA 3TOr0 HEOOXOZHMO BBECTH
JBe NONOJHHTeNbHble «eJUHHUbI», | H k. B To BpeMmsi Kak
06GblYHble KOMIIJIEKCHBIE UHC/A CTPOSITCS C IIOMOUIBIO ABYX
«efuHAU», 1 ¥ i, o6obUIeHHbIe 2unepKoMnaercHble Uicaa
aMH/IbTOHA CTPOATCA ¢ NMOMOIUBIO 4eTbipex «eJHHULY,
1, i, j, k, oTcilona W HMX Ha3BaHMe «KBATEPHHOHLI». KBa-
TEPHUOH ¢ €CTb JHHeliHasi KOMOHMHAIUs YeThipex elMHHIL,
T. €. KOMOWHALHS BHAA

g=o+if+jy+ k9,

rae o, B, y, & — peficTBUTe/IbHbIE UHCAA. DTH 2uUNEPKOM-
IVIeKCHBIE UHCJa H B CAMOM jleJe NPeACTaBJAsIOT Bpallle-
HHSl B TPEXMEPHOM mpocTpaHcTBe (@ TakKe H B yeThIpex-
MepHOM IIPOCTPAHCTBe).

[To ompeneseHHI0 OHH VIOBJETBOPAIOT CledYIOLIHM
OCHOBHBIM COOTHOIIEHHSAM:

P=pP=R=ijk=—1;

OTCIOLa MOXKHO BbIBECTH, UTO
ij="h, jhk=i, ki=j

ji=—Fk, kj=—i, ik=—].

Takum 06pa3oM, He BCe KBAaTEPHHOHHbIE €HHHIBI H,
cJenoBaTeNbHO, HE Bce KBATEDHHOHb! IE€pPecTaHOBOUHBHI.
DTo M He YAHBHTENbLHO B cBeTe Toro (akTa, 4To Bpalie-
HHA B TPEXMEPHOM NpOCTPAHCTBE, BOOOUIE TOBOPs, He
KOMMYTHPYIOT MeXay coGoil.

T'pynna Kearepnuono8 Q COCTOMT K3 BOCbMH 3Je-
MEHTOB:

1, —‘1) l:, —'iy j’ _j: kl —k
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(ueTbipex KBAaTePHUOHHBIX «EAMHHI» U UYEThIpeX NpPOTH-
BOIOJIOXKHBIX HM 3JI€MEHTOB).

Hns yno6eTBa MOJOXKUM

i=aq, j=b, 1=I
torfa ab =ij =k u rpynna Q onpegneisieTcs COOTHOLIE-
HHAMH
a? = b = (ab)’
IMepenuuieM Bce BOCEMb ee 3JeMEHTOB:
I, a, b, ab, ba, &%, a b3

HerpyaHo nocrpouth rpad rpynmsl KBaTEPHHOHOB, ecH
3aMeTHTb, YTO
at=0bt=(ab)=1.

BhimucaHHble COOTHOIIEHHS MOXHO BBIBECTH H3 OCHOBHBIX
coorHoutenn#i atoil rpynmbl. (OTHOCHTeNbHO MOApPOGHO-
crefi cM. peutenne ymp. 21.) CoorHowenus a*=0b4=1/

a’ a’b?
IR ’/’/
\ -
\ 3‘\«/’ ’
\ B>~ ab 4 a
[ N7
A/ \’/ ceemeach
I\ N
7\ \
¥ ba~. -
; RSN a?: b2= (ab)?
;T S \
Ivad So N
/ a
Puc. 121,

cpasy HaBOAAT Ha MBICAb, YTO HCKOMBIH rpad COCTOHT
H3 JBYX CBA3AaHHBIX MeX1y co00il YeTblpexyroJbHHKOBE.
I'pad rpynnbl KBaTepHHOHOB @ MpeicTaB/eH Ha puc. 12.1.
Caemyer IOMHHTB, YTO 3TO JHLIb NPOEKUYS HA MIOCKOCTb
ero TpexiepHoro uzobpaxenus. Ha camom pene b-or-
PE3KH NMpPOXOAAT OAMH Hal, APYTHM, He nepecekasice (HO
H306pa3HTh 3TO HA IJIOCKOM pDHCYHKE B MpPUHIHIE He-
BO3MOKIIO).

M3 teopembl Jlarpauxka caenyer, uro JioGas cob-
CTBeHHAA MOArpymnna rpynnsl Q uMeeT MOpAmoK 2 uau 4.
Enuncrsennas a6erpakraas rpynma (ctp. 142) nopsa-
Ka 2—>3T0 nukaunucckas rpynna Cj a eAHHCTBEHHBIMH
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aOCTPaKTHBIMH TpyNIIaMy Mopsiaka 4, KakK HETPYAHO MO-
KasaTb!), aBasilorcs uMkauueckasi rpynna C, W uersep-
Has rpynma. Mol yxe onpelenuin NOPsSIKH Bcex dJe-
MEHTOB rpynnsl Q, ¥ Tenepb 3TO MOMOXKeT HaM HafTH Bce
ee moarpynnel. Mcnose3ysi rpad rpynnbl Kak KOMOAKT-
HYIO 3anHcb TaOMHIUBl YMHOXKEHHS, BHIsCHAEM, uTo a2 —
€HHCTBEHHbIH 3/1IeMeHT Tpynnbl Q, NOpPSALOK KOTOPOro pa-
BeH 2; ajieMeHT /, KOHEuHO, HMeeT MOpsAoK 1, a ocralb-
Hble [IeCTb 3JieMeHTOB — nopafoK 4. Takum obpasom,
rpynna Q comep:KHT OJHY MOATPYNINyY, U30MOpdHYIO LHUK-
Javueckolt moarpynne Cs, ¥ TpU HOArPYNNsl, H3oMopdHbie
rpynne C,; (mopoxaeHHble 3JeMeHTaMu a, b, ab coor-
BETCTBEHHO).,

Ocraercs ellle BBISICHHTB, €CTh JIH y TPyHnfbl @ mHof-
rpynnsl, u3omopdHneie YeTBepHol rpynme. OTBeT Ha 3TOT
BOTIPOC OTPHLATE/NbHBIH, MOCKOABKY Mbl 3HaeM, 4TQ YeT-
BepHas Ipynia COLEP:KHT TPH PasJIMUHBIX 3JeMeHTa MHo-
psaka 2 (ctp. 96).

Mpl yTBepxpaem, uto 8ce nodepynniol HeKOMMYTa-
TugHoli epynnol Q HopmasbHbl. PaccMOTPHUM mpexje Bce-
ro e€IMHCTBeHHYIO NOArpynny nopsjaka Z:

H={, a?.

Byner au ona HopmaabHoli nmoarpynnoii? [la. Uro6wr no-
Ka3aTb 310, NMOCTPOUM roMoMopdHoe OTOOpaxKeHHe rpyn-
nol Q ma rpynny Q%) npu koropom fH oro6paxaercs
B equnuily rpynnsl Q* Kak u B npumepax ra. 11, mor do-
6asum cooTHOwleHue, 3KeuBaleHTHoe obpauienuro 6 |
gcex asementos nodepynnet H (u torvko ux). B nannom
clyuyae 310 JOMKHO ObiTb CooTHouleHue a® = /. Pacuu-
peHHOe MHOXKeCTBO COOTHOIIeHHH

I =a>=0b%=(ab)? (n

Yy Jehcraureasuo, nyers I, a, b, ¢ — anements rpynnu G mo-
paaxa 4. Ecad cped HHX HalifieTcsl 3JEMEHT, CKaXeM &, Nopsaka 4,
10 rpynna G — uukanueckas rpynna C, = {a,a? a3 a* = I}. Ecau xe
wer, 7TO 1no TeopeMe JlarpaHxa mopaaok moarpymmei  H =
={I,x,x, x%, x"%, ...}, MOPOKIEHHOH KAXK/AbIM N3 5/1€MEHTOB FPYIILI,
paBen 2, T. e. uMeem a2 =b?=c?=1/ a= al, b=>b" ¢c=cl U3
aKkcHOM Tpynmul Torga caeayet, uto abs==1,a,b; caenosarennHo,
ab = ¢ n, ananorduno, ba = ¢. Urak, ab = ba, u B rpynne G Bbino.-
HeHbl BCE COOTHOLIEHHs, onpesensiollde uersepuyio rpynny. Tak kak
APYTHX COOTHOLUEHHH HeT, To G COBNAfaeT ¢ “eTBepHOH rpymnnoit. —
ITpun. ped,
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onpenenser ¢paxkroprpynny Q* [loarpynna H Gynper Hop-
MaJbHOR TNOArpyHno# rpynnel Q B TOM H TOJbKO TOM
cnyyae, Korga Q* ecte rpynna mopsiika 4, T.e. B TOM H
TOJBKO TOM CJydae, KOTAa 3JeMeHTH rpynnsl Q* ecTb
CMeXHbIE KJacchl Tpynnsl Q no noarpynne H nopsaka 2.
Ho B onpenpensitomux cootHomenusx (1) rpynnsl Q* Mbl
cpasy y3HaeM OINpelefsiOnlne COOTHOLIEHHS] 4eT8epHOL
epynnot, ¥ MO3TOMY moarpynna H rpynnel Q HopMmaJbHa.
Bce uumkanyeckue NOArpynmsl NopsAka 4 TakXKe HOp-
MaJibHbl, MOCKOJIbKY NMOPALOK rpynnsl Q pasen 2-4 (cM.
ynp. 52, ctp. 168). Takum obpasoM, Bce noarpynmst !)
HeaGeneBoil rpynnel Q FABJASIOTCS HOPMaJbHBIMH.

Jlio6as HeaGenesa rpymnmna, Bce MOATPYMINH KOTOPOH
HOpMaJibHBl, Ha3blBAETCS 2aMUAbTOROB0U epynnoi. I'pyn-
Ia KBaTEPHHOHOB ( — 3TO TaMHJAbTOHOBA Tpynna Hawu-
MEHBIIET0 BO3MOXKHOTO NOpsiaKa (a MMeHHO nopsiika 8).
MoxHo nokasaTb, YTo J06as KOHeuHas TaMHJAbTOHOBA
Tpynna noJay4aercss W3 TPYINbl KBaTepHHOHOB H albese-
BHIX TPYNI C NMOMOIIbIO KOHCTPYKUHH, HA3bIBaeMOH Mps-
MBIM NIPOH3BeJeHHeM TPy

1) M3 npuBeleHHBIX pacCykKIeHHil He ClefyeT AejaTh BBIBOAA,
uro ecin A — HopmaabHas noarpynma rpynmsl G, To smo6asf apyras,
usomopdHas el noarpynna rpynnel G Tak:xe HopMmaJsbHa. I'pynna S,
O KOTOpOH MofifeT peyb B IM. 13, HMeeT ueThipe MOArpYMMel, H30MOPQ-
Hble YeTBEDHOA IPYNNeE, HO AulUb OOHA U3 HUX 4BJSETCS HOPMAaJbHON
noArpynnof rpynnsl Sy



rnasais3

CUMMETPUHECHKHME W 3HAHONEPEMEHHBLIE
FPYMMbI

B sro0it rnaBe mbl Gosee NMOAPOGHO H3YUHM TpyMIy
BCeX OTOOpaKeHHH 3aJaHHOIO KOHEYHOro MHOMKECTBAa HA
ceba. Takas rpynna HasbiBaeTcsi CUMMETPU4ECKOL TPYI-
noil. Ecy ucxofHoe MHOMKECTBO COLEP:KHT A JIEMEHTOB,
TO COOTBETCTBYIOLlAs CHMMeTpHueckas rpynmna o6o3Ha-
yaercs 4yepe3 Sa.

{ —2 1

| |

{ ————2 2 —

Puc. 13.1.

[TpeanonoxuM, 4to 3afaHO MHOMKECTBO M3 ABYX 3Je-
MenToB. KaxoBbl Bce Te 0TOGpaiKeHHs, HJH NOACTAHOB-
KH, KOTOpBle COCTaBJsIOT Tpynny Sp? B Hell Bcero Jmuip
ABa 3JeMeHTa — 0ToOpaKeHHs

(is) « (21)

['eoMeTpuyeckn HMX MOXKHO NpeACTaBAsATbH cefe Kak co-
BMELIEHHs] NPSIMONUHEAHOro orpe3ka; cM. puc. 13.1. D1a
rpynna caMoCOBMellleHHH ABJfAeTCd UUKIHYECKOH Tpyfl-
noit Cs, 1. e. rpynna Sy usomopdua rpynine Cs.
Paccmorpum Ttenepb rpynmy Ss. Koraa mbi oroGpa-
;xaeM Ha cebs. MHOXecTBO {aj, @2, @3}, HaM MpeLOCTaB-
JAI0TCH TPu BO3MOXKHOCTH AJsi BbiGopa obpasa 3jeMeH-
Ta @y —3TO a1, @2 WA a3 Kak Obl Mbl HH TOCTYIHJIH,
06pa3oM aaeMenTa dy AOJIKeH GLITh OfHH U3 08YX OCTaB-
mwuxcs saeMcHToB. (MMeercs quub ABa 3JaeMeHTa, KOTO-
pule MOTYT cTaTh 06pasoM 3/eMeHTa dg, MOCKOJbKY
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oTo6paxeHHe MHOMXKHO ObITb B3aHMHO OJHO3HAUHEIM.)
W nakoHen, o6pa3 sjeMeHTa as onpelensercsd yxe OLHO-
3HayHo. Hrax, cymecrByer 3:2-1 = 6 pasnuuHelXx oOTO-
GpaxeHull MHOMKECTBA, COCTOSINEr0 M3 TpeX 3JEMEHTOB,
Ha ce06s. Bor onm:

123 123 123
(123)’ (231)’ <312>’
123 123 123
(321)’ <2 13)’ <1 32)‘

31t oTo6paxKeHHA TeOMeTPHYECKH MOXKHO MPeACTaBAATb
KaK CcaMOCOBMeleHHS PaBHOCTOPOHHETO TPEYTrOJdbHHKA

2 3 1
!23) (123) 123
123 231 (312)
! 3 2 1 3 2
2 3 1

(cm. puc. 13.2). Mul y3Haem B 37Ol rpynne rpynmy au-
sppa D; Taxum ofpasowm, rpynmna S; uzoMmopdHa rpyn-
rne D';

Coopmynupyem 6e3 noKa3aTesNbCTBA HAH KaKHX-THGO
NOACHEHMH HEKOTOphie YTBEepPKAEHHS OTHOCHTENBHO IpyI-
nsl Sy,

(1) MuoxkecTBO BceXx CaMocoBMellleHHH Ky6a sB-
asercs rpyurnofl, nzomopdHoii rpynne S;.

(2) MiuoxccTBO BCeX CaMOCOBMelleHHH IpPaBH/IbHOTO
OKTas/pa spJseTca Lpynnoii, H3oMopdHoil rpynne S,.

(3) Tor daxr, yTO TpyNIal CaMOCOBMeUEHHI 3THX
IBYX MHOrorpaxiuMkoB (ctp. 155) nzomopdubsl OnHOH H
TO# Ke rpynne S;, c8s3aH ¢ TeM, 410 Ky0 H IPaBHJbHbIH
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OKTa3Ap sBasAOTcA OsolcTsennoimu urypamnt), (Eme
OfHAa mapa ABOHCTBEHHHIX MHOTOIDAaHHMKOB YKa3aHa B
MPHIOKEHNH. )

B o6mem cnyuae, korna oro6paxkaercs Ha cebsi MHO-
xecTBo {aj, s, ..., an}, 06pa3 3/JeMeHTa d; MOKHO BHI-
Gpatb n cnoco6aMu, 06pa3 3J4eMeHTa A MOXKHO BHIOpaTh
n—1 cnocobamu u 1. 1. B KkoHUe KOHUOB M BbIGOpa
ofpa3sa 31eMeHTa d, OCTaeTcsl eAMHCTBEHHAs BO3MOX-
HOCTb, TaK KaK OcTajbHble n-— 1 3J€MEeHTOB yXKe «3a-
HATLH» 06pasaMu 3JeMEHTOB ai, Qs, ..., An—y. Caenosa-
TeJbHO, CHMMeTpHueckas rpynma S, COCTOHT U3
nin—1)(n—2) ... 3-2-1 pasauyHbIX 0TOGpaAKEHUH, HIH
nozactanoBok. Ecnu ucnonbzosars 06o3HaueHue

nin—1Nn-2)...3-2.1=nl,

rae nl untaercd Kak «n GakTopHaS», TO MOXKHO CKa3arTh,
YTO NOPALOK Tpynnsl S, pasen nl.

CnmmeTpnquKue MHOTI'OYJIEHBI. CyLI_[eCTByeT CBA3b
MEXJy CHMMETPUUECKHMH TPYIHIaMH H CHMMETPHYECKHMH
MHOTOUJMeHaMH. B Kauectse npuMepa CHMMETPHUYECKOTO
MHOTrOUYJIeHa OT ABYX NEPEeMEHHBIX paCcCMOTPHM

dy = (x; — ).

3nauenue ds 3aBHCHT OT 3HaueHWit ¥y U X OgHako 3Ha-
yeHHe dy HE MU3MEHHTCS, €CJIH MBI IOMEHsieM MeXKAy cobofi
%1 M X, Taxas omepalus Ha caMoM JeJe O3HAuYaer, 4To
Mbl OTOBpa)kaeM MHOMKECTBO {Xi, Xo} Ha ce6s TaK, uTO
Xi—> Xy U X2— X;, 4 3aTeM KakKOblil 3JeMeHT B 3alHcu
MHOrouieHa ds 3aMeHsieM ero o6pasoM. Tak Kak

1y Ilecrs rpaHeli xy6a SBJAAIOTCS KBaApaTaMu, M LEHTPHl 3THX
KBADATOB COCTAaBJSIOT BePLIHHLI MPABHIBHOTO OKTa3lpa, T. €. [eo-
MeTpHUeCKOfl GHIypHr C BOCEMbI I'DaHAMH (OLHHAKOBLHIMH PaBHOCTO-
POHHHMH TpeyToMibHHKaMi) M liecTbio BepmHHaMH. OGpaTHO, LEHTPHI
BOCbMH TpaHeil NPaBHJBHOTO OKTasiPa COCTABJSIOT BepIUMHB Kyba.
DTH MHOTOTpaHHHKH HasuIBalOT 0solcTeexroimu; J1060e CaMOCOBMe-
LieHWe OJHOrO W3 HHUX sBJIAETCA caMocoBmeulenneM apyroro. Terpa-
31p InpoficTBen camoMmy cebe (cM. crp. 135—142 kuurn O. Ope
«I'pader 1 ux npuMeHerne», «Mup», M., 1965).
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CYILECTBYeT BCEro ABa OTOOpaskeHHsi MHOXKecTBa {Xi, Xo}

Ha ceb4,
X1 Xo X1 Xg
H ’
TO 3HQUEHUe MHO2OHACHG dy He MEHAeTCs npu 3amene
s4emenTog Ha ux 0bpaser npu a06om 0TOGpasiceHuu u3
cummerputeckoti epynnot Ss.

anMepOM CUMMETPHUYECKOTO MHOTOUYJ/eHa OT Tpex
NepEMEHHBIX CIYXKHUT

dy = (x; = x)° (x; = x3)? (%2 — x3)%.

Jlerko mokasarb, YTO 3HayeHHe MHOrousMeHa d; He Me-
HfieTC TIpU 3aMeHe 3JIEMEHTOB Xy, X2, X3 HX 0Opa3aMu
npu a6oM OTOOpaXKeHHH U3 Tpynnsl Ss.

B ofmem cayuae CHMMETPHUECKHH MHOTOUNEH OT N
NepeMeHHbIX — 3TO MHOTOUJIEH, 3HaueHHe KOTODOro He
MeHseTCs NIpU 3aMeHe /1 lepeMeHHBIX HX ofpas3aMmu INpH
Jo6oM orobpaxkeHHH (MIH NOLCTAHOBKE) U3 CHMMETPH-
yeCKolt rpynnel Sy.

Tpancnosuyuu. Korga Mbl BelpaxKaem 3JeMeHTbl CHM-
MEeTPHYeCKOl TPYNNbI ¢ NOMOLIbI0 UHKIOB CleUHaIbHOTO
BH/Ja — TaK Ha3blBaeMBIX TPAHCRO3UYull, — TO OTYETIHBO
NPOSABMASAIOTCA HEKOTOPble HHTEPeCHble OCOGEHHOCTH ee
cTpyKTyphl. B ra. 10 mbl mokasaau, yro Jw6oe orobpa-
JKeHHe KOHeYHOrO0 MHOMKeCTBa Ha ce6si MOXKHO 3amHcaTh
B BH[IE NDOM3BeJEHUS LHKIOB OT HeNepeceKaloluxcs
MHOKEeCTB CHMBOJIOB, HallpHUMeD,

<12345
5451 3>=(1 2 4)(3 5).

B uuka (1 2 4) Bxoaar Tpu cuMBoJa, a B UHKA (3 5) —
TOJbKO ABa. LIMKJ, B KOTODPHIi BXOAST JIUWDb ABA pasauu-
HBIX CHMBOJIA, HAa3blBAETCS Tpancno3uyuetl. Mul nokaxeM,
uTo 1060/l LUK MOXHO NpPeACTaBUTb B BH/IE IPOH3BEIe-
nug TtpaHcnosuuuf. Tak Xak Kaxkaoe oTtoOparkeHHe H3
CHMMeTPHYECKOH TPYNnbl €CTh NPOH3BEAEHHE LHKJIOB, TO
A0OO0L 3AEMEHT CUMMETPUYECKOL epynnol MOXHO nped-
cTaguTe 8 6ude npousdsedenus (NOC/Aef0BaTe/]bHOE BHI-
NONHeHHe) TPAHCNO3UY L.
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B kauecrBe WTIOCTPALMH 3TOTO yTBEPHAEHHS NpPOBe-
pum, uto (1 2 4) = (1 2) (1 4). daa sroro npocaenum,
Kak orobpaxkawTcsi CHMBOJL 1, 2, 4:

(12) (14) (1 2)(1 4)
1—-2, szarem 2-—>2, OKOHuaTeJpbHO | —2,
2—>1, 3arem |->4, okoHyateJqbHO 2—>4,
4—4, 3areMm 4—1, oxoHuareabHo 4-—1.

Takum o6pasom, noacranoska (1 2)(l 4) meficrsyer
crenyomum ofpasom: [ —2, 2—4, 4 — 1, T. e. Kak UHKA
(1 2 4), uro u yrBEpXKAAIOCE,

JII060H uMKA H3 TpexX PasjHYHBIX CHMBOJOB MOXKHO
NpeNCTAaBUTh B BHJe IPOH3BELEHHS IBYX TPAHCIO3HLHI:

(@abc)y=(a bd)(a c).

AHanOorHyHO, UHKJ H3 UYeTHIPeX CHMBOJOB MOXKHO
NpPeACTABHTL C MOMOLIBIO TPEX TPAHCIO3HUHUI:

(@b cd)y=(ab)ac)a d).

Boof1ue, uuka U3 7 CHMBOJIOB NPeJICTABAAETCA B BUIE
MOC/eL0BaTeNbHOCTH 71— | TpaHCHO3HLHIL:

(@) az ... a)=(a, a)(a; ay) ... (a; a,).

Ynpaxueuune 59. Iloxaxure, uro ecaum moacra-
HOBKA Ha MHOXKeCTBe H3 7 CHMBOJIOB NIPeICTaBHMa B BH/e
MpoM3BeJeH s r UHUKJIOB, B KOTOPble BXOIAT BCE N CHM-
BOJIOB, HO HH OJHH H3 CHMBOJIOB He BXOJUT B [Ba LHKIA,
TO ee MOXXHO NpPeACTaBHTh KaK MOCAeA0BaTeNbHOCTb 1 — 1
TPaHCIO3ULKA.

3aMeTuM, UTO NmpejcTaBjaenHe oToOpaKeHHs HIAH TOX-
CTAHOBKH B BHIe NPOHM3BeAeHUs TPAHCIO3HIMA He elHH-
creenno. Hanpumep, oro6paxenue

(1 23
231
MOYKHO TpeficTaBHT TaK:

(123)=(12)(13) mnm
@31)=(23)@21) nm (312=@31@2).
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Ho Mbi BHAHM, 4TO B Ka)KAOM H3 3THX NpeACTaBJeHHi
41CA0 TPAHCNO3UUMIA OJHO M TO Xe, H MOXHO OblJIO GHI
BbICKA3aThb NpeANONoKeHHe, UTO Kaxjaas IMOACTAaHOBKA
XapaxTepusyercs 3THM #uciom Tpaucnosuuui. OgHako
NIPOCTOI NpHMEpP MOKA3bIBAET, UTO 3TO HE TakK:

(12)(1 3)(2 3)=(1 3).

B neficTeHTEbHOCTH CylLlecTBYeT GECKOHEUHO MHOTO CIo-
co60B Takoro NpeacrasjaeHus — 4T06bl yOeAUTLCSA B ITOM,
JAOCTATOYHO NPHHATh BO BHUMAaHHE TOXKJECTBA

(@ b)(ab)=1 u (ab)y=(ca)(c b)(c a).

[ToxkaxkeMm Temeps, uTo MO0 Ka)Kgoe NpeAcTaB/eHHe
3aJlaHHOH MOJCTAHOBKH B BHMJe INPOH3BelleHHUd TPaHCHO-
3MLHHA COLEPKHUT 4eTHOe UKCJO0 TPAHCIO3UIKi, 160 KaxX-
Jl0e Takoe IPeACTABJEHHe COMEPXKHUT HEHETHOEe UYHCIO
TpaHCNO3HIHA. PaccMOTPHM MHOrouJseH

g3 = (¥ — %) (x; — x3) (X — x3)

OT TpeX MepeMeHHHX X, Xz, Xs. (Mbl orpannummcsa pac-
CMOTpeHHeM C/yyasl Tpex nepeMeHHBIX, HO HAlIH paccykK-
nenus Oes Tpyla MepeHOCATCs M Ha Cayuafl n nepeMeH-
uoix.) [TocMoTpuM, Kak yCcTpOeH MHOTOUNEH g3 OH Tpef-
craBasger co6oil NpousBeleHHe BCeX Da3HOCTEH Xj— Xp,
rie j < k. SlcHo, uTo /M060e 4eTHOe YMCJO TPaHCIO3HIU
NepeMeHHBIX OCTaBJjseT MHOTOUJeH g; 0e3 u3MeHeHHS,
B TO BpPeMs KaK He#eTHOe YHCJIO TaKHX TPaHCNO3HLHI
MepeBOAHT €ro B MHoTOWIeH —g3; PaccMoTpum Temepb
Jo0yI0 MOJACTAHOBKY TpeX IepeMeHHBIX Xi, Xz, X3 HJH,
4TO PaBHOCHJBLHO, JM06YI0 MOACTAHOBKY TpeX HHIEKCOB
I, 2, 3. Kaxpgas Takas NOACTAHOBKa €CTh 3JIEMEHT Tpyil-
nel S;, ¥ ee MOXKHO 3anucaTh B BHJe MNOCHeLOBATeJb-
HOCTH Tpancnosnuuii. Eciau HekoTOpas NOACTaHOBKA p
He H3MeHsieT MHOTOYJeHa g3, TO JHO60e ee MpeicrasJe-
HHe B BHJe TPOHU3BEAEHMA TPAHCMO3HUUA HOJKHO CO-
HIepXKaTh 4eTHOe UHCAO TpaHcmosuuuil. Ecam Xe p mpe-
o6pasyeT MHOTOUY/IEH g3 B —g3, TO JMI060€ NpelcTaBieHHe
ee ¢ MOMOLIbI0 TpaHcno3uuuil GyleT cOAepiKaTb Heyer-
Hoe uucao TpaHcnosuuui. OTciofa Mbl 3aKJioyaeMm, uToO
OHA MW Ta XKe NONCTaHOBKA He MoxKeT OBITh OQHOBpe-
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MEHHO 3allicaHa B BHUJe NPOH3BELEHHUS UETHOTO H HeueT-
HOTO yKC/ia TPaHCHO3UIUM.

IToOcranoska HasbviBaeTCa 4eTHOL, eCJH YUCJIO TPaHC-
nosuuuil B JAI060M H3 ee MNpeAcTaBJeHHH YeTHO, B Npo-
THBHOM CJlyuae OHa HasbiBaercsl HeueTHot. ToxmgecTseH-
HYI0 IOACTAaHOBKY (eAHHUUY Tpymmel) OyleM cCuMTaTh
YyeTHOH, TakK Kak B Hee He BXOAUT HU OJHA TPAHCIO3U-
uus. YeTHOCTh MM HEUETHOCTb NAaHHOH NOACTAHOBKH He
3aBHCHT OT ee KOHKPETHOTO MpeJICTaBA€HHS C MOMOLIbIO
TPAHCIO3HLHA. '

YnpaxHenue 60. [Toxaxure, uto Jao6as noxacra-
HOBKAa Ha MHOXKECTBE M3 i CHMBOJOB MOXKeT OBHITb Mpel-
CTaBJeHa B BHUJe NPOU3BEAEHHS, B KOTOpOe MOTYT BXO-
OUTh JUIUb TPAHCHO3WIMH (@1 Az}, (a1 as), ..., (@1 an).
BuiBennte orcioga, uro 3TH A — | TpaHCNO3UIUI MOXHO
B3Th B KauecTre MHOXecTBa 06pasylolluX TPYNIbl Sn.
[¥ka3anue: ucnonbayiite caepyiolulee ToXAeCTBO: (ab)=

= (ca) (cb) (ca).]

3HakonepeMennble rpynnsl. MHOXecTBO A, BCex 4er-
HbIX NOACTAHOBOK Ha MHOXeCTBE H3 N CHMBOJOB Ipel-
cTaBJsieT OCOGEHHBIA HHTepec. SIcHO, uTO 3TO NOOMHO-
ocecTeo cUMMeTpHueckoil rpymnbl S,. Mbl yTBepxjaaeM,
yro A, sBasercs nodepynnod rpynnbl S,. UroObl noka-
3aTb 9TO, NPOBePUM, 4TO A, yIOBAETBOPSIET ABYM YCJO-
BHSIM, XapaKTEPU3YIOUIHM TTOATPYIIY.

(1) 3amxnyrocre. Ecau p; u p: — NOACTAHOBKH H3
Ay, TpeACTaBHMble B BHJE NPOU3BeLeHUl 7y H N2 TpaHC-
NO3HMIUHUA COOTBETCTBEHHO, TO HX NPOU3BENEHHE P12
MOXKHO 3amHucaTh C MNOMOIILIO 7y -+ Nz TPAHCHO3HLHM.
Ecau 1y v ny — ueTHBle uHCIa, TO U A + Mg YETHO, OT-
KyJda MOXKHO 3aKMIOUHTb, YTO NOACTAHOBKA pipp ueTHad
H, CJelOBaTeJlbHO, 3Ta  TOACTAHOBKA  NpHHAJJe-
KAT Anp.

(2) Ob6parumocte. TlogcraHoBKa p uMeeT 06paTHYIO
p~t (8 rpynne Si); pp~! = [ MOXKHO NPEACTABUTDL TOJAbKO
¢ TIOMOMIbIO YETHOTO UMCJAa TPAHCIMO3HUUH, TOCKOIbKY [ —
yerHas TNOJCTAHOBKA. 3HAUHT, eCIM p— YeTHAs NOACTa-
HOBKA, TO p~! Take OOJXKHA OBLITb YETHOM, T. €. y KaX-
NOro 3JeMeHTa H3 rpynnsl A, ectb 06parHbiil B An.
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MMoarpynna A, rpynnsl S, HasbiBaeTcs 3HaKonepe-
mernot epynnod. TIpUUUHBEL TaKOro Ha3BaHHA CTaHyT sc-
HBIMH B CKODOM BPEMeHH, KOTZa Mbl o6paTuMcsi K 3Ha-
KONlepeMeHHBIM MHOTOWJIeHa M.

[MTopsimok rpynnel S, pasen n! (cm. ctp. 189). Ml

. 1
yTBepXKIaeM, uto nopadok epynnot An pasen 3 nl, T. e

1
S, co0depoacur %n! 4eTHbLX NOOCTAHOBOK u 5 fil HeueTHblX.

HokasarenbcTrBo. [lycTh a — TpaHCcmoO3HLHA H3
cummeTpuyeckoll rpynnel S, (n>1), ckaxem a=(12)=
= (1 2)(3)(4) ... (n). YMHOXHM KaxXAblfl 3JeMeHT
rpynns S, caeBa Ha a = (1 2). B pesyjabraTe MBl CHOBa
TIOJIyUUM MHOXKECTBO BCEX 3JEMEHTOB H3 S M HH OJUH U3
HUX He TIOBTOpsieTcs ABaxKAbl. (IDTO H0OKaszaHO B Teope-
me 1, ctp. 53.) Ho npoussenenne 110001 4eTHOH nojcra-
HOBKH U3 S, u aneMenta (1 2) sBasiercs HeuyeTHOH INOA-
CTAHOBKOH, a NPOU3BEAeHHe HEUeTHOH MOACTAHOBKH U 3J€e-
MeHTa (1 2) siBasiercs yeTHOU MOJcTaHOBKOH., MHoXKecTBO
HeueTHHIX NOJCTAHOBOK M MHOXECTBO UYETHHIX MpPH ITOM
YMHOMXKEHHH B3aUMHO OJHO3HAUHO OTOGPAXKAITCA OAHO
Ha Apyroe. JTO BO3MOXKHO JHWb [PH TOM YCJAOBHH, UTO
KOJIHYECTBO YeTHbIX M HEUeTHbIX MOACTAHOBOK OAHHAKOBO.

1
CnenoBatensHo, nopsanok rpynnsl A, pasen 5 nl, xax u

yTBePKAAJI0Ch.

B ynp. 52 6wuio pokasaHo, uto ecau G —rpynna no-
pAaka 2n u H — ee moarpynna nopazgka n, 10 Moc/aejHsIs
6yner nopmaasvrol noarpynnoit rpynne G. Tak kak mo-

panok rpynnu A, paBen +Al, a TOPANOK rpymmb S

paBeH 11!, TO 3HaKOnepesmerHas epynna An 1843eTCS HOP-
MaAbHoL nodepynnoti cummerpuueckol epynnot S,. Mbl
yiKe OTMeuaJiy, YTO CHMMeTpPHUecKHe IPyNibl U HOpMa/b-
Hble NOATPYNNBl MrpaloT Ba)KHYW ponab B teopun [agaya
0 paspewrMoctu anare6pandeckux ypasHeHHH. Teopemsl
0 CTPOEHHH 3HaKOMepeMeHHbIX TpyHI— OfHA U3 OCHOB-
HBIX COCTaBHBIX YacTell 3TOH TeOpHH.

Teomerpuueckan pearusayus epynnot A;. Cuimmerpu-
yeckas rpynna S; usomopdua rpynme ausipa Ds; cm.
cTp. 188. Iloaromy S; MOXKHO MpeACTaBAATh reOMeTpHuUe-
CKH KakX CHMMETPHHM W/IM CaMOCOBMeELIEHHs pPaBHOCTO-
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poHHero Tpeyrogabunka; A; — noarpynna nopsaxa l5-3!=
=3, KOTOpas COAEPKHT BCE YeTHbe MOACTAHOBKH TpyM-
nel Sz [Tomoxenusi TpeyrosibHuKa, u306paxKeHHsle Ha
prc. 13.3 B BepXHeM p#LYy, COOTBETCTBYIOT YeTHHIM NOA-
CTAHOBKAaM, T. €. NPOHU3BEJEHHAM UYETHOro uMc/ia TpaHc-
NO3ULMA BepUIMH TpeyroabHuka. YuTaredb MOKeT Ka-
XKAYI0 TPaHCHO3HUHMIO BEepLIMH INpeAcTaBAATh cebe Kak
ONPOKHUIBIBAHHE TPEYroJbHHKA OTHOCHTEJNBHO HEKOTOpPOH
noaxopauefi BeicoThl. [losioxeHHs TpeyronbHHKa, H30-
fpa)keHHble B BepXHell 4acTH pHCYHKa, ABJIAOTCA pe-
3yAbTATOM YeTHOTO YHCJIAa ONPOKMABIBAHHE, a MOJOXKe-

2 3 !
Yemusie nodemarnobuu: /\ /\ t
3 1 3 2
2

! 2

/ (123=(12)13) (132)=013/12
3 i
Hevemmsie noﬁtmanodnA /(\ . f
3 1 14 2 2 3
{13) (23} {12)
Puc. 133

HUsl B HHJKHeH YacTH — pe3y/JbTaTOM HeUYeTHOTO 4HCJIa
OTIpOKHABIBAHHH.

3nakonepemennoie mHozo4senbl. CyllecTBYeT TecHas
CBSI3b MEXIY 3HaKONepeMeHHBIMH TPYNNaMH M 3HaKOIe-
peMeHHBIMH MHOTOUJeHaMH. B npeabayumux paccyxie-
HMAX O HEUYETHBIX M 4YeTHBHIX MNOACTAaHOBKaX Mbl BBeJH
3HaKoilepeMeHHBII MHOrouJeH g; B kavectBe mpuMepa
3HaKoNePeMeHHOr0 MHOTouWJeHa OT J[ABYX IMepeMeHHBIX
paccMOTPHM MHOTOUJEH

2= X — X3

Ecay MBl NepecTaBiaseM X; U Xp HeueTHOe 4YHCIAO pas,
TO MHOrOWIEH gz npeobpasyeTca B ~—ga; €CIH XKe X| H
X2 MEHSIIOTCA MeCTaMH 4eTHOe UHCJA0 Pa3, TO MHOTOYJEH
g2 He MEHAeTCs.

CoBOKYNHOCTb BCeX NOACTAaHOBOK Ha MHOXECTBE H3
ABYX NEepeMeHHbIX X, H Xz SBJAAETCA CHMMETPHYECKON
rpynnoit Sy, 1 Mbl MOXKeM cJelytouHy 06pasoM nepegop-

7*
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MyJ/JHpPOBAaTb Hallle YTBepJeHHE OTHOCHTEJbHO MHOIO-
YeHa fo = X;-— Xo! MHO204AEH g3 UHBAPUAHTEH OTHOCU-
TeAbHO NOOCTAHOBOK u3 3Hakonepemexnoi epynnor Ay u
npeobpasyercs 8 mHozouieH —gy n0Q OelicTeuem HevwerT-
HbIX NOOCTAHOBOK U3 epynnol Ss.

IT1oT pesyabTaT MOXKHO 0606UIMTL Ha cayyail 3Ha-
KonepeMeHHOT'O0 MHOPOYJIeHa gn OT A NePEMEHHBLIX, TAe

8n = (x; — xg) (%) — x3) (%, — %) ... (% — %) X

X (K= x3) (Xg = x4) ... (o — %) X

X (x3—x) ... (x3— x,) X

X (xn-l - xn)-
Muozounen g, UHBAPUAHTEH OTHOCUTEABHO HOOCTQ-
HOBOK U3 3Haxkonepemennoli epynnot A, u npeodpasyercs
8 MHO20uAeH —gn NOO OelicT8uem HeHeTHbLX NOOCTAHO-

80K u3 epynnsi Sy.

MBI 3aKOHUMM 3TOT paszlef, NOCBSIIEHHBII 3HaKome-
pPEMEHHBIM IpynnaM, KpaTKUM OOCYXIeHHeM HHTepecHHIX
cBolicT rpynnsl A4, rpynnsl Terpasgpa (cm. crp. 155).
B ocHoBHOM Hac OyAeT HHTepecOBaThb yTBepiKJAeHHe, 00-
patHoe K TeopeMe Jlarpanxa. Ha crp. 120 Ml mocra-
BHJM TaKO#l BOMpOC: ecau Mopsanok rpynns G paseH g,
a h— penutenn unucia g, To o6sa3arenbHO Jau rpynna G
UMeer moArpynny nopsaaka A? pynny A, MOXHO HCmons-
30BaTh I/ J0OKa3aTeJabcTBa TOro ¢akra, yro 310 06pa-
LieHHe He BepHO. DTa TIpynna HMeeT nopagoxk 12, Ho
B HeH HeT moarpynn mopsaxa 6. Takum o6pasoM, yrsep-
aderue, obparnoe Kk Teopeme Jlazparnica, He sepHo.

OnHaxo HekoTOpoe HOCTAaTOYHOE YCJAOBHE AJsS TOro,
yroGel rpynna G nopsigka g uMena TMOArPYyNNy NOpALKa
h, rpe h — nenutenp uucaa g, YKAa3LIBAETCs B CelVIONIEH
teopeme Cuiobal).

ITycro G — epynna nopadka g u h— deautess 4ucia
g; ecau h = pn, efe p— npocToe 4ucao, @ n— NOAOHU-
Teavroe yeaoe 4ucao, 7o G codepycur nodepynny no-
padka h.

) JI. CwioB, HOpBecKnii MaTeMaTHkK, OMy6IHKOBAM 5Ty Teo-
pemy B 1872 r. [las uacTHoro cayuas n =1 TeopeMa Oblia eue
paHblie gokasana Kouiu.
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ITopsimox rpynnet Ay paBeH 12; npocTEIMH JeqUTENAAMH
uucaa 12 asasiorca 2 u 3. [To Teopeme CuioBa Mbl MO-
KeM JuWb yTBepXKAaTh, UTO rpynna A, cozepXur Noi-
rpynnel nopsiika 2, 22=4 ¥ 3, HO HHYEro He MOXKeM
CKa3aTb O MOATpynne mopsaxa 6.

Mpl HaMeTHM OCHOBHBIE MMIarH [0Ka3aTeAbCTBA TOrO
¢akra, yto rpynna A, He COLEPKHT NMOATPYNIbl MOPALKA
6. Unrateno npeasaraercss BOCNPOU3BECTH HELOCTAIOIHE
JeraJu.

(1) Bce saements rpynnbl A4 (Kpome snemenra [)
HMeIOT NnopsaJok 2 uau 3. [¥kasanue: paccMorpure mpen-
CTaBJieHHE KaKJOTo 3/JeMeHTa ¢ NOMOUIBIO YUKAO8, CM.
ynp. 62.]

(2) Hu omuH M3 37eMeHTOB Nopsiika 3 He MpHHAJJe-
JKHT HOpMaJjbHON NMOATpynne. [¥Ykaszaxue: MOKaKHTE, UTO
aio6oit romomMopdHu3M, KOTOpHIH OTO6Gparkaer 3JeMeHT
nopsiaka 3 rpynnel Ay B I, o6s3arenbHo oTobpakaer B [
Bclo rpynny Aa]

(3) MHoxecTBO 37eMeHTOB MopsaKa 2 u3 rpynnsl 4,
COCTaBJIsIeT HeT8epHyro epynny (nopsiika 4).

(4) Tak xak mwbas cob6cTBeHHas HOpMaJibHasi NMOA-
rpynna rpynnsl A4 colepkHUT TOJALKO 3/JeMEHThl NopsiaKa
2, TO MAKCHMaJbHbIH BO3MOXHBIH TNMOPSAJOK TAKOH HOp-
MaJ/IbHO¥l MOATPYNIEI PaBeH 4eTbipe.

(5) I'pynna A4 e umeer nodepynn nopaoka 6.

Ynpaxuenue 6l. [okaxure yrBepxKAeHHe H3
n. (5), T.e. mokaxwure, uro rpymna A, He HMeer mnoa-
rpynn nopsiaka 6. (Pasymeercsi, MOXHO HCIOJb30BATh
pe3ysbTaThl NPeAbLIAYIHX YeThipeX MYHKTOB.)

Yunpaxnenue 62. PaccMoTpuTe NOACTaHOBKH HA
MHOKECTBEe CHMBOJIOB @, b, ¢, d. JJokaxure, uro (a) ecau
x=(abc), 0 x®=1; (b) ecin x = (ab)(cd),T0x* = L.
[d10 ynpaxHeHHe cBsizaHO ¢ yTRepxaeHueM u3 n. (1);
CM. BhilIe.]

B Bompocax_ pa3peiiuMocTH anre6panyeckKux ypasHe-
Hill BaxkKHYIO pOJb Urpaer rpynna As, 3HakonepeMeHHas
rpynmna Ha OATH CHMBOJAX. IT0 rpynna HKOCasApa, Hau-
MeHblIas HeaGeneBa rpynna, He cojepxalas co6cTseli-
HBIX HOpMaJjbHbIX mnoarpynn. Hexotopele cBellenHs o
rpynne As u ee rpade uuraTenb HaHAeT B NMPHIOKEHHH.
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rPYnnbl NYTENW

ITytu B mpoctpancTBe. B 3T0il r1aBe Mbl paccMOTpHM
epynnet nyred. Mpl XOTHM IOKa3aTb, 4TO ONpele/ieHHe
TPYOMbl ¢ NOMOIBIO 0Opas3yoIuX U COOTHOLIeHHN COBep-
IIEHHO €CTEeCTBEHHO BO3HHKaeT W INpH H3YyueHHH HEKOTO-
pPBIX TONOJOrHuecknx Bonpocos. MasnoxeHue noHATHI,
CBSI3aHHBIX ¢ rpynnamy nyrefl, 6yfeT CyIeCTBEHHO OIH-
paTbcsi Ha INPOCTPAHCTBEHHYIO HHTYHIHIO uyurartens!).

Mbl 6ynem paccmaTpuBaThb 3aMKHYThle MYTH, KOTO-
pble HayHHAIOTCS M KOHYaloTcs B (PMKCHPOBAHHOH TOUKE
P (Hauansnod, wnu 6a3ucHol TOUKE) HNPOCTPAHCTBA
TepMuHy «nyTb» MH OTJaeM NpeANOYTEHHE NMepej TepMH-
HOM «KDHBafi», NOJUEpPKHBAss TeM CaMbIM, UTO Ha NYyTH
3aJ]aHO ONpefeJeHHOE HampaBjeHHe. IDTO COMJIacyercs
C HallMMH INpeXHHMH pacCMOTPEHHSIMH TyTeil BIOJB
HanpaBMeHHbIX OTpe3koB rpaga rpynnel. Popma nytu
I1s1 Hac He cyliecTBeHHa. HanpoTus, Mb maxe 3auHTe-
pecoBaHbl B JONYCTUMBIX H3MeHeHHAX ero ¢opmbl. Haso-
BeM ABa MYTH & U Ay, HCXOMsNINE U3 TOUKH P, pasnsimu
U 6yieM TOBOPHUTb, YTO 3TO <OIAHH H TOT K€ MyThb,
ecau MyTh @) MOXKHO NMpH MOMOULH HeNpephBHOH gedop-
Malli¥ NPeBpaTHTb B NMyTh Gs. Mbl yXKe Ba3blBaal Takue
IyTH TONOJOTHYeCKH 35KBHBAJEHTHHIMH (cM. cTp. 72).
OnH Ha3bIBAIOTCA TaKkKe 2OMOTONHbIMLL

C nepsoro B3risjga MOkKeT NMOKa3aTbCsl, YTO Bce 3a-
MKHyThle TyTH PaBHbI, WJIU FOMOTONHHL. Ecau B3sTh TOU-
Ky P B «mycToM» NPOCTPAHCTBe, TO /1060 3aMKHYTHIH
NYTb, HCXOAAIIHUA K3 TOUuKH P, MOXHO HenpepblBHEIM 06-
pasoM (He Jonyckas paspblBOB) CTSHYTb B 3Ty TOYKY.

') Cm. no sTomy nmosoay cratsio B. I'. Boarsnexkoro u B. A. E¢-
pemoBuda «Ouepk OCHOBHBIX HAeH Tomosorun» B ¢6. «Maremaruue-
CKOE NpocBelleHue», Byl 2-—4, 6, 1959. — [Ipum. nepes,
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Ecau e B npoCTpaHCTBE COAEPIKHTCS <IPENSITCTBHE,
TO NOJ0XKeHHe MeHsaeTcs. [IpeAnonoXKuM, HanpHMep, 4TO
HaM «3anpeueHo» BLIXOAHTL 3a TMpelesbl HeKOTOPOH
IJIOCKOCTH H 4TO B 3TOf IJIOCKOCTH 3ajJaH KpYr, uepes
KOTODHII He MOXKeT [POXOAHTh HUKakKoit nmyrb. Torpa Jio-
Golt MyTh @), KOTOPLIH He OGXOAMT 3TOT KPYr, MOXKHO He-
NpepLIBHEIM 06pa3oM CTAHYTh B TOuky P. Ho nmyTb ay,
OTHOAlOIIHH 3TOT KPYr, HeJb3s HH CTHYTh B TOUKy P,
He «paspbiBas» MYTH H He NPOXOAA NPH 3TOM 4Yepe3 «3a-
NpeTHy0» o6aacTb, HU AebOpMHPOBATH B NyTb a; (CM.
puc. 14.1).

p
Puc. l4.1. Puc. 14.2.

Bunapunas onepayus na nyrax e npocrparcree. Pac-
CMOTPHM Telepb 3aMKHYThIE NYTH B TPEXMePHOM IpoO-
CTPAHCTBE H ONpefesHM OHHApHYIO ONlepauuio Ajds JIo-
GBIX ABYX 3aMKHYTBEIX NyTe# a; H Qp, UCXOAALIUX H3 TOY-
Ku P (cM. puc. 14.2), caepyoomum o6pasom:

(a) oTopseM KOHEUHYIO TOYKY HNYTH @; OT TOouku P
(puc. 14.3,0));

(b) oropBeM HauaJbHYIO TOUKY NMYTH @2 OT TOUKU P
(puc. 14.3,6));

(c) coeRMHMM KOHEYHYIO TOUKY NYTH @, ¢ HauajJbHOH
TOUKOH NyTH Gg; B De3y/bTaTe MbI NOJAYUHM 3aMKHYTLIH
nyte (puc. 14.3,8)).

Hasosem nyTb b npoussederuem nytelt ay 1 az U 6ynem
micatb @122 = b. Jlerko mnpoBepuTh, YTO 3Ta OMNepauus
accoluyaTHBHA.

MBI XOTHM NOCTPOHThL TPYIIY, 3JeMeHTaMH KOTOpo#
AIBJASIOTCH MHOMKECTBA WJIH KAAQCcbi TFOMOTONHBIX NyTef,
TaK 4TO HaM HYXKHO ONpeJennTh OMHADHYIO ONepalHio Ha
kaaccax nyred. (JlBa 3aMKHYTBIX TYTH IpHHaJ/Iexar
O00HOMY U TOMY Ji€e KJaaccy, ecH HX MOXHO HelPepbiBHO
AebopMuposaTh OAHH B Apyroi.) Msyuas kaacch myred,
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Mbl OyZeM HCIOJb30BaTh N0 OZHOMY 3JeMeHTY OT KJjac-
ca B Kauecrse npedcrasurers Bcero Kiacca. (AHasnoruu-
Hble CHTyallHH BCTpeyasiuch HaM W paHblle, HalpHMep
Ha crp. 29 Mbl HCIONbL30BajH OAHO BpallleHHe B Kaue-
CTBe NpEACTABHTEIS LENOro kKjaacca A Bpalieduil, a Ha
cTp. 86 — OfHO CN0BO B KauecTBe NpeAcCTaBHTENS Ile-
JIOTO KJacca 3KBHBAJEHTHBIX ¢s0B.) [loaToMy MB!I ompe-
JenuM npoussedexue ABYX KJIaCcCOB TOMOTONMHBIX ITyTel

a) 2 4

- Puec. 143

caeaywimuM o6pasoM: ecad @ — NyTb M3 MepBOro Kjaac-
ca, @z — NyTh H3 BTOPOTO KJaacca, a b = @;a; — UX Npo-
H3BEJEHHe, TO KJAacC BCeX NyTeill, TOMOTONHLIX NyTH b =
= a4y, GyaeT NPOU3BeJeHHEM 3THX ABYX KJacCCOB.

Crenyer NpOBEPHTE, UTO 3TO ONpeflejieHHe KOPPEKTHO,
T. €. UTO NPOHU3BeJeHHe ABYX KJIAcCOB He 3aBHCHT OT BHI-
Gopa nyTefi-npelcTaBHTeJeH B KaXKIOM H3 COMHOXKHTe-
nei. Tlyets @y u ag— ABa nyt# u b = aja,. [lpeanono-
XKHM, YTO @] — NPOH3BOJLHLIN NMyTh H3 TOTO Xe Kjaacca,
uro u a, (a] MOXHO HenpepbiBHOH Aedopmaunei nepe-
BECTH B @), U @, ~ NPOM3BOABHBI NYTb H3 TOro Xe
KJnacca, 4To H Qs I/I’?TyH}L}Eﬂ NOACKAa3LIBAE€T HaM, YTO
NyTb-NIpoH3BefeHHe b =a,as roMoToneH nytH b = a,a,.
Takum o6pa3oM, IpoH3BeleHHe ABYX KJIaCCOB He 3aBH-
CHT OT TOrO, KaKHe KOHKDETHBIE MYTH 4; U Az BbIGpaHH
B KayecTBe NpeAcCTaBHTeNeHl 3THX KJaccoB.

BBeseM Tenmepb B IPOCTPAHCTBO HEKOTOPOE «IIPEMNAT-
CTBHE»: NMyTH MOTYT NpPOXOAHTH uepe3 BCe TOUKH TpeX-
MEpHOro INPOCTPAaHCTBA, KPOMe TOUEK, NpHHAIIeXalux
HekoTOpoil 3amkuytol kpusoil A. ([ns onpegenenHocru
Oynem cuntaTh, 4to A — OKpPYXKHOCTb.) UTo6B HawWH
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HanbHelllIne paccyXIeHHs OblH GoJiee TOHATHBIMH, CO-
BeTyeM uHTarTesaio NpeiacraBisTh ceGe KpuBylo A Kak He-
KYIO HelnpeoLoaduMylo nperpany. MHOXKeCTBO TOYeK Tpex-
MEpPHOro NPOCTPAHCTBA, KOTOPOE OCTAHEeTCH, €C/NH BBbIKH-
HYTb TOYKH, TNpHHAaAJexaluue Kpusoii A, HasuiBaercs
MHO2000pa3uem. PaccMOTPUM 3aMKHyTHIE NYTH B MHOTO-
o6pa3uH, KOTOpble HAYHHAKOTCA H KOHYAIOTCS B TOUke P,
M OnpejeHM HX roMOTONHUecKHe Kiaacchl. Mbl u3yyaeM
IYTH, NPOXOAAIIHe TOJbKO Yepe3 TOUKH Hallero MHO-
roo6pasust, a A paccMaTpHBaeM KaK HelPeOLOJHMYIO
nperpany. Toraa BO3HHKAIOT 1O MeHbLiell Mepe 1Be cy-
IIeCTBEHHO pAa3JHYyHble CHTyaluH, KOTODHIM COOTBET-
CTBYIOT NIyTH @; W Qg Ha puc. 14.4 (paspwiB Ha JguHuu A

a;

Puc. 144.

IOKa3biBaeT, YTO MyThb dz NPOXOAMT Had A, a pa3pblB Ha
NyTH @y —— YTO OH MPOXOIHT n0d Kpusoit A):

(1) nyTs @) MONMHO CTAHYTb B TOUKY P ¢ NOMOILLIO
HenpepuBHOH nedopMaluy;

(2) nyTtp a; Heab3a HenpephiBHO AedOpMHpPOBaTh B
TOYKy P, He NPOXOAs yepe3 HENPeOJOJHMYIO Iperpapy.

Takum o6pasoM, cyllecTByeT NnO kpaiiHeidl Mepe naBa
FOMOTOIIMYECKHX Kjacca 3aMKHYTBIX INyTell, HCXOASIIHX
U3 TOYKH P: OfMH KJ4acC COCTOHT H3 BCeX IyTell, KOTOpble
MOJKHO HenpepuiBHO AedopmHpoBaTb B P (0H 0603Ha-
yaerca yepes [/]), a BTOPOH COCTOHT H3 BCeX MyTeid, KO-
TOpble MOMKHO HeNpephlBHO AehOPMHPOBATH B NYTh Ay,
HO Hesb3s craHyTh B P (oH o6Go03Hauyaercsi yepes [a]).
[lytu u3 kaacca [a] OAHH pa3 3auemnsoT Kpusylo A.

M&l HCno/Ib30BaIH CHMBOJ [a] a5 0603HAYeHHst CO-
BOKYIHOCTH BCeX MyTeH, TOMOTONMHBIX NyTH dg, T.€. BCEX
nyTell, 00ux pa3 3aUENIAIOUHX OKPYXKHOCTb A, Kak mo-
kasaHo Ha puc. 14.4. IlpoM3BobHLII NyTb H3 3TOTO
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MHOXKEeCTBA, MM KJacca, MOKHO B3siTb B KauecTBe nped-
crasureAsi Bcero storo Knaacca. Mu GyneM ynotpe6asThb
IJ1s Hero cUMBOJ a (BBIGHpaTb KaKOH-HOO0 crenuanbHbli
nyTb Her Heo6xogumoctH). Boo6uie, ecnn p — mwo6oi
yTh, TO [p] 0603HauaeT Kaacc myTel, FOMOTONHEIX NTYTH p.

Obparnoii nyre. TlokaxeM, uTo AJst JA060r0 Kjaacca
[b] romoTonHbIXx myTe# MHOrooOpa3us CyHlecTByeT Kjacc
[b}!, oBpatumiit kK [b], TakoH, uTO MpOH3BedeHHEe JIOGOTO
oyt u3 [b] u m06oro nytu u3 [b]-! mpuHaLAEXKHUT Kiaaccy
1/} Uuweimu cmosamuy, {/] okasbiBaeTcst efUHHUEH TpYNINH,

3JeMeHTaMH KOTOPOH SIBJASIOTCS KJA4acChl TOMOTOIHBIX
nyrei.

OnuuweMm cHayana nytb, o6paTHBI K KaXAOMy OT-
OeAbHOMY NYTH, a 3aTeM IOKaxeM, uTo MJas J160ro
IyTH, TOMOTOMHOTO NaHHOMY, OGDATHBI NYTb JEXKUT B
TOM € CaMOM KJacce, YyTo W OOpaTHBI K HCXOLHOMY
nytd. Eciam b -— npou3BOJBHBIA  NyTh, HCXOAALHH H3
Touku P, To uepe3 b~! 0603HAUMM NyTb, MONYUYEHHbI H3
nyTd b AMIUb nepeMeHoit HampasieHus. [lokaxeM, yTo
nyta bb-! u b-'b mpunamnexar kaaccy [/] ans maro6oro
nyTu b.

PaccMmorpuM, Hampumep, myTb a Ha puc. 14.5. Mu
1306pasuau oOpaTHbll K HeMY NyTb NYHKTHPHON JHHHEH.
(Ha camoMm pene nmyHKTHpHAs H CIJIOLUIHAst JIHHHH COB-
NafaloT, Ha HUX JHIUb 33ZaHBl NPOTHBONOJOMKHBEIE HA-
NpaBaeHHus; Mbl Pa3feNNaH HX JHWb AJst HaTISAHOCTH.)
O6pasyeM ONHCAaEHBIM paHee cHOCOGOM HPOH3BENEHUs
ag™! u a'a. Tloayvalomyecs npu 3TOM NyTH H306paxe-
Hbl Ha pHC. 14.6,a) n 14.6,6). (31ech cHOBA KaXKAblH U3
3THX NyTeH OT/IHYaeTcss JHIUL HalpaBieHHeM, H AJs Ha-
IJASHOCTH Mbl pasfgenunu ux.) HeTpyaHo 3amMeTuts, uro
BHE 3aBHCHMOCTH OT TOTO, KaK AAHHEI NYyTh P Paclojo-
¥KeH M0 OTHOWEHHIO K OKPYXHOCTH, NyTH pp~! u plp
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MOXKHO CTAHYTb B TOUKY. SICHO TakxkKe, 4yTO J10GOH COMHO-
JKUTe/b B NIpoH3BeleHHH pp~! (mau p~!p) MoxHO 3ame-
HHTb HEKOTODHIM 3KBHBAJEHTHBIM €My TyTeM, T.e. eC/]H
MyTb b TOMOTONEH MyTH p, a ¢ COMOTONEH p~!, To myThb
bc MOXHO CTAHYTH B TOUKY H OH NpHHAJIEKHT Kiaccy

p \“‘__/

<2
a
P

Puc. 14.6,a)

nc. 14.6, 6)

[/]. Takum oBpasom, Knacc, O6paTHLIH K KJaccy roMoTol-
HBIX nyTe#d [p], —3To coBOKynmHOCTb BCEX NyTel, rOMO-
tTonuwix nyTH p~l. Torna npoussenenne (B TOM BHJE, KaK
OHO GBLIO OmNpeleneHo Bbille) Jal060ro Kjaacca u o6part-
HOro K HeMy paBHo knaaccy [/] YUuratenio mpepocrasis-
eTcs npoBeputh, uro [/]—emunuua, Tt.e. uro [/][b] =
=[b]([1]=[b], rlie [b]—Npou3BOMBHEI KaacC TOMOTONHBIX
nyTefi.

A
A
ar a*

Puc. 147 Puc. 148

PaccMOTpHUM Ternepb Kjaacc MNyTeH, NpeACTaBIseMbIN
s7eMeHTOM aa, unn @, Tak xak NpOHu3BeJeHHe KJIaccoB
[a]-[a] He 3aBucHT OT BHIGOpPA TOrO HJAM HHOrO OpeicTa-
BUTENS,, Ml 00pa3yeM NpPOH3BElEHHe IBYX Da3HbIX My-
Tefl M3 xJaacca [al; 9TH nyTH Ha puc. 14.7 noMeyeHo cHM-
BojaMu a ¥ a*, Hanomunaem, uro mnpousseleHHe a*a
nosyyaercss coeJlHHeHHeM KOHeUHOH TOYKH MyTH a* ¢ Ha-
ya/JbHOH TOUKOH MyTH @; CM. puc. 14.8. 3aMeTHM Temnepb,
YTO MyTh @*a MPOXOAHT HAl M MOA OKPYXKHOCTbIO A cie-
AYIOIMM oGpa3oM (B HaNpaBJ/eHHH, yKa3aHHOM CTpeJ-
KAMH): OH HaunWHaeTcs B TOUYKe P, NMPOXOAHUT Had Ayro#
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okpyxHocTH A, 3aTeM nod Heil, 3aTeM CHOBa Had W CHOBA
nod n Bo3Bpamaercsd B Touky P. Takum obpasom, nyTsb
a*a, wau TyTb a2, ABaXKIbl 3aleNiseT OKPYXKHOCTb A.
Ero wmoxHO pgedopMHpPOBATL B INyTb, MNOKa3aHHLIH
nHa puc. 14.9, u, xoHeuno, Henb3s neQOpMHPOBATL HH
B myTh kaacca [I], vu B mnyre kaacca [a]. Tlyts a?
IpHHALJEXKHUT HOBOMY Kjaccy, KOTOpbIfi MBl 0603HauYUM
yepes [a?] uau [a]?. TlpemcraBureneM o6paTHOrO K HeMy

<D

Puc. 149

kaacca [a~?] = [a]? Gymer myTb, KOTOpLIH jaenaer J80u-
HY!O TIETJIIO BOKPYT AYrH OKpYXKHOCTH A B Hampas/eHuH,
IPOTHBOMOJOXKHOM Hanpas/eHuo nyta a2 JIpyramu cio-
BaMH, NOCJE BhIXOZA M3 TOYKH P nyTh a2 NPOXOAHT
cHayajga nod A, 3areMm Had A, 3aTeM cHOBa n0J H CHOBa
Had, a MOTOM BO3BpalllaeTcst B TOUKY P.

O6o3nauum yepes [a]® kaacc nyTefl, FOMOTONHBIX MPO-
u3sefenuio Nyt us [a® u nyru u3 [a] Jlerko Bugers, yTo
nyTe M3 KJaacca [a] menaer Tpodunyro mneraio (TpHKIbI
sauenasier A) BOKpPYr AyrH OKpyxuoctH A, a [a]3 —
KJacc nyreil, Kotopble Tpusncdv. 06XOAAT BOKPYT AyrH
OKpPY:KHOCTH A, HO B TPOTHBONOJOXHOM HaNpasjeHHH.
AnanorudHelM 06pa3oM MOXKHO TNOCTPOMTH Kaacchl [alt,
[a]™, [al, [a]®* u 1. 1.

MHOXKeCTBO BCeX TOMOTOMHYECKHX KJIacCoB ImyTeil
B HalleM MHOroo6pasuu oGpasyeT rpymmy.

Iaementor epynnol. Kmaccl 3aMKHYTBIX MNyTeH, Ko-
TOpble MOXHO HemnpepriBHO 1edOpMHPOBATL OLHH B ApPY-
rofi. DTH NyTH JA€XaT B MHOroo6pasuH, ONpeleJeHHOM
OKDY>KHOCTBIO A; BCe OHM HAUMHAIOTCA H KOHYAIOTCH
B TOYKe P.

Accoyuarusnas 6unapras onepayus. O6beanHeHHe
B OAMH NyTb ABYX NyTell-NpeicTaBHTeNell NOCPEACTBOM
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COelHHEHHS KOHEYHOH TOUKH MepBOro ¢ HavajbHOH TOY-
KOH BTOPOTO.

Edunuya. Knacc [I] 3aMKHYTBIX NyTeli, KOTOpble MOXK-
HO HENpPEepPHIBHO CTAHYTb B TOUKY P.

Obparunovie saementor. Kaxaomy kaaccy mytedl cooT-
BEeTCTBYeT €JHHCTBEHHBII 06paTHBIfl Kaacc, Takoif, 4To
npousBelenue 11060 Nnapbl NpelCTaBUTeNel 3THX KJjac-
COB MPHHAAMENKHUT Kaaccey [/].

DJeMeHTBl 3TOH TPYNIbI ~— KJAaCCH

o @7 @™ [T, UL lal, el el ...

AcHo, uTO Halla rpynna nopoxiaaercs KjaaccoM [a] u uso-
MophHa GeckoHeyHOHl HHKAHYecKol rpynmne Ce.

MHroeoobpasue, onpedenennoe J8YMS OKPYICHOCTAMU.
PaccMOTpHUM Tenepb MHOroofpasde, KOTOpOe NOJdydaercs

Puc. 14.10,

U3 TPEXMEPHOTO MPOCTPAHCTBA BLIKHABIBAHHEM [BYX He-
nepeceKaloliXcsd H HeCLENJeHHbIX OKPYXKHOCTeH; CM.
puc. 14.10. OHO COCTOMT H3 BCeX TOUEK TPEXMEPHOro
NpOCTPaHCTBA, 32 HCK/IIOUEHHEM TOYeK STHX OKPYKHOCTeH
A u B. Kak u npexie, Hac HHTEPECYIOT 3aMKHYTble
NyTH B 3TOM MHOroo6pasuH, HauMHAWOIIHEeCs U KOHUalo-
ugeca B (UKcHpoBaHHOH TOuke P MHoroo6Gpasus. 3aM-
KHyTble IyTH, 3alensiollie JHWb OAHY H3 3THX
OKDYXKHOCTEH,—3TO IYTH yXKe PACCMOTPEHHOro HaMH TH-
na. O603HauuM KJaacChl TAKHUX MyTel, CBI3aHHBIX C OKPYXK-
Hocteio A, uepes [a], [@l* u T. I, a CBSI3aHHHIX C OKpYX-
Hocthlo B —uepes [b], [6)* u 1. n. K HOBOMY THIIY NpHBO-
AAT NyTH, 3auenadiomue obe oxpyxkHoctH. [loctpoum
nytd ab ¥ ba 1 BHIACHUM, MOXKHO JIH OJMH H3 3THX MyTeil
HenpepbiBHO AedopmMupoBaTh B APYrod. Pewnrs 310T BO-
npoc —- Bce pPaBHO, YTO BLIACHHTb, OyldeT JH rpymnna
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ny'reﬁ, CBA3aHHasa C HAlIUM HOBbIM MHOFOOﬁpﬂBHGM, KOM-

MyTaTHBHOH.
A @lﬁ@ ’
a p b

P
Puc. 14.11.

Uro6bl HaliTh nyTb ab, COeAHHUM KOHEUHYIO TOUKY
OyTH @ Hu3 KJjacca [a] ¢ HauaJbHOK TOYKOH myTH b u3
kjaacca [b]; cM. puc. 14.11. Brimuuem mocaeaoBaTtelb-

P ba

Puc. 14.12.

HOCTb MNPOXOXKIACHHS 3STHX HyTeﬁ Nnox H Hax COOTBeT-
CTBYIOLIUMH OKPYXKHOCTAMHU!

sag A, nox A Hag B, nox B

va b

Ananoruuno o6pasyem nytb ba; cM. puc. 14.12. Pacnpo-
CTpaHHM TNOHSITHE O6paTHO20 NYTH Ha Halle HOBOE MHO-
roo6pasue. HasoseM myTh, KOTOPHIH NPOXORZHT MO MYTH
ba, HO B HampaBJ/IeHHH, IPOTHBONOJOKHOM ero CTPeJKaM,
o6paTHbiM K NyTH ba u o6o3HauuM ero uepe3 (ba)~!. Mul
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npeloCTaBJsieM uuTatesno ybeaurnest, uto o6a myTH
(ba)(ba)™" u (ba)"'(ba)

MOXKHO CTAHYTb B TOouky P, T.e. uto 0o6a onu nmpuHajiJe-
xat knaccy {/]. Uuratesb MoxeT TakkKe NPOBEPUTH, HC-
nosb3ys puc. 14.13, uto

b1 '=a""",

BepHemcss Temepp K BONpOCY 0 KOMMYTATHBHOCTH:
paBHbl M NyTH ab u ba, T.e. MOXHO JH NyTb ab He-

Q) QD

(ba)™!
Puc. 14.13.

npepbiBHO AedopmupoBath B nyTb ba? Hcnoawsys To,
YyTOo Mbl 3tiaeM 06 O6paTHBIX NYTAX, chopMyaupyem 3TOT
BOMPOC TaK: BBHINOMHSIETCS JM B HalleM MHOrooGpasuu

COOTHOLIeHHEe
(ab)(ba)™' =1, nam aba™'b~'=1I?

Uro6bl OTBETHTb HA 3TOT BOMPOC, H3YYUM MOYThb
aba b1, uzo6paxennnit Ha puc. 14.14. On noayyaerca

A B

(R
D

aba'b!
Puc. 14.14.

coefliHeHHeM KOHEeYyHOi TOYKM NyTH ab ¢ HauaJbHON TOY-
Kol nytd a-'b-! = (ba)-'. Dror NyTb MOKHO NeHOPMHUPO-
BaTbh B NyTb, M300paKeHunlit Ha puc. 14.15. (3xech Mbi
nojaraemcsi Ha TCEOMETPHUECKYIO HHTYMUHIO YUTaTesas;
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K TOMY e MOXHO B3Tb MOJeJb, CHeJaHHYI0 M3 ABYX
KoJslell U Kycka GeueBKH, H yOeIUTbcs B TOM, UTO 3TO Ael-
cTBUTENbHO Tak.) I[lyre Takoro tuma, U3oGpaiKeHHbf
Ha puc. 14.14, HasbpiBaercs 3ayensentnvim B MHOroobpa-
3HH, ONlpeJle/IeHHOM [IBYMS HeclielJleHHBIMH OKPYXKHOCTS-
MH A u B. Takum o6pa3oM, Mbl yOeIHJIHCb, YTO MYThb

A ("\ B

T~
\
D aba'p
Puc. 14.15.

aba 'b-! Henb3d CTAHYTb K TO4Ke P, U TeM caMbIM ycTa-
HOBUJIH, YTO aCCOLUMPOBAHHAS C HALIMM MHOrocGpasueM
rpynna myTeil HEKOMMYTaTHBHA.

Hosoe mroz006pasue ¢ 08yms cyenieHHoiMU OKpYyc-
Hoctamu. Paccmotpum MHOrooOpasue, ompejeseHHOe
ABYMsi cHelJieHHBIMM OkpyxkHoctsima A u B, oM.

A B ‘

Puc. 14.16.

puc. 14.16. Tenepp Mbl yKe He MOXeM CTSIHYTb OJHY H3
HHX B TOYKY, He 3aTPOHYB Apyryio. Kak u panblue, HallK
KJacChl COCTOSIT M3 NyTel B MHOrooGpasuu BceX TOYEK
TPeXMepHOTO NPOCTPAHCTBA, 32 HCKJIOYEHHEM TO4YeK, Jie-
XKawux Ha okpyxHocTix A u B. CHOBa MBI paccMaTpu-
BaeM JHLIb 3aMKHYTble TMYyTH, HAYHHAIOUIHECS M KOHYal0-
nipecsa B GUKCHPOBaHHONR Touke P 3Toro MuorooGpaswus.

[Mocrpoum mytu ab u ba, uro6bl BHIICHHTB, OYyAeT JH
B 5TOM HOBOM MHOroo6pasui BBHINOJHATLCA PaBEHCTBO
ab = ba. Tem xe cmoco6oOM, 4TO U paHbllie, CTPOUM NMyTb
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aba~1b-', 3ameruM, 4TO OH HPOXOAMT B HalleM HOBOM
«CUEeMJIeHHOM» MHOroo6pasuy uepe3 Te e TOYKU, yepes
KOTOpHIE NPOXOAWJ COOTBETCTBYIOIUUH NyThb B TpexHEM
«HeclenJeHHoM» MHoroo6pasuu (cp. puc. 14.15 u 14.17).
Mbl yrBepxaaem, uTo nyTh aba~'b-! MOXKHO HempepbiB-
HOH HetopMauuedt craHyTb B TOuKy P, T.e. 4TO NyTb
aba~'b-! npuHagmexkur Kaaccy [/].

Jlerue Bcero yGeinTbcsl B 3TOM, OGPATHBIUHCH K MO-
nean. Ecin HazeTb merio u3 GeveBKH Ha [Ba CleENJeH-
HBIX KOJIBLA TaK, KakK 3TO NMoKa3aHo Ha puc. 14.17 (meras

aba’'p?!

Pue 1417

tTorfa uso6pasut nyte aba'b-'), To MOXKHO OCBOGOAUTD
GeueBKy OT KOJell, He pa3pbiBas GedeBKH U He JoMas KO-
aen. Yro6sl ybequTbest B 3TOM, NOJBHHEM HeT/i0 X BROJAb
OKPYXHOCTH A B HampaB/leHHU NPOTUB 4aCOBOH CTPEJKH
K metae Y, npoxolsa cHauana xad OKpYkKHOCTblO B, a 3a-
teM nod Heli. Koraa nerast X nonoiiger x ¥, Mbl yBUIUM,
uTo nyro He 3ayenaser okpywroctu B. OrHOCHTENbHO
OKPYXKHOCTH A TyTb pacnojioxeH Tak: OH HayHHAeTCs
B Touke P, npoxoaut Hax A, nox A, nox A u nan A. Ta-
Kasi NocJjeJ0BaTeJbHOCTb MOKa3biBaeT, YTO NYTb He 3a-
yenaser oxpyxcnocrs A. Takum o6pasom, myTb aba~1b-!
npuHamaexut kaaccy [[] u [ab] = [a][b] = [b][a] = [bal.

pynna myTe#,, COOTBETCTBYIOIlas HalIeMy MHOr006-
pasuio, onpeieJeHHOMY [ABYMS CHENJEHHBIMH OKpYyMXKHO-
CTAMH, HMeeT ABe ofpasylomue —nyTH a u b (TouHee,
kaaccor myteit [a] u [b]). Dt o6pasywomine yAOBAETBO-
psioT cooTHOwWweHHI0 aba~'b-! = [. C tako#t rpynno#i mbl

yKe BCTpeyasich — 3TO Ipynmna C%, rpymma «ropoACKHX
yauu» (cm. crp. 102).

1/,8 3ak. 1090 .
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3ayenaennvle nyru 8 MHo2006paszun. Mbl BUIEH, UTO
nyte aba~'b-! B MHOrooGpasuy, ONpeleleHHOM JABYMS
HeCleMJIeHHBIMHE OKPYIKHOCTSIMH, 3ayefiier, HO TOT XKe
nyTb, paccMaTpuBaeMbli Kak IIyTb B MHoroo6pasuuy,
onpeneseHHOM [ABYMS CLENJeHHbBIMH OKDYXKHOCTAMH, He
sayenner. Takum o6pasoM, Oyner Ju AaHHBIA NMyTh 3a-
LeIeH, 3aBHCHT He TOJBKO OT NyTH, HO M OT MHOroo6-
pasus, B KOTOPOM OH pacroJioxeH!).

) Pucynkn 14.15 n 14.17 no3so/fl0T NPOXEMOHCTPHPOBATb Ta-
Kot ¢okyc. BospMmuTe nBa KO/IbIla, KOTOPHIE MOXHO 3aMBbKaTh H
pa3MblKaTh, W HafleHbTe Ha HHX KyCOK 6eueBKH TaK, KaK 3TO IOKa-
3aHO Ha puc. 14.15. CBsi3aB KOHLBI, Bbl TOJIYYHTE 3aMKHYTYIO METJIO,
[Tetis B 3TOT MOMEHT 3allelyieHa BOKPYr O6OHX KoJjell. 3areM
pa3OMKHUTe OJHO KOJIbLO, CKa)eM B, H ClenuTe ero ¢ Koablom A
TaK, yToGBl MOJyYHIach KOHGHrypaumusi, H3o6paKeHnas Ha puc. 14.17.
B sToM HOBOM MHOroo6pasui MNer/s He 3alelvleHa, H e€e MOXKHO
CHATb C KOJell, KO BCeoblieMy H3YMJeHHIO.
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rPynnbl K OPHAMEHTbI

Kak Mbl BHeJH, H3yueHHe TPYIN NPHBOAUT MO Cylle-
CTBY K pPaCCMOTPEHHIO HEKOTOPBbIX OCHOBHBIX CTPYKTYP
H COOTHOLIEHHH MexAy HuMH. [Jo3TomMy HeynHBHTENBHO,
YTO C KOHKPETHHIMH peasusalysMy TCPyNN Tak 4acTo HpH-
XOAMTCSA CTaJKHBATbCSl B JeKOPATHBHOM HCKyccTBe. Dak-
THUECKH NOKPBIBAIOWIMA BCIO IJIOCKOCTb y30p, COCTaBJIEH-
HbI 13 NOBTOPSIOLIMXCS uHaCTeH, Ka)kias U3 KOTOPBIX
BOCIIDOM3BOAHT OAHH H TOT K€ OCHOBHOH PHCYHOK, COOT-
BeTCTBYeT HeKOTOpo# rpymnme. ¥30pbl (OpHaMEHTH) TAKOTO
THIIA YaCTO HCHOJb3YIOT 47151 060eB, TKaHeH, B apXHTeK-
TYPHBIX yKpallleHHaX H T.1. Takum o6Gpasom, B NOBCe-
OHEBHOH XKH3HH Mbl, MOXKHO CKa3aTbh, NOCTOSHHO OKpY-
KEeHbl TPYNNaMu. ‘—Ipessbmanﬂo IOJIHO TakHe TPYNIHI
npejCTaBJeHbl B apXHTeKType nBopuna Anbramépa B I'pe-
Haje. MaspuTtaHckHe 30J4HMe, CTPOMBIUIHE ero B TpHHA-
ALaTOM BeKe, HCNOJAb30BaJ/H B JeKODaTHBHOM y6paHCTBE
IBOpIA y30pbl, COOTBETCTBYIOLIHE BCEM BO3MOXHBIM
«TpynnaM OpHaMeHTOB» (pacHpoCTpaHMMBIX Ha BCIO MJIO-
CKOCTB).

OTmMeTHM, K cBeleHHIO uHTaTeseH, 4TO BCEro cyle-
CTBYeT JBajfllaTh UETbIpE TPYyMNMNbl OPHAMeEHTOB; rpadsi
CeMU M3 HUX TPeACTaBJdA0T coO0H NEepHOAHYECKH NOBTO-
pAIOIIMACH PUCYHOK, 3aNOJHSIOWUA JUllb OeCKOHeYHYIO
MOJIOCY B IUIOCKOCTH, Ipadbl OCTAJbHBIX CeMHaALATH 3a-
MOJNHSIOT BCIO IIJIOCKOCTB.

OTH TpyNNB! MHOTAA HA3bIBAIOT MJOCKMMH KPHCTaJ/10-
rpaduyecKUMU TpynnamMH, TaKk Kak PacnojoXKeHHe aTo-
MOB H& IpaHAX KPHCTaJJH4YeCKHX MOPOA (B KpHCcTal/aax
KBapla, HampHMep) npejacTaBaser cob0H Kakyo-au6o u3
NOBTOPSIOUINXCS KOHGUIypauHii «OpPHAMEHTHOro» THIA.

1/, 8*
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B st0il riaBe Mbl OrpaHHYHMCS pacCMOTpEHHEM OpHa-
MEeHTOB, CBS3aHHBEIX ¢ rpadaMy, KOTOpble 3aMOJIHSIOT BCIO
mnockocTb. OfHIM U3 cocOGOB MOCTPOEHUS TaKHX opHa-
MEHTOB ABJISIETCH «3aMOLIEHHEe» IJIOCKOCTH PaBHBIMHU IIpa-
BUJIbHBIMH MHOTOYroJbHHKaMH. MOXKHO [0KasaTh, 4TO
CylUIeCTBYET JHILIb TPH BO3MOXKHOCTH TAaKOro poja, moka-
3anHble Ha puc. 15.1 (cM. ymp. 63). OTMeruM, uto ABe
nepBble KOH(QUIypalluh ABOHCTBEHHB! APYr APYry B TOM

1 H )
‘ ¥ —
et —d

Tpeyzonsruku llecmuyzonsHuku Kb6adpamet

Puc. 15.1.

CMBIC/IE, YTO TOUKH, CJAYyXKaillHe LEHTPaMM MHOTOYTOJb-
HHKOB, M3 KOTOPbIX COCTOHT OJMH OPHAMEHT, AIBJISIOTCA
BepIIHHAMHM MHOTOYTO/JIbHHKOB BTOPOrO OpHAaMEHTa; Tpe-
Tbsl KOHHUrypauus IBoiicTBeHHa caMa cele.

Ynpaxuenue 63. [Ipeanosoxum, uTo MIOCKOCTh
«3aMOILeHay NPaBUJIbHBIMH A-YTOJbHUKAMH TakK, YTo ABA
COCeHHX MHOTOYTrOJIbHHKA HMEIOT B TOYHOCTH OZHO 00-
mwee pebpo. [Toxaxute, YTO 7 MOXKeT NMPHUHUMATH JHIIb
3HayeHus 3, 4 u 6.

Hac uHTepecylOT He CTOMIBKO CaMH HMCXOJIHbIE KOH(HU-
rypanu, MO KOTOPHIM CTPOUTCS OPHAMEHT, CKOJbKO CO-
OTBETCTBYIOLHe WM Trpynnel. Kak Mbl yBHUAUM, Te HJH
HHble OpHaMeHThl CBSI3aHbl CO CTPYKTYpPOH HeKOTOpbIX
TPYNTI ABUXKEHHUH; 3JE€MEHTH TaKoH TPYNNH MepeMellaoT
pyndamenrarvryo 06aacto (NCXOAHYI0 KOHGHrypauHio)
Tak, YToGbl MOJNYYajoCh TNOJHOE IMOKPBITHE IJIOCKOCTH,
noJ06HO TOMY KakK M0J NMOKPblBaeTcs MJHTKAMH OJHHA-
KoBO# ocrosroid popmbl. TTyeTp Hama dyHAaMeHTaNbHAas
obaacTb — 3T0 kBaApar S. PaccMoTpHUM /[ABa OCHOBHBIX
ero IBHXKEHHH:
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r — cJBUr KBaApaTa S BNPaBO Ha AJMHHY €r0o CTOPOHH
(puc. 15.2),

S — c/IBHI' KBajpaTta S BBepX Ha AJHHY €ro CTOPOHHI
(puc. 15.3).

PX X IO
K CRRRRRILS

Pue 152, - Puc. 153.
Mouaoxenue o6aacta S Moaoxenue o6nactu S B pe-
B pesyabTaTe ABHNE- 3y/ABTaTe ABHXKEHHS S.

HHA T.

MoO3KHO HOKPEITb MJIOCKOCTb 06JMacTAMH, paBHBIMH S,
HCIOJb3Ys Bce BO3MOKHbIe IMPOU3BEAEHUS ABYX MOpPO-
KAAMKX ABHKeHuH. [3ameuanue. Hame «mpoussege-
HHe» — 3TO peay/bTaT NpUMeHeHHUs Ollepauud MocaeLo-
BaTe/1bHOrO BbINOJIHEHUS. Tak Kak y Hac ecTb Bcero ofHa

4 ) i [
° R o ! 'S 'ry :
'S 1 ' | 1
4 A ' 4 —r
R 1 r A'L,.l |/ 1 1 e --§
S 5 ~' - c
4 + ) 4
R . . 4‘ 157! - |
! ] ' 1
' T 1 1
ajl 4y
Puc. 15.4.

a) PyngamenTanrHad o6Jactb S M ee CABHLCH ¢ NOMOIUBIO F H §.
6) pad rpynnei ¢ o6pa3yomwuMi r 1 § H ORPeJeJSIOUIHM COOTHOLIE:

uuem rsr—ls7 =,

¢ynzamenTanbHas o6JacTh, a Mbl XOTHM 3aNOJHHTH BCIO
IJIOCKOCTb, TO Mbl TpejcTaBasieM cebe, yTo S ocTaBAaseT
CBOH «OTMeYaTOK» Ha KaXkAOM M3 MeCT, B KOTOpoe OHa
nonaaaer.)] Ha puc. 15.4, @) mokasaHa yacTb IJIOCKOCTH,
HOKpBITas KBajpaTaMy C MOMOLIbI0 06pa3yioliux ABH-
xeHu#l r u 8. Ha pucyHke ormeyeHbl oOpasbl HEHTpa
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ocHOBHO# o6sactiH. OTMeTHM, 4TO 3TH TOUKH-00pashHl co-
OTBETCTBYIOT BepiliHAM rpada rpymubl TakHX ABHXKeHUH
bynnamenTansHOH 0O6JacTH, NpP# KOTOPHIX ee 0O6pasbl
fIOKPBIBAIOT BCIO [J0CKOCTh. HMTaTeNb JIeTKO pacnosHaer
B 3TOH TCpyfille TPYNMy «TOPOACKHX YJHI» Ci (oM.
ctp. 102).

Mbl  [0JKHBI 4eTKO MpelCcTaB/IsiTb cebGe pasjuyue
Mexady nByms pucyHkamu. Ha puc. 15.4,a) usobpaxena
KapTHHA 3alOoJIHEHHS IJIOCKOCTH Ay6aukatamu (QyHOa-
MeHTalbHON obsacTH S, B To BpeMs Kak pPHCYHOK 15.4,06)
usobpaxaer epag epynnoi Osuixcenull, a MMEHHO TaKHX
caBUroB obJjactTH S, B pe3ysabTaTe KOTOPBIX cO3faeTcs

Puc. 155. Puc. 15.6.
ITonoxenue oBygactn S TMonoxenne o6aactu S
B pe3yJnTaTe JBHXKe- B pesyJbTaTe JBHXKe-

HHA a, HHUA b

9Ta KapTHHA «WaxMaTHOH mocku». [lpuuuHo#l cxoncTea
9THX JABYX H300pameHHH fBJseTCH OTHOLIEHHe ABOMH-
CTBEHHOCTH MEXAYy HHMH (OJHO MOJy4yaercs W3 APYroro
caeaywowuM o6pa3oM: KaxKJOMY MHOTOYTOJNBHHKY HYXKHO
MOCTABHTh B COOTBETCTBHE €ro NHEHTP U COEJHHHTHL MOJY-
YeHHble TOYKH OTpe3KaMHM; BCIOMHUTE Ky6 H OKTa’aAp;
ctp. 189).

Mbl moxkeM 3amnoJHHThL o6pasaMu Hamell o6aacTu
OeCKOHEUHYIO «LIaXMaTHYI0 AOCKY» TaKxXe ¢ MOMOILBLIO
IBHKEHUH, OTIMYHBIX OT CABHIOB. DTO Q3HAYAET, UTO Pa3-
AUYHbIE 2pYnnbl MOSYT GbiTo C8A3AHbL ¢ OOHUM U TeM Jce
noKpoiTUeM NAOCKOCTU Keadparamu. Hampuwmep, mycrb
@ — onpoxujpiBaHue o6jacT¥ S OTHOCHTENLHO ee CTO-
poHnsl §;; cM. puc. 18.5. Terna nBuxkenue aa = a? BO3-
BpallaeT KBaipaT S B HCXOAHOE MOJOXKeHHUe, T.e. a? = |,
Ananornuso, ecau b o6osHayaeT ONpoKHIBIBaHHe o6na-
ctd S BOKpPYr cropoHboi S; (cM. puc. 15.6), To #2 =1
PesysabTaT moc/iefoBaTeNbHOTO BHINOJHEHHS [IBHKEHHM
a u b (B pasauynoMm mopsigke) mokasad ua puc. 15.7.
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KoneuHo, a u b He nepecraHoBoyHbl Mexay co6oii. [Ipen-
TMOJIOKUM TeNepb, YTO MBI BBeJH B PacCMOTPEHHEe TPeTbe
OCHOBHOE JIBHXKEHHe ¢: cOsue KBajparta S BBepX Ha IJH-
Hy ero ctopoHbl. C nmoMoulbio Tpex ABMKEHHH a, b U ¢
NOJIY4aeTcsl 8 TOYHOCTU TQ e KAPTUHA 3aMOLIEHHS IJI0-

CKOCTH («lIaxMaTHas JOCKa®), YTO H C MOMOIUbIO ABYX
CIBHIOB r U §, HO COOTBETCTEYrOWUe 2pynnvl pPasAutHol,
I'pag rpynmsl, nopoxmeHHou JBUXEHUSIMH a, b u ¢, 10o-
KasaH Ha puc. 15.8.

. L] —--b.g ----- --—..q-c ----- pe
c
—-———-a
*-- - _..l? ...... !__.._.q. ..... .aé """" b
a —"
. . . _-!7.0.:’..:.5"__}49:.‘...--

a?=h%acaic'= beb e =1

Puec 158

BuifepeM Temepb Apyryio ¢yHAaMeHTaAbHylo 00-
J1acTh — paBHOOEApEHHbI NPSIMOYTOJbHBIE TPEYroJbHHK,
a 3a ofpasymwoliye JBHKEHHS MPHMEM:

r —Bpatienne Ha 90° (IPOTHB 4YaCOBOH CTpPesKH)
BOKPYT BepLIWHBl IPSMOro yria (cM. puc. 15.9);

s — Bpauienue Ha 180° BOKpYr cepeauHbl THIOTEHY3bI
(puc. 15.10). fcHo, uTO NOPSAOK 3JeMeHTa r paBeH ue-
THIpEM, a § — JBYM.

[Byxkennss r u s QyHaaMeHTaJbHOTO paBHOGELpeH-
HOT'O IPSiMOYTOJIBHOTO TPeyroJabHHKa 3alaloT HEKOTOpoe
nmokpeiTHe mIockoctd. [loayualomasics mpu 3ToM Kap-
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THHA U rpad COOTBeTCTBYIOIIEH rpymibi ABHXKEHHH H30-
Gpaxennl Ha puc. 15.11. 3amernM, uro 3ToT nNocienHHH
rpad AaeT HOBHIH [JIaH 3aMOILIEHHS MJIOCKOCTH — MHOTO-
yroJbHHKAaMH JBYX THIIOB, a He OJHOro. 3[ech B KaxKAo#
BEpLIHHE CXOAATCA KBajpaT M [Ba BOCHBMHYTOJIbHHKA.

r3

Puec. 159 Puc. 15.10.

Kak xe B ofuieM cayyae NOJAy4yaroTCsl OpHaMEHTHI?
Onu mosyuatorcad U3 rpadoB rpynn ABUKeHUMd, ocyile-
CTB/AIOIHX TOJIHOE TIOKPLITHE IJIOCKOCTH HEKOTOpoil
¢dynaamentanpHo# obsactbio. OpHAMEHT, ompeneaéHHbIl

-———-s

—e T

&

ri=s2=(rs)t= ]

Puec 15.1L

rpadom, usobpakeHHolM Ha puc. 15.11, nokasan Ha
puc. 15.12.

[IpuBeaeM elle OfUH TpUMep OpHAMEHTA, 3aMOJHSIO-
I[ero BCIO IJIOCKOCTb, B 06pasoBaHHH KOTOPOIO MPUHH-
MaioT yyacThHe reoMeTpuueckue (GUrypbl HECKOJBKHX TH-
noB. Bosbmenm B kauecTBe (yHmpaMeHTabHOH 06/acTH
pOMG, OHH H3 YIJIOB KoToporo paBeH 60° a B kKauecTBe
o6pasyonux — ABa ABHKEHHS:

r—Bpamenne Ha 120° (nmpoTHB 4acoBOil CTpesiku)
BOKPYT BepIUHHHE 0AHOro M3 yraos B 120°%
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s —Bpautenne Ha 120° (mpoTUB 4acoBO# CTpeJKH)
BOKDYT BepliuHbl Apyroro yrja B 120°
3ametum, uto r3 = s3 =[; c¢M. puc. 15.13.

00—
0
OO0

[ [
Puc. 15.12. -

OnHH H3 ceMHaALaTH Pa3JHYHLIX OPHAMEHTOB,

Ha puc. 15.14. uao6pazkeHn MOKPbITHE IJIOCKOCTH
pomGamu ¥ rpad rpynnel ABHKEHHH, NOPOXAEHHON 3Jje-
MEHTaMH I H S.

Pue. 15.13.

Ynpaxuenue 64. Haiinure mHoxecTBo onpeje-
JSIOUIKX COOTHOIIEHUH AJs1 3TOH rpynnbl ¢ oOpa3yromu-
MH r H S.

I'pa¢ nHa puc. 15.14 nokaswiBaer, 4To Hama cxeMma
OpHaMeHTa B KaxOH BepluHHE HMMeeT ABa Pa3/IHUHBIX
TpeyrosibHUKa  (OJHH — COCTOAILIMH M3 r-OTPE3KOB H
ApYroil — U3 S-OTPE3KOB) H [Ba IIECTHYroJbHHKA.



Puc. 15.16.
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Puc. 15.15 Ha HeckosbKo GoJblueil miaomand usobpa-
JKAeT COOTBETCTBYIOMHA OpHaMEHT.

B 3akjioueHHe pacCMOTPHM IpHMep TakoH KpHCTa.d-
Jgorpaduueckoi rpynnbl, YTO B KaxK/JOH BepUIHHe ee rpa-
(da cxonsTcAd MHOrOYroJEHHKH Tpex Tumos. B xauecTse
dyHIaMeHTaibHOH OGMACTH 3J€Chb B3AT TPEYroJbHHK

Puc. 1517

¢ yraamu 30°, 60° 1 90°, a B KauecTBe 06pa3yoIUX ABH-
JKEHU — ONpPOKUIALIBAHHS  OTHOCHTENIBHO KaX[od M3
TpeX CTOpOoH TpeyrosbHuka. Puc. 15.16 noxaswiBaer, 4TO
rpad 3Toll rpynmbl 3amoNHAET BCIO MJIOCKOCTb, MPHUYEM
B KaxJ0il ero BepliMHe CXOAATCH KBajpaT, IECTHYrOJib-
HUK ¥ JABeHaAunaTuyronbHukK. OpHaMeHT, COOTBETCTBYIO-
uuit aToMy rpady, npegcrabjen Ha puc. 15.17.

Ynpaxunenune 65. Haiiaute MHOXecTBO ompefe-
JAIOUHMX COOTHOIIEHHH A/ 3TOH rpynnul ¢ o0pasyioly-
MH a, b U c.



NMPUNOMEH HE

rPynnA JOJEKADAPA U UHOCADPA:
3BHAHOMEPEMEHHAA ITPYIMNA A, NTOPAAHA 60

CrpykTypa rpynisl, CBE3aHHOA ¢ 10JeKasApOM H HKO-
Cas’lpoM, CYILECTBEHHO OTJIHYAeTCS OT CTPYKTYphl BCEX
TpYIN, KOTOpHe Mbl u3yyaJ M A0 cux nop. [aaya, uccie-
Lysl paspemuMocTb ajre P auyeckux ypaBHeHH#H, oOHa-
PYKHJ, 4TO XOTA y rpynnbl JABHXK€HHH NpaBUJAbHOTO HKO-
ca’pa MHOro cOGCTBEHHBIX HOATDYynNN, HO Hu OOHA U3
HUX He feiserca Hopmarbrod nodepynnod. Ipynma, He
uMemwmas co6CTBeHHEX HODPMabHBIX NOArpYIIN, HAa3H-
Baercsi npocrod.

Ipynnel camocoBMemeHMH M0deKasfpa M HKOCasfpa
H30MopdHB Apyr Apyry, IIOCKOJAbKY 3TH (urypel 080i-
crgetnnt (ctp. 189) ~— «IL€HTPLI» ABeHaALATH IPaBHIb-
HBIX MSATHYTOJbHUKOB, COCTAB/AKIINX TpaHd AOLEKas[-
pa, fABJAAIOTCA BepilMHAaMH HKOCadApa, a <«UEHTPBHI» ABE-
HaJUaTH paBHOCTOPOHHHX TPEYrOJIbHHUKOB, 00pa3yiolluX
IrpaHu HKOcasipa, SIBAAIOTCA BEPIUHHAMU JAOAEKaspa.
Ipyniinl camocoBMmerienuéi 006€HX ¢uryp «coBnagaior»,

OmnpenenuM Tenepb 4u CJIO 3JME€MEHTOB B TpymNe HKO-
casspa. Hdaa atoro 3apuKCHPYEM MOJOKEHHe OJHOH H3
BepIUHH HKOcasz[pa; BpalLLleHHe Ha 72° NpoTUB 4acoBoii
crpeikd (uMeromiee MOpsiJIOK 5) MOpoxkiaer Bce camo-
COBMEIL[EHHS], KOTOpbIE OCTABJSIIOT Ha MecTe YKa3aHHYIO
Bepwuny; cm. puc. 16.1. Tlockonbky B aro mosoxenue
MOXeT GbiTb mepeBefeHa JIFO0as U3 ABeHAAUATH BEpILUHH,
T0 nopadox epynnel uxoccax®0pa pasen 601).

Hopsinok rpynner As paBeH % 3! =60 (cm. crp. 194),
H Mbl yTBepxklaeM, 4yTo r"PyNia HKocasapa u3oMopdHa

'} dto cnemyer w3 rToro, wTO BCe ABHKeHHS, NePeBOASLIHE He-
KOTOPYI0O BepIIMHY ¢ B Bepwnr1y @, 06PasyloT cMesHblll Kaace NO
NOATPYNNE, COCTOSLIEH H3 ABHAEKCHHH, OCTABJAIOLINX ¢ HA MECTE, —
Hpun. ped, i
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rpynne As. B cnpaBeannBocTH 3TOTO YTBEDXKAEHHS YH-
TaTeJb CMOXKeT y6eluThcs, ClAedys TOMY MeTOAy MdOKa-
3aTe/]bCTBA, KOTOPHIH KpaTKO M3JIOXKEH B OCTaBluefcd
YaCTH MPHJIOKEHHS. .

Mtul BBesieM B paccMOTpEHHE MHOXKECTBO, COCTOsIee
M3 NATH reoMeTpuHueckux 0O0BEKTOB M o6Jajaiollee TeM
cBOHCTBOM, uTO JloGoe caMOCOBMe-
IeHHe HKOca3Apa BhI3bIBAET HeT-

oo e e 1 Y
15 meduaH, T. €. OTPE3KOB, COEAH- \\\\\\\\}éﬂ[’?/

HAIOIIWX BEpLIUWHbl NDOTHBONOJIOXK- ‘

N

HHIX pebep. B npaBuabHOM HKO-
casipe 3TH MNATHaAUATb MeAHaH

pa36HBaf0TCH Ha IATb MHOXKECTB,
KaxKJ0€e COCTOsIIee H3 TpeX B3aHM-
HO TMEepHeHAHKYIAPHBIX  MeAHuaH,

T. €. Ha MATb OPTO20HAAbHbLX TPUAO. Puc 16.1.
CaMoCOBMeIIeHHs HKOCca’Apa BHI-

3HIBAIOT UYETHble TMOACTAHOBKH Ha MHOMECTBE 3THX -
TH TPHAM; AeHCTBUTENLHO, KaXK10e CaMOCOBMeleH e MPH-
HAaJ/IeXKHT K OXHOMY M3 CJAGAYIOUMX TpeX THIOB:

Camocosmeuienus Yernvle nodcTanosKu

(1) Bpawenne BOKPYT XAmaro- Lukanueckas nepecTaHoBKa
Ha/H, COeNMHAIOWEA MNpPOTHBONG- MOATH TPHAL T. e (abede)=
JIOXKHBlE BEPILHHBI ='(ab) (ac) (ad) (ae)

(2) Bpaiuenue BOKpPYr oTpes- I ukanyeckas nepecTaHOBKa
Ka, COCIHHSAIOLIErO LEHTPS ABYX TPeX H3 [ATH Tpual, T. e.
[POTHBONOJIOKHbIX TpaHel (abc)=(ab) (ac) (kaxnmas u3

OCTa/bHBIX JABYX TEPeXOANT B
cebs1)

(3) Bpaiuenne BOKpYr Meaua- [TepecraiioBka AByX nap TpHax,
HBI T. €. (ab) (cd)

Beero cymwecrByer 24 npuxkenus tuma (1) (kaxpoe
H3 HHX MMeeT nopsadox 5), 20 mBuxeHuit Tuna (2) (xa-
xaoe nopadka 3) n 15 pBuxkenuit tuna (3) (nopaodka 2).

Uro6sl HaliTy rpad Tpymnnel HKOcas[pa, Apexae Bce-
ro NpeicTaBUM 3TH CaMOCOBMelleHHs TpadHuecKu noaod-
HO TOMY, KaK MBI MOCTynajJu B cjaydae TeTpasapa (cM.
ctp. 155). Haunem ¢ Ttoro, uto u3o0pasuM ycedeHHBIH
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HKOCA3Ap, T. €. HKOCa’Ap, y KOTOpOro Kaxpaas Bep-
UIHHA 3aMeHeHa TMATHYTQJIbHHKOM, COOTBETCTBYIOLIUM
BpalleHHIO 7 Mopsaka 5. JIMHUH, COSAUHAIOUINE BEPLIHHBL
9TUX ABEHaALaTH NATHYTOJbHHKOB, COOTBETCTBYIOT OMpO-
KHAbIBAHUSIM TNOpsilKka 2, 3aMel[aiollHM BepIIHHEBI, Je-
JKaliye Ha OCH, BOKPYT KOTOPOil MPOMCXOASIT BpalleHHS.

Puc. 16.2.

Uro6el mpeBpaTHTb 3Ty KOH(UTypaUHIO B AJOCKYIO CeTh,
Mbl NIOMECTHM BHYTPH OJHOTO K3 MATHYTOJBHHKOB BCE
OCTaJibHbie W IpHIeM, HaKOHel, K ceTH, H300pakeHHOH
Ha pHc. 16.2,

Mbl npeasnaraeM uMTaTeNI0 H3YUHTh BHYTPEHHIOW
CTPYKTYPY 3TOH Tpynnbl, 3Aecb OKaxkeT noMoub rpad
rpynbl, HIpalOWUH pOJb KOMNDAKTHOH TabJHUBl YMHO-
)xeHusi. UToObl HaBecTH uyWTarTesns Ha HEKOTOpble CO00-
pajXeHHs 110 NOBOAY 3TOH CTPYKTYPHl, Mbl HOCTaBHJHU MpH
Kaa0# BepmuHe rpada uudpy, ykasolBalolLy0 MOPsia0K
COOTBETCTBYIOILETO 3JeMeHTa rpynmbl. (Daement [ Boi-
O6paH npousBoJbHbIM 06pasom.) C NOMOIIbIO ITOro rpa-
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da rpynnsl As MOXKHO TMOKasaTb, YTO rpynma HKocasapa
NOpOXKAAeTCH ABYMs 3JEMEHTaMH 7 M | W onpelessieTcs
TpeMsi COOTHOLIECHHUAMHU

r=I f=I (fp=I

Hcxonst u3 takoro safiaHusi TPYyNNbl, MOXKHO YCTAHOBHTD,
uyto As— npocras rpynna. [Qas a3Toro Tmpexae BCero
HYXKHO 10Ka3aTb, YTO €CJH g — IIPOHU3BOJbHHIN rOMOMOp-
¢usm rpynnsl As, TO Kak cooTHowenue g(r)=1I, Tak u
cootHowenve g(f)=1 Baekyr 3a coGofi paBeHCTBO
g(a)=0 ana Bcex 3JeMeHTOB a u3 rpynmel Aj, 3aTem
HYXKHO yGeauTbcsl B TOM, 4TO ecan g(x)= /[ pns Heko-
Toporo asnementa x rpynmbl As, To aubo g(r) =1, aubo

g(h=1



PELLUEHHA YNPAHHEHHH

¥Ynp. 1. (a) Her. (b) Ha. (c) Her. (d) Hda.

¥Yop. 2. Bpamenne b ® ¢ — 310 BpallleHHe 1O YaCOBOH CTpesKe
ua 450°, OHo nepeBOAMT KBaipaT B TO e NOJOXKeHHe, YTO H Bpa-
HieHHe No yacoBoil cTpesnke Ha 90°% TakuM o6pasom, b ® ¢ = a. Bpa-
werde a @ ¢ npexncrasaser coGoi BpauweBHe Ha 360° oHO BO3Bpa-
UlaeT KBajpaT B HCXOLHOE MOJOXEHHE.

. ¥np. 3. 0 spaserca eannuuefi, Tak Kak x + 0=0+ x = x qaa
M060ro AeACTBUTENBHOIO HHC/IA X.

¥np. 4. Mul cpasy ke BuaHM, YTO ofpaTHeIM K | sB/Isercs sae-
MeHT 1; AeficTBHTE/IBHO, )

l1«1=1 (mod p).
Ilyete x=~1—oxno u3 umucen 2, 3, 4, ..., p—1; paccmotpum p
peanx unucen x, x%, x% ..., x?. Tak Kak uncia ¥ W P He HMEIOT

o6uux meautesned (B3aMMHO MNPOCTH), HH OJHO H3 3TUX P uHCen
He [eJHTCH Ha p; C/eJOBATELHO, OCTATKH OT [EJeHHA STHX uucea
Ha p Haxoasitea cpeau p—1 uacen 1, 2, ..., p—1, u xora 6ul
IBa W3 HHX, CKaxeM X" W X° [aloT OQHH H TOT XKe ocTaToK. Huas
onpejenennocT nyctbh 0 <r < s < p. Toraa

25 =x" =2 (x5"—1) = 0 (mod p),

rre x50 (modp), x*£0 (modp) nu x°~x">0. [Tockonsky
xT (x5=T—1)=0 (mod p) u x7 == 0 (mod p), T0

#57T =1 =0 (mod p).

(3necb Mb ucnosb3yeM TOT (akT, uTO ab cpaBHHMO C HyJeM RO
MOLY/IO MNPOCTOrO UYHCJAa p TOrAa H TOJBKO TOrAa, KOTAa HiH
a=10 (modp), nau b =0 (mod p); uuraTemo clrefyeT NPOREPHTH
9TO yTBepKieHHe W CHOPMY/HPOBATb ero HHaye, HCIO/B3yd NOHATHE
KpaTHBHIX YHCaa p.)

[Tycte Temepe y— OCTATOK OT [JefeHHst uyHCaa Xx~7~! Ha p,
Torna
S~r~

#5711 = y (mod p),

H €CJIN Mbl YMHOXHM o6e yacTH 3TOrO CpaBHEHHA Ha X, TO NOJYYHM

S=r

x°~" = xy (mod p).
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[Crenyer mposeputs, uto ecan @ = b (mod p), To xa = xb (mod p).]
C nmpyro#t cropoHel, Mbl Hokasaad, 4to x°~"—1 =0 (modp), o1~
Kylda caeayer, 4ro

2577 = 1 (mod p).

Mostomy xy =1 (mod p). .

¥Ynp. 5. (a) YmHoxkas cieBa Ha 3/eMeHT a”!, MOAyuaeM paBeH-
ctBo bx=a’lc. 3arem yMHoXaeM ciaeBa Ha bl u moayuaeMm
x="blale. (b) x=aleh'. (¢) x=chla!. (d) YMmuoxkEM obe
4acTH NePBOTO COOTHOLIEHHA cnpaBa Ha X; Toraa ax = bx® = bl = b,
HIH ax = b, ciegosatenbHo, X =a’'b. (e) [ = x'=ax, 3uauur,
x =oal (f) YMuoxaeM cneBa Ha x u noayuaeM [ = xabc. [ToBTOp-
HbIM YMHOXKEHHMEM CNpaBa Ha COOTBETCTBYIOUIHE 3JeMEHTH MH MO~
CJ/1e/l0BATe/IbHO [OJTyYaeM
c"-—-xab, c"lb'1=xa, x=c"1p1g7,
¥np. 6. M3 ocHoBHBIX CBOMCTB TAG/IHIILI YMHOXEHHS U TPYNMOBHIX
aKCHOM NOJyuaeM:

(a) vw =1 nan w'l=v;, uw==3, un U =sw'=350; vz=r,
WK 2 = v-lr; Takum 0o6pa3oM, x = uz = (sv) (v-'r) = sr.

by uw =1, um w'l'=w;, uz=r, uan 2= ulr = wr; VW =s,
HIH v = sw™!; TakuM obpasoM, x = vz = (sw!)(wr)=sr.

(@) uz=1I nmm u'=2, uw=s, Win w=uls=2s;, vZ=r,
WIH v = rz-l; takum ofpasom, x = vw = (rz"!) (zs) =rs.

v o | xewer
(a) (b) (c)
Ynp. 7.
1|20 3] 4
1l1]2] 34
o2l 4]1]3
313t 1]4]2
4143|211

V¥np. 8. (a) Uukanueckaa rpynna. (b) Hukanueckas rpymnna.
(c) He sBasercs rpynmofi, Tak Kak He COJEPXKHT eIMHHUB aAAHTHB-
HOM Tpymmbl, a HMeHHO Hyaa, (d) llukapueckas rpynna,
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Yup. 9.

¥np. 10.

r? r? I ro| fr? | f|fr
f f A fr | fr? I r r?
fr fr | fr? f r r? I

fre | fr? f fr| r? I r

TaGanua yMHOXeHHA MOKa3biBaeT, YTO Mbl HMeeM [el0 C rpym-
noji. (HanprMep, KaxIbifl 37eMeHT a HMeeT eNMHCTBEHHbIN o6pat-
HBIH, T. e. Tako#i asjaeMeHT a’!, uro aa”! = a”'a =1.) OT™erum, uTO
rpynna KoMMyTaTHBHA.

¥Ynp. 11. C0Bo rsr COOTBETCTBYeT CHAeAylOWMM MyTaMm (3a Ha-
ua/bHble TOUKH GepyTest nocienosatensho A, B, C):

i3 A B B B C B A~ 3amMKHyTOLI;
u3 B B C B B B C — HesamrHyTbLll;
u3 C B A B A B B—nesamsnyroud,
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Yop. 12. Kax cnesnctBhe cootHowenus frir2 = I nonyuaem
r?=1Irt=(frfr=2 r2= frf.

Otciopa Buirekaer, uro fr¥f = f(frf)f, wan, nockomky f2 =1, uro
fr*f = r; suaumur,

r = (fr2f) (fr?f) = fr'f.
Caenosatensyo, frif = frf, orkyza sbitekaer, uto r* =r u r3 = |,

Haxowneun,
) I=r3=r(r?)=r(frf),
4TO JAeT OCTABIIEECA COOTHOUIeHHE M3 MHOKecTBa A.
¥Ynp. 13. (a) Ml MoxeMm samucath
(9%)? = (eyx=1) (xyx=") = xy (x~1x) yx~—1 = xy2x ™,
(¥°) = (xy’x~1) (xyx~1) = xy®x~1L
3aMensa y® B MpaBOil 4ACTH BTOPOTO ypaBHeHHs Ha Xyx~!, MOJyuHM
x(xyx~Vx~l=y% umm x%yx—2=y"

Tak kak cooTHouwleHHe x2 =] Bieuer 3a coGOi paBeHCTBO x~2 =],
TO Mbl MOXEM OTCIOfla 3aKJIOuUHTh, 4T0 ¥ = 4%, uau y® =1I, xak H
yTBepxranoch. ([lopsagok snemeHta y He npegocxodur 8.)

(b) Hmeem 42" = (y7)2 = (xyxl) (xyx™!) = xy?x~!. Auanoruumo,
= (y")® = xy®x~!. Tlpomomxkas TakuM e 00pasoM, MPHUXOAHM
K COOTHOLIEHUAM

1 2

(3" =y =xy"x " = x(xyx™") ™ = x%yx "2 = y (rak rak x2=1I).
CrenoBaresbsHo, y"2= yH y”z“1 =]. (Takum o6pasoM, mNOpPALOK
sJ1eMeHTa Y He npesocxoour n?—1.)

Ynp. 14. (a) Hcnomb3yeM TOT Ke MeTom, uTo u B ynp. 13.
Himeem

(uou=1) (wou=1) = (v"2 umm gviu—!=(v')2
ITpogonkaa TakuM Ke ofpa3oM, TOJayuaeM MOC/EL0BATeIbHO
uvdyl = (v4)? 1 uvtu! = (v*)% 3amensia v* Ha woul, NpUXOLNM K
paBedcTBy #(uvu)u-' = v'S, nau wlou? = v'S, Tak Kak MH 3HaeM,

yro 4= [, HO HHYEro He 3HAEM OTHOCHTENBHO 42, TO Mbl AOJKHGLI
NpoAO/IKATh TaKOe MOC/Te/l0BaTe bHOe YMHOXEHHe, NOKa B JeBOM
yacTH He nosisurcs 43 Takum o6pasom,

(uPou—2) (uPvu—2) = (v'%)2, wuam u?0%u—2=(v'5)2
Janee, MBI MOC/AeLOBATeNbHO NojdydaeM u?viu=2 = (v'6)3 n wloiu? =
= (v'®)*, Orciona
u?(uou—Yu—2=(0'%* wuam uwlou—3=108

M3 toro uro u® = I, MEl MOXeM TeMepb 3aK/YHTh, 4T0 U = v, uau
v8 = [, TakuM o0pa3oM, MOPALOK 3JeMeHTa U He MpPeBOCXOAUT 63.
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(b) ITocrynaem, kak u paubile;
0% = (0% = (wou™ ) (nou™ ") = wo?u ™Y
ot = (vk)k =uvfu =y (uuu—l) u =4%ou2
Torza
(vkz)k = (u20u_2)k —u2ofu? = 2 (wou™ ) u™2=wlou8,

K 3 3

3 —_—
T. e. v° =y"vu” °, Ilpomomkas TtakuM ke o6pa3oM, NPHXOIHUM K
paBeHcTBaM :
™ m.,,—m m
v* =uMou"m=v (rak kak 4™ =1),
m :
T. 6. v® “Y=I; nopsnoK sJeMeHTa © He TNpPeBOCKOAUT kM — 1,

[3amenanue: ynpaxuerws 13 u 14 HATIOCTPHPYIOT COOTHOUIGHHE,
cnpaBefIHBOe B MioGofi rpynme: (uvu~l)® = uuny-l]

¥Yap. 15. Y3 ynp. 13 Mbl 3HaeM, YTO ¥ — 3JAE€MEHT KOHEYHOro MO-
panka # y® =1 3DTo noAckasbiBaeT BHIGOD BOCHMHYTOJbHHKA B Ka-
ueCTBEe OCHOBHO (Hryphl rpada. MeTox pelueHHA CTAHOBHTCA Tenepb
OYEeBHAHBIM, H Mbl B KOHIE KOHIIOB NPHXOLHM K c/lelyiolieMy rpady:

—— Y

—mvaaa.

2%, ayxts P

Ynp. 16. M3 ynp. 14 mb 3uaem, 4TO NMOPALOK 3jeMeHta f He
npeBocxoaut £™ — 1. Ilycts r — nopszok £ (Msl npeanonaraeM, 4to
r > 1, Tak KaK B MPOTHBHOM CJayuae MPHXOAHTCS HMETb Je10 € 0Co-
6biM cayuaem f=1[) M3 rtoro uro # =/, monyuaeMm paBeHCTBO
t-! = {r=1,  AHanoruyHo, CcOOTHOlIEHHe s™ =] BJeueT 3a co6oi
s7'=sn=!, (3mecp Mbl cHOBa mpepnonaraeM, 4to n > 1, yTo6H
HCKJAIOYUTb TPHBHAMbHBIA cayuah s = [.) CaefoBarteqbHO, B 1060M
ciose W MoxHO 3aMenutb s~! ma s*~! m #1 ma ¢"-! u, suauwr,
moboe CJI0BO, Ompelensiollee 3JeMeHT Halied [PYNObi, MOXKeT ObITh
BBIpaXKeHO Uepe3 MOJIOXKHTENbHbIe CTeNeHH 3jeMeHToB s u f. Temepn
MOJKIIO YMHOJHTb 3aJaHHOE COOTHOLleHHe sfs™' = f* cmpaBa Ha s u
nonyunth cooTHolehne sf = fks. Takum obpasoM, B ad060M cjoBe
MBI MOXEM MOC/eLOBATEIbHOCTb CHMBOJOB Sf 3aMeHHTb Ha t*s. Ecan
NOBTOPATL STY NMpOIEIYPY B [aHHOM CJOBE, COfepKalueM HOC/IeN0Ba-
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TeAbHOCTb CHMBOJIOB Sf, TO B KOHIE KOHLOB Mbl NpHAEM K CJOBY,
B KOTOPOM BCe CTeNleHH 97eMeHTa ! CTOAT cJ/eBa OT CTrelleHed 3Je-
MeHTa S. Takum o6pasoM, M0G0l 3JeMeHT B Hailefi rpynne MOXKHO
3anucath Kax cjoBo Buma t*s¥. Kpome Toro, asas 3HauenHs x cy-
IEeCTBYeT JUllb r BO3MOXKHOCTefl (rak Kak 1" =1[), a a1 y—
JUUIb i BO3MOXHOCTel, c/efloBaTeNbHO, B rpynne He Gojee yeM rn
pasTHYHLIX 3/7eMeHTOB. Tak Kak r < k" — 1, 1o nopsagox Hauwe#t
rpynnst He mpesocxonur (R™ — 1)n.

¥np. 17. U3z pewenna ynp. 14 crenyer, uro #’ = I. Ho Tak Kak
7 — NpocTOe UHCIO0, TO MOPSAOK 3JeMeHTa ¢ paBed 7!). PesyabTar
ynp. 16 mosBonser 34KA0UMTh, YTO MOPSALOK Halled Tpynnsl pabeH 21.
I'pad Hamell rpynmsl MOXKHO CTPOHTb, OCHOBLIBAfiCh Ha TpeX CeMH-
YrOJbHHKAX MJIH Ha CeMH TPeyroNbHHKaX (COOTBETCTBYIOIIHMX COOT-
vowenuam s¥ =17 u ¢"'=/). 3necy u30o6paxen rpad HaweH TPyNmbl
nopagxa 21, ocHoBaHHHI Ha CeMH TPeyroJbHHKaX:

—pe—— G

P |

§%1, sist=§

Ynp. 18, Mer MoxeMm Hcnons3oBaTh rpad rpynmel Cp X Ca
(puc. 7.6), utobbl BHIYHCAHTb CJAENYIOUHe CTeMeHH S/MeMeHTa g == fr:

g=In gt=(nt=(=r,
gi={(ir)?=r% ge=(fr)=(fr)r=jry
g=gg’=(nri=f g=(g®==1L

Takum oGpasoM, g NnopoxjaeT uHKaHdeckywo rpynny Ce.

1y HefcTBuTenbHO, ecan (% = [, TOo a Jenurcs Ha mnopAfoxk d
aiiementa f. Ecau 6ul 370 ObUIO He Tak, To, NMOAeAHB a HA d, MH
TONYYHIH Ol @ =dg +r, rie 0 <r <d. Ho rtorma 6b1 MBI HMeaH
I = fe—dq = fe ({¢)~% = |, 4TO NPOTHBOPEUHUT OIpPEJIEJEHHIO MNOpAIKa
a7eMeHT™a. B 4acTHOCTH, B HaleMm ciydae 7 HOMKHO JENHTBCH HaA
nopAaok snemeHTa f, T. e. d neHcTBHTeNbHO paseH 7. — [lpum.

ped.
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¥np. 19. (a) I'pynna C, X C, nonyvaercsa u3 rpymnnl C, (¢ 06-
pasyloulell @ ¥ ONpele/AOWAM COOTHOWeHHeM a2 = [) u rpynnb Cy
(¢ ofpasywouteit b u onpemensioiHM cootrHouleruem bt =1J[). [lo
ONpefleieHr0 [TPAMOro TPOH3BEeHHs TPYNN @ ¥ b NO/NIKHbH KOMMY-

THPOBATb, T. €. ab = ba, unu aba'b~! = I. TakuM oGpa3oM, rpynna
Cy X Cy wmmeer ofpasywone a H b, cBsA3aHHble COOTHOLIEHWAMH
a” = b* = aba™'b! = I. DTHM COOTHOIUEHHAAM COOTBETCTBYyeT rpad

KOMMYTaTUBHOIl rpynnbl nopsajaka 8:

s N
s’ N

F/ B

(b) Tpynna Cs X C3 mosiyyaercsa H3 Crpynmbl, NOPOKAEHHOR 3ie-
MCHTOM 4, YJLOBJIETBOPSIOIHM COOTHOLICHHIO a® = [, W rpynnbl, HOpo-
H{ACHHON 3JeMeHTOM b, yAoBreTBOpAIOINM cooTHomeHHO0 b® = [. Tak

kak a H b B rpynne C; X C3 KOMMYyTHPYIOT, To aba~1b-' = | Tarum
o6pasoM, rpynna Cs X Cs nopoxiaercs s/JeMeHTaMHu a W b, ynosije-
TBOPSIOWIHME  COOTHOWEHUAM a3 = b8 = aba™'b' =1, [dna sron

rpynnel nmopagka 9 Mbl HMeeM /Ba Takux rpada:

~ -
~ -

(BynyT nu OHH TOMOJIOTHUECKH 3KBHBAJIEHTHBI?)

¥nop. 20. Cy: a?=1. Dy r¥=f2= (rf)?2 = I Tax Kax s;siemMeHr q
nepecradoBoyes B rpynne Co X D3 u ¢ r u ¢ f, 10 ara’'r' =1y
afa?f~' = I. Eciu B rpynne Cy X D3 cyumiecTByloT Takne a/eMeHTH X
H Yy, uto x® = y?= (xy)? =1 (onpemensiiomne COOTHOIIEHHS TPYyI-
ot Dg), 10 Dg conepxknrea B Cy X Ds. [TocKOMBKY PaBEHCTBO ar = ra
BJIeueT 3a coGoit (ar)? = a%? = r?® n nopAfoK 3jeMenta 72 pasen 3,
TO MOPAJLOK 3/7eMeHTa ar = x paBeH 6. O6o3HaunuMm 4epes y neMeHT [,
Buisichum, 6yaet au (xy)? = (arf)? = I. Vmeem

(arf)?=a?(rf)2=1-1=1.
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TakuM 06pa3oM, 37eMeHTH X = ar ¥ y = [ yAOBJETBOPAIOT ONpene-
JAIOWMM COOTHOLIEHHAM Tpynnst Dg, U NOCAeIHAA COLEDKHUTCA B
rpynne Cp X Dj.

Jna porasatenscrBa toro, uto Dg = Cy X Di, Hafo ToJBKO IMO-
KasaTb ciefyioulee: rpynna Cp X D; cOfepXUT CTOMBKO XKe 3j1eMeH-
TOB, CcX0/IbKO rpymna Dg (a umenHo 12). Tak <ak a nepecTaHOBOYEH
uwerucf, To moboe croBO OT 3THX TpeX o6pasylouIuX SKBUBaA-
JEHTHO CJIOBY, KOTOpPOe IOJNyYaeTcss M3 Hero MepeMelleHNeM BceX
cTenmeHell 3JeMeHTa a BJIEBO, B TO BpeMs KAaK CTeNEHH 5/€eMeHTOB I
u [ ocTaioTesa B TpexHeM TNOpsAKe, Hanpumep, farfria®f = a®frfr?f.
TaxuM oBpasoM, uucao 3neMedToB B rpynne Ci X D3 paBHO mpous-
BelleHHI0 uucaa 3sieMeHToR B rpymne Cp; (2) Ha HHCJIO 3/eMEHTOB
B rpynne D; (6).

Ynp. 21. U3 toro uto a? = b% Mb 3aKadio4aeM, yTo a = a~'b?,

a = b2 u ab! = a'b. U3z roro uro a? = abab, MH 3ak/aI0uaeM, 4TO
a =bab u ab™! = ba. TakuM o6pasoM, a~'b = ba. CrezosaresHo,

(ab)? =abab = (a=16%) b (b%a~') b=a~'b% (a=1b) =
=g~ b5 (ba) = a~'(af) a =ab

(trak kak a?=b?%), u noromy o2 = (ab)’ = a%. Orcioma cneayer, uro
at=1] u b*=1 TakuMm o0pa3om, Haw rpad COAEPKHT CBH3AHHBIE
YeTHIPEXYTOAbHUKH, COOTBETCTBYIOI(HE COOTHOWeHHAM af = bt = I
Ot10 rpad HEeKOMMyTaTHBHOH TPYnms nopsaka 8, Tak Ha3bBAeMOH
IPynmnl  KBAaTEPHHOHOB, KOTOPYIO Mbl NOAPOGHO paccMaTpHBaeM
B . 12:

< P
VU N ‘," ,’ ———
\ ~ Pl 7
\ Phaié
* o W ceemeen b
i v/
% \(
N o
” \ !N a?zb? = (app?
- L
/’ :,‘&: \
< \
//—’ TR

(a) Do *---- oo on— -

(b) Tyctb g o6osnauaer sieMent rf. Mb MoxeM Hamucath
jr=g¥=1 r=g["'=gf nrt'=fg Takum obpaszom, 106oe CI0BO
OT r u [ MOXHO Bnipasuth uepes | # g O6parHo, ecau [ = gt=1,
10 2= (rf)2 =1, u B M0OGOM c/10Be OT f U g Mbl MOXeM 3aMEHHTDb
g Ha rf ¥ OpHATE K C/OBY TOTLKO OT 7 U f.

vnp. 23. Edunuya: ecnw a npuiainexkut H, To ag™! = mpu-
Hapnexur H,
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O6parumocte: ecnu b mnpuHapiexur H, 10 16! = b1 Takse
npHHaaaexuT H. ,
SamrnyTocTe: ecan a W b — aneMeHTh MHoXectsa H, 1o b7}

TakxKe npuHainexutr H, a noromy u a(b-!)-! = ab npunannexur H.
¥np. 24. (a) Samxuyrocre: I(ba)=(ba)l = ba, (ba)?=1.
O6parumocte: (ba)™! = ba, rak kak (ba)? = L

(b) I, a, a® (oun obpasyoT uwukJInHYeckywo rpymmy Cs).

(c) Hoarpynn nopsinka 4 wer. Taxkad moarpynna HouaxkHA Gblia
6bl COlep:XKaTh caMoe MeHblliee N0 OLHOMY 37JeMeHTY H3 CJeAYIOLINX
IByx MHoxects: {a,a? u {b, ba, ba?}. Ho mwobas napa, B Koropyw
BXOAUT OAHH 3JMeMeHT H3 MepBOr0 MHOXKECTBA H OAHH 3JeMEHT H3
BTOPOrO MHOKECTBa, MOPOKAAET BCIO Ipymmny.

VYnp. 25. AueMents rpynnel Cs: @, a?, af, a*, a® =1 Tlopsgok
3/eMeHTa a paBen b, a NMoOpAAOK JmoGoro sneMeHta a* ==/ rpynns Cs
He npesocxo0ur 5, Tak Kak npu k=2, 3 u 4 (at)%= (a®)* =L
Ecan gmomyctuTh, uYTO NOpAAoK saeMenta a* (1 <k < 5) pasen
n <5, To MBI TpUAEM K NpoTHBOpeunio: (a*)® = ak® =1/ rne kn ue
kpatHo 5. TakfiM ofpasoM, NMOPSAOK KaxAOro sjneMeHta rpynmul Cs
(xkpome I) pasen 5. Otcioga cieiyer, yTo J06ad MOATpynna rpyn-
mbl Cs, B KOTOPYIO BXOANT X 5= [, COLEPKHT NATH Pa3/IUYHBIX 3/1eMEH-
TOB H HE MOXeT ObiTb COGCTBEHHOH NOATPYMMNOIL. .

Yup. 26. (a) 3amxnyrocre: 3m 4+ 3n = 3(m + n).
O6parumocte: 3m + (—3m) = 0.
(b) Samxuyrocre: jn + kn = (j + k)n.
Ob6parumocre: kn+ (—kn) = 0.

Vnp. 27. O6osnaunM uepe3 R [] S MHOKecTBO OOLIHX 3/JIEMEHTOB
rpynn R u S. )

Samknyrocre: Ilycth {1 u f, npunagaexatr R (1 S. D10 osnauaer,
uTo f| M fp ABAAITCA dMeMenTaMH Kak R, tak u S. INTockoapky R u
S — rpynnbl, sMeMeHT fif; NpHHALJEKHT Kak R, Tak 0 S, a moromy
RS

Obparumocre: Ecau { npuHagnexur R NS, 1o f u, cienosa-
Te/IbHO, !7! SBJASIOTCA 3/1eMEeHTaMH Kak rpynmsl R, Tak u rpynns S.
Takum obpasom, ¢! npunaznexur R 1 S.

¥Ynp. 28. (a) CioxkeHHe ABAAETCH acCOUHATHBHOA GUHAPHOH ome-
paudelil Ha HawleM MHOXeCTBe, NOCKOAbKY (a + ib)+ (x + iy)=
={a+x)+i(b+y), uecmna b, x, y—ueiole, T0 a -+ Xub + y —
TaKXKe LeJble Yucia.

“Edunuya: (@ + ib)+ 0=a + ib =0+ (a + ib).

Obparnsie: - (a + ib)+ (—a — ib) = 0.

(b) 3amenyrocto: (r 4+ is)+(x +iy)=(r + x)+ i(s + y),
uHcaa r + X MU s -+ y o6a YeTHb], eC/lH YeTHH 7, S, X, Y.

Obparumocre: (r + is) + (—r —is) =0,

¥np. 29. IpeanonoxkuM, 4T0 cMexHble Kaacchl rH u sH umeior

X0TA 6bl OAMH OGWIHA 3MeMeHT, cKaXeM rhy = shy. Torpa s~ 'r =

=h2hf"l ABJIAETCA 3JeMeHTOM rpynmsl H H s"lrh=h2hf1h npoGe-
TaeT MHOXeCTBO BCEX 3/EMEHTOB Noarpymnnsl H, Koria kA mocrexosa-



PEIUEHMA YTIPAXXHEHUM 233

TeTbHO NpoBeraer 510 MHOKECTBO. CilenoBartenbio, M3 OUEBHAHOTO
paseHcTsa s(s"'rh)=s(h2hf h). HIH fh=S(h2hl—lh), BLITEKaer,
uto rH = sH. Taxum 06pa30M, eciyu [Ba CMeXHHIX KJacca HMeoT
X0Ts Obl OJHH OOLMH 37eMEHT, TO OHH COBMAJalOT.

Ynp. 30. (a) Ilyctb rJ — cMexumit Kaace, rl = {rjy, rjs, ...}.
Iycts ¢ = rjx (T. e. ¢ MpUHALJEXKHT CMexkHOMY Kaaccy rf). Torma
CMeXHbfl kaacc ¢/ MOXHO 3anucaTh TaK: ¢f = (rjx)) =
= {r(jsf1), r(jrjz), ...}. HO Jrjy, jrj2, ...—3T0 BCe 3MeMenTH! MOA-
rpynns J, Toapko B pyroM nopaike. TakuM o6pasom, ¢/ = rJ, Kak
H YTBep»KIaJ0Ch.

(b) Ecam r!c ppudalieXut J, TO Mbl MOXeM 3amHcaTb, 4TO
r-lc=j, rme f-— HexoTOpblA 3iemenT rpynnel J. YMHOXad 3TO
PaBeHCTBO cJeBa Ha r, NMONYYaeM C = rfk, a 3TO TIOKA3LIBAET, YTO ¢
IpUHALNeRUT cMexxHoMy K1accy rJ. Takum o6pasoM, cmexHble Kaac-
chl ¢ u r] coBnagaior.

[TpeanosoxuM Tenepb, YTO CMexHble Kaacchl ¢/ U rf cosmazamwr.
Torna NPOM3BOMBHLIA /EMEHT Cfr H3 cJ paBeH HEKOTOPOMY 3JIEMEHT
rin U3 rl, 1. €. cjy =rin, TAE jr M jn — 3JIEMEHTHI NOArPYIIIBI Jy
YMHOXKas 3TO paBencTBO C/€BA Ha rlu crnipasa Ha j,:l, MBI nOJY-
YyaeM, YTo r_lcjk-:jn, r"c'=]'njk_l. Tak kaK fr ¥ jn npuHafAexaT

noxrpynne J, To el npuHaliexRaT jk_l H jnjk—l =r7l,

Vnp. 31. JlokazaTenbCTBO MOXeT GLITb OCHOBAHO Ha TaKoil Hiee:
noxasaTh, 4ro ecau xJ H Y/ — IBa pPA3IHUHBIX JEBBIX CMEXHBIX
knacca rpynnsl L, to Jx~' # Jy™! — 1Ba pasiuyHBIX NpaBHIX CMEXHBIX
kaacca. Mau B nporusononoxkHoit dopmymuposke: ecau Jxt u Jy-!
coBnanaior, To xJ/ u yJ T0Xe coBnamaioT. Hro6u yGeauTbecs B 3TOM,
NpPeAfloNOXHM, YTO HEKOTOPBIl 3/eMeHT M3 CMeXHoro kmaacca Jx'!
paBeH HeKoropoMy aneMeHTy u3 Jy-!, ckaxem fix~! = fy!. Toraa
x_l’—‘i]—lfzy_l u x:yj{'j, ==y(j2“lil) SIBASIETCA 3JEMEHTOM CMeK-
noro xknacca yJ. Taknm 006PasoM, eciH COBMANAIOT CMeKHble KJIAacCHl
Jx' u Jy ', To nembie CMeXHble kaacchl xJ W yJ uMeloT o6uyHil
3JeMEeHT X H, CJe[oBaTeNbHO, TaKXKe COBNAAAlOT, TaK KAaK HHKAKHe
ABa Pas3HYHBIX CMerKHbIX Klacca He HMeEIOT obwux sneMentos. [lo-
3TOMY H COOTBeTCTBy}OLU.Ple npaBbie CMeXHble KJaacchl pasJanvHbL

¥np. 32. JleBnie cMEKHBIE KJIACCH:
K={l,a0} u bK={b, ba, ba?}.

[lpaBbie cMeXHBle KJACCH!
K={l,a,4a% n Kb={b, ab, a’).

Tak xak (ba)?=obaba=1, To ba=a'b"!=a’. Ananoruuno

ab = ba?, TakuM o6pasoM, JeBble H MpaBble CMEXHblE KJIACChl COB-

nagaor.

Ynp. 33. (a) 3amxuyrocre. Ons moGuix ABYX 3ieMeHToB U3 H
cnpase/lIMBO PABEHCTBO 4/a* = gitk, Tak xak [+ k= ng +r, rae
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g u r — ueasie gucaa, Takue, uyto 0 K r < 1, to @itk =(an)%a" = a’
AIBJIAETCS 3/MeMeHTOM U3 H.

O6parumocte. Ecnu snement af npunapnexur H, 1o a™~7 takxe
npuHanexur A u afar~i =a™ = [.

(b) Eciu g— nopsmok rpynnsl G, a n— NOPANOK HEKOTOPOro
3NeMeHTa 3TOM Cpynnel, To [O TeopeMe JlarpaHxa u mo mn. (a) g
KpaTHo n. MHbIMU c/OBaMH, TODALOK 3JeMeHTa KOHeYHOH rpynnsl
SBJSETCS [e/HTeseM NMOPAAKA TPYyNMbL.

Yup. 34. (a) Tak Kak g — 3JeMeHT mopsAaKka 7 H | ecTb elAH-
HHUHBIH 3/71€MEHT TCpYyNNbl <«OCTATKOB», To g" =1 (modp), niu
gr—1=0 (mod p).

(b) Tak xak n — NOpsifOK 3/JeMeHTa g, TO UHCAO p — | AOMKHO

6biTb KpaTHO n (cM. ymp. 33b), ckamem p— [ =kn. Torma mo-
ckoabky g" =1 (modp), TO ofsi3aresqpHo (g*)* =1 (modp),
T. e. gP-!—1 =0 (mod p), nau g?-!— 1 Kpatho p.

VYnp. 35. Tak xak a He kpatHo p, To as=0 (mod p); crenosa-
TebHO, aEri(_mod p), The r—oduo u3 uucea I, 2, ..., p—1, &,
anaunt, a —r == 0 (mod p). PaccMotpuM Tenepn

AP M= (a—r)(@P 7242”3 4+ .+ P72
Tak xak a —r =0 (mod p), o a?~! —rP-! =0 (mod p) (mo Mo-

ayaio npocToro uncaa ab =0 Torga M TO.IBKO TOrAa, KOTAa HJIH
a=0 wm b=20), 1 e

(@~ 1=1)=(P~1—=1) = 0 (mod p).

Ms ymop. 34b Mel 3maeM, uro rP='— ] =0 (modp). Takum oGpa-
30M, Mb! NPUXORHM K BbiBOAY, uro a?~!— 1 =0 (modp). Caezo-
BaTejbHo, aP —a=a(a?~!—1)=0 (modp). 310 HOKa3bBaer

TeopeMy Pepma.

¥np. 36. (a) Ilycte x — nopsimok sneMenTa ab, a y — NOPANOK
aneMenTa ba. MoxHo 3amucath (ab)* = a(ba)*~!'b = I. Toraa, ymuo-
KWB 3TO paBeHCTBO cjeBa Ha a’! u cnpaBa Ha b7!, mnoayuum
(ba)*=t = a7 'b~! = (ba)~'. C apyroit cropoHsl, (ba)*~' = (ba)*(ba)-!;
orciofa caelyet, 4ro (ba)* = /. Tak Kak y ecTb MOPALOK 3JAeMEHTa
ba, To x = ky, roe k— nosoxkurtensHoe Lenoe yucao!). TlpuMenus
TO XKe paccyxkiende K (ba)¥, npuxoAuM K BuIBOAY, 4TO Y = I[x, raxe
| — nonoxHTenbHOe Henoe uyucno. CaegoBaTeNbHO, X = Y,

(b) Tlyctb m — MOpANOK 3/1eMeHTa @, a N — NOPSAOK 3jJeMeH-
ta b. Mbl Jo/mKHB noKasaTh, 4TO (ab)™" = [, MOCKONBLKY M3 3TOro
OyleTr CcnefoBaTb, UTO MmN KPAaTHO NOPAAKY 3aeMeHra ab. Taxk Kak
ab = ba, TO Mbl MOXeM MeHATb @ H b MecTaMH B Jo60M NpoH3Bele-
und  Buaa  (ab):.  Takum  ofpasoM, (ab)™" = gmnpmn =
= (@m)r. (b ym=J.1=1

{c) TIpeanosoxuM, 4To MOPAAOK iemMenta ab pasen r. Mz n. (b)
Mbl 3HaeM, YTO r SIBJSIETCA JeJHTeleM 4uCIa MA H, CAEA0BaTeJbHO,
LOJKHO HUMETb BHA Myny, TAe M — LeJHTeIb M, a N — [elUTelb f

!) CMm. npumeuanue na c1p. 229. — [Tpum. nepes.
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(ronyckaercsd, uto m; =1 HAM M = m, a TaKXe 4YTO My = l HIx
ny = n). Toraa

I'=(ab)" = (ab)" ™™} = (ap)™ (F/mD) = (gp)™™ = g™P1. p™M = pM,

nockoabky a™ = [. M3 paBenctBa b™™: =1 cjeayer, 4TO0 mm
KpaTHO n, ckaxkeM mny = kn. Torga m = k(n/n,), T. e. Bce MpocThie
JleUTeNd YMCAa m HOMMKHBI HAXOAWTHCA CPeflH MPOCTHIX HeJHTeNeil
yucen kB v n/ny. Ho MOCKOJIBKY m # 1 B3aUMHO NPOCTHI, TO M H ffmy
B3aUMHO TpocThl. CaefoBaTeNbHO, MPOCTHIE. ACAHTENH YUCAa M B TOY-
HOCTH COBNAJAIT € MPOCTHIMH AEAHTENAMH uncia k. a njmy =1 uin
n = ni. AHalOTHYHO, HCNOB3YS CcooTHoweHus [ = (ab) M) =gmn
Mbl yGexnaeMcs, 4To m = m,. TakuM 0GpasoM, r = myn, = mn, Kax
H YTBEpKAanoch.

¥Ymp. 87. Mbl noxassiBaeM NPOTHBOMOJIOXKHOe yTBepxk/ieHnHe. Ecan
oroGpaxenre [ roMoMopdHO, TO f([) = ]. Jlna mo6oro saeMeura r
rpynnet G umeeM f(r)= f(Iry= f(I)f(r). YmHoXkas cmpaa Ha
[f(n T, nonyyaem, uro [ = f(I) B rpynne H.

Yop. 38, Hmeem I =f(I}) =f(xx!) =f(x)f(x) WIH
f(= f(x)f(f(‘)l) YMHOXKAR  cJeBa Ha {f( x)]‘, nonyqaeM 410
-

Yop. 39, f(xy=Y) =f(x) f(y~") =
=F() [F W™ (8 cuay ynp. 38) =
=f(y) T (I~ (rak xax f(x)=f(y)) =

Auasnoruyio f(x7'y) =L

Ynp. 40. (a) f(xy) = [(x)f(y) =1-1=
(b) Tlo npeanonoxenno f(xy)= f(x )f( y =1 Toma fy) =
=[f(x)[" n, Takum obpasom, f(yx) =[(y)](x) = [ ()]} (x) = 1.

¥np. 41. Mu nokaxeM, u4to oToOpakenue f, KOTOpOe COMOCTAB-
JfeT KakIOMy UeqoMy uHcay s u3 G uncao 2n, obaaflaeT BCeMH
HYXKHBIMH cBolictBaMH. Ilpu stroM orobpaxennu [(n) = 2n, wuam
n—2n,

fm+n)=2(m+n)=2m+2n=Ff(m)+f(n).

Kpome toro, f(m) = f(n) osHauaer, uro 2m = 2n, a 370 nocJefHee
PABEHCTBO BBHIMOJHAETCA TOTAA M TOJABKO TOTAA, Koria m = n. (Mo-
JKeT JIM CYWeCTBOBAaTb H30MOPGU3M KOHe4HOd TpPynnul Ha ee Co6-
CTBEHHYIO NMOArpYyMNmy?)

¥Ynp. 42. Jlio6o#t snemeHT rpynnel G MOXKHO NPEICTaBHTL B BHIE
rk, k=0, =1, 2, ..., a moGoit snement u3 H-—B Buge rk=,
k=0 =1, =2 . Onpezenum oroﬁpaxewe f (bopmyﬂou
flx) =xm, Hau x-—»x", rAe X — NpOU3BOJMbHHIA 37eMeHT rpynmu G,
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