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NPEAUCJ/IOBUE K WHECTOMY U3JAHHUIO

B Hacrosiulee H3naHue BHECEHDLI HEKOTOpbie H3MEHEHHH TeKCTa
MATOrO H3JlaHUsi Ha CTpaHHUax 57 (rae HeCKOJbKO yCHJieHa aKCHO-
ma 111, 4) u 431. Oun cuenannt no copery A. M. 3amop3saeBa, KOTo-
pomy npuHowy ray6okyw 6JarofapHOCTD.

12 wions 1977 r. H> E¢umos

NPELHCIOBUE K MATOMY U3AAHUIO

B Rnacrositee (nmsToe) H3maHUe BHeCEHLI HeboJbliMe H3MEHEHUs
B OTHEJbHBIX MecTaX KHHIH, rle, KaK HaM NPeACTaBJjasijgoch, TpebGo-
BaJiCh NONPAaBKU U HEKOTOPble YJAYUIIeHUs NpexHero TEKCTa.

7 wioas 1970 r. H. E¢pumos

NPEAUCJ/HOBHUE K HETBEPTOMY M3l‘1AHMIO

B Hacrosillee M3naude BKJloueHa Hosas raapsa VI, nocesuien-
Haa npocTpaHcTBaM MHHKOBCKOrO M OCHOBAM CIELMAJbIONH TEOPHH
OTHOCHTEJbHOCTH. DTa IJiaBa B U3BECTHOH Mepe MDUMBIKAeT K rJa-
Bam V u VI, rie u3jarawTci NpoeKTHUBHAS reOMETPHSA U TEOPETHKO-
rpynnosbie BONPOCH, HO MO CYLIECTBY ee H3/I0XKeHHe NOCTPOeHO He-
3aBHCHMO OT OCTaJbHOrO0 MarepHasa KHUIH (B Heli HCIOJIb3YIOTCA
JIHIIb TOTOBLIE Pe3ysibTaThl ryaBbl V /s A0Ka3aTeabCTBa JHHelHO-
ctu npeobpasoBannii Jlopenua). Uto Kacaercs Apyrux pasjiedos,
TO OHM, B OCHOBHOM, OCTaJHCh 6e3 H3MeHeHHH, €cJH He CYHTaTb
MECTHBIX HCOpaBJeHHH M yJayulleHHH (KOTOPHIX, OJHAKO, HOBOJIbHO
MHOrO0).

ABTtop BHIpaxaer OsaromapHoctb Hryen Kau Toany (Bber-
nam), M. A. Baiinwmreitny n A. M. 3aMop3aeBy 3a NoJc3Hble 3ame-
yaHus ¥ PeKOMEHAALHH K YeTBEPTOMY H34aHHIO.

26 despaas 1961 r. H. E¢pumos
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NMPEAUCJ/IOBUE K TPETbBEMY W3AAHHIO

B Tperbem M31aHHH KIHTH CAE12HO MHOXECTBO OTHE/bLHBIX HCIIPaB-
JeHull W yJaydmeHuii Tekcra. Kpome Toro, HamucaHsl JBa HOBBIX pas-
nesa tnasbl [II: «OcHOBHBIE MeTpHYECKHE COOTHOLIEHHS B FeOMEeTPHH
Jlo6auesckoro» u «KpaTkue cBefieHusi o reomerpuu Pumana». dudg-
(epeHLIHANBbHO-TEOMETPHUECKHH MaTepHal OTHeCeH B KOHELl KHUTH,

Cpenu oTHnesNbHBIX HM3MEHEHHH TeKCTa CleflyeT OTMEeTHTb H3MeHe-
nue cdopmyaupoBki akcuoMmbl KanTopa. B nepBomM H3gaHuM KHUTH
6bl/la IPHUHATA HECKOJBKO -yCHUJIE€HHAA [0 CPaBHeHHI0 ¢ 0oOLIYHO# ¢op-
MYyJIMPOBKa 3TOI aKCHOMbl. Bo BTOPOM H3[1aHUM MpH COXpaHEHUU TOH
xe (opMyJaupPOBKH BkJjioueH (B rsnaBe [V) mpumep HeapxuMeI0BOi
IeOMETPHH, B KOTOPOH HMEET MeCTO MpeisioKeHue Kantopa. Opnaxko
YKasaHHbIii MpUMEp OCHOBAH Ha O6BIYHON (HOPMYJIHPOBKE KaHTOPOB-
ckoit akcrnomel. Ha 31oT nedext o6patna moe Baumanue A. JI. Anexcan-
npos. B Hacrosimiem u3panun akcuoma KanTtopa nana B 0OblYHOI ¢hop-
MysnupoBKe. Psia npyrux nedeKToB M3/0KeHHS HcnpasieH Ojarogaps
peuensun I1. K. PauieBckoro, omy6nukoBaHHO!H B «COBETCKOH KHHre»
or 10 oktsibpa 1949 roma. [Hns noaroToBKH TPETbEro H3JaHHUS BeCh-
Ma CYHIeCTBEeHHbIM Obl10 OOCYXKJEGHHe KHHTH (TOBTOpHOE, nocjae BTO-
poro usjaHus) Ha cemuHape B. @. Karana 8 MI'Y.

HeckosbKo C/0OB 10 MOBOAY HMCIOJIL30BAHUA KHUITH B KauecTse
yue6Horo nocobus Mo Kypcy OCHOBaHHWi{l reomerpuu. B Hacrosiem
M31aHMH OCHOBHOH MaTepHaJ/ pacro/ioxkeH B MEePBbIX ABYX 4YACTAX.
B kHure 3T0T MaTtepuas u3JjaraeTcsl CHCTeMaTHUYeCcKH, IOuTH 6e3
NPONYCKOB JcTaJ/ell pacCyKIeHHH (3a HCKJ/IOUeHHEeM [0Ka3aTesbCTBa
HEKOTODBIX TeopeM 3jieMeHTapHoil reomeTpun). CaMo coboil pasymeercs,
YTO B JIGKLIHOHHOM H3JIOXKEHHHM Takas JAeTaju3auus’ HelesecoobpaszHa
(naxxe ecsiu 6bl Ha Kypc ObLIO OTBeEeHO MHOTO yacoB). Haubosee Tpy1o-
eMKoil siBisercs rnasa [l nepBoii yacTH; MHe KaxeTcs, uTo U3 3TOH
[J1aBbl Ha JIEKUMAX CAefyeT M3J0XHTb POPMYJUPOBKH AKCHOM H MNpH-
Mepbl CTPOroro [0KasaTesJbCTBa HEKOTOpPBbIX TeopeM; Kpome Toro,
clefyeT NOCTAaTOYHO MOAPOGHO OCTAHOBHTbCS Ha Haubosee NpPHHLM-
IKaJbHbIX MOMEHTaX, KaKOBbIMH SIBJSAIOTCS: U3MepeHHe NJHH, 3KBH-
BajleHTHOCTh akcuoM Apxumena u. Kantopa akcuome [enexunaa u
3HayeHue 3TUX AaKCHOM Jisi 0OOCHOBAHHS aHAIMTHUYECKOH TeoMeTpHH.
IlokasaresibcTBa GOJILIIMHCTBA Haya/bHBIX TeOpeM 3JleMEeHTapHOI reo-
METPHHU LeJIecCOOOPa3HO OTHECTH K CaMOCTOATesaBHON paboTe CTYJeHTOB
C NpOBEPKOH HAa KOHCYJbTAlMAX, HA CEMHHAPCKHX 3aHATHAX HJH Ha
MaTeMaTHUeCKOM Kpy2KKe.

['naBa IIl (reomerpusi JloGaueBCKOTo) J1erko noAnaeTca JeKLHOH-
HOMY H3J/IOKEHHIO, M MaTepHall 3TOT CTYJEHTbl OObIYHO CJYIIAIT C
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ynoeoabcTBHeM. Ho u 31ece MHOrne BcromoraTe/ibHbEIE TEOpeMbl MOX-
HO naTb Ge3 JoKasaTeabcTBa. HampoTus, JIOrHYecKyl0 HempoTHBOpe-
4YHBOCTb TreoMeTpuH JloGaueBcKOro, MHe KaxKeTcs, CjaefyeT AOKa3aTb
co BCell MOAPOOHOCTBIO KaK Oful M3 HaHOoJiee MPHHUHIHAABHBIX BO-
NnpocoB Kypca (MMEeHHO 3Jech Leaecoo6pa3sHo HCIOJAb30BaTh TOUYHbIE
GOpPMYJIHPOBKH AKCHOM H TOYHO CHOPMYJIHPOBATh NMOJNYyUEHHBIH pe3y/ib-
1at). UTo Kacaercs raaBel IV, TO 31ech MOXHO OTPaHHYHUTLCS OOLHMM
0030pOM; TNOHATHE HENOJHOH AaKCHOMAaTHKH JOCTAaTOUHO MJIIIOCTPH-
poBaTb NMpHUMepOM MepBOil IPYNNbl akKCHOM C peaju3aliueli Ha TeTpa-
anpe. Ecan matepnan raassl 1V nsnarars Gosee noapoGio, TO s peko-
MeHRoBasn Obl OCTaHOBMTHCS HAa HeapXHMeNOBbIX CHCTeMax (C IpenBa-
PUTENbHBIM KPaTKHM H3/0XKeHHeM CYLIHOCTH NeKapTOBOH peasu3aumy
Bcex akcuoM). [IpoeKTuBHbIe MOHSITHS B KypCe OCHOBaHHII reoMeTpuH,
€CTECTBEHHO, JOJIKHBlL MrpaTh NOACOOHYI0 posib. COOTBETCTBEHHO
5TOMY, MHe KaXeTcsl, H3 IJIaBbl V JOCTaTOMHO B3SATb IOCTpPOEHHE
NPOEKTHBHbIX KOOpJAMHAT HA NMPAMOH M HA IJVIOCKOCTH (OMYCTHB HOKa-
3aTeJbCTBO HENPEPbIBHOCTH FapMOHHUYECKOrO COOTBETCTBUSE M JIOKa-
3aTeJIbCTBO MJIOTHOCTH TPOEKTHBHOH IIKaJ/bl), aHAJHTHYeCKOe Inpel-
CTaBJleHHe MPOEKTHBHBIX COOTBETCTBHH (HCKJIOYAs TPeXMEepHBIH cay-
yail) u Teopuro momsip. I'naBy VI s pexomeHmoBan Gbl H3JIOXKHUTH
MOJTHOCTBIO.

Matepuan Tperbell yacTn MOXeT OblTb HCIOJb30BAaH B paboTe: Ma-
TEMaTHUECKHX KPYKKOB W CeMHHapoB,

1. Epumos
15/1V 1953 r.



YUACTDb 1
OCHOBAHHWSA TEOMETPHUH

FrNABA I

KPATKUWM OB30P UCCJIEJLOBAHUN
N0 OCHOBAHHAM TEOMETPHH

1. Akcuombl EBkaunjaa

§ 1. BosnukHOBeHHE reOMeTPHYECKHX NPEACTABJEHHN OTHOCHTCA
K BecbMa OTAaJjIeHHbIM BpeMeHaM. HauyasbHoe opopMieHne HX OGLYHO
CBSI3LIBAIOT C ApeBHEHIIHMH KyabTypamu Baeunona u Erunta.

C VII Beka (1o Haureil 3pel) HauHHaeTCsl NEePHOJ Pa3BHTHA reo-
METPHH TpyAaMH rpeyeckux yueHslX. B VI u V Bekax 6b1710 nosyueHo
MHOIO OCHOBHBIX reOMeTpHuecKuX ¢aktoB. K atomy ke BpemeHH, BH-
JHMO, CJIOXKHJIOCh NOHSATHE O JI0KAa3aTeJbCTBE TEOPEM.

B I1I ctoneTuu rpexu o6agany yxe rjy60KHMH reOMeTPHUECKUMHA
8HAHMSMM, NPHYEM OHH HMEJH HE TOJIbKO HAaKOMJIEHHBI 3anac ¢ax-
TOB, HO H MEeTO/Ibl TeOMETPHYECKHX JOKa3aTeJbCTB. ECTecTBEHHO Mo-
®TOMY, 4TO B 3TOT I€PHUOJ BO3HUKJ/H NONBITKU cO6paTh BeCh 3TOT Ma-
TepHaJ U PaclNoJIOXKHUTb €ro B JIOTHUECKH CBSI3HOM MOPSAKE.

Hanoxkenne Haya/J reoMeTpHH NpeaNpHHUMAJOCh MHOTHMHU rpeye-
CKHMMH aBTOPAaMH, COUHHEHUS KOTOPHIX 10 Halllero BpeMeHH He JIOILJIH.
Ilo-BupuMoMy, OHH ObLIH 3aBLITHI 110C/J@ IIOSBJEHHUS 3HAMEHHTHIX
«Hauan» EBknuna.

§ 2. EBKJHA, OJHH H3 BEJHKHX reOMeTPOB IPEBHOCTH, KHJI B [e-
puoa npubausurenbro ot 330 no 275 roga. CocraBaeHnble uM «Haya-
Ja» pa3fleNeHBl Ha 13 KHHr, U3 KOTOPBIX mATas, ceibMas, BOCbMas,
JleBsiTasi M JiecATas MOCBSLIEHb TEOPHU mpolopuuil U apHdmerHke
(M3/10KeHHBIM B TeOMeTPHYEecKOH ¢opMe), oOCTa/bHEIE* SBJSIOTCA
cOOCTBEHHO reoMeTPHUYeCKHMH.

Knyra nepBas COLEPXHT YCJIOBHS paBEHCTBA TPEYrOJbHHKOB,
COOTHONIEHHS] MEeXJly CTODOHaMH H yIJaMH TPeyroJbHHKOB, TEOPHIO
napajjieJbHBIX JHHHA H YCJOBHS DPAaBHOBENHKOCTH TPeyroJibHHKOB
M MHOroyroJibHHKOB. Bo BTOpoOii KHHre gaeTcs npeBpalieHHe MHOro-
yroJlbHHKa B pPaBHOBeJHKHH KBajpaT. KHura TpeThs mnocBsilieHa
OKDYXXHOCTH. B uyeTBepTOli KHHMre paccMaTpHBAlOTCS BIHCAHHBIE
U ONHCaHHble MHOTOYroJIbHHKH., KHura wiecras Tpakryer mojoGue
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MHOTFOyroqbHHKOB. B mnociaegHux Tpex KHHrax H3JO0MXKCHLL OCHOBBI
CTepeoMeTpHH.

Takum obpasoM, «Hauana» cogepxar MaTepuas COGCTBEHHO 3Je-
MEeHTapHoil reomeTpuu., Muoroe W3 TOro, Uuto OBUIO YK€ HM3BECTHO
Bo-Bpevera EBkanjga (Hanpumep, Teopus KOHHUECKHX CeUeHHii), B
«Hauanax» He U3JI0KEHO.

Kamayo knury EBk/ana HaumHaer ¢ ompeneneHust Tex MOHATHH,
KOTOPBIMH eMy TPUXOJAMTCH B 3TOfl KHUTE ONEPUPOBATh.

[lepBoii kHure mpeanocaansl 23 onpefeneidusi. Mbl  [HPHBOAUM
nepBbie BOCEMb U3 HHX.

Onpepenenne 1. Touka ecTb TO, UTO HE UMEeT uacTei.

Onpepenenne 1. Jlunus ecTb anuHa Ge3 LWIHPHHBI.

Onpenenenue I11. T'panuisl JHHHU CYTb TOUKH.

Onpenenenne [V. Ilpsamasi ecTh Takasi JiKHHS, KOTOpas OXHHa-
KOBO PAcCII0JIOXKeHa T10 OTHOIUEHHIO KO BCEM CBOMM TOWKAM.

Onpegnenenue V. IloBepXHOCTb €CTb TO, YTO HMEET TOJNbKO AJIHHY
H LUUPHHY.

Onpezesnenue V1. I'panuisl noBepXHOCTH CYTh JIMHHUH.

Onpegenenne VII. IlnockocTs ecTb NOBEPXHOCTH, KOTOPas OIHHAKO-
BO pAaclio/ioKeHa [0 OTHOIIEHHIO KO BCEM MPAMbIM, Ha HEH JeXKAllUM.

Onpepenenne VIII. Ilnockuii yroa ecTb B3auMHOE H&EKJOHEHHE
JBYX BCTPEYaIOUMXCH JHHHUH, DaCNONOXKEHHBIX B ORNOH MJOCKOCTH.

Benen 3a onpenenenusiMu EBKJINI PUBOANT [OCTY/AaThl H AKCHOMSI,
T. €. yTBepKHeilus, IpHHUMaeMble 6e3 foKazatenbcrsa *).

[TocryanaTh

I. Tpebyercs, 4To6bl OT KaxKAOH TOUKH KO BCAKOH Apyrofi Touke
‘MOXHO GblIO MPOBECTH [PAMYIO JIHHHIO,

{I. ¥ yrobpl KaxAyw NPSMYI0 MOXHO OBIIO HeomnpepesneHHO Mpo-
LOJXKKTD. .

[1I. U1 urobpl u3 /11000ro ueHTpa MOXKHO OblJIO OMHCATh OKPYHK-
HOCTb J1IOOBIM PannyCoOM.

IV. M ytobbl Bce npsiMbie yrJbl OblI¥ pPaBHbBI.

V. U utobul Bcsikuil pas, KOTAA npsiMasi P NepeceueHUuH ¢ ABYMsi
JIPYTUMH MPSAMBIMA 00pasyeT ¢ HHMH BHYTPEHHHE OIHOCTOPOHHHE
YIJbl, CyMMa KOTOPBIX MeHblle ABYX NPAMBIX, 3TH MpfAMbLIE Mepece-
KaJHCb C TOil CTOPOHBI, ¢ KOTOPOH '3Ta CyMMa MeHbLUEe [ABYX MPAMbIX.

AKcHuomu

[. PaBHble MOpO3HL TpeTbeMy paBHbl MeXAy CO5OH.
II. U ecaw k paBHbIM NpuGaBUM paBHble, TO MOJYYHM paBHBIE,
III. Y1 ecnu oT paBHBIX OTHHUMEM paBHbE, TO MNOJYUYHUM paBHBIE,

*) B pasubix usnanunx <Havam» chuckH MOCTYJATOB H aKCHOM HE TOXAECTBEHMHBI.
3ACCh NPHBOAMTICS OKH W3 Haubosiee PacHpPOCTPAHEHHbIX CIHCKOB,
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IV. M ecin Kk mepaBubiM NpPUGABHM paBHbIE, TO TONYUHM He-
paBHble.

V. U ecau yaBoum paBHble, TO MOJYYHM paBHbIE.

V1. M noJsioBuHBI paBHBIX paBHbl MeXJy COOOIi.

VII. M coBmemmarolyecss paBHbI.

VIII. M uenoe Gosnblue 4acTH.

IX. W pBe mpsimple He MOT'YT 3aKJ/io4aTb NPOCTPAHCTBA.

[MpunamniexHocTb HEKOTOPBIX « U3 nepedncaeHHbix akcuom (IV,
V, VI n IX) EBrauay 6epercs noa comHeHue. B uHbIX uznanusx «Ha-
yajg» IV u V noctysnatel OTHOCSIT K YHC/AY aKCHOM, MOITOMY MATHIHA
noctysnat uHoraa HasbiBaloT X1 axkchomon. UTo Kacaercs npHHUUNA
OTHECEHHs] OCHOBHBIX IIONIOXEHHH K MNOCTyJ4aTaM WM K aKcHOMaMm,
TO OH OCT@eTcsl M0 CYLIECTBY HECBBLISCHEHILIM. .

Bcnen 3a akcnomamu EBKsna u3saraer Teopembl reomeTpui, pac-
nosiaras X B HOPSALKe JIOTHYECKOH 3aBHCHMOCTH TaK, YTOObl Kaioe
npesioKeHHe MOXKHO OblJIO -10Ka3aTh Ha OCHOBAHHUU IPedbIIYIIHX
npeioKeHUH, MOCTYJaTOB U aKCHOM.

§ 3. [epeuncnenue onpeseseHuii © AaKCHOM, JOCTATOYHBIX A/ CTPOrO
JIOTHUECKOT'O [0Ka3aTeNnbCTBA BCEX MOC/EAYIOUIMX TeopeM, Ha3bIBaloOT
(akcuoMaTHueckyM) oGOCHOBAaHHEM T[€OMETPHH. '

3anaua o6O0CHOBAaHHUS reOMeTpPUH sICHO nocraBjeHa EBkaugom B ero
«Hauanax» u pelieHa UM C TOH CTemeHbiO TOYHOCTH, Kakas Oblia A0-
CTyIHA aHTUUYHOI ApeBHOCTH. Donee Toro, B manbHeiieM, Ha npors-
XKEHHH MHOTUX BEKOB, CTPOrOCTb €BKJ/MIOBEIX JOKA3aTeJbCTB HEH3-
MEHHO MpU3HaBajach 06pasLOM AJf MOAPaXKaHHS.

OnHako, ecnu paccMaTpuBaTh udjoxeHue «Hauam» ¢ Toukn 3pexust
COBpEMEHHOH HaM MaTeMaTHKH, TO NpPUAETCS MNpH3HATb, YTO OHO BO
MHOTHX OTHOIUEHHSIX HeyNOBJETBOPHUTEIBHO.

O6paTtumMcs mpexkae Bcero K ornpefeneHussM EBKauaa; Hekoropble
M3 HHUX NpHUBeleHbl BHILIE.

@®opMyIUPOBKKY 3THX ONpefedeHUil ONepUPYIOT TAKHUMH MOHATH-
sIMH, KOTOpble CaMM JOJ/DKHBI ObITh ONpelesieHbl, HanpuMmep: «rpa-
HULa», «uuHa» U T. L. Hu onHo u3 onpenenenuii I—VIII He ucnosb-
3yeTcsl B JOKA3aTeJAbCTBAX KaKHX-1HOO TeopeM; He OYIyUH OpraHH4YeCcKH
CBSI3aHHBIMH C OCTa/JbHbIM MaTepHasoM KHHUTU, OHH SBJAIOTCA MO
cyuiecTBy Gecrno/ie3HbIMA U MOryT ObITh OnyuweHbl 6e3 Besikoro yuiepsa
JUISl TIOCJIe[lYIOWMX pacCyXKAeHHH. DTH onpeneseHUs SIBJSIOTCA JHLIb
ONHUCAHUAMH TEeOMETPHYECKHX 00pa3oB, K TOMY K€ BbIPaX{CHHBIMH
B BeCbMa HauBHOH ¢opMe.

Yro ke xacaeTcsi MOCTYJaTOB M aKCHOM, TO OHM B OOLIeM Cylle-
CTBEHHBI; NPH JOKa3aTelbCTBE MHOI'MX IeOMETPHUUYECKHX MpelsoKeHHI
NPUXOAUTCH NPHHHMMATL BO BHHUMaHMe, HalpuMmep, YTO NpsiMasi orpe-
neJisieTcs AByMsi CBOMMH TOYKAMH, UYTO CYIIECTBYET OKPYMKHOCTH IPO-
u3BoJIbHOrO paguyca v T. A. Ho 3zech cienyer o6patuth BHUMaHUe Ha
LpYyroe o06CTOATE/ILCTBO: AdXKe ?osepmocmblﬁ anHa/au3 ofnapyKuBaer,
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4TO CIHCOK OCHOBHBLIX IIOJIOXKeHHi1, NpHHATHIX EBkangom Ges poka-
3aTe/ILCTBA, CJAHIUKOM GefleH, YyTo6bl CJAYXKHTb 6a30d At CTPOrO JIOTH-
YECKOTO pa3BepThLIBAHMA TreoMeTpuu. UToOBl NOSCHHTL 3Ty MBIC/b,
NPHUBE/JCM HEKOTOPble NpHMEpHI.

B reomerpuyeckHX paccyA€HHSX IMOCTOSHHO MPHXOAHTCS OMepH-
poBaTh MOHATHSMH, KOTOPbl€ MBI NDHBBIKJAN BbIpaXkKaTb CJAOBAMH «IdH-
Hasl TOYKa NPAMOH MNEXHT MeXAy ABYMA ADYTHMH ee TOYKaMH», «/IBe
TOYKH JeXaT 10 OQHY CTOPOHY OT HpSIMOH», «IBe TOYKH JIeXKaT Mo
pa3Hble CTOPOHBl OT MPAMOH», «TOYUKA HAXOZUTCH BHYTPH MHOTOYTOJb-
nuka» 1 T. A. Ilocrysnarel EBknuna He naloT HHKaKHX JAaHHBIX A/
o6ocHOBaHHA 3TUX nouaTHi. Koraa Mel ynorpebasieM X B JOKa3aTesib-
CTBe K4aKOH-HUOYAb TeOpeMbl, TO, HMes B CBOEM PAaCNOPSKEHHH TOJb-
KO nocTynatel EBKAHAA, BbIHYXKIeHbl anejHpoBaTb K yGeauTenb-
HOH Ha[JAANHOCTH YyepTexka. Mexx1y TeM B CTPOro JIOTHUECKOM IOCTpoe-
HHH TeOMeTPHH  KaxJoe T[OJIOXeHUe, €CJH OHO He COJepXHTCS
B aKCHOMaXx, JIOMKHO ObITb JI0OKa3aHO, KaKMUM Obl OYEBHIHBIM OHO HH
Ka3aJoch.

Jlanee cienyer ykasaTh, 4TO 1Mo cMblcsy akcuomel VII pasenctso
reOMEeTPHYECKHX BEJHUMH M (QUIYp OnpefessieTcss C IOMOLLBIO ABHKe-
Husl. Mexny teM caMo nmoHATHe ABHKeHHMS y EBk/auAa He omnpenejeHo
M CBOIICTBa ABHXKEHHS HH B KaKHX aKCHOMax He nepeuucsaenbl. Hako-
Hell, BCKMH pa3, korga EBk/auA paccMaTpuBaeT JBe OKPYKHOCTH,
M3 KOTOPbIX OJHA NPOXOAHT Yepe3 OJHY BHYTPEHHIOW H OIHY BHELIHIOI
TOYKY OTHOCHTeJIbHO APYroil, oH 6e30roBOpoYHO npednosaraet cy-
IECTBOBAaHHE TOYEK MepeceueHHss 3THX OKPYIKHOCTEl; TOUHO TakK xe
B TeX CJyyasiX, KOrjJa paccMaTpuBaercsl npsimasi, NpoXojslias yepe3
BHYTPEHHIOI0O TOUKY HEKOTOPOH OKPYKHOCTH, NpPHHHMaeTcs Ha Bepy,
YTO 5TH NpsIMas H OKPYXKHOCTb MepeceKalTcss B JBYX Toukax. He-
CMOTPSl HA HANVIAHYIO OUEBUAHOCTb 5THX (PAKTOB, OHH AOJKHBI OBITh
Jokasaubl. Ho cpenu nocrynatos u akcnom EBKJAMZA HET TakMX noso-
JKeHH#A, C TNOMOUIbI0O KOTOPBIX MOXHO OOOCHOBAaTb MNOROGHBIE 1O-
Ka3aTesbCTBa.

Bnaronaps BceMy yKasaHHOMY yOeluTeqbHOCTb JOTHKH EBkinza
BO MHOTMX CJydYasiX MOAKPEN/seTcs MPHBbIYKAMH HALUMX MPOCTpPaH-
CTBeHHBIX mpejcTaBieHuit. A 310 3Hauur, yto «Hauana» Gezykopus-
HEHHOTro JIOTHYeCKOro OOOCHOBAHUS TeOMeTPHH He coiep:KarT.

§ 4. Hekoropoie u3 HemocratkoB EBkaugoBbix «Hauamy  Gblau
3aMeyeHb! yuyeHbIMH ApeBHOCTH. CMHCOK reoMeTpPHYECKHX MOCTYJ/1aToB
6bl71, B 4acCTHOCTH, pacluipen ApXHMeNOM, KOTOPHIl B TEODHH H3Me-
peHHs IJIHH, MJoMmajel H o6beMOB CYILIECTBEHHO 3aBePILHJ H3J0KeHHe
EBxnnna. B To Bpems kak EBK/ANA ycTaHaBAWB&ET JHIIb OTHOLUEHHS
MexIy AJMHaMH, IJIOMIaAAMH M oObemMaMM, MOKasbiBas, Hanpumep,
YTO MJIOLIAZH KPYrOB OTHOCSATCS, KAaK KBajpaThl, a OGBEMbI IIAPOB,—
Kak KyObl panuycoB, ApxXHMel JaeT BBIpa<eHHsl, MO3BOJSAIOLINE
NPAKTHUCCKH BbIYHCASTb COOTBETCTBYIOWIHE BeJHuknHhbl. [a1a obocho-
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BaHUS METPUUSCKOIl MeOMETPHH MM BBeleHbl CJelyioulne NsTh MOCTy-
J1aToB:

I. VI3 Bcex nuuuil, HMeIOWHUX oOLIHe KOHIBI, NMpsIMas ecTh Kpar-
yanmas. ‘ -

I1. Jlpyrue ke fiBe JUHHUH, HMeIOHIHE OOLINE KOHLBI H PACIO/OMXKeH-
Hble B OJHOH IJIOCKOCTH, He PaBHbI, €CJAH OHH 06e BHIYKJble M OAHA
H3 Hnx ob0bemsercss Jpyrod KpPHBOH M MNPSIMOH, COeRHHSOEN
KOHIIbI, a TaKXe ecJu KpHBble HMelT OOIlYI0 4acTh, a OCTaJjb-
Hasi 4acTe OObBEMJercsl; IpH 3TOM oObemieMasi MeHblle OGbeM-
JIoLLeH. _

I11. TouHo Tak Xe K3 BCceX MOBEPXHOCTel, UMEIOMUX OOlYI0 I10-
CKYIO nepHudepuio, MIOCKOCTb MEHbIe BCeX APYTHX.

[V. [dpyrue e 1Be. NOBEPXHOCTH, HMelollHe OOUIYIO MJIOCKYIO
nepudeputo, He paBHbI, eclH 00e OHM BHIMYKJbl W OfHA U3 HUX (MJH
yacTb ee) OOBEMJIETCS JApPYrofi MNOBEPXHOCTbIO M IIOCKOCTbIO ne-
pudepuu; 1npu 5TOM oOBeM/JeMas I[OBEPXHOCTb MeHblle O6beM-
Jiouies.

V. Ceepx TOro, H3 IByX HepaBHbIX JIMHHI, IBYX HepaBHbIX MMOBEPX-
Hocredl WM JBYX HepaBHBIX Tesl GOJibllasi OKaXeTcsi MeHblle TOH Be-
JIHUKHBI, KOTOPYIO Mbl TOJYYHM, €C/JAH IIOBTOPHM MEHbLIYIO Hajsje-
Jallee YHCIo pas.

[lepBble uyeThipe npensoxeHus Apxumesa B KauecTBe IOCTYJATOB
A/l JIOTUUeCKOro OOOCHOBaHHSI METPHYECKOH TIeoMeTpHH HelpHemJe-
Mbl. OHH TPaKTYIOT O AJHHE JIUHUH, MJIOWAJH MOBEPXHOCTH U O0LEME
Tesla, a 3TH TMOHATHA MO CYUIECTBY TpeOYyIOT ompejesieHUst uepe3 Lpy-
rie, Gojee NpOCThle TreoMeTpuHueckue TMOHATHA. Ecau ke 31H
onpejeseHHs HalleXaluM o0pa3oM BLICKa3aTbh, TO YTBEPKAEHHSIM
Apxumena MOXHO JaTh JlokasaTesbcTBa. I103TOMY HeT CMbIC/Ia CUMTATh
HX TCCTYJaTaMH.

HanporuB, nocjenHee yTBep:KleHHe, KOTOpoe OObIUHO MPOCTO Ha-
2bIBAIOT MOCTYJ1aTOM ApXMMena, uYpe3BblUaiiHO BaxKHO. Ero MoxHO
BBICKA3aTb KpaTKO B cjenywouweit ¢opme: A1s Jaw0bObIX ABYX a H b,
a<<b, cyuiecTByeT Takoe liejioe 7, 4To na>>b. DTOT MOCTYyJaT JEKHUT
B OCHOBE H3MEpeHHsl reOMeTPUYECKUX BeJHUMH, KaK MoApoOHO Oyner
nokasaso B raase II, § 20.

U nocne Apxumena He mpeKpallalHCh MOMBLITKH YTOUHHTb OCHOBHbIE
nonoxenusi reomerpud. OmHAKO Ha TNpPOTSXKEHMH MHOIMX BEKOB K
060CHOBAHHIO TE€OMETPHH HHKTO He mnpubaBu/ 4Yero-ju6o NpHHLH-
1IHaJbHO HOBOI'O CBEPX TOrO, 4TO yiKe Gblio chenano EBkiaugom. Crpo-
rocTb -€BKJAMAOBbIX JoOKasareabcTB j0 XIX crosetnss B obuiem
Kaszanacb nocratoyHoil. Toabko B koHue XIX cronetust 6blna OKOH-
yaTeJbHO OCO3HAHA MAes TOYHOTO JIOPHUECKOro MOCTPOEHHS FeoMeTPHH
H YKa3aHa MoJ/IHas CHCTEMAa aKCHOM, H3 KOTOPbIX BCe TeopeMbl BbIBO-
nATca Ge3 BCAKHMX aneysuMH K HarIgJHOCTH HAWMX NpOCTPaHCTBEH-
HbIX TIpeJCTaBJ/ieHHH, .
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Heo6xoauMocTh  MONOJHEHHA CIIHCKA  eBKJHMAOBBIX  [OCTYJ/1aTOB

ycMaTpuBaJdM O4eHb HemHorue reomerpel. HaoGopor, GosbLIHHCTBO
couvHeHu#H, cBaszaHHbIX ¢ «Hauanamu» EBkauna, umeno csoeil 3a-
Jauell yMeHbIIMTb YHC/IO TOJOMKEHHH recMeTpHH, MPUHHMAeMbiX Ge3
JIOKa3aTe/bCTBa. B 3TOM Bblpakasocb COBEPLIEHHO eCTeCTBEHHOe
JKeNaHHe BBISICHHTB, NMPH KAaKHX MHHUMAJAbHBIX MOCBIIKAX MOMHO pas-
BHTb JIOTHYECKHM MyTeM MaTepuas reoMeTpuH.
- OnuH pe3yabTaT B 3TOM HanpaB/ieHUH Obll MojyueH 6e3 BCAKOTO
Tpyaa. VmeHHo, 6bl10 3amedeno, yto [V noctynat EBkauna ssisercsa
JHIWHHM, TaK KaK PaBeHCTBO MpPAMbIX YIJIOB MoOXeT OblTh JOKa3aHo
CTOJIb XK€ CTPOro, Kak M MHOTHE APYyTHe MpelIoKeHHs.

BonblunHeTBO cOunHeHH, OTHOCALUMXCA K OCHOBAHHAM T€OMETPHH,
CBOAHJIOCH K TOMNbITKE HCKJIOUMTb M3 YKC/Aa OCHOBHBIX JOMyHIEHHH
V nocrynar EBksHma, KOTOpLIH Ka3a/ncs CAHIMIKOM CJIOXHBIM, 4TOOBI
.€r0 MOXCHO ObIO MPHYHCAHMTH K [OCTYJaTaM.

HMccnenoBanns, nocBfilleHHbie V MocTyjaTy, CTONb Ke JpeBIIH,
Kak 1 «Hauana» EBkauna. 3asepuwiuauck ony Toabko K KoHuy X1X cro-
JIeTHS! H MPHBEJH K BeChMa BaXKCHBIM OTKDPbITHSIM.

Cefiuac Mbl COOOUIMM HEKOTOphIe cBeleHWss u3 ucropuu V mocty-
JaTa. 3T0 OOMETYHT YHTATENIO IOHHMAHHE COBPEMEHHBIX BOMPOCOB 060~
CHOBAHHS T€OMETPHH.

2. Mateiit mocrynar

§ 5. Kaxnomy wu3yuaBuleMy 3JeMEHTAPHYIO [EeOMeTPHIO JO/IKHa
ObITh fiCHa (pyHaaMeHTajbHas pojb V MOCTyJaTa; Ha HEM OCHOBAHBI
TeOpHs MapajiefbHblX JUHHH U BCe CBA3AHHDLIE C Hel pasfesbl: MO-
nobue ¢uryp, TPUrOHOMETPHUS U T. A!

[TpunoOMHUM MOCJ/IENOBATEbHOCTb HAUaJbHBIX MPENOXKEeHHH 13-
HUMETPHH, UTOOLI 3aMeTHTb, e BIepBble HCHoJAb3yeTcs V nocryJar.

B wkoJbHBIX yuyeOHHKAaX Mpexle BCEro BBOAWTCA CpaBHeHHe
reOMETPHUECKUX 00pa30B: OTPe3KH, YIJIE, TPEYTONbHHUKH CUHTAIOTCS
PaBHBIMH, €C/IM OHH MOTYT ObiTb COBMELIEHLI C MOMOULbIO [ABHMKEHHS;
OTpe30K (yros) Gosiblie APYroro orpe3ka (yraa), €cjld BTOPO#l OTpe-
30K (yroJ) Mox<eT ObiTb HajoxeH Ha uacTb nepBoro. Camoe noustue
JBHXKeIIHsl OCTaeTcsi Mo CYINEeCTBY He OMpenesIeHHbIM.

Janee ycraHaBiuBaeTcsl psil OCHOBHBIX TeOpeM, B TOM YHCIe:

TeopeMbl 0 paBeHCTBE TPeyroJibHHKOB.

Teopema: B paBHOGEIPEHHOM TPeyTOJbHHKE YIVIBI MPH OCHOBAHHH
paBiIbl.

Teopema: BHEWHHH YroJ TpeyrosibHUKa O0J/blle KaxKAOro H3 BHYT-
pPEHHHX, C HUM He CMEeXHHIX.

Teopema: B TpeyrojibHuKe NPOTUB GOJblled CTOPOHBI J€KHUT GOJlb~
wui yron (u obpaTHast Teopema).

Teopembl 0 NepneHAUMKYASAPAX W HAKJAOHHDBIX.
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Teopema: kaxknas CTOpPOHA TpPeYroJbHHKAa MEHbIlE CYMMBI IBYX
JApYyTHX.

Oco6blii MHTepec [J1g Hac MpeICTaB/asieT TeopeMa O BHYTpcHHEM
4 BHEIIHEM yrAax TpPeyroJbHHKAa, Ha KOTOPYIO Mbl Ja/jblie HEOXHO-
KpaTtHo GyneMm ccoiiatbcsi. IlpuBenem ee pokasatenbctBo. Ilyerh nau
TpeyroibHiK ABC (puc. 1); HYyXKHO MOKa3aTb, YTO KaxIblil M3 BHell-
HHX €ro yrjoB Goublle JI0GOr0 BHYTPEHHEr0, C HUM He CMEXKHOIo.
YcraHoBUM 3TO MO OTHOLIEHUIO K BHEILIHeMy YIVIy mnpH Beplunhe C-
H BHYTPEHHEMY YIVIy Opu BepliuHe B. 7 4

OGosHauuB OykBoii O cepexuny
cropoubl BC, mocrpoum otpesok A0 u

Ha NPOAOJKEHHH ero Bo3bMeM Touky A’ g

TaK, utobbl 66110 A0 = OA’. Coeaunum

3atem touky A’ ¢ Touko# C u paccmort-

pum Tpeyroabiuku AOB u A'OC. dtn 4 c ¢’
TPeyroibHUKH paBHbl, Kak COlepxKa- Puc. 1.

IHe paBHble YIJbl, 3aKIIOYEHHBIE MEX-
Jly COOTBETCTBEHHO paBHbIMM cTopoHaMu. I3 paBeHcTBa paccMaTpu-
BaeMbIX TPeyrosibHUKOB cienyer, uto £ ABC = £ BCA’. Orcioaa yxe
BLITEKAET YTBEPXKIEHHe TeopeMbl, Tak Kak £ BCA' cocraBgsier uactb
BHelllHero yraa npu BepwuHe C.

[Mocnepnnit MOMEHT foKasaTesbcTBA TpebyeT BHHUManusA. KmenHo,
T0, uto Z. BCA’ aBasiercs uvactbio £ BCC’ wan uto touka A’ Haxo-
auTes BHYTpH £ BCC' (C' — nio6as TOYKa Ha MPOJOIKEHHH OTPE3Ka,
AC), ycTaHaBjuBaeTCs, MO CYILECTBY rOBOPS, H3 HAIISLHOCTH 4ep-
Texka. Kak mbl yxKe yKkasnhiBaJH paHee, akcHoMbl EBkanpa He pator
BO3MOXKHOCTH  TOYHO OOOCHOBAaTb MOHATHA  «MEXAY», «BHYTPH»
uT. A

Kpome TOro, Bblllle HCMOAB30BAHO MOHATHE PaBEHCTBA TPEYTroJb-
1IHKOB, KOTOpOe TOX<e He 00OCHOBaHO, Tak Kak y EBkauga He ompese-
JIEHO JIBU2KEHHUE.

Takum oGpasom, npuBejeHHOe pacCy:KleHHe CYLIeCTBEHHO MOAKpe-
I/ISIETCA HarJIsJHOCTbIO uepTexa.

KoHeuHo, nojobHble e 3ameyaHHs Mbl MOIVIH Obl clenarb Mpu
BbIBOJE NMOYTH KaxA0H reoMeTpuyeckoil Teopembl. Ho BaxkHO 3aMeTuTh,
4TO KaK TeopeMa O BHYTPEHHEM M BHELIHeM YIJIax Tpeyro/bHHKa,
TaKk H JpPYrHe Tepeuuc/eHHble Bbille NpPEeN0oKeHUs He TpeGyloT A
CBOEro jokasatejbcTBa V mocrysara.

Besen 3a ycraHoBneHHeM 3THX NpeisoKeHUil GOpMyJHpYyercs onpe-
JeseHUe napanJenbHblX: [Be OpAMble HAa3bIBAOTCA Napajsieb-
ILIMH, €CJIH OHH He HUMeIOT oblneid TOuKu*).

[dns Toro 4toGbl 3TO OMpene/eHHe HMENO CHJY, HYXKHO [0Ka3aTb
CYLIECTBOBAHHE napannedbHblX npsMbiX. Jloka3aTeLcTBO  JIETKO

*) Hanomuum uuTaTesilo, 4TO ceflyac peub MACT O MJAHUMCTPUI,
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NoJIyyaeTcsi C MOMOLIbIO H3BECTIOMN "TeopeMbl: JBe MNpsiMble, MepleHNIH-
KyJspHble K TpeTbei, mapajJesbHbl Mexay co6oil,— crnpaBelHBOCTb
3TOH TeopeMbl HENoCpeACTBEHHO BbITEKAeT U3 MpeJJOXKeHHS O BHYTpeH-
HeM H BHEUIHeM YIJlaX TpeyroibHHKa.

B camom gmene, mycTh IBe npsMble @ H b COCTaBASAIOT ¢ NPAMOH ¢
npsMble yrael npu Toukax A u B (puc. 2). JlonycTum, 4TO npsamble @
1 b He napansenbHbl; o603HauuM yepes C ux obuiyro Touky. Ho Torna
BHewHH yroa TpeyroibHHka ABC npu BepumnHe A pomkeH ObTh
GoJibllle BHYTPEHHEro yIJla NpH BepluMHe B, YyTO NPOTHBOPEYHT Clle/aH-
HOMY OTHOCHTEJBHO STHX YIJOB fonyuleHHio. TeM caMblM yTBepxie-
HHe J0Ka3aHo OT NPOTHUBHOTO.

A a M ur
\”
-G
bil b . u
¢ N
Puc. 2. Puc. 3.

Otciona ToTYacC c/Ienyer, 4To Yepe3 KaKAyk Touky M MoxHO mpo-
BeCTH NapaJjileibHylo K Jo60# mpsMol u, He Nmpoxoasulell uepe3 3Ty
Touky (puc. 3). Jaa 3TOoro HOCTaTOYHO W3 TOYKM M OmyCTHTb
Ha npsAMylo u neprneHAHKyasp MN ‘u moctpouth mpsimyio u’, mep-
neHauKyaAspuyio kK MN B touke M. [IpaMass u’ Ha OCHOBaHHH Mpebl-
ayuwero O6yfeT napasjjeabHa MpSMOM u.

[Tocne TOoro Kak [4OKa3aHO CYUIECTBOBAaHHe MapaseNbHbIX U yCTa-
HOBJIEHO, 4YTO uepe3 KaXIYl0 TOYKY MOXKHO TPOBECTH MpPSAMYIO,
napajjiesbHyl0 NaHHOM, eCTeCTBEHHO, NO/KeH ObITb pelleH BOMpPOC:
NPOXOAUT JIH Yepe3 KaKAyl TOUKY [JIOCKOCTH TOJbKO OfHA Tps-
Masl, napaJjJenibHas AaHHOH, WM TAKUX [PSIMBIX CYLIECTBYeT MHO-
2KeCTBO.

B Teopuu mapansienbHBIX JOKa3bIBAeTCsl, UTO Yepe3 KAXCOYI0 MOuKy,
nexcawyyro 8He OGHHOU npamol, npoxodurm mMOYHO O00HA npamas, na-
parnessvrasn dannod. [IpuBeneM sTo-noKa3aTenbCTBO (puc. 3).

[Tyerb « — npousponbHas mnpsamas, M — kakas-HHOYyAb TOYKa,
He JieXKauas Ha 3Todl npsiModl, # MN — nepneuaukyasap kK u. Obosua-
uuM yepe3d u’' nOpsAMyto, nepneHIuKyaAspuyio K MN B Touke M. Mul
yxKe 3HaeM, yto u’' napansienbHa u. [IpoBenem uepes Touky M mpous-
BOJIbHYIO NpsiMylo u”, He coBnajaiouyio ¢ u’, i JOKa:xeM, 4yTo u” He
MOXKeT ObITb NapaJJenbHa mpsiMoii u. Tak Kak mnpsmas u” He coBMa-
JlaeT ¢ npsiMoii u’, TO OHa C KaKOi-HUGYb CTOPOHBI COCTABJISET C OTPE3-
KoM MN ocrtpeii yron. Takum o6pasom, npsiMbie ¥ 4 4" mpu mepece-
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yeHHH npsMoli MN o06pasyloT BHYTPEHHHE OJHOCTODOHHHE YIVIHI,
CYMMa KOTODLIX MeHblle ABYX MPAMBIX YIJIOB; HO OTCIOfa, COT/IaCHO
V nocrynary, cieiyer, 4To npsMble « H 1’ nepecekaiorcs.

Mol BHIHM, UTO 8 3mMOM O0KA3AMEAbCmSe eOUHCMEEHHOCTUL Napal-
NeAbHOUE cyujecmeenHo ucnoav3yemes V. nocmyaam. JIerko ycMOTpeTb,
uto, obpatHo, V. nocmyaam moxcem Ooime Ooka3aH, KaK meopema,
eCAU NPUHAMb, Ym0 4epe3 Kancoyo MoKy, AeHauiyro éHe OAHHOL nps-
MO, npoxodum moAbKO 00HA NPAMAA, NAPAAIEN6bHAS OAHHOU.

B camom gnene, _mycTb NpAMbIE @ H b (puc 4) npH mnepeceyeHHH
HX TpeTbell MpsAMOH ¢ O6pasywT ¢ I-IEKOTOPOH CTOPOHBI BHYTpeHHHE
OJIHOCTOPOHHHE YIVIBI, CyMMa
KOTOpLIX MeHblie 2d. Hyx-
HO IIOKasaTh, YTO @ WU b ¢
3TOH K€ CTOPOHBI OT NpsIMOK
¢ HMEIOT OOLYI0 TOYKY.

O6o3HauuM yrJbl, KOTO-
prle 00pa3yloT NpsMble g H
b ¢ npsiMo#t ¢, uepes a u f,
M INIyCTb B COOTBETCTBHH C
yCJOBHEM

o+ B < 2d. *)

[lycts, kpome TOro, y—
yroJI, cMexublii ¢ yriom a. TlpoBejem uepes TOUKY nepeceyeHus mps-
MbIX %” ¢ npsimyto a’ Tak, ytobbl OHAa COCTaBMJA C OPSIMOH ¢ yros

Torna npsMble a’ n b napanejbHb; B CaMOM jeJle, €ClH Mbl J0-
nyctuM, uto a’ # b BcTpeualotcs, TO NPUAEM K TNPOTHBOPEUHIO
¢ Teopenoil 0 BHYTPEHHEM H BHelleM yriax TpeyroibHuka. Ho, npu-
I8 B KayecTBe IMOCTYJ/IATA eJHHCTBEHHOCTb NApasIe/bHON, Mbl JOJIXK-
bl 3aK/IOYHTb, YTO OpsiMasi g (KaK OTIMuHash OT npsAmoit a’) He ma-
pajasnenbHa mpsimoli b. Ocraercs jpokasartb, uto @ H b BCTpevarorcs
C TOH CTOPOHBI, C KOTOPOH paciiosioxkeHbl yribl o U f. C 310l uenbio
3aMeTHM, 4YTo o -+ y = 2d; orciona u u3 HepaBeHcTBa (*) ciexyer,
utro y > B. Takum obpasom, mpsivble @ U b He MOT'YT BCTPETHTHCS
€ TOH CTOPOHBI, T/ie JIEXKHT yroJ ¥, Tak Kak B 3TOM cjyuae y OyJAer BHYT-
peHHHM YIJIOM [OJy4YeHHOrO TpPeyroibHHKa, a [ — €ro BHEMHHM
YIVIOM H, CJ/el0BaTesibHO, HepaBeHCTBO Yy >>f okaxeTcs HeBOS-
MOXKHBIM,

Hrak, V nocrysnar skBHBa/seHTEH YTBepKIAEHHIO, YTO CYLIECTBYET
TONBKO OfHA INpsMasl, napajJebHas JaHHOH W NpOXoiAllas yepes
JAaHHYI0 TOYKYy, a MOC/JefHee YTBepXKJACHHE ONpefe]sieT BeChb CTPOH
reomerpud EBKaupga. Orciofa, B 4acTHOCTH, CJefyeT, 4YTO ABe
llapasnesbible NpAMble NPH NepeceyeHuy TpeThell npsamol o6pasyior
paBHBIE COOTBETCTBEHHbIE YIVIBl, 4TO CyMMa BHYTpEHHHX YyIJIOB

Puc. 4.
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TpeyrolbHHKa paBHa ABYM MpPAMBIM, H MHOMXECTBO ADPYTHX TEOPEM.
Taxkum obpasoM, V mnoctynar, WiH, .KaK ero HasblBalOT ellle, MOCTY-
JiaT, O TapajJieJibHbX, JIEXXUT B OCHOBE OOAbLLIMHCTBA BaXKHBIX
IIpeJIOKEeHHH 3JleMeHTapHOH reOMeTpUH.

§ 6. BosmoxHo, uto yxe cam EBKJHA NbiTajcs 10Kas3aTh NOCTyaaT
©0 mapajjenbHbx. B no/b3y 5TOIO FOBOPHT TO 06CTOATeNbCTBO, 4TO
nepeble 28 npennoxenuii «Hawan» ue omupatorca na Vo nocryaar;
EBkana kak Obl cTapajcsi OTOABHHYTb MPHMeHeHHe 3TOro MnocTyJaTta
JIo Tex TNOp, NOKa HCIO/JIb30BAHHE €ro HE CTAaHeT HACTOATE/NbHO He-
00XOJHUMbIM. _

Co Bpemen EBkainaa no koHua XIX croserus npobaema V nocry-
JlaTa fIBASJIaCh OJHOH W3 CaMblX MOMYJSPHbIX NpobJjemM reoMeTpHH.
3a 3ToT nepuon ObLIO MNpelnoXKeHO MHOMECTBO pasJHYyHbIX NOKasa-
tennctB V moctysnata. OnHako Bce oun Oblid ownGouHbl. O6bIUHO
4BTOPBI 3THX J[OKA3aTeNLCTB HCMONb20BaNH Kakoe-HHOYIb reoMeTpu-
YyecKoe VTBEPMIEeHHe, KOTOpOe OKa3biBajJoCh CTO/b HAIVISIAHO OUYeBUI-
HbIM, YTO MPOCKa/]b3bIBa/0 B PACCYKAEHUAX HE3aMETHO AJA CaMOro
.aBTopa. Bmecte ¢ TeM mombiTKa JIOTHUECKH 10Ka3aThb TaKOE YTBepKie-
Hue, B CBOIO Ouepelb He OMHPAsCh Ha V nocrynat, Bceraa okaHu-
Banach Heyzmqen

[ConeuHo, mnojo6HbIE HCCACIOBAHUA HE [JOCTHralM HaMeyeHHOH
11eJI1, TaK Kak CMbIC/] MpOoO/eMbl 32KJ/104a/ICH B OCBOOOMAEHHH €BKJHU-
JIOBOI TEOPHH MNapasjlefbHblX OT Creyuarbro20 TNocTyJara, W, TakuM
06pasoM, fieqo 31eck GbIo He B TOM, UTOObl 3aMeHHTh V NocTyaaT aApy-
I'MM YTBED:KIEHHEM, XO0TS Obi OHO H Obl10 BeCbMa OYEBU/HBLIM, 8 B TOM,
yTOObl A0KA3aTh 3TOT MOCTY.JAT, HCXOAs H3 OCTajbHbiX MOCTYJAaTOB
TreomMeTpuu®).

HyxHo 3ameruTb, BIpOYEM, YTO MHOTOYHC/EHHblE MOMBITKH JO-
KasaTtejqbcTBa V moCTyJsaTa, HECMOTPS HA WX TUIETHOCTh, . IIPHBEJH
K M3BECTHBLIM MOJIOXKHTENbHbIM PE3YJbTaTaM.

MmenHo 61arogaps MM BBICHHJACh JIOTHYECKAsh 3aBHCHMOCTh
MeXJy PasJHYHbIMH TCOMETPHUUYECKHMH [OJ0XKEHHSIMH, B YacTHOCTH,
OblL1 OTKPBLIT PSii 3KBUBAJEHTOB €BK/AMIOBA NOCTYy/]aTa O MNapasJeb-
HbIX (T. e. TakHX MNpelIOoXKeHHH, KOoTopble, OyAyud MpHHATHL 6e3 10o-
Kasare/jbCTBa, BMeCTe C JAPYTUMH OCHOBHBIMH [OJIOKEHHSIMH €BKJIU-
JIOBOii reQMeTpUH MO3BOJSIOT I0Ka3aTh V nocryJsar).

MoXHO mnpHBecTH caefyloliHe MPHMEpbl 3KBHBaJdeHTOB V mocTy-
Jiata:

Uepes KaXAyl0 TOYKY BHE NpPSAMOH NPOXOAMT TONbKO OJHA
npsiMasi, napajjesnbHas JaHHOMH.

2. [lBe napanjenbHble TNpAMble NPU MepeceueHUH HX TpeTbeid
npsaMoH 06pa3y|0T paBHbl€ COOTBETCTBEHHBIE YIJIbI.

*) B panbHelilueM - nocTanoBke 3Toil  3agaud  OyseT OpHAalla  nonnas  Tou-
HOCTD,
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3. CyMMa BHYTPEHHHX YIJIOB TPEYTONbHHKA paBHA ABYMs [IPSIMbIM.

4. ToukH, pacno/ioKeHHble MO OAHY CTOPOHY OT NAHHOH NpPSAMOH
Ha OJZHOM M TOM XK€ pacCTOSTHHH, 0OpasyloT NMpsAMYIO.

5. Paccrosinns or Touek OZHOH M3 IBYX MapasJeNbHbIX MPSIMBIX
I0 BTODOI OrpaHHYeHbl B CBOEll COBOKYMHOCTH.

6. CyluecTBYIOT TPeyroJbHHKH C MNPOM3BOIBLHO OOJBLIOH  MJO--
1azxbio.

7. CyluecTBYIOT NOAOGHbIE TPEYTOAbHHKH.

JlioGoe U3 3TUX NPelsNoXKEeHHIl MOXHO MOJNOXHTb B OCHOBY TEOPHH
napajJenbHbIX, T. €. TNPH3HA4B Kakoe-HHOYAb M3 HHUX BEpPHBIM IO
OUEBHIHOCTH, MOXHO TOUHBIM pacCyXKIeHHeM 1oKa3aTb V mocTynaaTr M
necie 3toro, caeays EBkauay, BhiBeCTH Bce jajbHefillne TeopeMsbl.
DKBHBAJEHTHOCTb V MOCTYJIAaTy MEPeYuCNeHHbIX M HEKOTOPBIX APYIUX
npenjoxeHut 6yleT NoKasaHa B fajbHelllleM H3J0XKEeHUH.

§ 7. M3 MHOTOYHMC/IEHHBIX COUMHEHUH, MNOCBAWEHHLX V  mocTy-.
Jaty, cJjaeayetr BblienuTb padortel Caxkkepn u Jlamdepra, KoTopble-
OCTaBMJIH 3HAUMTEbHBII CJel, B aene OOOCHOBAHMSI TCOPHM Napai-
JIC/IbHBIX,

HccnenoBanus Cakkepu Oblin ony6inkoBaHsl B 1733 r. mox HasBa-
nHeM «EBKJWA, OUMIIEHHBIH OT BCSKMX MsATEH, WJIH OMbLIT, yCTaHaB-
JIMBAIOUIHHA caMble [epBble IPHHLHUIMBLL YHUBEPCAJbHOH TI'€OMETPHUY.
B srom coumnennn Cakkepu JIesnaerT MOMBITKY NOKasaTb V NoOCTysaaT
OT MDOTHBHOTO.

CakkepH HCXONUT M3 pacCMOTpeHHsi yeTbipexyrousivica AA'B'B
(puc. 5) ¢ aBYMs NpSIMBIMH yraamu npu ocxoBaHuun AB u ¢ AByMms
paBHBIMH GOKOBbIMH cTopoHamH AA’ u BB'. U3 cummerpyun duryper
OTHOCHTE/bHO neprneHanKyJaspa HH' «k cere- 7 P ’
JiHe ocHoBaHHs AB cienyet, uTo yrabl mpu Kﬁ
Bepwnnax A’ u B’ paBHbl Mexny cofoit. Ecan
NpUHSTL V mocTynar M, CJAe10oBaTejbHO, €B-
KJHJOBY TEOpHIO MapasjenbHbIX, TO cefiuac N
’Ke MOXKHO yCTaHOBHTb, uto yrisl A" u B’ y. 7 %
npamsle ¥ AA'B’B — npamMoyrosbHUK. DPuc. 5.
O6parHo, kak JokaseiBaer CaknkepH, ecau
XOTs1 Obl B ONHOM YeTHIPEXYTOJbHHKE YKa2aHHOTO BHAA YIJIBL NPH
BCPXHEM OCHOBAHMM OKaXKYTCSl NMPSMBIMH, TO GYIeT MMETb MeCTO €B-
KJMIOB TOCTYJIAT O napajensbHelX. )Kesaas foKasaTb 3TOT noctrysnar,
Cakkepu [enaer TPH BO3MOMHBIX TpeAnofoxenus: au6o yravt A" u B’
1psiible, MO0 TyMble, THOO OCTPble. DTH TPU NPEANOJOMEHHS Ha3BaHbI
1IM COOTBETCTBEHHO T'MIIOTe3aMH MPSAMOro, TYNOro ¥ ocTporo yraa. Tak
Kak THIOTe3a NpsAMOro yrJia sxkBuBajieHtHa V noctynaty, To JUIf TOrO,
uTo6bl J0Ka3aTh 3TOT MOCTYJaT, ClefyeT OTBeprHYThb JBe NpYrue THIO-
Te3bl. COBEPIIEHHO TOYHLIMH paccyxaeHusaMH Cakkepu npexje BCero
IPHBOMHMT K NMPOTHBOPECUHIO THIOTE3y Tymoro yraa. Benen 3a tem, npu-
1isIB THIIOTE€3Y OCTPOro yrJia, OH BbIBOAUT BeCbMa Jajieko HAyLlHe ee.
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CJIEICTBUS € TeM, YTOObl H 31eCh NOJY4YHTb ABA NPOTHBOPEYAIIHX APYT
Ipyry yTBepxjaeHHus. PaspuBas 3t caenctBus, CakkepH CTPOHT
CJIOXKHYIO TEOMETPHUYECKYI0 CHCTEMY, OTIeJbHble MpPEeNIOXKEHHS KOTO-
poit HaCTOJIbKO NPOTHBOPEYAT HAWIMM HAIVISAHBIM MNPeACTaBIeHHAM
0 PAacCroJIOKEHHH INPAMBIX Ha IJIOCKOCTH, YTO MOIVIH Obl ObITH COYTEHHI
a6cypaueiMu. Hanpumep, B reomerpuuyeckoi chcTeMe, COOTBETCTBYIO-
el TUnoTe3e OCTPOro yrJa, JBe napajenbHble NMpsiMble JHOO HMEIOT
TOJILKO OJWH OOUIMH NepneHAHKyJfAp, M0 06 CTOPOHH OT KOTOPOro
HeorpaHHYeHHO ApYr OT JAPYyra pacxoisrcsi, JHOO He HMEIOT HU Of-
HOro M, COIMKAsICh ACHMNTOTHYECKH B OJHOM HallpaBJleHWH, Heorpa-
HHUUYEHHO PacXOAfATCA B JPYroM.

Cakkepu CIpaBeliuBO He yCMaTpHUBaeT B OI[HOM TOJBKO MPOTHBO-
PeUHH C HPHBBIYHBIMH TIPOCTPAHCTBEHHBIMH INPEACTABJIEHHSAMH JIOTH-
YyecKOH HENOMYCTHMOCTH STHX npennoxeHui. Ho nocie psina TouHwix
paccyxaenudt Cakkepu yTBep2KJAaeT JIOKHOCTb THIIOTE3bl OCTPOTrO yrJja
Ha TOM OCHOBAHHMH, YTO ACHUMINTOTHUYECKH cOJHKalolluecss mnpsiMble
B 6ECKOHEUHO yJaleHHOH TOuKe NO/IKHBI MMeTb OOIIHI NepneHanKyasp,
a 3T0 «NPOTHBHO npHpoAe mnpsamoi». Ilonaras, uto TakuMm obpa-
30M THIOTE3bl TYNOTO H OCTPOro YIVIa NPHBELEHBl K NPOTHBOPEUHIO,
CakkepH 3aK/ioyaeT, YyTo €IWHCTBEHHO HCTHHHOH $IBJISIeTCSl THIOTe3a
IPSIMOTO YIVIa H 3THM JAaHO JO0Kas3aTelbCTBO V mocryaata.: OueBHIHO,
CaKKepH NpH 3TOM CaM YyBCTBYET, YTO K JIOTHUECKOMY TPOTHBOPEUHIO
runoTesa ©CTPOro yria MM He NpHBENEHa M OH CHOBa BO3BpallaeTcs
K HeH C TeM, uToObl JJOKa3aTb, YTO OHA «IIPOTHBOPEYHT CaMOH ceGe».
C 3Tol 1eJbl0 OH BBIUHUC/ISIET JBYMS CIOCO6AMH IJIMHY HEKOTOPOH JiH-

" HMH U MOJydYaer JJisl Hee JBa pasHblX 3HAYEHHS.
Iy 7 D10 06CTOSATENBCTBO JEHCTBHTENBHO 3aKJIONA/IO0
6 B ceGe nporuBopeuue, Ho Cakkepu MpHIlesn K
HeMy, CHeslaB BBbIYHC/HTENbHYIO OLIMOKY.

Wpeu Jlambepra, pasBuTbie UM B COUMHEHHH
«Teopust napasgenbHeIX JUHHH» (1766 r.), Gau3KO
7 MPHMBbIKAIOT K cooOpaxeHusaM CakkepH.

) 7 Jlam6epT  paccMaTpuUBaeT  YeThIpeXyTOMbHHK
ABCD c tpemsa npsmbiMH yraamp A, B u C
(puc. 6); OTHOCHTE/IBLHO YETBEPTOrO YIVIa TaKxkKe
MOTYT OBITh ClieJIaHbl TPH JOMYLIEHHA: YTO 3TOT YIOJ
OCTpBIH, NPSAMO# KM Tynoi. 31ecb CHOBA, TaKHM 06pa3oM, BO3HHKAIOT
TPH THMOTE3bl. ¥ CTAHOBHB 3KBHBAJECHTHOCTB' THIIOTE3bl NPSMOro yr.ia
V nocrynarty H CBeAs K NPOTHBOPEYHIO THIOTE3y Tynoro yraa, Jlaméepr,
nogo6Ho CakkepH, BbIHYXKIeH ©oJiee BCEro 3aHUMATbCA THIOTE30H
octporo yraa. M onartb-Takum rumnoresa  OCTPOro yriia NpHBOJIUT
JlamGepta K c/l0XHOi reomerpuueckoli cucreme. OfHaKo, HecMoTps
Ha To, 4YTO 3Ta cucTeMa Oblia fajexko pasBura JlamGepToM, eMy He yia-
Jlocb BCTpPeTHTb B Hell Jioruueckoro mnpotusopeunsi. [lpuBeneHHble
Bbllle, B CBfI3M ¢ Hu3Jjoxennem wupell Caxkkepu, mapajokca/bHbie Ha

Puc. 6.
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B3MVIsil OCOGEHHOCTH PacloJIOXKeHHs1 NMpPAMBIX B CHCTeMe, OCHOBAaHHOMH
lla THMOTe3e OCTPOro yrsa, Bcrpevatorces U y Jlambepra. OH, Kak u
(CakkepH, He cjeja/j 3ak/JIOYeHHs O JIOKHOCTH THIOTe3bl OCTPOTO
yria Ha TOM JIHIIb OCHOBAHHH, YTO 3TH OCOOEHHOCTH HAXOASiTCA B IPO-
THBODEUHH C HAIIHMH HarJsAAHbIMH IIPEICTaBJIE€HHAMH O CBOHCTBax
npsimbix. Ho B ominune or Cakkepu JlambGepr He cpenan OLIHOKH,.
GJjiarogaps KoTopoft Mor Gbl CuecTb THIOTe3y OCTPOro yria OTBeprHy-
Toit ¥ V mocrynaar, chejoBaTenbHO, J[JOKa3aHHbIM. JlamGepT Hurae
3 CBOEM COYMHEHUH He yTBepxaaeT, yTo V HOCTyJaT MM JOKasaH,
Il IIPUXOAMT K TBEPIOMY 3aKJ/IOUEHHIO, YTO M BCe JpyTHe INOMBITKH
13 9TOM HampaBJIeHHH He NpPHBeJNH K LeJH.

«JloKa3aTe/bCTBA €BKJAMAOBA MOCTyJaTa — numer Jlam6ept — Mo-
1'yT GbITh JOBEJEHBI CTO/b Ja/EKO0, YTO OCTAETCsl, NO-BHAUMOMY, HUYTOX-
nast Menoub, Ho npu TmaresbHOM aHalu3e OKa3blBaercsi, 4TO B 3TOH
KaxKylieficss MeJoud M 3aKJouaeTcsl BCS CyTh BONPOCa; OOBLIKHOBEHHO
0lla CONepXHUT JHO0 JO0KasblBaeMoe MNpefJioxkeHue, JH60 pPaBHOCHJIb-
UL €My MOCTYJIaT».

Bosiee Toro, pasBuBasi CHCTEMY CJEACTBHi THIOTE3bl OCTPOrO yr-
na, Jlam6epT o6Hapy)KHBaeT AaHAJNOTHI® 3TOH CHCTEMBI CO C¢epH-
NCCKOR reoMeTpHed M B 3TOM YCMaTpPHBaeT BO3MOXKHOCTb ee cylie-
CTBOBAHHUS.

«§l CKIOHeH jae AyMaThb, YTO TPeThA TMIIOTE3a CpPABEJVIMBA HA
Kaxkoi-nnbyap MHUMO# cdepe. JomxHa Xe O6bITb NPHYHHA, BCaAE]-
CTBHE KOTOPOH OHa Ha IJIOCKOCTH JaJeKo He IOAJaeTcss ONpoBep-
MCHHIO, KAaK 3TO JIETKO MOXeT OBbIThb CHeJaHO CO BTOPOH T'HIOTE30MH».

Mbl yBUAMM ganbiue, yTo JlamGepT 3ameyaTesbHO NMPEAYyBCTBOBAI
IICTHHHOE pelleHue Bompoca © V mnoctyjate. Bo Bcskom ciyyae oH
Jlasiee, 4eM KTO-1HOO JApYyroil J0 Hero, 1Iueld 1O MNPaBHJbLHO-
My nym.

. Cefiuac MBI OCTAaHOBUMCHI Ha HcclelnoBaHuaX Jlexanapa
(1752—1833) KOTOPHIH XOPOILO H3BECTEH CBOMMH paGOoTaMu B aHasn3e
Il MEXaHUKEe H OCTaBHJI TaKKe 3HAUUTEJbHBIH CJe]| B TeOMETPHHU.

Jlexkanap B TeyeHHe JJIHMTEJBHOrO BPEeMEHH MbiTalcs 10Ka3aTh V
1OCTYyJ1aT W ONyOJIMKOBaJ HECKOJbKO BAapHAHTOB €ro «I0Ka3aTesb-
crBa». XOTA HM OJMH H3 BapuaHTOB He OKasa/cs TPaBUJLHbLIM, BCe-
TakM paccyKaeHus JlexaHIpa NpeACTaBJSIIOT HHTEpeC, TaK Kak Bbl-’
SICIISIIOT CBA3b MexAy V INOCTyAaTOM M NpelJoXKeHHeM O CyMMe BHYT-
pCIHUX YIVIOB TpeyrosbHUKa. '

B reomerpun EBKsnza xopouio H3BeCTHO OCHOBAaHHOE HA HCNOJb-
soBaHuK V MoCcTysata JOKa3aTeJbCTBO TeOpeMbl, COIJIaCHO KOTOpOIi
CyMMa BHYTPEHHHMX YIJIOB TpPeyroJbHHKAa paBHa JBYMS NPSMBIM. *

JlexaHp npexzie BCero rnokasbiBaeT, 4TO, OOPATHO, €C/IH NPHHATH
0c3 [OKa3aTenbCTBa YTBepXKIeHHE, YTO CyMMa YIVIOB TPeYroibHHKA
paBHa ABYM MpPSAMBIM, TO V IOCTyJ]aT MOxeT ObITh AOKa3aH KaK Teo-
pema,
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Janee, uMes B BHAY MNOJNYYUTb JOKaszaTesnbCTBO V nocrysara Ges:
TOro, 4robbl BBOAHTbL HOBble MOCTyJaThl, JlexkaHap paccMmaTpupaer
TpH B3aNMHO HCKJIOUaloIIe APYT Apyra JONYIIEHUs

[. Cymma yryioB TpeyrojbHHKa GoJiblile ABYX MPSIMbIX.
I1. Cymma yrjoB TpeyrojibHuKa paBHa JIBYM MpPSAMBIM.

[1I. Cymma yryioB TpeyrosbHUKa MeHblle IBYX MPAMBIX.

IlepBoe 3 3TUX nonyuieHHH JleskaHAP TOUHBIM pacCyKAEHHEM NpH-
BOIMT K mporuBopeudto. Ecin 6wl emy ynasoce, He ucnoansys Vo ro-
CTyJ1aT, I[IPUBECTH K INPOTHBOPEUMIO TakKxKe U TPeThe  AONYIleHue,.
TO Oel10 OBl OKa3aHO, YTO CYyMMa YIJIOB TPeyroJbHHKa paBHa ABYM
NpSAMBIM U BMecTe ¢ TeM Obli Obl foKasaH u V nocrynar. OaHako rpu
CBEIEHHH K NPOTHBODEUMIO TPeThero JomylleHus JlexaHuap He3ameTHo
Juis ceb HCTOJB30BA OJMH U3 IKBHBA/NEHTOB V nocryJnara.

[Monoxutenebublit uTor pabotsl JlexkaHapa COLEp:KUTCS B CJAelylo-
MHX TPEAJIOKEHUAX.

[Tpennoxenune [. Ecan cymma yeros Kaxcdozo mpeyeoab-
HuKa pasHa 08ym npsamoim, mo umeem mecmo V nocmyasam.

Jlnsi nokasarténncTBa pacCMOTPUM MPOM3BOJNBHYIO MPSIMYIO @ H He-
KOTOPYIO TOUKY A, Jexatyio BHe 3ToH npsamo (puc. 7).

VA » o

7

Y] 5 4 a 4 —
" Puc. 7.

- [Tycte AB — neprneHANKYNAp, ONYLUIEHHBI! 113 TOuKH A Ha nps-
myio a. Ham usBecTHO, uTO npsivas a’, mpoxoxsias uepe3 Touky A
neprnenauKyJaspHo K oTpesky AB, He Bcrpeuaer npsamol a. HyxHo
1oKasarb, YTO BCsIKas Apyrasi mpsiMasi, IPOXoisjuas yepes Touky A,
nepecekaercsi ¢ npsiMoil a. CorJlacHO YCJOBHIO NMPU TOM J0Ka3aTe/lb-
CTBE MBI MOMKEM BOCIIOJb30BAaThCA TeM, YTO CyMMa YIJIOB BCSIKOTO
TpPeyroJibHHKa paBHA ABYM IPSIMBIM.

Ilycrs b — Hekortopasi mpsAMasi, Tpoxoisias yepes Touky A, n f —
OCTpBI yroJ, KOTOpHIH 3Ta mpsiMasi cocraBjsier ¢ orpeskom AB. [lo-
Ka¥KeM, YTO TpsiMasi b mnepecekaeT NPSMYI0 @ CO CTOPOHBEI OCTPOro
yraa. s 3TOoro Ha mpsiMOii @ CO CTOPOHBI OCTPOTO YIJIa MOCTPOUM
'Touky B, Tak, uTo0bl oTpe3ok BB, 6bl1 paseH orpesky AB. C Toil xe
CTOPOHBI OT TOUKH B, mocTpoum Touky B, Tak, uto6nl orpesok BB,
6ot paBeH oTpesky AB,, u T. i. Hakonen, nocrpoum Touky B, Tak,
uto6bl 0Tpe3oK B, _,B, 6bu1 paBeH otpesky AB,_;.

Paccmotpum  TpeyronbHuky ABB,, AB\B,, ..., AB,_.B,. Taxk
Kak Mbl JIOMYCKaeM, YTO CyMMa YIVIOB KaJOro Tpeyro/bHHKA
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paBHa JBYM TMpSIMbIM, TO B PpaBHOOEApPEHHOM TpeyroibHHkKe ABB,
I
BHYTPEHHHE yIVIbl IPH BepiuHax A u By paBHBL . .

Hanbiue, BHYTpeHHMH yron npH BepuiHHe B, B TpeyroibHHKe
ABB, sBjsiercsi BHeWHUM yIVIOM Tpeyrosabhuka AB;B,, a Tak Kak
TNIOCTIeIHUI TPeYrobHHK TaKXKe sBJAseTcss paBHOOEJPEHHbIM, TO €ero
BHYTDPEHHHE YI/Ibl, He CMeXHble C yrjaoM B,, paBHbl MeXAy co6oii.
Ho 13 clenaHHOro HamH JIOMYUIEHHs O CyMME YIJIOB TpeyrojibHHKa
BBLITEKAET, YTO BHEWIHHH yrosa TPeyrolbHHKAa pPaBeH CyMMe ABYX BHYT-
PEHHHX, C HHM He CMEXHbIX; MO3TOMY KaxAbli M3 BHYTDEHHHX YIJIOB

n
Tpeyronbunka AB.B, npu BepumHax A u B, pasen . [lporonxasn

npouece, Mbl HafijeM, 4TO BHYTpPeHHMH yroJ npd BepuwuHe B,
TpeyronbHuka AB,_,B, paseH

1 =n
DI
Orciona cnenyet, yTo
i1 I =
43443" —_—‘2_‘—27 . ".2—.
Tak kak B — ocTpLIfi yroa, TO Mbl MOXEM OJOXKHTL
p=z—¢
) = D) .
rae 0. Bpibepem uucJ0 n HaAcTO/MbKO GOAbLIMM, YTOObI ObLIO
I =
gt g <&

Torna 6ynem umers: f < £ BAB,,.

B sToM cayuae npsiMas b npoxoiuT Mexxkay cTopoHamu AB w AB,
TpeyronbHuka BAB, u, cnejoBatenbHO, 10/M:KHA HMETb OOLLYIO TOYKY
¢ npaAMOH @, 3aK/IOUEeHHYIO MeXIYy ToukamMu B n B,*). dtum nawe
yTBEp:K1EHHE J0Ka3aHo.

[lepeiinem Temepb K PacCMOTPEHHIO BOMPOCA O BO3MOXKHBIX 3Haue-
HUAX CYMMbl BHYTPCHHHX YIJIQB TpeyrosbHuKa. s yno5cTBa Ml
Oynem obosHauaTh uepes S (A) cymMMy BHYTPEHHHX YIVIOB TPeyrosib-
HHKa A 1 uepe3 D (A) pasHOCTb MeXAy INBYMS TNPAMBIMH yIJamyd W
CYMMOIO0 BHYTPEHHHX VIJIOB, TaK UYTO

D (A) = n — S (A);
MOCTEHIOI Pa3HOCTb MPHHSITO Ha3bIBaATb O0cheKmom mpeyeorbHuKa.
[Ipeanoxenue 1. B kaxdom mpeyeororike
S (A) < n.

*) Crporoe [0Ka3aTeabCTBO TMOC/TEAHErO YTBEPXJEHHS MOXKET ObiTb MNPOBELEHO
¢ nomollbio akchombl [lawa (cM. § 13).
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Jloka3aTenbCTBO OCHOBBIBA€TCS Ha C/EAYIOWHX JABYX JemMMax:
< . B kaxcdom mpeyeorbruke cymma 08yx BHYMPEHHUX Y208 MeHbLLE
08yx npamoix.

[1. [lra e6cakoco mpeyeosbHUKA MOXCHO NOCMPOUMb HeKOmopolls
HOBbUL MpeyeoAbHUK € maKod e Cymmol Yyaao8, 4mo u y 0aHH0e0,
u y Komopoco o0ur Yyeoa 6ydem no KpaiHeli mepe 8 08a pasza meHouie
Haneped YKA3aHHO20 Y2Aa OAHHO20 MPEYOALHUKA.

Lloka:keM 3TH JiIeMMBI.

[lepBag M3 HHUX HEMOCPEACTBEHHO BHITEKAET W3 IpelIOKeHUst
O BHYTpPeHHeM H BHeIUHEM yrJlax TpeyrojbHHKa. B camom jnene, nyctb
@ U P — BHYTpeHHKe YIJbl HEKOTOPOro TpeyrolibHHKa u o' —
BHEIKI yroJ 3TOro TPeyrojbHHKA, CMeXHBLIH ¢ yrjiom a. Torna

o+ o = m.

Ho BHewHu#i yron TpeyrojbHHKa GoJiblie BHYTpEHHEro, ¢ HHUM He
CMEXHOro. (JT0 NpejioXKeHHe, KAaK NOMHHT YUTaTelb, AOKa3bIBAETCs:
6e3 ucnosb3oBaHus V ﬂOCTyJIdTa) Takum obpasowm,
a'>f
H, CJIeJOBaTe/bHO,
a+p<m.
Ilns nokasatenbcTBa BTOPOH JIEMMBI PacCMOTPHM Kakof-HUOYIb
TpeyronbHUK ABC H nokaxeMm, 4TO MOXHO MOCTPOHTh HOBLIi Tpe-
, YTOJIBHHK C TOfl 2Ke CYyMMOIl yIr/ioB, yTo
g A" W paHHbIA, H y KOTOPOro GAKH yroa Gy-
JIeT 1o KpaiiHeli Mepe B [Ba pasa
MeHblle, Hampumep, yraa TMpH Bepuld-
He A naHHOro TpeyrosbHHKa (puc. 8).
Q6o3naunB 6ykBoit O cepeianHy cro-
pousl BC, coenuHum Touky A ¢ TOY-
kot O u nponoxkum orpesok A0 1o
Puc. 8. Toukn A’ Tak, urobnl Obiio AQ =
= QA’. Torna tpeyroabuuk AA'C 6y-
et oénana‘rb Tp66)eMbIM cBoiicTBoM. B camom gene, B COOTBETCTBHH
€ '0003HaUEHUAMH, NTOKA3aHHBIMU Ha pHUC. 8, HMeeM:
S(ABC) = a, + a, + f + yi,
S(AA'C) =0, + o' + v, + V..

N3 pasencrsa tpeyronbHukoB ABO u COA’, Kotopoe ycMaTpHBaeTcs
HernocpeJCTBEHHO, C/AENYeT, 4TO

a' =a, v,=2_.
Orciona npexzue Bcero BeiTeKaeT, uyto TpeyronbHukn ABC u AA’C
HMEIOT OIMHAKOBblE CYMMbI YIJIOB. ’
Ilaﬂee, BHYTpPEHHHE YIJIbl BTOPOTO TPeyroJbHHKA NpH BepllHHax A
# A’ B cymMMe COCTaBJISIIOT YroJi TpH BepuuHe A ‘nepBOro Tpeyrosnb-
Hika. [Tostomy oaMH H3 HUX [10 Kpained Mmepe B jABa pa3a MeHblie
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3apaHee oTMmeueHHoro yrna A tpeyroasHuka ABC, a 370 u HYXHO
OblLJIO JI0KA3aThb.

TlepeiiteM Tenepb K JOKA3aTeNbCTBY OCHOBHOTO IPELIOKEHHS,
Bynem npoBoaHTh 10Ka3aTeNbCTBO OT MPOTHBHOTO.

[Ipennosioxum, 4TO HEKOTOPHIH TPEYroJbHHK A.HMeeT CyMMy yr-
JIoB, OOMbILYI0 ABYX MpPsiMbIX, Tak uTo S (A) = n + e, roe &€ > 0.

OG6o3nauuM OJMH H3 BHYTPEHHHX YIJIOB TpeyrosibHHKa A Gyk-
Boii a. CorsiacHo JiemMe Il Mbl MOXeM HOCTPOHTb HOBBIH TPEYTOJbHHK
A,, Yy KOTOpPOro OfuH H3 BHyTpeHHPIX yIJoB o, OyneT no KpaiiHei
Mepe B 1Ba pa3a Menbuie a H S (A,) = S (A). Iloctpoum najee Tpe-
YyTOJAbHUK A,, y KOTOPOrO OAMH M3 BHYTPEHHHX YIVIOB L, MO KpaiiHeH
mMepe B 1Ba pa3a MeHblue o, U S (A,;) = S (A,). Ilpononxas Tor xke
npouecc, NOCTPOUM TPeYyroJbHUK A,, y KOTOPOro OAMH U3 BHYTPEHHHX
YIJIOB @, MO KpaiHeil Mepe B [Ba pa3a MeHblle, YeM &, _,, U S (A,) =
= 8 (A,_1). Takum obpasom:

SA)=n+e n ang%.

) e a
BuiGepeM n HacTonbko GOabLIMM, YTOGHL OBLIO =< & H, creno-

BaTe/bHO, 0., << &. Ho Torma cymma nByX ADYTHX BHYTPEHHHX YIJIOB
TpeyronbHHka A, oxaxercs GoJblueli U, YTO NPOTHBOPEUHT
sgemme 1,

[pennoxenue II Tem cambiM 10Ka3aHo.

Wrak, He onupasce Ha V nocmyaam, MONCHO ymeepicdams, 4mo
CYMMA BHYMPEHKHUX YeN08 MPEYSONbHIKA He Nnpesbiluaem 08yx NPAMbLX.

3TO 06CTOATE/NBCTBO OKA3bIBAETCA UPE3BbIYAHHO CYINECTBEHHBLIM
Ana  jajbHEeHLero.

Cnenys Jlexanapy, Mbel MOKaxeM Tenepb 6e3 HCIO/b30BaHMA
V nocrynara, uto ec/qu NMPENNoNOXKHUTb XOTS Obl A5l OLHOTO TPEYroJib-
HHKa CYMMy BHYTPEHHHX YIVIOB PaBHOH JBYM TpSIMbIM, TO OTCIOlA
OyleT BbITEKaTb, YTO M B KaXX/OM APYIOM TPeyroibHHKE CyMMa BHYT-
PEHHNX YIVIOB TaKKe pPaBHA JBYM NPSMBbIM.

[lpenBaputTen-HO yCTAHOBUM HECKONbKO JIEMM.

Jlemma 1. Ecau mpeyeonorux ABC mpanceepcassto BP  pas-
Oesen Ha 0d6a mpeyeosvHuKka, mo Oegpexm mpeyeoavruka ABC pasen
cymme Oegpexmos mpeyeororukos ABP u BPC.

JlokaszaTesnbCTBO yCMATPHBAETCS HENOCPEACTBEHHO. B camom nese,
B COOTBETCTBUH € OGO3HAuYeHHAMU PHC. 9

D(ABP) =n — (@ + B, + 61,
DBPC) = . — (B, + 8, + y).
Orclona

D(ABP)+D(BPC)=2n—(a+ﬁ, + B2 + ,+6
=n—(@+p+P.+v) = DABC).
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Jlemma II. llyemo daner 0sa mpeyeorvhuka ABC u AB,C,,
y Komopeix eepuiuHor A coemewyensl, a éepuwiunst B, u C, emopozo
mpeyeoabHUKa Aexcam coomeemcmseeHHo Ha cmoporax AB u AC nep-
8020. Toe0a Oegpexm emopoeo mpeyeorbHuKa He npesviuiaem Oeghekma.
nepeoco mpeyeorsrurka (puc. 10).

JlokasatesnbCTBO HEMEJJIEHHO MOJNYUYaerTcsi C MOMOILbIO TpelioKe-
nus 11w npeabiaymefi nemMMel.

g
v ¢ A C; c

Puc. 9. Puc. 10.

B camom pmene, coemmHum Toukw B u C;; Toraa, Ha OCHOBAaHUW
TIpeblAyLeH JIEMMBI,

D(ABC) = D(AB,C,) + D(B,BC,) + D(BC,C).

Ho us npemnoxenus I1 cnexyer, uto nedekT kaxaoro TpeyroabHuKa
€cTb JIHOO MOJIOXKUTEIbHOE UHCI0, NHG0 Hyab, OTCIOfa U U3 TOABKO
YTO HANHCAHHOTO PABEHCTBA HMEeM:

D(AB,C,) < D(ABC).

Jlemma IIl. [lycmo Oaret 08a npamoyeosvHolx Mmpeyz0abHUKA.
ABC u A’'B'C’, npuuem xamemor AC u BC mpeyeorvruxa ABC coom-
sememsero 6oabtie kamemos A'C' w B'C’ mpeyeoivrnuka A'B'C’.
Toeda, ecau cymma sHympeHHux yeroe mpeyeorvruka ABC  pacha.
O8YM  NPAMBIM, CYMMQ BHYMPEHHUX Yyero8 mpeyeoavHuka A'B'C’
maxoce pasHa 08Ym NpPAMbLM.

Ilna JokasatelbCcTBa nepemecTHM TpeyroabHuk A'B'C' rak,
yTo6bl ero Bepwuna C’ cosnana ¢ C, karer A'C’ pacnosoxuiacs Ha
karere AC u Kater B’C’ — na karere BC tpeyroashuika ABC. Toraa,
COTJIaCHO Tpeablayluefi JeMme

D(A'B'C’') < D(ABC).

Ho rtak kak mbi npeanosnoxuin D (ABC) = 0, a coryiacHo mnpenJoxe-
unio Il D(A'B’C') >0, To u3 npeabAyLlero HepaBeHCTBA TOTUAC
Buitekaer: D(A'B’C’) = 0, uTo U HYXKHO ObLIO 0Ka3aThb.

Jlemma V. Ecau cymma SHYymMpeHHUX Yyeno8 HEKOMOpo2o nps-
MOY20AbHOSO ~MPeyeorbHUKA PABHA 08YM NPAMBIM, MO CYMMA Y2i08
6CAK020 NPAMOYS0AbHO20 MPEY20AbHUKA MAKHCE PABHA  08YM NPAMOLM.



§ 8] 2. OThI# MOCTYJIAT 27

Paccmorpum JBa mpsiMoyrosbHeix Tpeyronbiuka ABC w A'B'C’.
Tlycrs mao, yto cymma yrios tpeyroibhuka ABC paBha jBym nps-
mbiM. JlokaxkeM, uTo cymMma yrjios tpeyronbiuka A’B’C’ Takixe pas-
Ha aByMm npsimbiM. Ecan katetel AC u BC nepBoro TpeyroabHHKa
AJIMHHee COOTBeTCTBEHHO KateToB A'C’ u B’C’ BTOpOro, TO l0oKa3aTelb-
CTBO VTBepKJeHHs cpa3y aaercsa Jemmoii I11. Ecan xe xorsa 6bl oauH
u3 KaretoB Tpeyrosbinka ABC kopoue Katera tpeyroabhuxa A'B'C’,
TO s [0Ka3aTeJbCTBA JEMMbl Mbl TOKaXeM, YTO MOXHO IO-
CTPOUTL - HEKOTOPLIH HOBBIl NDPSAMOYTONBHBIH TPeyroibHHK, CyM-
Ma yraoB Kortoporo, kak 'y ABC, Oyzer paBHa IBYM MpAMBIM H

Puc. 11.

KaTeTbl KOTOPOTro.GyAyT KaK YTOILHO BeJTUKH. JLs1 3TOrG IPHJIOKHM
K TpeyroibHuKy ABC paBHBIH €My TPeyroNbHUK Tak, 4TOGHI €ro HIo-
‘TeHy3a COBMECTHJAach C THNOTeHY30H TpeyroibHuka ABC u uToGbl
B [OJYYEHHOM IIPH 3TOM 4YeTHIPEXYTOJbHHKE PaBHLIE CTOPOHBI OKasa-
JIUCb NPOTHBONONOXKHEIMH, O6G03HAYHM BEPLIHHY MpPSMOrO YIJIa MpH-
JIOMEHHOTO TpeyrosbHuka 6ykeoi D (puc. 11). Tak kak cymma BHyT-
PEHHHX YIJIOB KaXJOro H3 MNpPSAMOYTOJbHBIX TpeyroibHukos ABC
v ABD paBHa 1BYyM NpSAMBIM, TO, OYeBHAHO, BCe BHYTPEHHHE YIVIb
yersipexyronbHuka ACBD 6yayT npsimble.

[Nepememas ABCD, Mbl CMOMKEM «3aMOCTHTBY MJIOCKOCTh PaBHLIMH
MpsIMOYro/IbHHKAMH TaK, KaK 3TO MOKas3aHo Ha puc. 11.

Jlerko BUJETb, UTO YaCThb MJIOCKOCTH, MOKAa3aHHAs Ha 3TOM uepTe-
Ke, NpencTaBjsieT Co0oii mnpAMOyroabHuK. Pasjaenus 3TOT mnpsiMo-
YrOJbHHK JAMaroHa/lblo, Mbl TOJIYYMM [Ba PABHBIX MPSIMOYIOJIBHBIX
‘TPEYTONIbHHKA € CYMMaM{ YIVIOB, PaBHbIMH JABYM NpsiMbIM. Karersl
STHX_ NPAMOYTOJNbHBIX TPEYrOJBHHKOB, OYEBHAHO, MOT'YT OBITh clie-
JIaHbl KaK YIOLHO AJMHHBIMUY),

Takum of6pa3oM, [EeHCTBUTENBHO OKAa3biBAeTCSi BO3MOMXKHBIM  I10-
CTPOUTL TPSIMOYTOJIBHSIE TPEYTOABHHK € CyMMOA YIVIOB, paBHO

*) 3pech ucnoabsyercs akcHoMa Apxumeaa (om. § 4).
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JBYM NpsAMbIM, M c Kdferamu, OOJNBLUIMMH KaTE€TOB NPSIMOYTOJLHOT®
Tpeyroabhnka A'B'C’. Otciona u u3 semmbl I11 cienyer, uyto cymma
yrioB (MpOH3BONBHO BbIOPAHHOIO) NPSMOYTOJIbHOTO TPeYrolbHHKA
A'B’C’ paBHa ABYM NpPSMbIM.

Tenepb, onupasicb Ha MOCAENHION JEMMY, Mbl HMEEM BO3MOMKHOCTD.
JI0Ka3aTh BbICKA3aHHOE BhbIlLe MDPEJJIOKEHHE.

[Tpennoxenue III. Ecau cymma yeroe xoms 6vt 00HO20
MpeyeoNbHUKA PABHA O8YM NPAMbIM, MO CYMMA Y2A08 BCAKO20 Mpe-
Y2ONbHUKA MAKJICe pasHa O08YM NPAMbIM.

[Tycts manbt nBa Tpeyroabhuka ABC u A'B’'C’ w usBecTHO, uTO
cymMma yraoB tpeyroasiuka ABC paBHa aByM npsambiM. Jlokaxew,
YTO CyMMa YIJIOB TpeyroibHuka A'B’C’ TakiKe paBHA ABYM IPSMbIM.

[ToctpouM BBLICOTHI [JaHHBIX JABYX TpeyroJbHukeB. Kaxiplii un3
HUX OyIeT uUMeTb, 110 KpalHeil Mepe, OAHY BepLIHHY TaKylo, YTO OMy-
IIeHHAs M3 Hee BhICOTA HMEeT OCHOBaHHe, Jiexailee BHYTPH MpPOTH-
BOIOJIOXKHOH CTOpOHbI. Be3 yuiep6a [asi OOGLIHOCTH MOXHO Mpearno-
JIOXKHTb, YTO TaKOH BeplWHHOH y TpeyrojbHHKa ABC sBiserca Bep-
muHa A u y Tpeyroibuuka A’'B’C’ — pepumuHa A’ (3TOoro Bcerna
MOXHO JOGHTBLCSI COOTBETCTBYIOUIUM BbLIGOPOM 0OO3HAueHU ).

O6o3HaulM OCHOBaH¥e BLICOTHI, ONYIIEHHOH M3 BepuwHHbl A Tpe-
yronbauka ABC, 6ykBoii P 1 OCHOBaHWE BLICOThI, ONYLIEHHOH M3 Bep-
wuHel A’ Tpeyroabnuka A’B’C’, 6ykso#i P’. CorsacHo jemme 11

. D(ABP) < D(ABC):;

no ycaosuio D(ABC) = 0; a Tak kak, corjacHo npepjioxenuio II,
D(ABP) = 0, o 3akmouaem, yro D(ABP) = 0.

Taxum o6pa3om, NpAMOYro/bHbI TpeyronbHHK ABP nmeer cymmy
yIJIOB, paBHyl0 IBYM npsmbiM. Toraa, corsacHo JemMe [V, kaxabiid
NpsIMOYTOJAbHBIA TPEYroJbHHK HMeeT CYMMY YIJIOB, PaBHYIO ABYM
npsameiM. Ho, no semnme I,

D(A'B'C’)y = D(A'B'P’) + D(B’'P'C’);

Tak Kak tpeyroibHukd A'B'P’ u B’P'C’ npsamoyroabHble, To, IO
TOJNILKO 4TO AoKasanHomy, D(A'B’P’) =0 u D(B'P'C’) = 0.

Takum o6pasom, D(A'B’C’) = 0, n, cienosatenbiio, CyMMa BHYTpPeH-
HUX YrJoB TpeyroabHuka A’B’C’ paBHa aBym npsameiM. [Ipeno-
XKeHue J0KaszaHo.

YcranosuB npennoxenus I—II1, MoxHO nonbiTaThCs HOKa3aThb,
YTO CyulecTByeT XOTsl Obl OAMH TPEYrOJbHHK C CYMMON BHYTPEHHHX
yrJioB, paBHO# ABYM npsiMbiM. Ecam 6wl 310 neiicTBrTeNbHO yAanoch
AoKa3aTtb, TO, COracHO npeajoxenuio III, Torma Kaxablii Tpeyrosib-
HHK HMen 6Gbl CyMMY BHYTPEHHHX YIVIOB, PaBHYIO ABYM NpSIMbIM, H,
no npexnoxeHuto I, Toraa nmen 6u Mecto V mocrynar.

BoT oauH npuMep MHHMOIO AOKa3aTelbCTBA.
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Tlycth naH OPOM3BOJLHBEIA OCTPEII yron ¢ BepmHHOi B Touke O
(puc. 12). Bo3bMem Ha ofHOHl M3 ero CTOPOH KaKylo-HHOyIb Touky B
H ONyCTHM M3 Hee neprneHAukyasap BA Ha gpyryio cropony. CornacHo
npenjoxennto Il cymma yrioe TpeyronsHHka OAB He mpeBblmaer
IBYX npAmelx, T.e. D(OAB) = 0.

st 1oCTHKEHHS UeJNH LOCTaTOYHO NOKa3aTb, YTO He MOXET ObiTh
D(OAB) > 0.

g Vi ﬂ, A}n

Puc. 12.

Honyckasa mnporusonosnoxHoe, noaoxum D(0OAB) = e > 0. Ilo-
cTpouM Ha cTtopoHe OA naHHoro yria Touky A,, TakK, 4ToGH ObLIO
0A = AA,. Coequnum Touky B ¢ Toukoii A, u BoccTaBuM B Touke A,
nepnenaukyasap k npsmoii OA. Touky mnepeceueHus TOro nepreH-
AukyJaspa c npamoi OB o6osnauuM 6ykeoii B,. CorsacHo Jjemme L

D(0A,B;) = D(OAB) + D(BAA,) + D(BA,B,).

Ho nerko Buzern, uro Tpeyronbiuk OAB paBeH TpeyronbHuky BAA,
H, CJlelloBaTeNbHO,

D(0AB) = D(BAA,) = .
OTCI‘O}la H K3 npeablayuiero paBeHC’I‘Ba
D(0A,B,) > %e.

Tloctpoum Teneps Ha cropode OA nanHoro yraa Touky A, Tak, utoBsr
6e10 OA, = A,A,. BoccrasuM B Touke A, nepneHauKyJasp K NpsiMoil
OA u oBosnauum OYKBOH B, TOUKY nepeceyeHHsl 5TOTO MEPNEHIUKY-
aspa co croporoil OB. M3 paccyxaennil, aHaJOrHYHBIX NPEABIAYUIHM,,
6yJeT C1el0BATh, YTO

D(0A.B,) = 4e.
[Mponomxkas nporecc, Mel nOCTPoHM TpeyroapHUK OA,B,, nedexT

kotoporo GyeT yAoBaeTBOPATh HepaBeHcTBY D(0A,B,) = 27¢. Bribu-
pas n JocTaToyHo GOJIbIUMM, Mbl CMOXKEM YAOBJETBOPHTb HEPABEHCTBY
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2"e > n. OnHako MO CamMOMy CMbICJY CBOEro ONpepeneHusi nepekT
“TPeYToJIbHUKA He MOXKeT ObITb GoJiblle T,

Takum obpasom, ponyckas, yto & > 0, Mbl NPHLUIH K NPOTHBOpe-
ynio. TeM cambiM yCTaHOBJeHO, 4To fAedekT TpeyrombHHka OAB pa-
BCH HYJIO, T. €. CYyMMa YyIJIOB 3TOr0 TpeyrolbHHKa paBHAa IBYM mps-
MbIM. Bmecre ¢ Tem nokasan V nocrynar.

Cnaboe MecTO 3TOro pacCyXjaeHusi JIErKO YCMOTpeThb. KiMenio:
paccyxjeHre Obl1o Obl BMOJHE TOYHLIM, ecad Obl OBLIO J0KasaHo,
4TO TepNeHJNKYJsiphl, BoccTaBaeHHble K npsMoii OA Bo Bcex Toukax
A,, A, n 1. 4., BcTpeuatoT npsamyio OB. Mbl, 01HAaKO, HCMO/Nb30BAIH
“TOYKH By, B, v T. 1., He YCTaHOBUB WX CYLIECTBOBAHHS, JOBEPAs Ha-
TJI1AHOH OUeBHIHOCTH.

Tounblil anann3 ofHapyxHUBaeT, uTO [NOKa3aTeNbCTBO CYIIECTBOBA-
HHUS Touek B,, B, n T. 1. 63 ucnonb3oBaHus V nocryjata He MOKET
OLITh TPOBEEHO (Mo3jHee 3TO OyaeT NMOAPOOHO BbISICHEHO).

Takum o0pa3oM, IpOBeIEHHOE PACCYXKAEHHE OTKPbIBAeT JHIIb
HEKOTOpbI/i HOBbiH 3KBHBaJieHT V rmnocrynaata. ITOT pe3yJibTaT Oymer
B AaJibHEHIIEM CYLIeCTBEH, W NO3ITOMY Mbl CGOPMYJNHPYeM €ro B BHAE
OTJ€/bHOrO NpeNsoKeHHS.

[Tpennoxenue IV. Ecau cywecmeyem ocmpetii- yeoa maxoii,
4mo nepneHOUKYALp, B0CCIMABAEHHbIL 8 000U MmouKke OOHOL e20 Cmo-
poHbL, ecmpedaem Jpyeyro CMOPoHy, mo umeem mecmo V nocmyram.:

JIerko ycMoTpeThb-TECHYIO CBSI3b MEXJy paccyxleHusiMH Jlexarapa
n paccyxaedusmu Cakkepu u Jlambepra.

B camom gene, Tpu ponyiieHusi Jlexxaumapa o BO3MOXKHBIX 3Ha-
YEHHIX CYMMbl YTIJIOB TPEYroJibHHKa COOTBETCTBYIOT TMIOTE3aM Ty-
noro, npsiMoro u ocrporo yraa Cakkepu.

Eciu pomycTuTe AN HEKOTOPOTO yeTbipexyrosbhuka Cakkepu
THMoTe3y TYMOro yrJja, To, pasjensis 3TOT YeThIpeXYroJibHHK JAna-
roHajb!0, Mbl NMOJAYUYUM JBa TPeyroJbHHKA, H3 KOTODHIX MO KpaiiHei
Mmepe OofHH OyJIeT UMeTb CyMMy YTJOB, 00Jbliyi0 IBYX npambix. M o6-
paTHO, €CJH JOMYCTHTb, YTO CYMMa YTJOB TpPEyrojsbHHKa G6ojblue
JBYX TPSIMBIX, TO NMPHIETCA MpPHHATb rumnoresy Ttynoro yraa Cak-
KepH.

[Tpennoxkenue II, Takum o6pasoMm, BbIpaXaeT M pPp oOTH B O p e-
YHBOCTbL ’'MNOTE3b TYNOTO Yyraa.

Ecnn nmpenarnonoKutb, YTO CyMMa YIJIOB TPEYToJbHUKAa MeHbile
JIBYX MOPfMBIX, TO, OUEBMAHO, A/IS KaX<IOro 4yeTbipexyroibHHka Cak-
KepH MpHAETCS MPHHATb rumoredy octporo yraa. M obpatHo, ecan
‘TIPHHATb XOTsl Obl J/s OAHOro uerblpexyrosnbuuka Caxkkepu riu-
1oTesy oCTporo yrsa, To, pasOuUBaf 3TOT YeTbIPeXYTObHHUK AHa-
roHa/jbi0 Ha JiIBa TpeyrolbHHKa, Mbl HailleM, YTO 10 KpaHHeH Mepe
O[lMH U3 HUX MMeeT CyMMY YIJIOB, MeHblUyio AByX npambix. Ho Toraa,
KakK 3TO CJeyeT W3 MpeiblIyLHX NpPe/NTOKeHHH, KaXKIblil TPeyrofb-
HHUK OyJeT uMeTb CyMMy YIJIOB, MCHbLIUYIO ABYX NPsAMbLIX, H, CleAo-
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BaTe/lbHO, YTJIBI I1IPH BepXHEM OCHOBAHUH KaXKIOro UeTHIPEXYTOoJb-
Huka Cakxepn OyLyT OCTPBIMH.

TakuM 06pa3oM, MOXKHO YTBEPKAATb
- IIpennoxenue V. Ecau npuname eunomesy ocmpozo yead
041 00HO20 wembipexyeorvHuka Caxkepu, mo, mozda ee HeobOxX00uMmo
omHecmu u K Kaxcdomy wemsipexyeorvrury Caxkepu.

Hakonew, w©enocpeiCTBEHHO YyCMaTpHBaeTCs, UTO eunemesa nps-
Moeo yena Carkepu u Oonywerue Jlexcanopa o cyujecmsosanuu mpe-
Y2OAbHUKA C CYMMOLL Y2a08, PABHOLL 0BYM RPAMbIM, 8 OOUHAKOBOL crmeneHu
axsusarenmrol V nocmyaamy.

Hecmorpsi Ha MHOrokpaTtHble nOMbITKH, JleKaHApy He yaanoch
JI0Ka3aThb, UTO HE CYIIeCTBYeT TPEYroJbHHKa C CYMMOIl YI/10B, MeHblIeH
IBYX mpsaMblX, Kak H CaKKepH He y1aaoCh CBECTH K NPOTHBOPEUHIO
TUNOTe3y OCTPOro yrja. B mocTpoeHnn :Ke CUCTEMBI CIeACTBHE M3
runore3, orBepratowux V nocrynar, Cakkepu u Jlambept nponsu-
HYJIMCh ropasfo nanblue, yeM JICKaHap.

Crnenyer 3amMeTuTh, 4To npeanoxenus [—II1 Oblan H3BECTHBL U A0
Jlexxannpa. Bo Bcsikom cayuae kak CakkepH, Tak H JlambepT Xxopotio
3HaJIM .0 3aBHCHMMOCTH MeXAy V TOCTYJaTOM H YTBePXKIAGHHEM, YTO
CyMMa YIJIOB TPeyrojbHHKa paBHAa [ABYM MPSMbIM.

[Mpensnoxenuss I—III cBaspiBalor ¢ mmenem Jlexanapa no Tpa-
QMUMH, Tak Kak 3TH MpeftoxeHus JlexaHnpoMm chopMyaupoBaHbl
0COGEHHO OTUETJIHBO M MOJYUYMJIH H3BECTHOCTbL HMeHHO OJaroaapa ero
paboran.

3. H. HU. Jlo6auescknii n ero reometpus

§ 9. o navana XIX croserdsa HH OfHA M3 MONBITOK J0Ka3aThb.
V moctysat He npuBena K Kenaemomy pesysbrarty. Hecmorpst Ha ycu-
Jlisi TeOMeTPOB, NOTpavyeHHble HA MNPOTSXKeHHW OGojee ueM ABAIILATH
BEKOB, 3ajaya OOOCHOBAHHMA TEOPHH mNapasebHbiX, MO CYLLECTBY,
ocTaBajach Bce B TOfl Ke CTaguM, Kak M BO BpeMeHa EBkJjuaa.

Ho nepsble xe necsituserns XX Bexa npriHec/Hd, HAKOHel, pe-
weHue npobsembl V MOCTyJaTa; "TOAbKO pelIeHHe 3TO 0Kasaaoch
T4KHM, KaKOTO He X/1an H K KaKOMy He 6bll MOArOTOB/JEH MaTeMaT-
YeCKHH MHUD TOH 3MOXH.

CnaBa peweHds 3TOH 3HaMeHHTOH nNpobGJeMbl MPHUHALNEKHUT MPO-
teccopy KasaHckoro yuusepcutera Hukonaio Hpanosuuy JloGa-
ueBckoMy (1793—1856). B ero poknage ¢u3nMKO-MaTeMaTHUYECKOMY
takyabrery Kasanckoro yuusepcurtera (11 deBpans no crapomy
crumo 1826 roma) u B counHenusix*), nyOIMKOBaBIIMXCA, HauHMHAsA

.

*) Cm. H. . JTo6auescxkuii, [Nonroe cobpanne counncnnit, ocrexusaart.
INoapoGurle cBefenns o xu3nu H nestenbnoctd H. M. Jlo6auerckoro unratens Haijer
B kHure B. ®, Karaua «Jlo6ayesckuii», M3p. AH CCCP, M.— J1., 1944.
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< 1829 r., BnepBble OTUETJINBO BblpakeHa H MOATBEPKAEHA MBIC/b
0 ToM, uT0 V nocmyaam we moxcem Obimb 66i8¢0eH U3 OCMAALHBIX ROCILY-
aamos eeomempuy. Ytobbl nokasaTb 310, JloGaueBCKHE, COXpaHss
OCHOBHble NOCHIIKM EBKaHZa, KpoMe INOCTysnaTa O MNapajiienbHbIX,
JIONyCKaeT, YTO MOCTY/aT O NapaJje/bHbX He OCYLIeCTBJ/IsSeTCs, U CTPO-
_UT JIOTHYECKYIO CHCTEMY, NpeasoKeHHs KOTOpOii fIBJAAIOTCH CJelCTBH-
SIMH TIPHUHATBIX MOCBIIOK.

MHorue u3 npensioXxeHuil, Koropble nodyuus JloGaueBcKuit, BCTpe-
yanuch y Cakkepu u JlamGepra npu pa3BUTHM THIOTE3bl OCTPOro
yria. 2T0 M NOHATHO, TaK-Kak rHnore3a octporo yria Cakkepu d
HCXONHbIE NMOCHIKY JloGaueBckoro skBuBajeHTHbl. Ho B TO Bpewms,.
kak “Cakkepu CTaBuJa cefe LeNbl0 MOKas3aThb, YTO T'HIIOT€3a OCTPOro
yrja BeleT K NPOTHBOPEYHI0 H AOJIKHA ObiTh OTBEPrHYTa KakK JIOTH-
YyecKu HenonycTHmasi,— Jlob6aueBckuil, pa3BuBasi CHCTeMy CBOHMX TeO-
peM, YCTaHaBJHBaeT, YTO 3Ta CHCTeMa IMpeicTaB/ifeT Cco60H HOBYIO
reoMerpHio (OH HasBaJs ee «BooGpakaemoi»), kKoTOpasi, Kak M €BKJiH-
JIoBa, CBOGOAHA OT JIOTHUYECKHX MPOTHBOPEUHIl.

" Boo6paxkaemyio reomerpuio - JloGaueBcKHii pa3BHA 10 TAKUX Ke
npenesoB, 10 Kakux Obula pasBura reomerpus EBkaupa. [lpu stom
JloGaueBckuil He BCTpeTHs B Hell KAaKUX-JHGO JIOTHUECKHX MPOTHBO-
peunii. OIHAKO OH OTJIHUHO NOHUMAJ, YTO 3TO OGCTOATENBLCTBO CAMO
1o ce6e He JoOKasbiBaeT, uto BooGpaxaemasi reomerpusi AefdCTBHTeNb-
HO HENpPOTHUBOpEeuYHBa, TAK KaK eClH MPOTHBOPEUYHs HMelTcs, TO 3a-
paHee HeJb3sl IpelBuUfeTb, HAa KaKOf CTaAHH pa3BepTbIBaHHA CHCTe-
Mbl OHH MOTYT OOHapyXHTbCs. YUrToObl 10Ka3aThb HENPOTHBOPEUHBOCTh
cBoeii reomerpuu, JloGaueBCKHii  npeanpuHHAJa Taybokuil  aare-
6panyecKHH aHa/NH3 OCHOBHLIX ee ypaBHEHHH W TeM CaMbIM Jan pelie-
HHE 3TOrO BOMPOCA B Takoi Mepe YLOBJETBOPHTEIbHOE, B KaKOH 3TO
OblI0 BO3MOXKHO A/ TOTO BPEMEHH. ’

JlokasaTe/qIbCTBO HENPOTHBOPEUHBOCTH reomeTpuu JloGaueBcKoro
Ha COBpeMEHHOM YpOBHE CTPOrocT AaHo B Kohue X I1X Beka mocse yc-
TaHOBJIEHHS OOUIMX MPUHUMIOB JOTHYECKOTO OOOCHOBAHUS FeOMeTpHH.

Peaysbrathl HcciienoBanuii JloGaueBCKOro MOXKHO pe3lOMHPOBaThb
‘c/eqytomumM o6pa3om:

1. Ilocmyaam o napaaresvuolx He f8aAsemcs HeoOX00UMbIM CAeD-
CMBUeM OCIAAbHbIX NOCMYAAMO8 2e0Mempuu (KaK 2080pAM, A02UMECKU
OMm HUX He 3agucum).

2. V nocmyaam nomomy UMeHHO He 8bimeKaerm U3 0CMAaAbHbIX NOCHY-
Aamos, 4mo Hapady c eecomempueli Esxauda, 8 komopoi smom nocmy-
Aam 8eper, 803moxcHa Opyeasn, «Boobpasxcaemany eeomempus, 8 Komopod
V nocmynam re umeem mecma.

JloGaueBckuii Obl1 yueHbIM-MaTepHalIHCTOM. MaTepuanucTuyeckue
B3I/l OH $IBHO H HACTOHYMBO BBICKA3blBaJ B CBOMX COYHHEHHSX.
On 6e30roBOPOYHO OTBEpraj BO3MOXHOCTb ANpPHOPHHIX  3HAHHUI,
B 4aCTHOCTH, KAHTHAHCKHHA TE€3HC O TOM, YTO HALIKW MPOCTPAHCTBEHHLI®
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npejCTaBJeHHs SBJASIOTCS BPOXKIEHHBIMH H He HMEIOT ONBITHOTO MpOHC-
xoxjeHus. «[lepBbie NOHATHS, C KOTOPBIX HAYMHAeTCsl KaKas-HUGYAb
Hayka,— numer Jlo6aueBCKHi,— JOMKHBl ObITb SICHBI W IPHBEIEHHI
K CaMOMy MeHbIIeMy yHcay. Torfa TolnbKO OHH MOTYT CJYKHTb NpOU-
HEIM H IOCTAaTOYHBIM OCHOBaHHMEM YyueHHUsl. Takue MOHATHs NpHOGpe-
TalOTCH YyBCTBAMH; BPOXKIEHHBIM — He JOJ/KHO BepuThb» («O Hauajnax
reoMeTpuu», 1829).

Jlo6aueBcKHi TrJy6GOKO W TOHKO TMOHHMAal COOTHOLIEHHE MeX1y
reomerpueil EBkiuga U cBoeil HeeBKJIHJOBOH reomerpueil: ofe reo-
METPHH JIOTHYECKH HENPOTHBOPEUHBbI, U MOITOMY Ge3HafleKHbI BCAKHE
TIONBITKY JIOTHYECKH [0Ka3aTb, YTO eJHHCTBEHHO HCTHHHOH sBJseTCS
TO/MBKO TepBas M3 HHX; BOIPOC Xe O TOM, KAKas M3 THX reoMeTpHi
GoJjlee COOTBETCTBYET CBOHACTBAM peajbHOrO NPOCTPAHCTBA, JHOJ/IKEH
OBbITH pelleH ONBITOM.

«B MoeM couHMHeHHH O Haua/nax reomerpuu,— numer JloGaues-
CKHi,— 51 JIOKa3biBajJ, OCHOBLIBasiCb HAa HEKOTOPBHIX aCTPOHOMHUYECKHX
HaOJ/IIOIEHUSIX, YTO B TPEeyrolibHHKE, KOTOPOro 60Ka MOYTH TaKOBbI, KaK
paccrosinue ot 3eman g0 CosHua, CymMMa YIJIOB MOXET PasHHUThCS OT
IBYX 1psiMbix He Gosee 07,0003 B mIeCTHHECATHUYHBIX CEKYHIaX Tpa-
ayca. Ilpernosnoxenue ynorpebutenbHoli ['eomerpuu Hano6HO, cieno-
BaTeJbHO, MOYHTATb KaK OBl CTPOro NOKAa3aHHbIM, a BMecTe ObiThb yO6e-
JKIEeHY U B TOM, UTO HE3aBHCHMO OT OMNbITA, HANpPAacHO GblI0 Gbl HCKaTh
JIOKa3aTesNbCTBA Ha TAKYIO UCTHHY, KOTOpas ellle He 3aKJIOYaeTcs cama
€o00I0 B HallleM MOHATHH O Tesax» («Boobpaxkaemasi reomerpusy», 1835).

JlobaueBcKHii HasbiBajs reomeTpuio EBK/IMAa «ynoTpe6HTeNbHOM»,
a CBOI0 — «BOOGpaxaeMoi». 3T0 He O3HAuaeT, OJHAKO, YTO OH CYMTaJ
CBOIO T€OMETPHI0 3aMKHYTOH B cebe YHCTO JIOTHUECKOi cHcTeMoH. Jlo-
faueBCKHH ycmaTpuBajJ B HeH MOJe3HBIH HHCTPYMEHT MJis Marema-
THYECKOro aHajH3a ¥ B 3TOM IJIaHe HamucaJj obwupHyio pabory «Ilpu-
MeHeHHe-BOOOPaXKaeMOH IeOMETPHH K HEKOTOPHIM HHTerpasam» (1836).
HutepecHo oTMeTHTb, 4YTO B TabaHLAX ONpeleseHHbIX HHTerpanoB
Buepenc gme XaaHa (neyaTaHue KOTOPBIX HAyaJoCh €lle NPH KH3HH
JloGaueBckoro B 1853 r. u 3akoHuus0Ch B 1858 r.) conep:KuTcsa CBHILIE
200 unTerpasnoB, KOTOpbie OBbIIM BHIYHCIEHBl M ony6juKOBaHB JloGa-
yeeckuM*). B HacTosiulee BpemMs H3BeCTHbI [Vy6OKHEe CBSI3H I'eOMETPHH
Jlo6aueBckoro ¢ pasHooOpasHBIMH pasfenaMd MaTeMAaTHKH, 8 TaKxe
TeopeTHYeCKoH (pH3HKOH.

Hnen JloGaueBCKOTO COBPEMEHHBIM €My reoMeTpaM KasajuCh Ma-
pafoKCa/bHBIMH M BCTPETHJIH TO/AbKO HpOHHIO. -IloHATH M OLEHHTH
ero patoTbl MOTJIM OYeHb HEMHOTHE; CPeld HHX JOJXKHbI ObITh OTMEYEHHI -
Faycc u §1. Boabsifi, KoTopble 3aHHMaJHMChb TeopHeH NapaJJiesIbHbiX
He3aBKCHMO IIpyT OT Jpyra u He3aBucumo ot Jlo6aueBckoro. 'ayccy

*) Tonpo6uee cM. ITonnoe coGpanue counnenu#t JloGauesckoro, T. 3, Iocrexs
nsnar, M.— JI., 1951, crp. 413,
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6Ll1 fICEH 3aMbice/l HOBOH reCcMeTpHM, ORHAKO OH HE Jajd 3TOMY
8aMbICJ1y JIOCTaTOYHOIO PA3BHTHS, OCTABHMB TOJNBKO HAOPOCKH OTAE/b-
HLIX, HauboJee 1eMeHTapHbIX TeopeM. OH axe He Ony6JHKOBaJ CBOHX
B3MJISJOB HA OCHOBHl [eOMeTpuH, OO0SCb OCTaTbCsl HEINOHSTHIM.
§I. Boawsii u3nan cpowo paboTy yepe3 TpW roja nocjae nepBoid my6-
aukanuu JlobGaueBckoro (He 3Has o mnyOaukauuu JloGaueBCKOro).
B cBoeit pa6ote $1. Bosnbsii usnoxua Ty Xxe Teopuio, uro u Jloba-
YyeBCKHil, HO He B CTOJb pa3Butoil popue. Kak n Jlobauesckuit, Boabsit
He MOJIYUH/ OPU3HANHS ¥ CaM HYXKJAJACA B MOLLCPIKKE.

VYueHbtit MHp OlleHW/ 3HaueHWe uccieloBaHuil JlofauyeBcKoro JHIIb
focJsie ero CMepTu. A 3HaueHHe 3TO HCKJAIUHMTENBHO.

o JloGaueBCKOro €BKJMAOBA TE€OMETPHUSA MpeACTaBJ/fAJach eaHH-
_CTBEHHO MBICAIMMBIM yueHHem o npoctpaHcrBe. OTKphITHE BooGpaXae-
MOH HJIH, KaK ee OOBbIYHO HAsLIBAIOT, HEEBKJM/JO0BOH reoMeTpHH YHH-
YTOXKHJIO 3TY TOUKY 3peHHs. TeM caMbiM ObIJIO MOJ0XKEHO Hauallo AajeKo:
HIYIHM O00OCLIEHHAM B3MVISIOB Ha TeOMETPHIO W €€ MpeiMeT, KOTo-
pble MPHBENH K COBPEMEHHOMY MOHSATHIO aGCTPAaKTHOrO MpOCTPaHCTBA
C ero MHOTOYHC/JEHHbIMH MpPHUMEHEHHSMH BHYTPU MaTeMaTHKH ¥ B
CMEXHBIX C Hero 004acTaX.

B uemn stux o0600LIEHH]I HeeBK/IHLOBA reovetrpus JloGadyesckoro
SIBUJIACh TIEPBHIM ¥ OMPe/e/IsICUIM 3BCHOM,

4, (bopMHponaHMe TIOHATHSI TEeOMETLHUY2CKOr0 HpcCTpatctea

§ 10. Mbl 3naem, HACKONLKO ILICAOTBOPHOH JJA MaTeMaTHKH Oblia
BJJIMHCKAa 2noxa. Beauxue yuvensie [Ipesuefi I'peinn oforatnau ma-
TEMAaTHYECKYI0 HAYKY MHOXECTBOM Ba>KHbIX (JAKTOB H CO3JA/JH TakMKe
METOAbl HX JIOTHUeCKOH cucTemaTn3ailnu. [locse TpekoB KpymHbIN
BkJaJ B pa3BHTHE MareMaTHKI BHecau Hapoisl Muauu, crpan apaG-
ckoro xanaudara u B ocoberHoctd (¢ IX mo XV Bek) napoast Cpeaneit
Asun u 3akaBkasbsi, paspaboraBuwiie Hayana anre6pbl U TMJ0CKOiL
TpuroHoMeTpud. 3ateM XVI Bek nan NpUHUMOMAABHO HOBBIH METCH
pelleHHs] MaTeMaTH4YeCKUX 3aAay NpHMeHeHHeM OYKBEHHOH CHMBOJM-
ku. Co3jaHne CHMBOJUYECKO! anreOpsl NeACTBUTENLHO SBHJIOCH COObI-
THEM NEePBOCTENEHHO!H BaXXHOCTH, 6C3 KOTOPOro HEBO3MOXKHBI Chl1H Obl
nanbHeimne noctikenus. Cnepyiowue gsa seka — XVII u ocoben-
Ho XVIII — orauuanuce BechbMa HHTeHCHMBHOR paboTOH MaTeMaTH-
YeCKOH MbICJIH M CO3JaHHEM HOBbIX MaTeMaTHueCKHX TeopHuil. B aro
BpemMsi ObL1M co3laHbl AuddepeHunalbHOe W HHTErpasibHOe HCYKC-
JIEHHsl, [OCTPOEHHe aHaMHTHYECKOH TreOMEeTPUH  OTKDBLIO  TYTH
npuMeHeHHs anre6pbl W aHajgH3a K peilleHUI0 reoOMeTpUYeCKUX 3ajaad,
a TaKxKe MHOTOUYHCJECHHBIX 33[a4 MEXaHUKH M aCTPOHOMHH.

Onnaxo B3r/siibl HAa reOMeTPHYECKOe MPOCTPAHCTBO M HA Te IOHS-
THS, KOTOpbIE JeXKaT B OCHOBE eOMEeTpUH, 10 CYLIECTBY OCTaBaluCh
TaKAMH e, KakuMu Oblin y EBKIHZa M TeOMeTpoB €ro 3mnoxi.



§10] 4. ©OPMUPOBAHHE MGCHSTHA TFEOMETPMYECKOTO MPOCTPAHCTBA 35

Tonbko B pe3yabraTe 3ameuyateibHbIX ycnexoB XIX Beka 6blia jo-
CTHTHYTa Ta SICHOCTb M BMeCTe C Hel0 IHPOTa NOHHMAHHUS TeoMeTpuH
H reoMeTPHUeCKHX OOBEKTOB, KOTOpble MPUCYIIH COBPEMEHHOH MaTe-
MaTHKe M CYLIECTBEHHO OTJIHYAIOT €€ OT MaTeMaTHKH CTapblX BpeMeH.

B XIX Beke axTuBHO paspabaThlBajJHChb MHOTHEC TeOMETpHYeCKHe
MHCUUIIMEBL. VI3 HHX Mbl OTMETMM TPH IJ1aBHeHILHE: OCHOBAHHS TIe-
oMeTpuH, AuddepeHLHaNbHYI0O TE€OMETPHI0O H IPOEKTHBHYW reo-
merpHio. IlyTH, mo KOTOpPBHIM OHM pasBUBAaJMCh, CHauaja OblIM Jajeku
JpYyT OT Apyra; HO K KOHLy BeKa 3TH JHCUMIVIHHBI Ype3BbIYaiHO COJMH-
3HJIMCh, @ B HEKOTOPBHIX CBOMX YaCTAX OObENHHHJINCh, U CHHTE3 MX Jal.
NOJIHOE M SIPKOE OCBEWleHHe psAJa CTapblX NpobsaeM reoMeTpHH, a
TakXe OTKPbl HOBYIO MpofjeMaTHKy, KoTopas paspabaTbiBaeres
M B HAIM JHH. C

OcHoBaiua reoMeTpuM HMEIOT [ABe IJaBHble 3ajauu: 1) Joruueckoe:
NCCTPOEHHE TreOMeTPHHM Ha OCHOBE HEeKOTOPbIX HEMHOIOYHCJ/eHHBIX
NOJIOXKEeHHUH, Ha3biBaeMblX aKCHOMaMH; 2) HCCeNOBaHHE JIOTHUECKO!T
3aBHCHMOCTH MeXJAy  Pas/H4HbIMH  TIEOMETPHUECKHMH  IpejJIoxKe-
IIHSIMH. ‘

Kak Mbl 3HaeM, 3Tn 3afaun GepyT cBoe Hauajo y EBknuza, 3HaMe-
iIHTOE COYHHEHHE KOTOPOTO eCTb NePBOE M3 H3BECTHbIX HaM COYHHEHHH
110 CCHOBaHHSIM TE€OMETPHH.

VccneaoBanus, NOCBSEHHble J0KasaTelbCTBY V  mocryJara,
TarxKe AO/KHBI OBITh OTHeCEHbl K OCHOBAHMSIM FeOMeTPHH, MOCKOIbKY
OHYM MMeJIH- LeJblo .YCTaHOBUTb 3aBHCHMOCTh V MOCTyjaTta OT APYLHX
I'GOMETPUYECKUX TOCTYyJaToB. JloOGaueBCKHil, yCTAHOBMB He3aBHCH-
MocTh V' moctTyJjaTa, Jal BMecTe C TeM TNepBblif (QyHIaMeHTaJbHbLII
pesyabTaT B 3TOfl obsacti. Bosee Toro, mocrpoeHHeM reoMeTpHYECKON
CHCTeMbl, OTJIMYHOH oT cucrembl EBkauja, JloSauesckuil paciuiupui
IICHHMaHHEe C€aMOro CMbICJla TeOMEeTPHH U, CJeloBaTelbHO, 3aiauy ee
000CHOBaHHUS.

BaHbIfi B 3TOM OTHOLUEHHH pe3yJsbTaT Obll noayueH 3atem b. Pu-
MaHoM, KOTOPEIl B cBoell pabere «O rumnoresax, JiexamuXx B OCHOBAHHH
reomerpuuy (1854 i), pa3BuBasi aHaNUTHUECKHE NPHUHLUIbI [€OMETPUH,
lipHiie], B YaCTHOCTH, K TFEOMETPHYECKOil CUCTEME, OTIMUHON KakK -OT
ciictexbl EBKAIMAA, Tak v oT cucrembl JloGaueckoro. B reomerpuu
Pumana npsnas onpefensieTcsl ABYMS TOYKAMH, MJIOCKOCTb — Tpewms,
/i€ TJOCKOCTH TepeceKkaloTcs No NpsAMOi M T. 1., HO yepe3 JAHHYIO
TOUKY He/Jb3fl HPOBECTH K NPAMOH HU OJHOU mapa/Jensuoifl. B wact-
II0CTH, B 5TOfl TeOMETPHH MMeeTCs TeopeMa: CyMMa VIVIOB TPeyTroJbHHKA
GoJablue ABYX NpAMBIX. Mbl 3HaeM, 4TO NMpPH COXPAHEHUH BCEX NMOCHIIOK
Eskaura 6Ge3 noctyjara o napadjeibHbIX, TOCAeAHHE JXBa YT-
BepACIGHHA  AO/DKHBI  ObITh  OTBEPIHYTHI KaK ILiPOTHBOpeunBhle (CM.
§§ 5—8). CneacsarenbHo, PymaHn, paspuBas CBOWO CHCTeMY, HOJKEH
0Ll ellie CHJAbHee H3MEHUTb eBK/IMAOBY aKchomartuky, ueM JloGaues-
CKHil,
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Ms! BuauM, uTo B cepennHe XIX Beka OCHOBAHHSI FeOMETDHH MOJY-
YWJM BecbMa CYllecTBeHHOe npojsuxeHue. OaHAaKo U B 3TO BpeMms Bce
elle He Oblla pelleHa 3ajaya CTPOrQ JIOTMYECKOro IIOCTPOEHHSl Treo-
MEeTpHH. ’

B kouile 60-x roaos, koraa uien Jlo6aueBCKOro HaullId NpH3HA-
HUe, 3aJaya JOrMY€CKOro MNCCTPOEHHSI TeOMETPUM CTaja Ha ouepelb
IHA. PeleHue ee, B 4acTHOCTH, OblIO HEOOXOAMMO AJSi TOrO, YTOOLL
clie]1aTh BIIOJIHE SCHBIMU JoCTHXKeHUs JloGaueBckoro. JlefdcTBHTENbLHO,
OCHOBHOH pesyabraT Jlo6aueBCKOro O He3aBHCHMOCTH V IOCTysara oT
JApPYIHX MOCTYJIaTOB FeOMETPUH He TOJNbKO He MOr ObiTb CTPOro HOKa-
8aH, HO U He MOr GbITb NPU3HAH TOUHO CHOPMYJIMPOBAHHBIM IO TEX MOp,
[OKa HeH3BECTHBI ObLIH BCE FeOMETPHYECKHE IMOCTYJIATHI.

K konuy XIX Beka Gbuio ony6.aKKoBalo MHOro paGoT HO 3TOMY
BOIIPOCY, NpHUHAMJEXKAUMX NEPBOKIACCHBIM MareMaTukaM. W3 Hux
ocoOyio nonynasipHocTb mnpuobpeno courHenue JI. 'mabGepra «OcHo-
BaHUsl TeoMmeTpuu», Bolmeauwee B 1899 r. u 3acayxusee B 1903 r.
MexcyHapoauyto npemuto umenn H. M. Jlobauesckoro.

" B cBoeit kuure I'nibGepr coobLiaeT MosHyio CHCTEMY aKCHOM €BKJIH-
JOBOH TeOMeTpUH, T. €. TAKOH CIUCOK OCHOBHBIX IpeNJNOXeHHH, U3
KOTOPbIX BECb OCTaJIbHOH MaTepHas 3TOH reoMeTpUH MOXKeT ObITb NOJY-
YyeH JioruyeckuMu BbiBofamu*). I'mabbepT ycTaHaB/MBaeF Takxke He-
8aBHCHMOCTb HauGoJiee CYIIECTBEHHBIX aKCHOM CBOEH CHCTeMbl OT
JPYTHX COflepakauiixcsl B Hell aKCHOM.

Cricox akcuom I'mibGepra W aHanu3 MX B3aMMOOTHOLUEHHI H3na-
raloTcsl B CJAeIYIOUIHX TjaBax Hamell KHUrd. CeHuyac Mbl OCTAHOBHMCS
Ha TOH oco6oii TOuKe 3peHHsl, C KOTOpOIl B HacTosliee BpeMsa pac-
CMaTpPUBAIOTCSl OCHOBHbIE reOMeTpUyeckue MOHATHS W reoMeTpHuecKue
2KCHOMBI,

B ornnume or «Hauan» EBx/auMaa B COBpeMEHHBIX CIIHCKaX aKCHOM
€BKJ/HJOBOH TeOMeTPHH HET OMNHUCAHUK TeOMETPHUECKUX 0Opa3oB.
Ilpennonaraercst JHMlib, YTO CYUIECTBYIOT TPH TIpyNnbl MpeIMeTOB,
Ha3blBaeMbIX «TOYKAMU», «IPSIMBIMH» M (IJIOCKOCTSIMH», OTHOCHTE/b--
HO  KOTOpbIX COOJIIOJEHBl HEKOTOpbie BIIOHE OlpefeseHHble YC-
JIOBHSI.

Yc0BHST 3TH caefylouLye:

1. Mexny npeameramu, HaspBaeMbIMM TOUKAaMH, NPSMBIMA H MJIO-
CKOCTSIMH, a TaKxe MeXJAy HEKOTOPbIMH MHOXECTBAMH STHX NpeIMeTOB
(oTpe3kamH, YrJaMH) JOJIXKHBI CyLIeCTBOBATb H3BECTHble OTHOLIEHHS,
KOTOpble O0003HAQuUalTCs CJAOBAMH IEKHUT Ha...», «MEXJYy», <KOH-
TPY3HTHLIY., _

2. YxasaHHble OTHOLIEHUS JOJXKHBL YJOBJIETBOPSTh TPeOOBAHUAM
Mepeyrc]eHHbIX B JajbHeHeM aKCHOM.

*) TloJiHble CITMCKM aKCHOM €BKJIMJOBOH IeOMETPHH COCTABJSJIHCH APYTHMH aBTO-
pamu u jo I'mnb6epra, Hanpumep M. ITawewm (B 1882 r.). Cnucok I'mnb6epra okasancs
8liauuTeIbHO MpOIle paHee H3BECTHLIX,
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KoHeuHo, akcHOMBI COCT@BJSIIOTCS CO CTPOTHM Y4YE€TOM TOTO 3MITH-
pPHYECKOTO MaTepHasa, KOTODbIH HaKOIJeH reoMeTpuei, u Tak, 4TOObI
BeCh 3TOT MaTepHa/l MOr ObiTb BbiBeJeH M3 HUX JIOTHUECKHMH paccy-
XKIeHusiMu. Ho npexmers, 0 KOTOPHIX HMIET peub B aKCHOMax, BOBCE
He 0043aTeJbHO JOMIKHBI HMeTb KaKylo-JH60 cHelHasbHYIO0 NPHPOAY
M, CKaxeM, Kakoi-mu6o orpeneneHHbii BHewHHH BuA. OTHOWEHHSsI
MEXIY 3THMH TpeAMeTaMH Takxke He 00si3aHbl HUMEeTb KakoH-Iubo cre-
uuanbHblil Xxapakrep. M Te n apyrue moryt 6biTh BEIOpaHbl Kak YroJHO,
C COOGMIOJEHHEM TOJIbKO TpeOOBaHHH akcHOM. Takoe BO33peHHe Ha
FeOMETPUIO M TreoMeTpHuecKHe OOBEKTH BbI3bIBa€TCH ABYMS 06GCTOS-
TeJbCTBAMH: )

1. Teomerpus omepupyeT HOHATHSMH, BO3HHKAIOUWIUMH H3 OIbITa
B pe3yJ/bTaTe H3BeCTHOH abCTpakUUHW OOBEKTOB peajbHOro MHpa, MpH
KOTOpPOH MPHHUMAIOTC BO BHHMaHHe JIMIIL HEKOTOphle CBOHCTBA pe-
aJbHbIX OOBEKTOB; B CTPOrO JIOTHYECKHX pacCyXJeHusX NpH JoKa-
3aTe/IbCTBE TeOpeM IIPUXOAUTCS HMETh JeJo TONbKO C STHMH CBOM-
CTBAMH OOBEKTOB,— OHHU M JOJIKHBI ObITb OTMeueHbl B aKCHOMax M
onpejeseHUsX; BCe OCTaJbHble CBONHCTBAa, KOTOpPble Mbl HPHBBLIKJIH
BooOpaXxkaTb, KOIJa CJBIUIHM CJIOBA: «TOYKA», «NPAMAs», (IJIOCKOCTbY,
B JIOTUYECKOM IIOCTPOEHHH IeOMETPUH HHKAKOH pOJMU He HTpaloT H He
JIOJKHBl B OCHOBHBIX MOJIOXKEHUSIX I'eOMETPHUH YMOMHUHATbCS.

2. Kpome eBK/IMIOBOH TIeOMETPHM, TEOPEMbl KOTOPOH COOTBETCT-
BYIOT HalueMmy HarJIsJHOMy MpPeACTaBJE€HUI0O O CBOHCTBaX TIeoMeTpH-
yecKHX 00pa3oB, CYIUECTBYIOT ApyrHe reomeTpuueckue cucremnl (Jlo-
6aueBckoro, PumaHa), npoTHBopeuaniie HermocpeACTBEHHOMY IPOCTPaH-
CTBEHHOMY BooOpaxkeHHio. [TosToMy npu focTaTouHo ofLiell MOCTaHOBKe
3afaud OOOCHOBAHHSl IeOMETPUH M CaMoe MOHMMaHHe IeOMeTPHUYECKHX
OOBEKTOB JOJIXKHO ObITh HACTOJIBKO OOLIHM, YTOOLI OHO ObLIO NPHMEHHMO
BO BCE€X HEOOXONUMBIX CJydasiX.

B cornacuu ¢ TeM, uTo OBIIO Cefiuac H3JOXKEHQ, MOXKHO CKa3aTb, YTO
reoMeTpUyecKoe MpPOCTPAHCTBO, OIpeJeJeHHOe NAHHOH CHCTeMOH ak-
CHOM, €CTb MHOXECTBO MpeIMeTOB, Ha3blBaeMbIX T'€OMeTPHYECKHMHU
3JleMeHTaMH, B3aMMHble OTHOUIEHHS KOTOPBIX YAOBJIETBOPSAIOT Tpebo-
BaHHSIM aKCHOM JIAHHOH CHCTEMBI.

Tak, MOXHO ToBOPHUTb O NpoCTpaHCTBe EBKaHJa Kak O COBOKYII-
HOCTH 3/IEMEHTOB, IIOJUHMHEHHbIX Tpe6OBaHUSIM &KCHOM  TeOMeTPHH
EBkauga, uan o npocrpaHctBe JloGaueBCKOro Kak O COBOKYIHOCTH
3/1EMEHTOB, IOAYHHEHHBIX TpeGOBaHUSIM aKCcHOM reometrpuu JloGaues-
CKOTo.

Ho u npocrpancreo EBkiupa, Hanpumep, camo no cebe MOXKeT
¥MeTb 6eCKOHEYHO MHOTO passHyHbIX ()OpPM, B 3aBHCHMOCTH OT TOTO,
KaxKie KOHKpETHble BEIld PacCMaTpHUBAIOTCSl B KayecTBe €ro 3/1eMEHTOB.
Hanpumep, noMuMo Hammx OOBIUHBIX TpeNCTaBJEHHH O TOYKax, Mps-
MBIX M TJOCKOCTSIX, Mbl MOXKEM YCJIOBHUTHCSl HA3bIBaTh «TOYKOH» J1I060H
1uap 3aJjaHHOro Auamerpa d, «npaMoi» — J110060f 6eCKOHeYHbIH KPYTJIblii
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UHJIHHID TOTO K€ AHaMerpa d, «IJIOCKOCTBIO» — KaXkKAbll CJIOH mpo-
CTPAHCTBA MEX1y JABYMAl OOBLIYHLIMH TMapajjleJbHbIMH IJIOCKOCTSMH,
OTCTOSIIUMH JAPYT OT Apyra Ha pacctosiHud d. OCHOBHBIE OTHOIIEHHS
MeXJy STHMH NPeIMeTaMH Mbl MOXEM ONpele/HTh CJIefYyIoIUM obpa-
30M. YCJOBHMCS FOBOPHTD, YTO «TOUYKa», H300paxeHHas B BHJe wiapa A,
JeXHT Ha «IpsMOi», KoTopas 'NpejCTaBisieT Cco60d  KpyrJbi
LWWIHHADP @, ecad wap A BOoucaH B LUJAMHAD @; OyAeM TrOBCPUTb, UYTO
«TOUKa», H300pa)keHHass B Buje mapa A, JeXHT Ha «IJIOCKOCTHY,
KOTOpasi MPEACTaBJAACTCA B BHJAE MNPOCTPAHCTBEHHOTO CJ0S &, €C/lH
wap A kacaercsi 1BYX OGBHIKHOBEHHBIX MapajJleJbHBIX MJIOCKOCTEH,
KOTOpble OrPaHHYHBAIOT CJIOK a. ByaeM roBopuTs, YTO «TOUKa» B JIeKHUT
Ha «IpsAMoi» a Me X Ay «roukamu» A u C, eClu UEHTP Luapa, KOTo-
pblil H300paxkaer TOUKY B, JIeXHT MexAy UCHTpamu LIapoB, u3obpa-
xkawomux A u C. Haxosen, ycioBuMcs roBopu®b, 4to ¢urypa M
paBHA WIM KOHTPY3HTHa o¢urype N, ecin M Moxer GbiTh
HajoXeHa Ha N mpH momoly HeKOToporo ABuiKeHust (durypel M u N
NPEANONATAIOTCS COCTOSIIUMH H3 «TOUEK», IPSMBIX» U <IJIOCKOCTEH»
B TOM CMBIC/Ie, KaK Mbl HX cefiuac MOHHMaeM). Y Ka3aHHble OTHOLUEHUS
MeXJy paccMaTPUBAeMbIMH INpeAMeTaMH YIOBJIETBOPSIOT  TpeGoBa-
HUSIM aKCHOM eBKJHAOBOH reomerpuu. IlosTomy kaxjad Teopema,
JIOTHUECKU BhIBEJEHHAs M3 3THX aKCHOM, BblpaxaeT HEKOTOPHI (akT,
OTHOCSIIUHACA K BBILIEONUCAHHLIM «TOUKAM», «IPSIMBIM» M «IJOCKO-
cTsiM», MHOXKECTBO TaKHX «TOUEK», (IPSIMBIX» H «IJIOCKOCTEH», Haxo-
JSAMUXCA B YKa3aHHbIX HAMH B3aHMHBIX OTHOLUIGHHSX, MPEACTaBJ/seT
coboil oHy M3 KOHKpeTHbIX (opM mpocTpaHcTBa EBkiuaa.

Beibupas B KauecTBe TOUEK, NPAMBIX U IJIOCKOCTEil HHbIE IpEeIMeThI
U onpeje/ss KX B3aHMHblE OTHOLUEHHS C COO/IOLEHMEM YCJIOBHH akK-
CHOM €BKJHJAOBOH TIeOMETPHH, IOJNYYHM JApYrHe KOHKPETHble (OPMEL
npoctpadctea EBknupa. Kaxio#i KonKpeTHo#l ¢opme npocTpaHCTBa
EBK/IMa COOTBETCTBYET CBOE KOHKPETHOE HCTOJKOBAHHE E€BKJ/HAOBEIX
TeopeM. EcTecTBeHHO, 4YTO pas3/iHuHblE KOHKPETHbIE HCTOJKOBAHHS
JonyckaeT M reoMerpusi Jlo6aueBckoro, Kak u BCsiKaa JApyras OCHO-
BaHHas Ha akcyomax cucreMa (cMm. § 49—61, 67, 168—171).

Takum ofpasom, ygzanssi U3 reoMeTpHH BCe CCHIIKM Ha Harjsij-
HYI0 OYEBHJHOCTL M OCTaBJfs JHIIb €e JIOTHUeCKUil kapkac, Mbl IO-
JyuaeM BO3MOXKHOCTb 3alOJIHATH €r0  PasJHYHbIM  KOHKDETHBIM
marepuasnoM. CneroBaTenqbHO, NpPH abCTPAKTHO-JOMMYECKOM [OCTpoOe-
HHM TeOMeTPHM He TONbKO He TepsieTCsl peasbHas OYBa, HO U pacliu-
psercs 00J1aCTb IeOMETPHUECKHX NPHJIOKEHHI.

Tenepb ype3BbIYaHHO BaXXHO OTMETHTb ellle CJeAyloliee: TOT IlH-
POKHMH B3IVflJ, HAa reoMeTPHUYECKHE 3/JeMeHTHl H reoMeTpHYeCKHe aKCHO-
MBI, KOTODBIH OblI Bbllle H3J10XKEH, OTKPHIBAeT BO3MOXKHOCTb M CaMYyio
CHCTEMY aKCHOM H30HpaThb ¢ OO/bLIOH CTeNeHbi0 NpOH3BO/NAa, HpHU-
crnocobussl 3TOT BLIGOP K TOH HAH HHOH KOHKpeTHOH o6sacTH,
KOTOPYIO 2KeJaTe/1bHO I10BEPrHYTh HCCJAEAOBaHHIO, TakuM myTeM
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aKCHOMATHUECKHH METOJ NEePEHOCHTCsSI H3 TeOMETPHH B APYTHE OTIEJbE
MaTeMaTHKH, B MEXaHHKY H B (PU3HKY U INPUBOIAHUT K COBPEMEHHBIM
a6CTPaKTHBIM TPOCTPAHCTBAM, 3J1EMEHTAMH KOTOPHIX SIBJISIIOTCS MHO-
xecTBa, GYHKLUHMH, npeofpasoBaHMs M T. . B KauecTBe npumepa
NpUJIOKeHUH OOIMX TeOMeTPHYECKHX HJeHl MOXKHO yKasaTb MpPOCTpaH-
CTBO MHHKOBCKOTO, KOTOpOe HIpaeT BaXKHYIO pPOJb B CIeLUaJbHOH
TEOPHH OTHOCHTEJBbHOCTH.

Upes abcTpakTHOro mpocTpaHcTBa Oblia MOATOTOBJIEHA 3BOJIOLHEH
Bceil marematHkn XIX Beka. B kpyre BompocoB OCHOBaHHH reoMer-
F-IHH 3TH MAes HMeJa NPsIMbIM HCTOYHHKOM OTKpHITHE JloGaueBCKoro.

0 OTKpBITHe JloGaueBCKOro OKasajo Ompefensiollee BJAUsIHHE Ha pas-
BHUTHE TEGOMETPHYECKHX TIOHATHH M yepe3 NOCPEACTBO IPYTHX IHC-
LHIIHH. ,

GopMHpOBaHHE COBPEMEHHBIX B3IVISAJOB Ha TeOMETPHUYECKOE IIpo-
CTPaHCTBO B GOJIBIIOH CTENEHH OMNpeNeNsijioch pasBHTHEM Au(pdepeH-
uvanbHoi reomerpud. B Memyape Taycca «O6uie uccienoBaHys
O KPHBHIX MmoBepXHOCTsix» (1827 r.) OTMeueHbl HEKOTOphle 0COGhIe CBOIi-
CTBA MOBEPXHOCTH, COCTABJSIOLIHE €€ BHYTPEHHIOIO I€OMETpHIo. ATo —
TaKHe CBOHCTBA, KOTOPbIe MOTYT ObITh OOHAPY2KEHBI NPH MOMOLIY H3Me-
peHHil, TPOM3BOAMMBIX HAa CaMO! MOBEPXHOCTH (MPAKTHUECKHM HCTOU-
HUKOM HJIeH BHYTpeHHell TeoMeTpHM IOBepPXHOCTH Oblia reoiesus).

B 1868 r. mosienyiock counHehne BenbTpamn «OnbIT HCTOJKOBAHHA
HEeeBKJIUI0BOH FeOMETPHH», B KOTOPOM aBTOp IOKasasj, 4YTO IIaHHMET-
pusi JloGaueBCKOTO NMpH HM3BECTHLIX OTPAHHUEHHSIX MOXKeT pacCMaTpH-
BaTbCs KAaK BHYTPEHHSI TeOMETpPHSl HEKOTOpPOH MoBepXHOCTH. Tem
caMbIM HEEBKJ/IMIOBAa NJIaHUMeTpHs HapsAly C miaHuMmerpued EBriuna
oKasajacb BKJ/IIOUEHHOH B COBEpIIEHHO pealbHyl 00JacTh TEOpUH
NnoBepXHOCTeil.

[Nepeceuenne akCHOMATHYECKHX HccaenoBaHuil Jlo5aueBckoro ¢ aud-
(epeHnuasbHO-TeOMeTpUUECKUMH MeTofamu [aycca, xoTsi Gxl B ABY-
MEepHBIX paMKax, B G6O/bLION CTeMeHd CONeHCTBOBalO OOO0OHIEHHIO
TCOMETPHUECKHX MOHATHH. Brnpouem, npu TOM ypoBHe, Ha KaKkoM yixKe
Haxoouaach K 3TOMY BpeMeHM MaTCMaTHKa, NpHMeHeHHe KuddepeH-
LIHaNbHO-TEOMETPHUECKHX METOJOB K HCCJIeLOBaHUIO HeeBKJIHJOBOM
ICOMETPHH He MOIVIO OrpaHHYHBATbCH JBYMEpHbIM ciydaeM. -Eme
3 1854 r. B ykasamnom Bbllie counHeHnu Pumana «O runoresax, Je-
JailluX B OCHOBAHHHM TeOMeTpHU» ObLIH ONpedeseHbl NPOCTPaHCTBa,
KOTOpble MpEeACTaBJsIoT cofoil ofobeHne W mpocTpaHctBa EBkaunna,
1 npocTpaHcTBa JloGaueBcKoro, d IPOCTPAHCTBA TOH TeOMETPUHU
PumaHa, KOTOpyio MBI yMOMHHANH B Hayaje 3Toro o6sopa. Dta 00-
e mpocTpaHcTBa PUMaHa mo CBOMM CBOHCTBAM TaK »Ke OTJIHYAIOTCA
OT €BKJHUJIOBA, KaK NPOH3BO/NbHAA KpHBAsA IIOBEPXHOCTb OTJIHYaeTCA
OT IVIOCKOCTH.

_Yucro aHanuTHUECKHH METOA, C KOTOPBIM noaxoaus PumaH K reo-
MCTPHYECKHM BOIIpOCaM, MO3BOJIHJ €My OOOOIIHTL MOHITHE KPHBH3HELI
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cpasy jmaxke Ha MHOroMepHuiii ciayuait. O6ume mpocTpaHctsa Pumana
OKa3a/luCh TOJIE3HBIMH JJIs1 TEOPETHUYECKOH (HU3MKH W CayXkKaT Inpen-
MeTOM BHHMMaTeJbHOTO H3YUeHHs 10 Ceil JeHb.

[IpumepHO B TO ke Bpems, Koraa Jlo6aueBCKHI HauyMHa/l CBOH
HCC/IeIOBaHHS O MapaJ/iieNbHBIX H KOTAA 3apoxkJalach rayccoBa Teo-
pus TOBEPXHOCTeH, BO3HHK/IA HOBAasl MaTeMaTHuecKas JHCLHIUIH-
Ha — mpoeKTHBHasi reoMerpusi. Omnepupyss BIOJHE HAar/IsiAHBIM
MaTepHasnoM, NPOeKTHBHAs IeOMETPHSl CHauaja Kasanach JajeKod oT
CJIOXKHBIX BONMPOCOB akcHoMaTHKU. Ho B 70-x roxax @. Kueiin gan obuee
HCTOJIKOBaHHe reoMeTpuueckux cucteM EBkiuna, Jlo6auesckoro u Pu-
MaHa, OCHOBaHHOe Ha.NpoeKTHBHOH reoMerpuu. (Kse#H mpu stom wuc-
NIOJIb30Ba/l pe3yJbTaThl, paHee MoJydyeHHble MaTeMaTHKoM Kamu.) 3to
rccyenoBanie KiefiHa HaXoQuTCS B TECHOH CBSI3H C YCTAHOBJIEHHOH MM
KOHIIeNIIUell reOMeTPUH Kak TeOpPHH HHBAPHAHTOB HEKOTOPOH I'DYINLL
npeoGpa3oBanuii. ['pynnoBo#i noaxol K NOHHMAHMIO CYIIHOCTH TIeo-
MeTpHH, BbicKasaHHbIH KieiiHoM B Jsexkuun «CpaBHUTeNbHOe 0003pe-
HUe HOBEHIIMX IeOMETPUUYECKHX HCCAeNOBaHMiT», BOLUEALIEH B HCTOPHIO
HayKH I0J Ha3BaHHeM «DpJaHreHckKod nporpammbb (1872 r.), nosso-
JIN1 YCTAaHOBUTb H3BeCTHYIO KJIACCHPHKALHKIO BaXKHEHLIHX T[eOMETPH-
YeCKHX CHCTEM M H3yuyaeMbIX MMH MHOrooOpasuii.

B COOTBETCTBUH C yKa3aHHbIMH TpeMsl HanpaBJeHUSIMU, TIO KOTO-
pbIM pasBuBajioch B XIX Beke NMOHSATHE TeOMETPHUYECKOTO INPOCTPaH-
CTBa, PacloJIOKeH MaTepuasj 3TOH KHHIH.

Fnaeer II, III u IV mocesmeHb BompocaM YHCTO aKCHOMaTHuye-
CKOTO Xapakrepa. .

B rnaBax V u VI usjioxeHa NPOEKTHBHAsI reOMeTpPUSt U KJacCH-
¢dUKauUs TeOMETPHUUECKHX CHCTEM C TOYKH 3DeHHs TeOpHH TpyM.

OrtyacTd K HMM mnpuMmbiKaer ryaBa VII, nocBsimeHHass nmpocTpad-
cTtBy MuHKOBCKOTO.

B rnapax VIII u IX usnarawTcs HcclefOBaHHSI T€OMETPHUECKHX
cHCTeM MeTofiaMH Au¢depeHUHaTbHOH TeOMeTPHH.



: FIABA I
AKCUOMDBI 3JIEMEHTAPHOH TEOMETPUH

1. TeomeTpuueckde 3JieMEHTbI

B sToii ryiaBe majoxeHbl akcuoMbl ['mab6epta®). Hapsany ¢ akcuo-
MaMH cooOlIalOTCs [ViaBHeflHe TeopeMbl, Tak 4ToObl ofliue TNpHH-
LMNBbI JIOTHYECKOTO Pa3BepTbIBaHHUSI FeOMETPHM OKa3alHCh B JOJKHOMH
Mepe BbISICHEHHBIMH.

§ 11. B janbHeifiiueM pacCMaTpUBAIOTCA TPH PAas3/HYHBIX MHOXe-
CcTBa OOBEKTOB; OOBEKTHl M€ p B O O MHOXKECTBA Ha3bIBAIOTCH /104-
Kamu, OODBEKTHI BT O P OT O MHOXKECTBA — NPAMbIMU, OODBEKTHI
TpPeTbero MHOXEETBA — naockocmamu. MHOXeCTBO BCeX TOuek,
OpAMBIX M IJIOCKOCTEH Ha3bIBACTCHA NPOCHPAHCITBOM.

Touku, npsiMble H IJVIOCKOCTH MOT'YT HaXOAHTBCA APYT K JpPYry
B M3BECTHBIX OTHOIUEHHAX, KOTOPbie 0GO3HAYAIOTCH CJAOBAMH: «IexXaT»,
«MEXJy», «KOHIPY3IHTHbI»., ITH OTHOLUEHHS [OJIKHBI YJIOBJETBOPATh
TpeGOBaHHSAM HMXKENPHBOJHUMBIX GKCUOM; B OCTaJbHOM IPUPOAA OODBEK-
TOB W OTHOLUEHHH MEXAYy HHMH MOXKeT ObITb KaKOH yTOIHO.

Bce akcuoMbl pasjensiioTcsi Ha maTbh rpynm*¥),

I'pynna I conepxuT BoceMb aKCHOM CBS3U.

['pynna II conep:KuT ueTbipe akCHOMBI MOPSAKA.

pynna 11l comepuT nsiTh aKCHOM KOHIPYIHTHOCTH.

Ipynna IV conepxuT ABe aKCHOMBI HENPEPLIBHOCTH.

[pynna V copepxuT 0OQHY akCHOMY MapaJjijiejbHOCTH.

2. 'pynna l. Akcuombl cBs3Y

§ 12. Mul nosaraeM, YTO MpsIMblE W IJIOCKOCTH MOTYT HaXOAMTBCS
B M3BECTHBIX CONOCTaB/IEHUSX C Toukamd. Ecau mpsmas a u Touka A4
CONOCTaBJIeHK JAPYr JApyry, TO Mbl OyleM TOBOPUTb TakKKe, 4TO

*) Akcuombl 'mnb6epra maHel no cenpbMoMy u3faHuio ero kuuru: D. Hilber t,
Grundlagen der Geometrie, Siebente Auflage, Lpz.—Berl., 1930. (I.Tuap6epr,
OcuoBanusi reomerpuu, locrexuspar, 1948.)

**) B HyMepauuu I'pYNN MBI HECKONBKO YKJOHSEMCS OT uajoxenus ['mnbGepra,
TZie aKCHOMa MapaJlJieIbHOCTH COCTaBJIsieT YeTBEPTYIO TPYNIY, @ aKCHOMbI HelpephiB=
HOCTH — NATYIO,
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«a npoxomuT yepe3 A»; «A JeXHT Ha a»; «A ecThb TOuka MpAMON a»;
«A TpuHaJEXKUT NPSMOH a»; «IpsiMas a TNPHHALIEKUT Touke A».
Ecau ¢ Toukoii A conocTaB/ieHO HECKOJIbKO MpPSMBIX, TO Mbl GyleM ro-
BOPHUTb TAKMKE, UTO 3TH <IPSIMblE IepPeCeKaroTcss B Touke A» HIM UTO
«mpsivble UMeIoT o6uLyio Touky A». Eciu ¢ npsiMoil a conocrasiieHsl Jpe
ToukH A, B, To Mpl GylIeéM TOBOPHUTb, UTO «IpsiMasl @ COEAHHSIET TOU-
kd A, B» unn «a npoxomut uepes A, B» u T. 4. YcnoBusi 3TUX coro-
CTaBJIeHHH BbIpa)kaioT axcuomsl [,1—I,8.

I,1. Kaxosst 6or Hu Gotau 0se mouxku A, B, cywjecmsyem npamas a,
npoxodﬂu(aﬂ uepe3 kaxcoyto u3 mouex A, B.

1,2. Kakosot 66t Hu Goiru Ose pasauunsie mouku A, B, cyujecmsyem
fie 6oaee 00HOU npamoil, Komopas npoxodum 4epe3s KaxcOyro u3 mo-
wex A, B.

[penpinyiine fBe aKCHOMBI MOXKHO BBIPasHTb CJAEIYIOUMMH CJIO-
BaMH: JoOble 1Be Pa3/HYHblE TOYKH ONPENENSIOT OAHY H TOJNBKO OLHY
[OPOXOMSAULYIO Uepe3 HHUX MPSIMYIO.

1,3. Ha kaxcdod npamod sextam no kpaiiHed mepe 08e mouKiL.
Cywecmeyiom no Kpadweil mepe mpu MmOuKu, He Aexcauyue HQ O0HOL
npamoii.

ITo oTHOmIEHHIO K TouKe A U MAOCKOCTH O, KOTOPhIE COMNOCTABJEHb
ApYr IPYTY, Mbl Takxke GyneM ynoTpeGndaTb BhipameHus: «A JeXur
Ha - o»; «A ecTb TOYKA IIIOCKOCTH a»; « MPOXOAHUT uepe3 A»
HT.IL

1,4. Kakosor 66t Hu 6oiauw mpu mouku A, B, C, He iexcaujue Ha
00HOU npamoil, cywiecmsyem NAOCKOCMb O, NPOXOOAULAS epe3 Kaxioyo
u3 mpex mouek A, B, C. Ha kajcOot naockocmu aexcum xoms 6vl 00Ha
mo4Ka.

[,b. Kakosst 66t Hu Gvtau mpu mouku A, B, C, He rexcaujue Ha
00HOLL npamol, cyuecmeyem He 6oaee GOHOL NAOCKOCMiL, KOMODPAS NpO-
x00um uepe3 KaxcOyio us mpex mouex A, B, C.

1,6. Ecau dse mouku A, B npamoil a rexam Ha naockocmu o, mo
Kaviedas mouxa NPAMOL @ Aexcum HQ NAOCKOCMU ..

B stom cjJaydyae Mbl TOBOPHM: «HNpsiMad a JIEXKHT B IIJIOCKOCTH o»,
IIOCKOCTD O TIPOXOJIUT Yepes MpsIMYIo a» U T. .

1,7. Ecau dse naockocmu o, P umeom obwyro mouky A, mo onu
umerom ewje no Kpaiined mepe 00Hy obuyyro mouxky B.

1,8. Cywecmsyrom no kpatinei mepe demoipe MOUKU, He Aexcauyue
8 00HOUL naockocmu.

B akcuomax cBsi3H peub HeT 00 H3BECTHBIX OTHOLIEHHSIX MeXAy
9JIEMEHTAMH T'€OMETPHH, KOTOpble 0G03HAYalOT COBAMH: «TOYKA JIEXKHT
Ha NpSMOH», «IJIOCKOCTb MPOXOAMT Yepe3 TOYKy» W T. I. Harnsaueie
npefcTaB/eHH s, BblpaXKaeMble TAKHMU CJIOBAMH, HH B KaKOH Mepe npu
oTOM He onuchiBaotcs. B akcnomax I,1—I,8 nepeunciiensl suwb ompe-
JleieHHble 00CTOsTeNLCTBA, He06xo,zmele JJig BBIBOJA MNOC/EAYIOIKX
TeopeM:
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Tpe6oBannsa akcuoMm [,1 u 1,2 Gbin Beickasauwr eme EBkiumom
B ero nepsoM moctysaate u IX akcuome. Heob6xoaumocts akcuomsr 1,3
H GOJIbIUMHCTBA JajbHEHIIHX aKCHOM 3Toil rpynmsl EBkauj enBa Ju
MOT 3aMeTHTb.

IToHSITHO, YTO reoMeTP, KOTOPHI OCTaB/IsET B CBOMX PACCYXKAEHHAX
XOTb HeGO/bLIOe MECTO JJil NMPOCTPAHCTBEHHOH WHTYHUHH, He CTaHeT
TIOCTYJINPOBATh, YTO HA NPSMOH CYLIECTBYIOT IBe TOYKH WJIH YTO Cy-
LIECTBYIOT TPH TOUKH, He JiexKalllhe Ha ofHOH npsimoil, u T. A. Ero Ha-
FJASIAHOMY MpPeACTaBJEeHHI0 CKOpee NOMKHO ObljIo Obl COOTBETCTBOBAThb
TpeGOBaHHe, YTO HA MNpPSAMOI CyLleCTByeT GECKOHEYHO MHOTO TOYEK.
Takoe 06cTOATENLCTBO, OJHAKO, HE HYXKHO OTHOCHTb K aKCHOMaM, Tak
KaK OHO B JajbHeileM JokasbiBaeTcs. B 3TOM ckaswiBaercs KejaHue
co6J110/1aTb MHHHMAJIbHOCTh TPEOOBAHUI aKCHOM.

C nowmoubto akenom I,1—1,8 mMoryT GbITh ykKe JOKasaHbl HEKOTODBIE
TeopeMbl, Hanpumep:

Teopema 1. Zse npamvie umerom He 601ee 00HOL 0bulelt mouxu;
0se naockocmu Aub0 He umerom coscem obujux mouex, aubo umetom 00-
WYI0 NPamyio, Ha KOMOpoU aexcam 8ce 0buiue MouKu 3mux 08Yx nao-
cKocmetl; NAOCKOCMb U He Aexcauyas Ha Hel- npamas umetom He 6osee
00HOL 06weti mouKu. »

JlokasatenbCTBO MNEPBOrO  YTBEPKICHHS BHITEKA€T U3 aKCHO-
mbl 1,2.

dokasaTtenbCTBO BTOPOrO YyTBEepKOAEHHS .
Ilycte ase miockocty o u f umelor obwyio touky A. Ilo akcuome 1,7
CyUIeCTBYT ellle ofHa obwas Touka B miockocreil o u P. [Ipsimas a,
KoTopas coeauHsier Touku A u B, corsnatuo akcuome 1,6, cocTout u3
o0wux Touek maockocreid a u f. Ho npsimast @, Kpome TOro, cCoaepxur
BCe o0IIHEe TOYKH MaocKocted o u . B camom zese, mycTb MJIOCKOCTH
a u B umeiot ewe oburyio Touky C, He NpHHAIMEKALYI0 OPSIMOH a.
M3 akciombl [,5 Torna cnenyer, uTo mJIOCKOCTH o M B HE MOT'YT ObITh
pPasJMYHBIMH, TaK Kak OHH HMCIOT TPH oOlIME TOYKH, He Jexaliue
Ha OJHOH NpAMOH.

Jloka3aTenbCTBO TPETHErO yYTBEPIKACHHS BBITEKaeT U3 akcHoMbl 1,6.

Teopema 2. Yeped npamyro u He AeHQuyro HA Hel MOYKY,
mak xcé Kax uepe3 08e npsamole ¢ 0dwiel moukoll, npoxodum a0Ha u moab-
KO 00HQ NAOCKOCMb.

HoxasarteansbcTBo. Ilyct naubl mpsmas a u Touka A
BHe 3TOoi npsmMoil. [To akcuome 1,3 Ha npsMOi a cylIecTBYeT ABe TOY-
ku B u C. U3 ycaoBusi u akcuomsl 1,2 cienyer, uro touku A, B, C
He JiexkaT Ha onHo¥ mpsamoit. [To akcuome 1,4 cymecTByeT mjiocKocTh o,
npoxopsiiias uyepes Touku A, B, C. I'lo akciome 1,6 miaockocrs o npo-
XOZMT uepes npsiMyio a. Jpyro#l miaockoctd, mpoxoasmeil ycpes A
U a, HEeT; B CAMOM JleJie, €CJIH CYLIECTBYET elle MIOCKOCTb &', MPOXO/s:
mas yepes A ¥ @, TO JB€ pPasiHYHBIE MVIOCKOCTH & H ¢’ MPOXOAST uepes
A, B, C, 4To npoTHBOPEYUT akcHome I,5,
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Teopewma 3. Kaxdas naockocme codepycum no Kpaiued mepe
mpu mouxu. i )

HoxkasateabcTBo. [lycTs nana niaockocts a. Ilo akcuome
1,4 nnockocTe @ comepHT HekoTopyw Touky A. Ilo akcuome 1,8
CYIIeCTBYeT ToYKa B, He Jexamas B njockocTu o. CornacHo akcuome
1,3 umeetcs eme Touka C, He Jexamas Ha npsimoit AB. Ilnockocte ABC
M IIOCKOCTh o MMeloT ofmylo Touky A; u3 akcuombl [,7 cuaenyer,
4TO 3TH TJIOCKOCTH HMeloT emle ofbmyio Touky D. Takum ofpasom,
B IIOCKOCTH O, KpoMe TOUKH A, HeoGXOAMMO CONEpPIKHUTCA BTOpas
Touka D. Ilo akcnome [,8 cymecTByer Touka E, He jexamas B IJO-
ckoctd ABD. Tlo akcuome 1,4 cymectByer nsockocts ABE, u 3ta
miockocTe otnnyHa ot ABD. CHoBa ucnonesys akciomy 1,7, sakaioua-
eM, uTo maockoctH ABE u a umeloT ofliyio Touky F (IpUTOM B CHJIY
akcuomsl 1,6 He nexxauyio Ha npsamolt AB). Tak kak D u F He npuHan-
Jexar npamoii AB, TO cOrnacHo BTOPOMY YTBEpXKIEHHMIO Teopembl |
5TH TOYKU He MOTYT ObITh OGLIMMH Toukamu muockocreit ABD w ABF,;
orciofa cnenyet, uto D u F paznnunbl. TakuM oGpasoM, B IJIOCKOCTH o
cyulecTBytoT TpH Touku: A, D u F.

Ms1 noppo6HO mNpoBeMM 3TH [OKAa3aTeNbCTBAa, YTOOBI YHTATE/lb
ysacHUI ceGe, Kak BENETCs JIOTHUECKOe Pa3BepThIBAHHE 3JIeMEHTapHOMN
TeOMETPHHM HA OCHOBE IIPHHSATHIX aKCHOM. B paccyxIeHHsiX coBep-
IIEHHO HCKJIIOUeHbl OOpallleHusl K UepTeKy W HaIVIHOH OueBHIHOCTH,
KaxJoe yTBepxKaeHue OOOCHOBBIBAETCS CCBHIIKOW HAa aKCHOMBI HJIH
paHee 10Ka3aHHLIE TEOPEMBL.

Cnenyer 3aMeTuTb, UTO C NOMOLIbIO OXHHX ToNbKO akcuom I,1—I1,8
MOTYT OBIThb JIOKa3aHbl BeCbMa HEMHOTHE TreoMeTpHuecKHe (haKThl.
B uacTHOCTH, H3 3THX aKCHOM elle He GJefyeT, YTO MHOXKEeCTBO reome-
TPHYECKHX 3/1eMEHTOB GeCKoHeuHO (rogpobHee o6 2ToM cM. § 70).

3. Ipynna Il. AkcuoMmbl mnopsiaka

§ 13. Mul nojiaraem, YTo TOYKa HA NPSIMOA MOXET HaXOAMTbCS
B H3BECTHOM OTHOIUEHMH K JABYM JPYTHM TOYKaM TOH e NpsMOH,
u GyneM 0603HayaTh 3TO OTHOILEHHE CJIOBAMH: «IEKHT MEXKIY».

[Ipn 3ToM [0JMKHBEI GBHITb yJOBJETBOPEHb TPeOOBAHUSA CJEYIOLMX
aKCHOM.

I1,1. Ecau mouxa B aexcum mexcdy mouxod A u mouroil C, mo
A, B, C — pasauunole mouxku 00HOL npamoli u B aexcum maxice
mexcdy C u A. ’

11,2. Kaxkosot 661 Hu Gotau mouku A u C, cyuwjecmsyem no Kpatineti
Mepe 00Ha mouka B na npamoi AC makas, umo C aexcum  mexoy
A u B.

11,3. Cpedu nwboix mpex mouex npamoi cywecmsyem e 6oaee 00-
Hotl mouku, aexcawjett mexcOy O0syms Opyeumu.

Axcromel-11,1—I1,3 HasbIBaIOTCA AUHELHOIMU AKCUOMAMU NOPAOKA.
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Onpeneanenne 1. Ilapy touek A u B HasoBeM ompe3kom
u Oyzem o6o3HauaTb AB unu BA. Touku, nexaune mexay A u B,
Ha30BeM BHYMPEHHUMU MOYKAMU WM TIPOCTO moukamu ompeska AB,
Toukd A u B — koHyamu ompesxka. Bce ocTanbHeie ToukH npsimoit AB
6yneM HasblBaTb BHeWwHUMU K ompesky AB.

3ameuyaHue. B akcnomax I11,1—I1,3 we yTBepkpaercs, uro
Mexay ToukamMd A UM B cyluecTBYIOT ApyruHe TOUKH; TaKUM 0GpasoM,
U3 5THX aKCHOM HENOCPEACTBEHHO ellle He BHJHO, UTO Ka)Jblil OTPe30K
uMeeT BHyTpeHHHe Touku. Ho u3 akcuomnl 11,2 cnenyer, uto kaxniplil
OTPe30K MMeeT BHEIUHHE TOUKH.

Kpome snuneiinbix akcuwom nopsaaka I1,1—I11,3, B rpynne I conep-
JKUTCA elle cjaefyloliasi akCHOMa, OTHOCSLIAfCS K PAacHosIOXKEHUI0
reOMeTPHUYECKHX 3/JEeMEHTOB Ha MJIOCKOCTH.

1,4 @kcuoma Ilawa). lTyems A, B, C — mpu mouku, He
Aexcauyue Ha O0HOU NPAMOU, U @ — HEeKOmopas Npamas 8 NAOCKOCMU
ABC, ne codepiycawjan Hu 00Houd u3 mouek A, B, C. Toeda, ecau nps-
Mman a npoxodum wepe3 mouxy ompeska AB, mo oHa npoxodum maxice
Aubo uepe3 mouxy ompeska AC, aubo uepes mouky ompeska BC.

4. CreacTeHs M3 akCHOM CBSI3H H nopagxka

§ 14. C nomouibio akCHOM CBfI3H M MOPsAKA MOTYT ObITh JOKa-
3aHbl YK€ MHOTHE Ba)KHble (haKThl reOMeTpuUH.

[Tpexxie Bcero Mbl MpHBefeM JBe TeOpeMbl, KOTOPbIE €CTeCTBEHHO
JIOTIOJHAIOT yTBepKAeHHust akcuom I11,1—I1,3.

Teopema 4. Kaxosor 6o Hu Obiaw mouku A u C, cywecmeyem
no kpatined mepe 00Ha mouka D wa npamod F
AC, rexcawyan mexdy A u C. ‘

JJokasaTteabcTBo. [lo akcuome I,3
cyuectByeT Touka E. BHe npgmoit AC, mo ak-
cuome [1,2 Ha npsimoit AE cywectByeT Touka F
Takasi, uto E siBasieTcs Touxoii orpeska AF 4
(puc. 13). Tlo Toit ke axcuome II,2 Ha mpsa- — 7~ \/

Mot FC umeercsi Touka G Ttakasi, uTo C JIEXKHUT

mexny Fu G. M3 akcuomnl 11,3 Torna crenyer,

yTo G He JIeKUT Mexay F u C T. €. He JIeXKUT Pue. 13.

Ha orpeske FC. CorsacHo axcuome [lawa 11,4,

npamas EG nomkHa nepeceyb orpesok AC uin orpesok FC. Ho nps-
mas EG ne moxer mepeceub orpeska FC, uGo TOrja M3 akCHOM CBSI3H
I,1 u 1,2 nerko cnemoBano Gbl, YTO BCe PacCMOTPEHHBIE TOUKH JiexKaT
Ka O/IHOH mpsMoit, Toraa Kak yxe Toukd A, C u E He nexar Ha ofiHOi
npﬂMOn Cnenosarenbro, npamas EG nepecekaer orpesok AC B He-
KoTopoi Touke D. Tem caMbiM [JOKa3aHO CYWIECTBOBAHHE TOUKH D
mexny Toukamu A u C.



46 11, AKCHOMBI 3JIEMEHTAPHOH ‘TEOMETPHUI [§14

Teopewma 5. Cpedu awborx movex A, B, C o0woil npamoi
sce20a cyujecmsyem. 00Ha, aAexcawyas mexncdy 08ymsa Opyeumu.
HokasateabctBo. Ilyctb A He mexkut mexay Bu Cu C
He jexur mexay A u B. Kaxk CIe/lyeT U3 aKCHOMDI 1,3, cywecrsyer
Touka D, He nexamas Ha npsmMoii AC. CoennHum NPSAMOIO 3Ty TOUKY
c Toukoii B (puc. 14); cornacHo akcuome II,2 na npamoii BD cyue-
CTBYyeT Takas Touka G, uto D nexuT mMexxkay B u G. IIpumensis akcuomy
11,4 (ITawa) & TpeyroabHuky BCG u npsavoii AD, Haxomum, uTo
npsamas AD u CG nepecexaiorcsa B HeKOTOpo# Touke E, Jeikaiuell Mexay
C n G. TakuMm xe NyTeM YCTaHOBUM, YTO
é - npsaMsie CD u AG nepecekaiotcsi B HEKOTO-
FAVK poii Touke F mexay A u G. CHoBa mpume-
usis akcromy I[lama 11,4 K TpeyrombHuky
AEG u npsawoit CF, Haxoaum, uyTo D JeXHuT
Mexay A n E, n 43 TOi e aKCHOMbI B MPH-
MeHeHHH K TpeyronbHuky AEC n npsamoit BG

A ﬁ\ ¢ ToJlyyaeM, HakoHel, 4To B JeXHT mMexay A
1 C (nockoabky G ne gexuT Mexny E u C).
Puc. 14. Axcuompl 11,2 B coenuneRuu ¢ TeopemMoit 4

n akcioma I1,3 B coeanHeHnu ¢ Teopemoit 5
TI03BOJ/ISIIOT (POPMYAUPOBATH CJCAYIOUIME JBE TEOPEMb:

A) Kaxkogor Gor Hu Gowaw dse mouku A u C, cywjecmsyiom mouKy,
aexcawue snympu ompeska AC, u MmMouku, Aexcauyue Ha NPAMOLU AC
8HEe 3MO20 OMmpesKa.

B) H3 mpex mouex npsamoll eceeaa 00HQ U MOALKO 00HA Aecum
MENCOY asymﬂ Opyeumu.

Tenepr Mrl MoxeMm jaThb Ba<HCe JIOTOJIHEHMe akckoMbl [lawa,
KOTOpoe cGopmyapyeM B BUAe CJaeiyloleil Teopembl.

Teopema ba. Ecau mouku A, B, C ne aexam na 00HOU nps-
MOL U ecau HeKOmopas npamas a nepecexkaem Kaxue-aubo 08a us mpex
ompeskos AB, BC, AC, mo ona He nepgcexaem mpemut u3 smux om-
peskos*).

ITpoBeneM moKa3aTeNbCTBO METONOM «OT MpOTHBHOrO». [lpexno:
JIOJKHM, UYTO NpsAMas a nepecekaer Kaxawplit U3 orpeskoB AB, BC, AC
COOTBETCTBEHHO B Toukax P, Q, R, m cBeleM 3TO NpeANo/iOXKeHHe
K TIPOTHBOPEUHIO. IMpexjae Bcero, ficko, yTo TOYKa B He JeKHT Ha
npsamoi PQ (uHaue Bce Touku A, B, C Jnexain Obl Ha nps-
Moii P Q).

Hanee sakmiouaeM, uto Touka R HaxoAuTCsi BHe oTpeska P @, Tak
KaK B npoT#BHOM cayyae npsimasg AC, nepecekas cropoHy P Q Tpe-
yroibHuka- P QB, nomxHa Obiia Obl, mo axkcuome Ilawa, nepeceub
ero cropony BQ, T. e. Touka C*no/mxKHa Obiiia Gb HAXOAKTHCS MEKIY

*) Korma Mel roBopuM,, uto npsMas Hepecekaer o'rpesox, TO MOApa3yMeBaeM, uTo
OHA COjIePIKHT HCKOTODYIO €ro BHYTPEHHIOI TOYKY.
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B u Q Bonpeky npeanoioKeHuto (Mo Mpeanoyo)eHuio Q JexUT MEX1y
B n C, a Tak Kak n3 TPeX TOUEK TOJbKO OfHA JIEKHT MeXAy ABYMA
LPYTHMH, TO 3TO HCKJ/IOYaeT BO3MOXKHOCTb pacrnosnoxenus C mMexay B
v Q). CoBepuedHo Tak Ke JIOKaueM, 4To P Jexut BHe orpeska QR
n Qnexut BHe orpeska PR. [lonyyaercss npoTHeopeune ¢ teopemoii bB.
TeM campiM JaHHAsi TeopeMa JOKa3aHa.

Lna nanpuefiluero 6yAyT HYXKHbI IBE JIEMMbI,

Jlemma 1. Ecau B aexwcum na ompeske AC u C — una ompeske
BD, mo B u C rexam ra ompeske AD.

/C‘
s
V)
A V4 A 7
Puc. 15. Puc. 16.

HJdokasareabcTso.. OcHoBuiBasick Ha akcuomax [,3 nu
11,2, Beifepem Touky E, He Jexaiiylo Ha npsamoil AB, a Ha fpsiMoi
EC — taxyio Touky F, uro E nexut Mexxay C u F (puc. 15). Tak kak B
JexuT Ha orpeske AC, To, npuMeHsas K TpeyroabHuky AEC u npsivoit
FB akcuomy 11,4, 3akaiouaem, yto npsimas FB fnomkna nepeceub JuGo
orpesok AE, audo orpesok EC. Tak Kak Touka E nexut mexny F
u C, 170 no akcuome II,3 Touka F He MmoxeT JjexaTb Mexiy E u C.
CnenoBatesibHo, mnpsimass FB pojxHa nepeceus otpe3ok AE. Ilpu-
menss akcuomy 11,4 k TpeyronbHuky FBC u npsmoit AE u cHoBa
ucnonb3ys axkcuomy II,3, Haiimem, 4TO TOuKa mnepeceyeHUst oOTpe3ka
AE v npsawmoit FB nexut mexay Toukamu F u B. O603HauuM 5Ty TOUKY
nepeceyeHnss OykBoii G. AHaNOrHyHO JOKasbiBaeTcst (MyTEeM MpHMe-
neHust akcuomsl 11,4 Kk TpeyronbHuky GBD u x npsamoii CF ¢ mocie-
JIYIOIHM HCroab3oBaHgeM akcuoMbl 11,3), uto npsmas CF Bcrpevaer
orpesok GD B Hekoropoil Touke H. Tax kak nmpu stom H nexur Ha
otpeske GD, a E, no axcuome 11,3, ne npuHagnexut orpesky AG,
TO coriacHo akcuome II,4 mpsamas EH nMeer ofLIyio TOUKY C OTpes-
koM AD, 1. e. C nexut Ha orpeske AD. CoBeplueHHO aHAJIOTMYHO MOXK-
HO A0Ka3aTb, YTO U B mpHHALIekKUT 3TOMY OTpPE3KYy.

Jlemma 2. Ecau C sewum Ha ompeske AD u B — na ompes-
ke AC, mo B nexcum maryce Ha ompeske AD u C — Ha ompeske BD.

JokasateabcTBoO. BniGepem Bue npamoit AB touky G
H MoToM BBIOCpeM TOUKy F Tak, uToObl G Haxonunack Ha oTpeske BF
(puc, 16), Beaeacrsue akcuom 1,2 u 11,3 npamas CF He nwmeer
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o0LIMX TOUEK HU ¢ oTpe3koM A B, Hu ¢ orpeskom B(, a Toraa, cor/iacHo
akcuome 11,4 oHa He nMeeT OGIWHX ToueK TakKxe U Cc orpeskom AQG.
Ho Tak kak C nexut Ha orpe3ke AD, To cornacHo akcuome 11,4 npu-
MeHHTeNbHO K TpeyronbHUKYy AGD npsMas CF jonxHa BCTPeTHTb
-orpe3ok GD B HekoTopoii Touke H. Otciofa u cHoBa u3 akcuoMmbl 1,4
NpHUMEHHTEJIbHO K TpeyroabHuky BGD caeayer, uTto nmnpsaMas
FH nepecekaer orpesok BD. Takum o6pazoM, C JeXuT Ha
orpeske BD.

IlepBoe yTBepx/JeHHe JleMMbl 2 BbITeKaeT TOrAa M3 JeMMBl 1.

Tenepb Jierko 1oKasaTb C/EAYIOULYIO BaXKHYIO TeOpeMy.

Teopema 6. Mewdy awboimu 08yms mouxamu NPAMOL cyuje-
cmeyem OecKOHedHOe MHOXCeCmB0 Opyaux ee Mmouex.

HoxkxasateabctBo. [lycts A, B — nBe Touku npsiMoii a.
CoraacHo teopeme 4 Mexay A u B cymectByer Touka C; IO TOi " Ke
Teopeme, Mexxy A u C cymecrByer Touka D. B cuny nemmel 2 Tou-
Ka D nexur tTakxe Mexnany A u B u, ciaenoBaresbHo,
A,B,C,D —pas3nunuHb € TOUKH NpsiMO a. AHAJIOTHYHO MOXKHO
yTBepKIaTh, uTo Mexay A u D nexut Touka E ¥ 4TO 3Ta TOUKA NEKHUT
Takxke Mexay A u C n mexay A W B, cienosarenbHo, Touku A, B,
C, D, E pa3nnuHsbl.

[ToBTOpSAAs TO Ke paccymieHne, YCTAHOBHM, 4To Mexay A u B Ha-
XOAUTCA 6GeckoHeyHoe MHoOXKecTBo Touek C, D, E, ..., u Tem cambim
JIOKaXKeM, TeopeMmy.

3amertiiM, 4TO U3 JieMM | KW 2 BbITeKaeT Cjefyiollee NpelNoXKeHue:

Iycmo xaxcoas u3 mowex C u D aexwcum mexncdy moukamu A u B.
Toeda ecau mouka M aexcum mexcdy C u D, mo M aexwcum mewdy A
u B.

B camMom nene, corsnacHo Teopeme B (ctp. 46) u3 Tpex touek A, C, D
OllHA H TOJIbKO OJHA JIEXKUT Mexay nByms apyrumu. Ho A ue moxer
snexatb Mexkny C u D, tak Kak 3T0 npoTHBOpeunso 0wl semme 1. [lo-
IYCTHM IS onpeneneHHoctH, 4to C jexur mexay A a D (B npoTtus-
HOM cJyuae nepemeHHM oGosHauenusi Touek Cu D). Torna pacnonoxe-
Hue Touek D, M, C, A ylOBJETBOpSET TEM XKe YCJIOBMSM, KAKHM
yIoBJieTBOpsieT pacnojioxenne touek A, B, C, D B dopmyanposke
Jemmbl 2. Tlostomy corsiacHo 3Toil JemMe Touka M jaexuT Mmexny A
u D. Tenepp Mbl MOXeM yTBEpXKAaTb, YTO M PAacIlOJOXKEHHE TOUeK
A, M, D, B ynoB/ierBOpsieT TeM Xe YCIOBHSM, KaKHM YAOBJETBOpPSET
pacnosioxenue Touek A, B, C, D B nemme 2. Benenctsue 31001 JieMMbl
M nexut mexay A u B, 4To U HyXHO OblJIO YCTAHOBHTH.

Taxum o6pasoM nokasana caeayomas

Teopema 7. Ecau mouxu C uw D sexcam mencdy mouxa-
mu A u B, mo ece mouku ompeska CD npunadaexcam onipes-
xy AB.

Onpenenenune 2. B stom cayuyae ropopst, uto ompesox CD
nexcum eHympu ompeska AB.
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13 neMMBl 2 HenocpeiCTBEHHO BBITEKAaeT

Teopema 8. Ecau mouka C rexwum mexdy moukamu A u B,
mo sce mouxu ompesxa AC npunadaexcam ompesxy AB.

TouHo Tak xe u3 jemMMbl 2 (¢ yuetom akcuombl I1,3) serko BbIBO-
JATCSA (OT NPOTHBHOIOY)

Teopema 8a. Ecau mouka C. aescum mexcdy moukamu A u B,
mo Hurxakasa mouka ompeska AC He moxcem Obime MO4KOL OmpesKa
CB.

Heckonbko cioxHee JoKasbiBaercs

Teopema 86. Ecau mouka C aexcum mexoy moukamu A u B,
mo xaxcdas mouxa ompeska AB, omauunas om C, npunadrexcum au6o
ompesky AC, aubo ompesxky CB.

HokaszatenbctBo. Ilycth Touka M MpUHAAJEKUT OTpPE3-
Ky AB n He coBnaznaet ¢ C. [Ipeanonoxum, uto Touka M He mpuHajie-
xut Hu orpesky AC, uu orpesky CB. Toraa nu6o C nexut mexay A
n M, nu6o A nexur mexay C u M. Ecan C nexut mexay A u M,
TO, NMOCKOJABKY M jexur mexkny A u B, Ha OCHOBaHMH BTOPOTO YT-
BepXKIeHHUs JeMMbl 2 3akJiouaeM, yto M nexurt -mexay C u B Bomnpe-
KW npennosoxennto. Ecnin A nexut mexny C u-M, 10, nockoibky C
JexuT Mexay A u B, Ha ocHoBaHuH siemMMbl 1 3akJjiouaeM, 4To A Jne-
XUT Mexny M u B; cnenosatenbno, M He moxerT Jiexkatb mexny A u B.
Mbl cHOBa MPHUXOAMM K MPOTHBOPEUHIO C MpeanosoxeHueM. Tem ca-
MbIM Teopema Jl0Ka3aHa OT MPOTHBHOTO.

Ha ocnoBanuu Teopem 8, 8a u 86 MOXKHO yTBepxKJaTb, UTO MHO-
XeCTBO BHYTPEHHHUX Touek orpe3ka AB, He cuutas touku C, mpex-
cras/sieT cofOfi CyMMy MHOXKeCTBa BHYTPeHHMX Touek orpeska AC
1 MHOXECTBa BHYTPeHHHX Touek orpe3ka CB, nmpuuem3TH nocjeiHue
MHOMECTBA OCIIHX TOUeK He HMeLOT.

Onpeneanenne 3. [lyctb O — nekoropasa Touka npsmoil a,
A u B — nBe npyrue pasiuuHble TOUKH 3TOH npsiMoil. Ecau Touka O
He J1exXHuT Mexay A u B, To Mbl GyaeM roBoputh, uto Touku A u B pac-
NOJIOXKEHBl HAa TNPSIMOH a ¢ o0Moud u moi xe cmopoHer om mouku O.
Ecnn touka O nexur mexay A u B, To 6yneM roBoputb, 4To TOUKH A
u B pacnonoxenbl Ha npsMoil @ no pasHele cmoporer om mouku 0.

Teopewma 9. Touka O npamod a pasdessem 6ce ocmanvHvle
mouKu amoti npamol Ha 08a He nycmblx KAQCCA mMax, 4mo aobvie 0se
mo4Kku npamol a, npuxadiexcawyie 0OHOMY KAQCCY, AeHaAm ¢ O00HOU
cmoporbt om mouku O, a dse mouku, npuradiexcauyue pasHolm Kiaccam,
aexcam no pasuoete cmopoust om mouku 0.

UTto6bl yCTAaHOBUTb CHpPAaBeNJHBOCTb 3TOrO YTBEPXKIEHHS, CJle-
AyeT B3ATb Ha NPsSMOA a TMPOM3BOJbHYIO Touky A, omiuunyio or O,
M OTHECTH B OJHMH KJlacC BCe TOUKH, KOTOphle C TOUKOo# A jexar no
OfHYy CTOpPOHY OT ToykH O, a BO BTOPOH KJacC — Bce TOUKH, KOTOpLIE
Aexar ¢ Touko#i A no pasuele croponsl ot Touku Q. Tlocsae storo HyKHO
NoKasaTb YTO 1) KaxAblA KJaacc He MycT, 2) Kaxaas Touka OpAMofi,
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kpome Toukd O, monajger B OJHMH H TOJMbKO B ONHMH Kiacc; 3) ecin M
H N — TOYKH OJHOro Kjaacca, To Touka O He NPUHANIEKUT OTPE3KY
MN; 4) eciu M u N — TOUKH Pa3HbIX KJ2acCoB, TO TOUKA O npuHaj-
JexXuT orpesky MN.

HoxasaresncTBa 6e3 TpyZAa MOJNYYalOTCsl € NOMOIIIbIO TeopeM 8,
8a u 86.

Ornpenenenue 4. Ml rOBODHM, 4TO TOYK3 O npsmoil a
BMeCTe C HEeKOTOpOH Ipyrofi Toukoil A 3Toil Ke NpAMOHA onperesseT
Ha Hell noaynpamyro unu aysw OA; TOUKH, JeXKallie ¢ TOH e CTOPOHEI
or O, uto u A, HasbiBaoTcs moukamu noaynpamoti OA, Touka O —
Hauarom noaynpamnoi OA.

Ecin A’ — touka moaynpamoit OA, to moaynpsmeie OA 'u OA’
TOXKIECTBEHHBl B TOM CMbIC/IE, UTO KaxKiasi Touka nosyrnpsmoid OA’
SIBJISIETCS1 BMECTE C TeM TouKoi noaynpsmoii OA, u obpatHo.

N3 Tteopembl 9 caepyer, uto, KakoBa Obl HM Obuwia Touka O npsa-
MO# @, OHa ONpelessieT Ha a TOYHO JiBe nosynpsnse ¢ o0WHKM Haua-
Jaom B O.

Bce wu3/oxeHHOE TMO3BOJSIET pPacCMaTpPHUBATh MHOMXECTBO TOYEK
KaXIo# npsAMOM KaK MHOXKECTBO, OMNpeiesNeHHbIM ofpasom ynops-
JIOUeHHOe. )

Kax u3BecTHO, MHOXECTBO Has3blBaeTCsl YIOPSJOYEHHBIM, €C/IH
B HeM ornpeleseHbl NOHSTHS <IPENUIECTBOBATLY M «CJEJI0BATb 3a»,
TaK, 4TO U3 JIIOOBIX JBYX €ro PasjHYyHbIX JIEMEHTOB X M 4 OJUH OIpe-
JieJIeHHbIH NpeJlIecTByeT JpYroMy; TOTAa FOBOPSIT, YTO BTOPOH 32 HM
caepyer. Ilpu 3TOM JOMKHO OBITH BBLIOJHEHO YCJAOBHE TPaH3UTHUB-
HOCTH: €CJIM X, I, 2 — TPH JIEMEHTA W X MpPEeNeCTBYeT ¥, a y npejile-
CTBYET 2, TO X NPEILIECTBYET 2. ;

MHOXKeCTBO BeIECTBEHHLIX YHCes, HalpuMep, MOXHO YHopsiIo-
YHTb «IIO BeJNHYHHE», MoJaras, YTo YHCIO @ MPEILecTBYeT 4ucly b
B TOM M TOJILKO B TOM Cayuae, Korjpa a << b.

Tlycetb a — npousBosibHass npsMas ¥ O — ToYKa Ha TPsSMOi a.
‘PaccmoTpuM OfiHY U3 IBYX NOJYNPSMBEIX C OOLIHM HauajoM B Touke O.
Bynem ropopuTb, uto Touka A NpemuwlecTByer 1a 3ToH MOMYTPSAMON
Touke B, ecau Touka A npuHauaexutr orpesky OB.

N3 nemmbl 2 ToTyac caenyer, yto ecau A npepulectsyer B, a B
npexmectsyet C, To A npeawecrsyer C. TeM caMbiM TOUKH KaxI0H I0-
JIYyIPSIMO OKa3bIBAIOTCS ONpELes]eHHbIM 00pa3soM  YHOPSsiACUEHHBIMHU.

YcnoBuMes Tenepb OIHY M3 JBYX IMOJYNPAMBIX C OOLGMM Haua-
JoM B Touke O HasbBaTh nepsoll W ONpeleNdM MOPSAJI0K TOUEK Ha
BCell NPAMOHN a CICAYIOUHUMH YCIOBHSIMU:

1) IMycts A n B — zBe Touku mepBo#l nosynpsimMoii, Toraa A npea-
wecTsyeT B Ha npsMoil a, ecin B npenwectsyer A Ha mepBoil mosy-
NpsIMOH.

2) sze TOUKH MEPBOH TMOAYNPAMOH MNpeilecTBYIOT Ha NpPAMOHA a
Touke O,
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3) Bce Touku neppoil monynpsMOH TMpPENLIECTBYIOT Ha MPSAMON @
TOYKaM BTOPOH IOJYHPSIMOH.

4) Touka O mnpeawecTByeT Ha NpsSIMOA @ TOUKAM BTOPOH MOJY-
npsiIMOH.

5) Ilyctb A u B — niBe ToukH BTOpOil noaymnpsimoit, Toraa A mpen-
wecTByeT B Ha mnpsimoll a, eciu - A mpenwecTByer B Ha BTOpoi
NoJYnpPAMON.

Kakoset 6b1 HH OblIM JABE TOUKH NpsIMOi @, ycioBus 1—b5 ompe-
JEJAI0T OJHY M3 HHX KaK INPeNIUeCTBYIOLLYIO JIPYTOH.

YcnoBusl TPaH3UTHBHGCTH NPH 3TOM OYIYT BHINOJHEHHL.

B camoM pese, nycTh Ha npsiMoit @ AaHel Tpu Touku A, B, C, npu-
YeM B CMbIC/I€, YCTAHOBJEHHOM ycaoBuaMH 1—5, Touka A mnpenuie-
cTByeT Touke B, a Touka B npenmectByer Touke C. [Jokaxem, uTo
STH K€ YCJIOBHS OTPELeNsioT TouKy A Kak npepiuecTByolyto Touke C.

Ecnu Bce Tpu TOuKH JexKaT Ha ONHOM M3 ABYX MOJAYNPAMBIX € 00-
KM HavyajsoM B Touke O, TO, KaK yxke ObLIO 3aMeyeHO Bbliue, yKa-
3aHHBI1 XapakTep pacnonoxedus Touek A u C obecrneunBaercs
JeMMoii 2.

Ecnu Touxa A Jexut Ha neppo#l noaynpsimoii, a B — Ha BTOpCi
(nnu coBnagaer ¢ toukoél 0), To C HenpeMeHHO GYAET TOUKOH BTOPOi
nojaynpsiMoii (rHawe mnoNyuyugoch Okl OpPOTHBOPEUHE C  YCJIOBHEM
3 umu 2). B rtakom cnyuae A npemwecrtsyer C corsacHo ycno-
BHIO 3. ‘ . :

Ecnun Toukun A 1 B nexar Ha nepBoii noaynpsmoii, a C — Ha BTO-
poii WJHM COBMajaeT C TOYKOH 0 To A npeawectByer C B CHIy
ycjaoBus 3 HaM 2.

Bce npyrue npeanosioxenust o pacnosioxeHun touek A, B, C 6y-
JyT NPOTHBOPEUUTHL ycJoBUAM 1—5.

Tem caMbIM CBOHCTBO TPaH3HTHBHOCTH JIOK23aHO.

Ecau MBI moMeHfeM pO/IsIMH TEpPBYIO H BTOPYH MNOJYNpPSIMbIE H
ONATH peaju3yeM ycaoBusl 1—5, TO MOJyyHM HOBBIH MOPSJOK TOUEK
Ha npsMoll @, sABASIOWMHCA o06pamHeiM TePBOHAYaJIbLHOMY, T. €.
ecaM Touka A mpeawectByeT Touke B B mepBoM mopsijike, To B npej-
wectByeT A BO BTOPOM. ' ’

Ilycte O' — Teuka npsiMoit @, orinuHass ot Toukd O. BriGpan
OlHYy M3 JABYX TMOJYNPAMBIX C O6IMM HauajoM B Touke O' B KauecTse
MEpBOt, MBI MOXKEM COINIACHO YC/IOBHAM 1—5 CHOBA yCTaHOBHTD He-
KOTOPEIl NMOPSANOK TOUeK NpsiMoit a. dmom nopadok Oydem cognadarmiv
C 00HUM U3 08yX, NOAYUEHHbIX HAMU paHee, UCX00s u3 86160pa MoUKU
O (nokaszatenbctBo onyckaem). TakuMm o6pasoM, HE3aBHCHMO OT
Boibopa Toukn O ycaoBus 1—5 BHosHe onpenessiioT IBa BO3MOXK-
HbIX, OGPATHBIX JPYT APYTy NOPSAKA PACMONIOKEHHS TOYEK Ha Mpsi-
MO a.

Mpl 6yneM rosopHTL, UYTO, BHIOHPAs OAHH H3 3THX MOPFAAKOB, ML
onpefeaseM Ha NpAMOH Hanpasierue,
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W3 onpenenenns mopsiika TOYeK Ha HPSAMOH JIETKO yCMaTpHUBaeTcs
cefyiollee NpefnoXeHue: ecau mouka B aexcum mexcdy A u C, mo
uat A npedwecmsyem B u B npedwecmsyem C, uau C  npeduwecmsy-
em B u B npedwecmeyem A, obpamno, ecau A npeduwecmsyem B u
B npedwecmsyem C uau ecau C npedwecmsyem B u B npedwiecmsyem
A, mo B nexcum mexcdy A u C.

Muaue roBops, nMopsiioK TOUeK Ha l'IpHMOI/I yCTaHaB/IMBaeTCHd Ta-
KUM 00pa3oM, 4TO pacrosioxkeHHe TOYKH B -mexay A u C B CMbI-
cle 3TOr0 MOpsiIKAa pPAaBHOCHJIBHO pAcHONOXKEHHIO TOYKH B mex-
ay A un C B TOM nepBOHAYa/bHOM CMBIC/IE, KOTOPBI yCTaHOB-
JneH B § 13.

§ 15. Tlpenbinymine npesoxenus OTHOCHJICHL K PACIIOJIOKEHHIO
Touek Ha mpsaMOH. Terepb Mbl yKaxkeM psill MpeLJOXKeHHH, Xapakre-
PU3YIOIHX OCOGEHHOCTH PacroNoKeHUsl TOUeK Ha MJIOCKOCTH H B IIPO-
CTpaHCTBe.

Teopema 10. Kaxdas NPAMAS @, PACNOONEHHAS 6 NAOCKO-
cmu o, pasdensem He Aexcawjue HA Hetll MO4KU 3MOL nAoCKOCMU Ha 08a
fle nycmolx Kaacca max, 4mo aobsie dse mouku A u B u3 PasHblx KAaccos
onpedeasiom Ompe3sok AB codeprcauyutl mouky npamod a, a awobdbLe
Ose mouku A u A" u3 oanoeo Kagcca onpedessrom ompesox AA’, sRYyMpPU
KOMOp020 He Aexcum Hu 00HQ MOuKa npamou a. '

HJokasarteabcTBO. Bo3bMeM B NJIOCKOCTH O TPOU3BOJB-
HYI0 TOUKy P, He Jiexaulyo Ha NMpsMOH a, 1 OTHeceM B MepBHI KJjacc

4 KaXIyio TOUKY A njockocTi, He pacro-

p JIOMEHHYI0O Ha TPSMOA @ M Takyl, 4TO
oTpe3ok PA He CONEPKUT TOYEK MNPSIMOM

4 Q; KpOMe TOTrO, B MEPBBIH KJacC OTHECEM

Q u camy Ttouky P (puc. 17). Bo Bropoii

, X @ KJacc OTHeCceM KaXJylo TO4UKy B, He Je-

R KAy Ha @ ¥ Takylo, YTo oTpe3ok PB

COIepKUT TOUKY npsiMoil a. Torna

P 1) Kaxnawit knace He mycr. B camom

P, [T zene, ecid Q — Kaxas-HuOyAb TouKa

: npsiMoil a, TO, corjacHo akcuome 11,2,

Ha npsmoil P Q uafinercss Takas Touka R, uto Q JnexuT mMexay P u

R; cnenoBaresnbHo, R Bofizer Bo BTopoil Kiaacc. C npyro#l CTOpoHsI,
NepBbIH KJacc CONEPXKMT, Hanpumep, Touky P. .

2) Beakas Touka miockoCTH o (33 HUCKJIOUEHHEM TOYEK MpPSAMOH Q)
nonazaeT B OAHH H TOJMbKO ONMH KJjacc. [leficTBHTeNbHO, BHYTPH Ji0-
foro orpeska MO0 COEPKUTCA, JHOO He COACPKUTCH TOUKA NPAMOH a.

3) Kaxnpe nBe Touku A u A’ mepBOro kjacca ompeiessioT oTpe-
30K AA’, BHYTPH KOTOPOTO He COAEPKUTCS HH ONHOM TOYK: MPSMOH a.

IeficTButenbHO, ecau otpe3ok AA’ comepKuT TOUKY NpsIMOH a,
TO NpPH YCJOBUH, uTO P, A, A’ He nexkaT Ha OTHOH NpPAMGIi, 110 aKCHO-
me Tlama 11,4, onun us aByx orpeskoB PA uam PA’ nonmen comep-
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JKaTb TOYKY NpPSIMOfl @, BONpeKH ycJoBHio; ecau P, A, A’ nexar uHa
NpsSIMOil, TO K aHAJOTHYHOMY 3aKJIOUEHHUIO Mbl NPHIEM Ha OCHOBaHHU
TeopeMbl b i Teopembr 8 B ciyuae, koraa P He NMPUHAJJ/EXKHT OTPE3KY
AA’, unv Ha ocHOBaHMM TeopeMbl 86 B ciyuae, KOrna P mpUHALIERHT
orpesky AA’.

4) Kaxaple a1Be Toukd B u B’ BTOpOro Kjacca omnpeiessiioT OT-
pe3ok BB’, BHYTPH KOTOpPOrO He COLEPXKHUTCS HH OJHOH TOUKH Ipsi-
MOH a.

Jloka3zatenbCTBO BBHITEKAeT M3 TeopeMbl 5a B TOM cllyuyae, KOrjaa
P, B, B’ He JjiexxaT Ha OfHOI mpsIMOii, ¥ M3 TeopeMbl B u Teopemul 8a
B TOM cJiiyuae, koraa P, B, B’ nexar Ha oIHO# npsiMOH.

5) Kaxnbie nBe Touku A ¥ B 13 pas3HbIX K/acCOB ONpeessiioT
oTpe3ok AB, BHYTPH KOTOPOTO CONEPXKHUTCS HEKOTOpas TOuka
npsiMoi a.

B camom nesie, no yciioBHio oTpe3oK PB cofepKHUT TOUKY NpsIMO#i a.
Ecnu P, A, B He JexaT Ha ofHOH mpsimoii, To, mo akcuome [lama,
au6o PA, nu6o AB couepXuT TOUKY NpsMOfi @; HO ans orpeaka PA
3TO HCKJIOYEHO YCJIOBHEM, CJieloBaTesbHO, OTpe3ok AB comepixut
TOYKY NpsAMOH a.

Ecau xe P, A, B pacrnosiokeHbl Ha OJHOH MPSMOR, TO K TOMY XKe
3aKJ/IOYEHHIO MBI NPHAEM Ha OCHOBaHMH TeopeMbl B u Teopem 8 u 86.

3ameuanue. Jlerko nmokasarb, 4to 1) Kaxablil Kjaacc conep-
KUT GECKOHEYHO MHOrO TOYeK (LI JNOKa3aTejbCTBA MOXKHO HCIOJb-
30BaTh TeopeMmy 6); 2) ecin P’ — moGas TOYKa MEepPBOro KJjacca u
€C/Id BCe TOYKM IJIOCKOCTH CHOBA paclpelesuTh Ha JIBa KJjacca aHa-
JIOTHYHO TIpeABIAyleMy, HO 3aMeHHB TOYKYy P Toukoii P’, To momy-
yaTcsi T€ XKe KJacChl, YTO U paHblue; 3) eClH 3aMeHHTb TOUKYy P Ka-
KOH-HUOYAb TOYKOH BTOPOrO KJjacca, TO 3TO NPHBEJET TOJbKO K H3-
MEHEeHHIO HyMepauuH KJIacCOB.

Onpepnenedune 5 Ynorpebnsss o6osHaueHuss GOPMYJTHPOB-
Ku Teopembl 10, Mbl 6yjieM rOBOpHUTb, 4TO Touku A n A’ nexar B mio-
CKOCTH Q. 110 00HY cmopory om npaxoii a, a Todkn A u B nexar B nio-
CKOCTH 0. HO pasHble CMOPOHbL OM npamot a.

Teopema I1l. Kaxdasa niockocme o pasdessiem He aexcauyue
HQ Hell MO4KW NPOCMPAHCMBA HA 084 He NYCMbLX KAAcca mak, 4mo Ato-
6ole e mouxku A u B u3 pasuex Kaaccos onpedeasrom ompesok AB,
BHYMPU KOMOPO20 ACHCUM MOYKA NAOCKOCMU o, a Atobble Oée mouku A
u A’ u3 0dHo20 Kaacca onpedeastom ompesok AA', He codepxcauquii
HUKAKOU MO4KU NAOCKOCMU O

Onpenenenue 6. Mbr roBopum, uro Touku A u A’ nexar
B NPOCTPAHCTBE MO OOHY CMIOPOHY OM NAOCKOCMU ., @ TOYKH A u
B — no paswete cmoponst om nA0CKOCIU .

JlokasaTesibcTBO TeopeMbl 11 Mbl He NPUBOAMM; 3aMETHM TOJIBKO,
YTO XOTA 3Ta TeopeMa OTHOCHTCA K TPOCTPAHCTBEHHOH TIeOMETPHH,
IJ1s1 ee JoKasaTeJbCcTBa He TpeGyeTcsl HOBbIX aKCHOM MOpfilKa, Kpome
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yxe BBefleHHbIX akchom II,1—I1,4, orHocsmuXxcs K ToukaM Ha nps-
MOH M Ha IJIOCKOCTH.

AKcHOMBL BTOPOM TpYNOBl Jd0T OGOCHOBAHHE BAMXKHEHLIMM [OHSI-
TUSM O MOPsIAKE TOYEK Ha MPSMOH, O PACIOJIOKEHHH «I10° OAHY HJIH
MO pasHbie CTOPOHBI» H T. M. FI3 HHX OCHOBHBIM SIBJISIETCS. TMOHSTHE,
BbIPAXKaEMOE CJIOBAMH: «JIEXKHT MeXJAy», BCE OCTa/JbHble OT HEro Mpo-
H3BOISITCSA.

C mnowmolibio aKCHOM [1,1—11,4 ecrectBeHHO Onpene/siorcs JoMa-
Hasl, TPEYro/ibHHUK, Boo61ue MHOTOYTOJIbHHK, JOKa3bIBAETCSl TMpeNJIo-
JKEeHHe O pasjliesleHHH IVIOCKQCTH MPOCTBIM MHOTOYTFOJbHMKOM Ha JBe
06/1aCTH; HO M3 3THX aKCHOM He CJeAyeT elle, HAlpuMmep, uTO MHO-
JEeCTBO 3JIEMEHTOB TeOMETPHH HecyeTHO (MO STOMY IIOBOAY CM. I
1V, § 72).

5. Ipynna I1I. AxkcHOMbI KOHPpYyaHTHOCTH

§ 16. Mul mosaraem, yTo OTPE30K MOXKET HAXOAWThCSl B H3BECTHOM
OTHOIIEHHH K JAPYromy OTpe3Ky (MM K camoMy cebe), u OyaeMm 3TO
OTHOIUEHHe 0603HayaTb CJIOBOM «KOHI'DYSHTEH» HJIH CJIOBOM «paBeH».
OTHoOLIEHHE KOHTPYIHTHOCTH NO/IXKHO VAOBJIETBOPATL TpeGOBaHUAM
CHEYIONHX aKCHOM.

1I1,1. Ecau A, B — 0Ose mouku Ha npamoii a u A’ — mouka Ha mott
e npamoll usw Ha Opyeod npamod a’, mo eceeda MOKNCHO Haimu no
Oanuyw om mouku A’ cmopoHy npamod a’ 00Hy u MoAbKO 00HY
maxkyto mouky B’, umo ompesok "AB kouepyswmern ompesxy A'B’.

TO OTHOLLEHHE MeXIY OTpe3Ka-

)5’/ M1 AB u A’B’ ofGosnavaercs Tak:
AB = A'B’.
,4
[aa  kaxdozo ompeska AB
/ ) mpebyemca  KOHEPysHMHOCMb
AB = BA.
Puc. 18. [lepBasi uacTb 3TOH aKCHOMBI

, KOpOue BLIpa)Kaercsi TaK: KaxOoitl
ompe3ok moxcem Oblmb OOHOHAUHO OMAOXCeH Ha Aat06ot npsamod no
2100Y10 OaHHY cmMopory om awboli ee danHol mouxu (puc. 18).

111,2. Ecau ompesku A’'B’ u A"B" KoHepysnmHer 00HOMY U momy
ace ompesky AB, mo A'B’ konepysumen ompesky A"B”, T. e. eciu

A'B'=AB u A"B" = AB,

A'B' = A"B".
U3 akcuom I11,1 u II1,2 crenyer, uro ecau AB = A'B’, mo AB=
= B'A’. B camoMm fese, U3 IBYX COOTHOLIEHHI:

AB=A'B', B'A'"= A'B’,

TO TaKxe
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(Bropoe oGecneueno akcuomofl I11,1) Ha ocHoBanuu axcumomst II1,2
sakJouaeMm, uto AB = B'A’.

Orciopa u u3 akcuomsl 111,1 BeiBoguM

CnepcrBue. Kaxdoul ompesox konepysrmern camomy cebe,

T. €.
AB= AB, AB= BA.

IeiicTBuTenbHO, cooTHOleHHe AB = BA norpeGoBaHo akcHOMORR
I11,1, a Ha ocHoBanuu npenpiayero u3 AB = BA cnenyer AB = AB.

ﬂ,anee MbI MOXKEM YCTAHOBUThb IpeijoxeHue: ecau AB = A'B’,
mo A'B'= AB, T.e. omHowleHue KOHePYIHMHOCMU OMpPe3Kod CuUM-
MEMPULHO. ¢

B camom nene, mbl umeeMm; A’B’ = A’B’; ecau pgaHo AB = A’B’,
TO M3 3TUX JBYX COOTHOWIeHHA H u3 akcuombl III1,2 BhiTekaer koH-
rpysHTHocTe A'B’ = AB.

JlokaxeM, HaKOHel, YTO ecAu

AB=A'B' u A'B’ = A"B",

mo marce
n n
AB= A"B",
Mm. e. OMHOWEHUE KOHSPYIHMHOCMU Ompe3kos 06ia0aem C80LCmBeom
mpanaumuenocmu .

Ina nokasaTenbCTBAa JOCTATOYHO 3aMETHTb, YTO HA OCHOBaHHR
npeabAymero U3 JAByX cootHowenuii AB = A'B’, A’'B'= A"B”
CJIEAYIOT COOTHOLLEIHs] '

AB= A’ B' A'"B"= A'B’,
nocje uyero . KOHrpysHtHocte AB = A”"B” ofecneunBaercs axcHo-
moit I11,2.

Urak, akcumomsl III,1 n III,2 noseoisiior ycraHoBHTH, uTO:
1) Kaxzabli OTPe30K KOHIPYIHTEH camoMy cebe, 2) B OTHOIIEHHAX
KOHTPY3HTHOCTH OTPE3KOB MOPSJOK ONpeleNsiomuX HX Touek 6e3-
pasnnyen*), 3) OTHOLIEHHE KOHIPYSHTHOCTH OTPE3KOB CHMMETPHYHO
M TPaH3UTHBHO.

[aa Gosee copep:xarefbHbIX BbIBOAOB TPeOYIOTCS HOBBIE aKCHOMBL.

11,3, Hycme AB u BC — 0sa ompeska Ha npamol a, He umeroujue
00L4UX BHYMPERHUX MO4EK, U nycrib, c'?a/zee A’'B" u B'C" — 06a ompeska
Ha moil xe umw Ha Opyeold npamoi a', moice He umeroujue obUUX mo-
4ex. Ecau npu amom

AB= A'B" u BC= B'C’,

*) 310 o3Hayaer, 4TO M3 cooTHoweHuss AB=A’B’ caenyior cooTHowerust AB=a

.B'A’", BA=A'B’ u BA=B'A’. Ileproe u3 HUX [0KA3aHO BhIle, JBa IOCJAENHHX

JIel'KO BBIBOJATCS HA OCHOBAHMH CHMMETDHYHOCTH M TPAH3HTHBHOCTH OTHOLIEHHSI KOH~
FPYIHTHOCTH OTPE3KOB.
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TO
AC = A'C’
{puc. 19).
Onpenenenue 7. [lapa nonynpsimux h, k, BEIXOAALIMX H3
ofHON M To#l ke Toukd O U He NpUHAAJAEKAIIUX OFHOH NpsAMOH, Ha-
apiBaeTcsl yeaom. [asi o6o3HaueHus

44 g > yraa ynorpebasiotcs sHaku Z (h, k)
7 oo n Z(k Hh).
—= { 4 Eciu A v B — TOUKH NMOJYIPSAMBIX
. h u k, To Mb OGyleM TaKKe ynorpes-
Puc. 19. JATh cjeiylolllee OGO3HauyeHHe Yyria:
£ AOB.

[Moaynpamble & B B HasbLBAlOTCH €TOPOHAMU yraa, Touka O —
sepuurod. :

ITycts A" — nonynpsmas, fonoausiomas h mo npsmolt, u k' —
nosrynpsiMasi, AONOIHAOLIAS k no npsimofi. TOUKH NJIOCKOCTH, JiexKa-
LLKE IO TY e CTOPOHY OT Ipf-

Mo# h, h’, 4TO U TOYKH MOJY- o 4
npsiMofi 2, H IO Ty e CTOpO- , 5522
Hy OT npsiMoii k, B/, uTo H TOY- A
K{ Moaynpsamo#i h, HasLIBAIOT-
Cl BHYTPEHHUMU  TOYKaAMU S S S S S vty
Z.(h, k), a cOBOKYIHOCTb BCex Oozzozzzéziigizo
TaKUX  TOYeK — BHYTpeHHed g::o
o6aacTbio yeara. Bce ocranb- 4 N ~ 7
Hble TOYKH MJIOCKOCTH, conep- \\\
¥Kalle#i yroJs, 3a HCKIOUeHHEM
ToukH O W TOYEK NOJYNPAMBIX
h u k, Ha3LIBAIOTCA BHELUHU- Puc. 20.

MU TOYKAMH Yrja, a COBO-

KYIHOCTb BCEX TAaKHX TOYeK — BHewHel o6aacTolo yera (Ha puc. 20
pHytpennss obnactb £ (h, k) nokasaHa [BOHHON INTPHXOBKOH).

OTMeTHM CJAEAYIOIIYI0 TeopeMy.

Teopema lla. Ecau A u B — TO4KU HA PA3HbIX CTOPOHAX Ye-
AQ, TO B8CAKAA NOAYNPAMAR, NPOXOOAWAR BHYTPU Yyeaa 4epe3 eeo
sepuiuny, nepecexaer orpe3ok AB u, o6paTHo, 8CAKAA NOAYNPAMAA,
coedunarouan sepuluny ¢ 00roi us Touex orpesxka AB, pacnoroxce-
HA 8HYTPU Yeaa. .

JlokazaTeabCTBO NepBOi yacTn TeopeMmb. Ilyers
Z (h, k) — nauublit yron (Ha CTOpoHe A JIeXHT TOYKa A), I —mo-
Jynpsimas, BLIXOAAIILAA H3 BCPIIHHBI BO BHYTPEHHIOIO ob6J1acTh.
BosbMeM Ha noaynpsMol A’, onoJHsiolell NONynpamMyw A, mpous-
BOJIbHYIO TOuKy C u paccMoTpuM Tpeyroabuk ABC. O6o3Haunm ye-
pes I’ momosHeHne moJaynpsmoit [, uepes [* — mpsMylo, cocTaBieH-
nyio noaynpsimbimu. [ 1 U, Tlo akcuome 11, 4 npamas [* nomxua me-
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peceus au6o CB, nu6o AB. Ho npsamas [* He uMeeT TOYeK BilyTpH
Z_(K', k), cnefnoBaTenbHO, OHA MepecekaeT uMeHHo AB.

Hanee, nonynpamas I’ He umeer touek BHyTpu Z (h, k), ciemo-
BaTeJbHO, 0Tpe3oK AB nepecekaer noaymnpsimas L. TeMm cambiM nep-
Bas 4acTb TEOPEMBI JOKa3aHa. .

JlokaszaTenbCTBO BTOPOM 4YacTH NPOBOJMTCA NPH NOMOUIM TpH=
BHAJIBHHIX paccyKAeHHUH.

Tenepb MBI BBOIMM TNOCJENHEE OCHOBHOE MOHSATHE: KOHTPYIHT«
HOCTb yrsioB. MBI moJiaraeM, YTo yroJ MOXeT HaXONHThCS B H3BECT-
HOM OTHOLIEHHH K IPYroMy yray (HaAH K
camoMy cebe), u 6yneM o603HAUaTh 3TO
OTHOIIEHHE C/IOBOM «KOHT'DYIHTEH» HJH
CJIOBOM «paBeH».

A
H ﬁ
Puc. 21. Puc. 22.

I11, 4. Hycrb daner £L.(h, k) Ha MAOCKOCTU o, NPAMAS a’ Ha sTod
gice AU KAKoL-Hu6yosb preou naockocru o, u 3adana onpedesen-
KA CTOPOHA NAOCKOCTU o OTHOCUTEAbHO npamol a’.

Ilycte W — ayu npamoii a’, ucxodawuil us rouku O’. Toz20a
Ha naockocTu o cywjecteyer OOUH U TOAbKO 00uUH Ayu R’ Takod,
4ro £ (h, k) rouepysnren £ (W, k') u npu atom 8ce 8HyTpexHue
Touku £.(W, k') aesxcar no 3a0annyro cropony or a’. [das kouepy-
SHTHOCTU Y2A08 Yynorpedbrnercs obo3HaUeHUe

L.(h B) = L (W, F).
Ecau £ (h, Ry=2L (K, k'), To L(k, hy=/L(F, K). Kaxded
Y20 KOHepYaHTeH camomy cebe, T. e.
L(h,Ry=L (h, k) u L (h, kY=L (k, h).

[MepBast yacTb 3TOH AKCHOMBI KOpOue BHIpaXaeTcs TakK: Kaxcoolil
Y204 mooxceT 6oiT6 OOHOBHAUHO OTAONMCEH 8 OQAHHOL NAOCKOCTU hO
dannyro cropory npu daxnom ayue (puc. 21).

111, 5. IMycre A, B, C — Tpu TO4KU, He aedcaujue HA OOHOU nps-
nmoi, y A’, B/, C' — roske Tpu TouKuU, He sexcauyue Ha 00HOL npamod,
Ecau npu atom

AB = A’B’, AC= A’'C’ u LBAC = £B'A'C’,
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mo .
) L ABC= /L A'B'C' u L. ACB= </ A'C'B’
(puc. 22). .

ConocraBnss akcuomsl rpynmsr [11, ormernm, uro akcuomsr I11,1—
11,3 kacatorcs auwb orpe3kos, akcuoMa I11,4 oTHOCHTCS K KOHTPY3HT-
HOCTH YIJOB, a akcnoma 11,5 cBA3bIBaeT KOHIPYIHTHOCTb OTPE3KOB

H KOHI'DY3HTHOCTb YTJIOB.

6. Cneacreusa us akcuom I — III

. §17. Mel BugenH, 4TO KOHTPYSHTHOCTb OTPE3KOB €CTb CBOHCTBO
p3auMHoe: ecad oTpe3ok AB kourpysuteH orpesky A'B’, 10 u or-
pesok A’B’ kourpysiiten orpesky ‘AB. Ilostomy AB u A’B’ Ha3biBa-
10TCSl 63AUMHO KOHEDYIHMHbIMU.

[Tyctb Ha mpsaAMoi a naHa cucrema touek A, B, C, ..., K, L i Ha
apsiMoit a’ — cucrema touek A’, B’, C’, ..., K’, L’; eciu orpesxu
ABu A'B’, ACu A'C’, BCwu B'C’, ..., KL u K'L' B3anumuo koHrpy-
SHTHBI, TO O0e CHCTeMbl HA3bIBAIOTCS B3aMMHO KOHIPYSHTHBIMH.

Hmeer MecTo cienyromas

Teopewma 12. Ecau 6 08yx KOHepyanmroix cucmemax A, B,
C,...K,L uAd',B,C,..,K,L mouku nepsot pacnoroxcers. max,
umo B aexcum mexcdy A ¢ odHotl cmoporer u C, D, ..., K, L ¢ dpyeot,
C mexcdy A u B ¢ odnoti cmoporet u D, ..., K, L ¢ dpyeodd u m. 0.,
mo u mouku A’, B’, C', ..., K', L' pacnoioxccrot araroeuuno, m. e.
B’ aexcum mencdy A’ ¢ odnoti cmoporsr u C’, D', ..., K', L' ¢ dpyeot
um.o.

Kopoue MOXKHO CKasaTb: Npu KOHEPYIHMHOM NEPEHECCHU CUCTEMbL
mouex ¢ COHOU npamoid Ha Opyeyro nopsadoK PACNOAOXCEHUS MOHEK CO-
xpansemes. .

He ocranasnuBasicb Ha J10KasaTeJbCTBe TeopeMbl 12, nepeiinem
K caenyiouieil Teopeme, Kotopas GyLeT CYLIeCTBEHHO HCMOJb30BAThCSA
B JaJjbHeHieM. _ -

Teopewma 13. Ilycmo Oaner mpu mouku A, B, C Ha npamol a
u mpu mouku A’y B', C' ra npamod a'. Iycme, Garee, AB= A'B’
u AC= A'C’. Tozda, ecau B rexcum mexdy A u C, a B" na npsmoil
a’ szexcum c motl e cmoporer om mouxku A, umo u C', mo B’ rexcum
mewdy A" u C'.

B orsnune ot Teopemsl 12 3sech 3apaHee He NpeE.IoNaraeTcs KOH-
rpyautHocts BC = B'C’.

JlokasatenbcTBO ~ MOXKET GbiTb  HENOCPEICTREHHO  IOJAYUYEHO
n3 axcuom III,1 m III,3. B camom pene, no axcrome III,1 Ha
npsiMoit @’ cyuiectByer Takasi touka C*, wro B’ nexur wmexny A’
u C* u B'C* = BC. Tlo axcruome III,3 Torna nomxuo 6eite AC =
= A'C*. Takum obpasom, AC= A'C’' u AC= A'C*. Ho tak xak
touky C’ u C* Jjexar mo oaHy cropoiy oT Touku A, To BCjex-
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crBue akcuombl III,1 Toukn C' um C* cosnanawor. CrnenoBaresnbHo,
B’ nexur mexay A" u C'.

Onpenenenune 8 Tpeyronsuuk ABC Ha3biBaeTcs KoHepy-
sumnoim TpeyronbHuky A'B'C’, ecnu :

AB= A'B’", AC= A'C’, BC= B'C/,
L A=L A, L B= 43 /L C=/C

(cumBosHueckas 3anuch: A ABC = A A'B'C’).

Teopema 14 (nepBaa TeopemMa 0 KOHTDY3HT
HOCTH TpeyroabHUKOB). Ecmwu 01a 08yx mpeyeosorukos
ABC u A’'B'C’ umetom mecmo KOHepyIHmHocmu

AB=A'B', AC=AC" u L A=/, A,

mo mpeyeorvrurx ABC xonepysumen mpeyeorvruky A'B'C’.

Hokxasareabcrtso. [Toakcuome II[,bumeem: £ B = /£ B’,
/4 C= /£ C’; takuMm 06pa3oM, HaM HYKHO TOJbKO HOKa3aTh, YTO
BC=B'C'.

JonycruM, "yTo cropoHa BC He KOHTDYSHTHA CTOpOHe B'C'.
ocHoBaHuu akchomb! 111,1 Mbl MoxkeM Ha syue B'C’ Hafit TOUKY D
A wertopoii BC = B’D’. Tlpu Hawem jonyuweHud Jayud A’ c
u A'D' — pasuble. Ilpumensasi Kk tpeyroibuukam ABC u A'B'D’
akcuomy I11,5, sakmouaem: £ BAC = « B’A’'D’. Ho no ycio-
Bulo /. BAC = £ B'A'C’. TlocienHue JBa COOTHOLIEHHSI IIPOTHBO-
peuar tpeboBaiiuio efuHcTBeHHOCTH B axcuome II1,4. CrmepoBartenbho,
npennonoxenne BC=B'C’ HeponycTHMO.

Teopema 15 (BTopasgs TeopeMa O KOHIPY3HT-
HOCTH TpeyroabHiukoBs). Eciu 0ra mpeyeoronuros ABCu
A'B'C’ umetom mecmo KOHepYIHMHOCMU '

AB=A'B', LA=LA, LB=LFH,

mo mpeyeorvrure ABC rounepysnmen mpeyzorvruiy A'B'C’.

HoxaszaTeabCTBO MNPOBOJUTCS aHAJOTHYHO MPeIbIAYHIEMY (METOIOM
«OT MNPOTUBHOIG» C ucnosab3oBaHuem awkcuoM II1,1, 11,5 wu Iil,4).

Crexyiomasi TeopeMa yTBeDKIaeT A8 YIVIOB B OCHOBHOM TO XKe,
yro axcuoma III,3 ana orpeskos. ’

Teopema 16. Ilycmo h, k, L u W', k', I' — ayuu, ucxodauue
coomseincmeenno u3 mowek O u O', u xaxwdas u3d smux mpoek ayued
pacnosoxcera 8 cdnoid naockocmu. Ilycme, Oasee, 0d0ur u3 ayued h,
k, 1 npoxoaum BRYMPU yeaa, 05pa308aHHoao Osyma Opyeumu, a coom-
gemcmayiowuid emy Ayt mpodxu h', k', I' (1. e. cGo3HaueHHbI TOM
xKe 6yKBOH) maK Jice pacnoaoxcer N0 OMHOWEHUIO K 08Ym Opyeum Ay
uam smotl mpotiku. Toeda us

Loy h=2L (W, I)u £ (1, =L (', k)
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caedyem
Z (h k)= £ (W,F).

Iloka3aTesibCTBO NpoBedeM CHauasna njsi cjayuasi, Koraa Jayy [
npoxonut BHYTpH yraa (A, k) (puc. 23). Honycrum, uto £ (h, k)
He KoHrpysured /£ (h’, k). Ha ocnoBanuu axcuomsl 11,4 nmocrponm
Z (W, k") Tak, uto6nl Gbuio £ (h, k)= L (W', k") ¥ uTOOH
£ (K, k") umen obmue BHyTpeHHHe ToukH ¢ £ (h', k'). Bosbmem Ha
Jyuax h u k coorBercTBeHHO TOYKH A u B M nmoctpoum Ha Jayuax k' u k"
Toukn A’ n B” npu ycaoBusix: OA = 0'A’ uw OB = O'B". Toraa no
teopeme 14 AB = A'B”. Tak kak ayu ! npoxogur Buytpu £ (h, k),

Pue. 23.

TO BCJeACTBMe TeopeMbl lla syu [ nepecekaer orpe3ok AB B
Hekoropoil Touke C. Iloctpoum Ha ayue A'B” Touky C” Tak, 4ToGHL
¥Mesa MecTo KOHIpysHTHocTe AC = A'C". BcaencrBue Kol-
rpyauTHocTeil AC = A'C" u AB = A’'B" n Ha OCHOBaHHH TEOPEMbI
13 Touka C” nexut mexay A u B”; KpoMe TOro, HMEET MECTO KOH-
rpysHTHocth BC = B”C” (YTO MOXKHO [H0Ka3aTb PacCyxKJIEHHEM «OT
MPOTUBHOrO», Hcnonb3ysi akcuomy II1,3). lanee, BcieacTBre KOH-
rpysutHocreii OA = O'A’, OB=O0'B", £ (h, B)y= L (W, k") u
akcuomel 111,56 umeem: /. OAC = /. O'A'C"u /. OBC= L 0'B"C".
Ha ocHoBanuu ToH ke akcuombl M KOHrpysHTHocTedl OA = O'A’,
AC=A'C" n 4L OAC= 0'A’C" s3akmouae™m, uro £ AOC=
= £ A’0’C"; aHa/OrHYHO, NPUHHUMAsT BO BHHMaHHE KOHIPYIHTHOCTH
OB= 0'B", BC= B"C", £ OBC = £ 0’'B"C", npuxoqum K 3akxJio-
yeHmio, yto £ COB = £/ C"0O'B".

Bcenencreie nepsoro u3 3THX JABYX 3akiioueHuil u akcuombl [11,4
Toyka C” JOMXKHa,Jexatb Ha Jyde I’. B TakoMm ciyyae KOHIPY3IHT-
Hocte L COB= / (C"0O'B" pPaBHOCHJIbHA KOHI'DY3HTHOCTH
L (l, =2 (', k). Ho mno ycioBHIO TeOpeMbl Mbl HMeEM:
Z (I, Ry= L (I', k'). Tak xak no HauweMmy nNpeIrno/I0OKeHHIO JyIH
k' n k" pasniuuHBl, TO TMOC/JEJHHE JBA COOTHOLIEHHSI [POTHBO-
peuar akcuome III,4. IlosmyuenHoe mporuBopeure 3aBepluiaeT JoKasa-
TeJ1bCTBO. '
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[lycte Tenepp Jayu k Jgexur BHyrpu Z (h, ) u ayu k' —
BHyTpH Z (h', I'). Bo3bMeM Ha Jsyuax h u I COOTBETCTBEHHO TOYKH
A u C n nocrpouM Ha jayuax h' u I’ Toukn A" u C’' npu ycjoBHsIX:
0A = 0'A’, OC = 0'C’. O603HauuM uepe3 B Touky rnepeceyeins Jyua
k c orpeskom AC u uepes B’ — Touky mnepeceueHusi k' u A'C’ (cy-
IECTBOBAHHE 3THX TOYEK Temepb 00ecrieueHo paciojioKeHHeM NaHHBIX
ayueit). M3 ycnosuit Teopembl ¢ yuerom akcuoMel 1115 u Teopemel
15 naxopum, uto CB = C’B’; orciona, npuHMMasi BO BHHMAaHHE KOH-
rpysutHocts CA = C’'A’, nonyuaem BA = B’A’. Taxkum o6pasom,
OA = 0'A’, BA=B'A’; kpome toro, £ OAB= 2 O'A’'B’' (no ak-
cuome II1,5). CrnepnoBarenvto, £ AOB = £ A'O'B’, uto u TpeGo-
Ba/IOCh JI0Ka3aTh. .

Cnenyiomasi TeopeMa HrpaeT [0 OTHOWIEHHIO K YIVIAM TaKyl0 XKe
poJib, Kak TeopeMa 13 MO OTHOLIGHHIO K OTPe3KaM.

Teopema 16a. Ilyemv 8 Hexkomopoil naockocmu OaHbl Aydu
hyk, lul k', ', ucxodauwue coomeemcmeerro ua movex O u O'. ITycmo
ayuu kw1 aexcam no o0y cmopory om npamoi, codepacawjed ayd h,
a ayuu R u U aumasoeuuno pacnoroxcersr omuocumeasno h'. Toeda,
ecau £ (h, Ry=2L (W, k), L, )= LN, ') u ecau ayu k rexcum
enympu yeaa £ {h, ), mo ayu k' sexcum enympu yera £ (R, U').

HJdokasareabcrtso. Bosbmem Ha siyuax A u [ COOTBETCTBEH-
1o Toukd A u C u moctpoum Ha syuax h’ u I’ Touku A’ u C’ ¢ cobuio-
nenueM ycaoBuii: OA = 0'A’, 0C=0'C'. Tak kak ayu &k
npoxogut BHyTpH yraa Z (h, I), oH mnepeceuer orpesok AC B
HekoTopoii Touke B. C nomouibio Teopembl 14, akcuombr I1II,1 u Te-
opembl 13 Jierko mokasatb, uyTo Ha orpeake A'C’ wHaiizercsi Touka B’,
ansi koropoit AB == A’'B’. Jlanee wu3 akcuombl 11,5 3axiiouaeM,-
yro £ AOB = £ A’0O'B’. Orciona u u3 akcuomnl II1,4 BhiTekaer,
yto Jiyu k' npoxomut yepe3 Touky B’. Takum oGpasom, jayu k' jexur
suytpu L (W', l').

Teopema 17. Ecau 6 mpeyecorerHuke ABC umeem AC = CB,
mo £ . CAB =/ CBA u £ CBA = / CAB.

JloxasaTtenbcTBoO. Teopema cnenyer u3 axcuomnl III,5
B npuMeHeHHu K TpeyronbHukam CAB u CBA.

Teopema I8 (rpeTbsl TeopemMa O KOHTPYSHT-
HOCTH TpeyroabHuKOB). Eci 0aa mpeyecorornuxkos ABC
u A'B’'C’ umerom mecmo KoHepysHmHocmu

AB=A'B', AC=A'C’, BC= B'C,

mo mpeyeorvrux ABC konepysnmen mpeyeorvruxky A'B'C’.
HdokasarteasncTBo. BcnexctBue Teopemul 14 Ham jocra-
TOYHO J0Kaszath, uto /. CAB = £ C'A’B’. [lonycTuM NpOTHBHOE.
Benencreue akcuomel 111,4 cymectByer ayu A’P;, pacnosioeHHbIA
¢ Toi ke cropoHel or mpsimol A'C’, ¢ Kakeil Haxoautcs Touka B’,
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1 yjrosJieTBopsiowuii yeaoBuio: £ CAB = £ C'A’P;. Tlo npexznoio-
xennio Jyy A’P; He coBnanaer ¢ nyuom A'B’ (puc. 24).

Ha ocxosanuu axcnompr III,1 Ha siyse A'P; umeercs touka By,
Aast koropoit AB = A'Bj; Tak kak AB = A'B;, AC=A'C’ n
/. CAB==/ C'A’Bj, 10 no teopeme 14 umeem: A ABC= /\ A'B,C".
Orciofa crenyer KOHIpysHTHocTh BC ='B;C’. BBuay cummerpuu-
EOCTH M TPAH3UTUBHOCTH KOHTPYSHTHOCTH OT P € 3 K O B 3aKJIOYaeM
Ha OCHOBAHWH . NPeJbIAYIIETO, YTO CTOPOHBI TpeyronbHuka A’BiC’
KOHIDYSHTHSl COOTBETCTBYIOWAM CTOpOHaM Tpeyronbhuka A’'B’C’.
ITono6Ho mpexpyiylieMy, MOCTPOHUM TpeyroibHuk A'B,C’, nexaiui

.

A

Ppc. 24,

no Apyrywo cropony or npamoii A'C’ n obnanatoluit TakuM e CBOfi-
ctBoM. Paccmorpum TPeYTONbHHKH A'B,B" u C'B,B’. Bcaencrsue
KOHTPYSHTHOCTH A'B,= A'B" no Teopeme 17 umeem: £ A'B,B'=
= /_ A'B’'B,; aunanorwuno, / B'B,C'= £ B,B’'C’. W3 nocaex-
HHX JBYX COOTHOLIEHHH W Ha OCHOBaHHM TeopeMbl 16 3axiio-
yaeM, uyro £ A'B,C'= / A'B’'C’; orciona u u3 Teopembl 14
caenyer, uto A A'ByC'= A A’B’C’ u, takum obpasoM, £ C'A’'B,
== /. C’A’B’. CoBepIlUCHHO TaK e MOXHO J0Kas3aTb, uto £ C'A’B,
e= £/ C’A’B,. Tlociefnue 1Ba COOTHOUIEHHS MPOTHBOPEYAT AKCH-
ove II1,4; monyyeHHOe NPOTHBOpeUHE JOKAa3bIBAET TEOpEMY.

Tenepb Jierko MoxeT ObITb JOKas3aHa

Teopewma 19. Ecau L (b, )= 2L (W', k') u L (h, k) =
=L (h', k"), mo L (W, k)= L (h', k).

JdoxasarteabcTBo. - O6o3nauum  BepumuHel 2 (h, &),
Z (W, k') n £ (h", k") coorBercTBeHHO GykBamn U, O u 0", BosbMeMm
Ha Jyyax h, k kakwe-uuGyzap Toukn A, B (A — Ha ayue h, B — ua
Jiyye k) ¥ mocTpouM Ha syuax h', k', h” k" Toukn A', B, A" B" npu
yeaoBusix OA= 0'A’, OB= 0 B’ 0A = O”A” 0B = O”B”
Ilo Teopeme 14 umeem: AB= A’ B, AB = A"B". Tax xak CBOICTBO

I
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KOHTDYIHTHOCTH OTp €3 K GB CHMMETPHYHO H TPaH3UTHBHO, TO
npelblAyliHe COOTHOLIEHHS [JaloT KoHrpysutHoctu: .0'A" = 0"A”,
O'B’= 0"B", A'B’= A"B". Tlo teopeme 18 orciopa cnenyer, yto
AO'A'B"= AO"A"B" un, Takum obpasom, /. A'O'B' = /. A"0"B".
Teopema pmoxasana. v

[TpeanonoxuM Tenepb, 4YTo HexoTopuifl £ (A, k) KOHTpy3HTeH
Z (W, k'): Tak xak mo akcuome [I11,4 Z (h, k) KOHrpysHTEH camoMy
ceGe: £ (h, k) = £ (h, k), To u3 Teopemnl 19 caeayer, uto £ (h', k)
KoHrpysHteu £ (h, k). Takum ofpa3om, u3

Lo(h Ry= £ (W, kY,
crenyer
L (WL RY= £ (hR).

Tem caMbIM NOKa3aHO, YTO OTHOLIGHHE KOHI'DYSHTHOCTH YIVIOB SIBJISIET-
Cs CHMMETPHYHBIM (B3auMHbIM). Bcenencreue Teopembl 19 oHO Takke
H TpaHsuTHBHO. DBMecte ¢ TeM okaspiBaercsi CHMMETPHYHBLIM M TpaH-
3UTHBHBIM OTHOLICHHE KOHTPY3HTHOCTH JUIsl TPEeYyroJbHUKOB.

JlanpHefiuiie OCHOBHBIE TIPEAJIOKEHHST TeOMETPHH MOTYT ObiTh
pasBeplyThl, HaPUMEDP, B CIEAYICIIEM NOPSAAKE. ‘

Onpenenenune 9. [Ipa yrna, y KOTOPbIX HMEWOTCsl obmad
BepMia M op#a obluas CTOpoHa, a LPyrue CTCPOHBI KOTOPBIX Co-
CTABAAIOT TPAMYIO JIMHHIO, HAa3LIBAIOTCA CMENCHBIMU  yeraxi. Jipa
yrna ¢ ofuweil BePIIHHOI, CTOPOHBI KOTOPBIX MNOMAPHO COCTABJSIOT
NpsiMbIe JIUHMY, HA3LIBAIOTCS 6CRIIUKAALHBIMU YeAAML.

Teopewma 20. Ecau dsa yeaa 63aumHO KOHEPYIHMHbL, MO Chicic-

Hble C Humi ye/lb! MaKHe B3AUMHO KOHZngHmel.
a
Vid / "

>

hy ‘ An KL
Puc. 25.

Hoxasarteabctso. [lyetb L (h, k)= £ (I, k') (puc. 25);
ofo3Hauum yepe3 h, — qyu, JONOJHAWIMA A Jo mpsAMO#, uyepe3
hy — ayu, nomonusowmnii A'; sepwmusl £ (h, k) u £ (W', k') ofo-
3HaunM uepe3 O u O'. BosbmeM Ha syuax h, & u h; CCOTBETCTBEHHO
toukn A, B -u C. Tlo akcuome I11,1 Ha nyuax h’, k' u h; HaiigyTcs
Touku A’, B’ u C' takue, uto OA = 0'A’", 0OB= 0'B'n OC= 0'C’.
Orciopa mo akcuome 111,3 AC = A'C’; no akcuome 111,56 £ OAB ==
=/ 0'A'B' (umm £ CAB= /£ C'A'B’), o teopeme 14 AB= A'B’.
Tek kak AB= A'B’, AC= A'C'u L CAB= £ C'A’'B’, 10, cHOBRa
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ucrnoib3ys Tteopemy 14, wuaxomuMm, uyro BC = B’C’. Tak &xak
OB=0'B', 0C=0'C" uw BC=B'C’, 10 no Teopeme 18
/ BOC= /£ B'OC', 1. e. L (k, h)= 2 (K, h), uto u Tpebo-
BaJloCh. ’ '

Teopema 21. BepmuranoHsie yeavt KOH2pYysHmHbL mexncly coOOL.

Jloka3atenbCTBO JIerko nosyuaercss u3 TeopeMbl 20, NOCKOMBKY
BePTHKAalbHble YIVIBI - HMEIOT OOLIMA CMeXHBill  yroi.

Yros, KOHIDYSHTHBIH CBOEMY CMEXKHOMY, -Ha3bIBACTCS NPAMbIM.

UToObl 10Ka3aTb CYLIECTBOBaHWE MPSIMBIX YTJIOB, BO3bMeM MpO-
usBosbHbIH £ (h, k) u mocrpoum Z_ (h’, k), koHrpysuTHHl £ (h, k),
HO pacrio/ioXKeHHbI 0 APYTrylo CTOPOHY OT R (BO3MOXHOCTb MOCTpoOe-
Hus obecneunBaercss akcuomoidl [11,4). Otyiokum oT oflueil BepLIHHbBI
Ha h u h' KOHTPYSHTHBle OTPE3KM H COEAHHHM KOHLBI HX MNPSMOM.
Ecau sta npsmas npofiner uepes BepuuHy yriaa Z (h, k), To cam
yron /Z (h, k) — npsimoii. B nmnpoTuBHOM cC/yuae OHa InepeceueT
aubo ayu k, au6o ero pononsnedue. Ho torma us akcuomsr 11,5 wiu
coorBeTcTBeHHO u3 TeopeMbl 20 u akcuomel 11,5 caepyer, uro ara
npsiMas COCTaB/lseT MNpsiMble YIJbl JauGo ¢ JaydoMm k, saubo ¢ ero
JIOTIO/NHEHWEM,

Teopema 22. Bce npamvle yeavt KoHepyIHmHbl mexcOy coboil.

IlokasarteabcTtBoO. Ilycte £ (h, k) u £ (K, k') — npa-
mble (puc. 26), £ (k, hy) u £ (K, h)) — cmexHble uM yrisl, O u O —

k . /(]” 4 i
I > '
hy 0 h hy 0’ 4
Puc. 26.

BepwMHbl 3TUX yraos. Homycrum, uto Z (h, k) & £ (W, k). Tlo
akcuome II1,4 . wHaBmercs siyu R”, ucxomsuwmi us Touku O' B Ty cro-
pody ot npsimoit (h;, h'), rae nexut k', u Takoil, uto L (h, k) =
= £/ (K, R"). Tlpu Hamem ponyuieHHH Jyu k" He MOXKET COBMACTb
c ayuoM k'. Torza oH Jo/KeH mnpoitty auGo BHYTpH £ (h', k),
au6o BHyTpu £ (hy, k'). (J10 cnexyer u3 Teopembl 1la m u3 akcHo-
mbl [Tama I1,4.) Tlycrs, Hampumep, k” npoxomaut BHyTpH £ (h', ).
ITo axcuome I11,4 naiinercss ayu kj, wucxomsiuuit u3 toukn O' B Ty
CTOpOHY oT npsmoit (hy, A'), Tae nexut k', u Takoi, uto L (h', k") =
= / (h{, k). Tak xak L (W', k)= L (h}, k'), T0 no Teopeme 16a
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ayu k| Gynmer Jjexatb BHyTpu £ (h;, k'); mostomy nyu k| He Moxer
coBrnanate ¢ Jyuyom k”. Orciona u u3 11,4 umeem: £ (h;, &") £
# £ (h, k). Ho, ¢ gapyro# cropousl, /2 (hy, R")= /. (h, k)
(no Teopeme 20) = /£ (h, k)= L (W', k") = L (h;, k}), uT0o npo-
THBOPEUHT  TIpebIAYLIEMY . AHanorwmo noJiyyaercss NPOTHBOpe-
uge B cayuae, Koraa k” npoxomut BHyTpH L (h;, k'). Tem ca-
MbIM TeOpeMa [O0Ka3aHa OT IPOTHBHOTO. ’ ‘

Onpenpneanenune. I[lycte A u B — pasnuyHble TOUKH; TOuKy O
GyneM HaselBaTh cpedunoli ompeska AB, ecid OHA NEXUT HA OPIMOM
AB u ynosnersopsier yciosuio AO = OB.

Teopewma 23. [lan kandoeo ompesska cyuwjecmgyem edurcmaser-
HAA cepeduna; cepeduna ompe3ka SBASEMCA €20 BHYMmperHel MOUKOL.

Jlpyrumu crnoBamu: Kaxcdoul — OmMpesok p
MONCHO pasdeaums nonoAam, U APUMOmM eOUH-
CmeerHbLM 06pasom. ¢

NoxaszarteabcTBo. [lycte pan
orpesok AB (puc. 27). IloctpouM KOHIpy-

SHTHbIE Mexay coboit /L MAB u L NBA =% 7 7
Tak, 4ToObl ayun AM u BN pacronoXu/iucCh

Nno pasHele CTOPOHBI OT mpsamoil AB; Bo3-

MOXKHOCTb 3TOTO TOCTPOeHHsl obecrneuHBaeTCs

axcuomoit I11,4. OtnoxuM Ha Jjyyax AM u 4
BN kourpysutHble Apyr apyry orpeskun AC Puc. 27.
u BD. Tak kaxk touku C u D jexar no pas-

Hple CTOPOHbI OT mpsimoii AB, To orpesok CD nepeceueT npamyio
AB B Hekotopoit Touke; o6o3Hauum ee Oyksoit O.

Bribop KoHrpysHTHBIX oTpe3koB AC u BD wMpl mpoussejem ¢ Co-
G/oeHreM cliefyioueli NPeJoCTOPOXKHOCTH: B cjydyae, ecju Obl oka-
3aj0Cb, uTo npsimpie AM u BN nepecekaiorcs, Bo3bMeM Touky C
rie-Hu6yab Mexay A u Toukoit mepeceueHns AM n BN; 3atem no-
ctpoum BD = AC (B [eHCTBHTeNLHOCTH IPEANOJOXKEHHBIA Caydai
HEBO3MOXKeH, HO JOKas3hiBaTh 3TO Mbl ceifuac He Gyaem). Tenepb fCHO, -
yTo Touka O He MOXET COBMAacTb HU C Touko# A, Hu ¢ Toukod B. Jler-
KO J0Ka3aTb Takxke, yTo O He MOXeT JiexxaTh BHe oTpe3ka AB. Mmen-
HO, JIONYCTHB, HanpuMep, uto A sexur Mexay O u B, noayuum npo-
TuBOpeuHe ¢ akcuomoil Ilamwa no orHoweHuio K TpeyroabHuky OBD
(rax xak npsmas AM nepecekaeT orpesox OB B Touke A, HO HE MO-
ket nepeceus nu OD, uu BD). Utak, O nexut mMexkny A u B. Iloka-
»keM, uto O ecTb cepeinHa orpeska AB. B camom jene, no Teopeme
14, Tpeyronphukn ABC u ABD KOHrpYSHTHBI, CJ/Ie[I0BaTe/bHO,
CB= AD. Orcioga u 43 TeopeMbl 18 BBEITEKaeT KOHIPYIHTHOCThb
TpeyronbHukoB ACD u BCD, Ha OCHOBaHHY 4ero HMeeM KOHTPY3HT-
Hocte £ ACD um £ CDB. V3 nocienHero o6CTOATENBLCTBA € MOMOLLbIO
TeopeMbl 15 3ak/OYaeM, UTO KGHIPYIHTHbI TpeyroibHukn ACO
u BDO; caenosarensio, A0 = 0B,

/4
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Tenepp nOKaxeM, YTO OTPE30K HMeeT TONbKO OIHY CepelnHy.
Tlpennonoxum obpartHoe: NycTb OTpe3oK AB uMeeT nBe cepeluHBI.
B cuny akcuombr I11,1 oana M3 HMX JMeXHT MexAy Apyrofi U TOYKOMH
A%*);, mnosTomy OoHH MOryT ObiTb o6o3Hauenbl OykBamu O; u O,
TaK, uto O, nexut mexay A u O,. Torna Ha OCHOBaHHM JieMMBbI 2 TOY-
ka 0, Jaexur wmexany O, n B. Ho npu Hanuuumu COOTHOLIEHMIT
A0, = B0O,, A0, = BO, u npu ycnouH, uto O, nexut Mexay A u 0,,
u3 teopeMmnl 13 crenyer, uto Toyka O, nexur mexny B u O,. Takum
oépaaom ¢ onHoii cropounl, O, nexur mexay B u 0,, ac apy-
roil croponrl, O, nexur wmexay B u 0, Tlonyuaercs mnpoTuBso-
peune c aKcquou 11,3. -

OtMeTuM ellle C/IeNyIOLHe TEOPEMBI:

Teopema 17 bis. B pasrobedpernrom mpeycorvHuke meduana
OCHOBAHUSL €CMb 8 MO Jie 6PeMA 6bICOMA U GUCCEKMPUCE y2ad npu 6ep-
wune.

Teopema 24. Kawowii yeon moxHo paddeaummv  nonosam
U npumom eOuHCmBeHHbIM 06pa3oM.

Teopema 25 U3 mobol mouku MONCHO ORYCMUMb HA OQHHYIO
npamyro 00ur u Mmoarbko 00uH nepneHOUKYAap.

Teopema 26. U3 kawdold mouku HQ NPaMOli MONCHO eoccma-
sumo K 3moi npamoi eOUHcmeerHolll nepneHOUKyap.

§ 18. C nomowbio akcuom I—III MoryT GwITh ompesneseHbl COOT-
HOLLIEHHUS «O0JIblle» H «MEHbLIe» JVIf OTPE3KOB H YIVIOB.

Onpenenenune 10. Ecan nannt gsa otpeska AB u A'B’
u BHYTpu AB cyuwectByer Takas 1ouka C, uTo

AC= A'B’,

TO TrOBOPSAT, uTO ompe3ok AB 6Goavwe ompeska A’'B’ winu ompesox A’'B”
menbie ompeska AB; nuwytr AB > A'B’ wan A’B’ << AB.

Onpenenenue Il.Ecaupaust £ (h, k) u £ (K, k') u cpenn
NOJYNPSAMBIX, TPOXOASILIHX Uepe3 BEpIUMHY BnyTpu £ (h, k), cymecr-
ByeT nosnymnpsimasa [ Takas, yTo

L (h, h= 2L (I, k),
To rosopaT, uto Z. (h, k) 6oavwe /. (W', k') nau £ (K, k') renvwe
Z. (h, k).
Teopewma 27. [ana npoussosereix 0syx ompeskos AB u CD
6cec0a 6bLNOAHAEMCA 00HO U3 MmMpex COOMHOULeHuL

AB=CD, AB>CD, AB<C(D,

npusem Kaxcdoe u3 Hux uckawtaem 0ea Opyeux.

*) B cuny akcuomel III,1 cepesrHa orpeska JIeXHT BHYTPH OTpesKa, OTCiOna
cnepyer, 4To ecnu orpe3ok AB mMeeT jBe CepejMHBI, TO OfHA H3 HHX JIEXHT MEKAY
Jpyroit u Toukod A,
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B camom pnene, no akcmome III,1, na npamoit AB cyuecTByer
'Touka M, pacnosnoeHHasi ¢ TOil Ke CTOPOHHL OT TOUKH A, 4TO M TOY-
ka B, u ynosnerBopsiwowas ycnosuio AM = CD. Ecaun touka M
Jiexknt mexay A u B, o AB > CD, eciu M cosnanaer.c B, o AB =
= CD, ecin B nexur mexay A u M, to AB << CD. Takum 06-
pasoM, CYyLIeCTBOBAHHE OJHOIO M3 TPeX YKa3aHHbIX COOTHOILEHHH
YCTaHOBJIEHO.

ITokaxem Teneps, yTo J060€ U3 HUX HCKJIOUaeT ocTanbHble. [1ycTs,
Hanpumep, AB > CD. B stoM cayyae Ha orpeske AB cymiecTtByer
Touka M, nana xoropoit AM = CD. Eciu 6bl orpesku AB u
CD, xpome coorHowenuss AB > CD, yIOBIeTBOPS/IH elie COOT-
HoweHHtio AB = CD, 1o, no akcuome II1,2, umenace Gbl KOHIPYSHT-
HocTe AM = AB, uto nporuBopeuut akcuome III, 1. TouHo Tak. ke
npy AB > CD He MoXeT HMeTb MecTO cooTHoweHde AB << CD.
HeiictButensho, ecid AB > CD u AB << CD, 10 Mexay A u B cy-
wecTByer Toyka M, mns koropoii AM = CD, a mexny-C u D cy-
uectByer Touka N Takas, uto CN = AB. Mbl npuxoguM K IpOTHBO-
peunto ¢ Teopemoit 13,

Teopema 28. Ecau AB<A'B’ u A'B'<A"B", mo
AB<<A"B".

Jloka3aTenbCTBO MOXKET OBITb MOJYUEHO OYEBHUIHBIMH paccykKIeHH-
fIMH NpH noMoluu Teopembl 13 U Teopembl 8 (MM JieMMBI 2).

Kak cnencrBue Teopembl 28 OTMETUM C/IEAYIOLULYIO TEOpeEMY.

Teopema 29. Ecau ompesok CD ecmv wacme ompeska AB,
mo CD << AB.

Yuratenb Jierko chopMyJHUPYeT TEOPEMBI, HIPAIOLINe B CPaBHEHUH
YIJIOB TaKyio e poJib, "KaKyio HrpaioT teopembl 27, 28 u 29 B cpas-
HEHHH OTPE3KOB.

Ilocne Toro Kak BBeleHbl I/l OTPE3KOB H YIJIOB MOHATHS
«Gosblue» U «MeHbLUE», MOXHO CGOPMYJHPOBaTb M NOKasaTb CJje-
JlyIOlIKe TeopeMmsl.

Teopewma 30. Brewmnuil yeon mpeyeorsHuxka 6oaviie Kaxcoo2o
BHYMPEHHE20, He CMEICHO20 C HUM.

Xorst Teopema 30 sBASieTCS OueHb BAaXKHOH B HAIUEM H3JIOKEHHH,
MBI He OyjeM ee 3JleCh IOKa3biBaTh, TaK KaK J0Ka3aTelbCTBO, KOTOpoe
06bIYHO NPHBOAUTCS B yueGHHKAX, TOUHO OGOCHOBBIBaeTCs aKCHOMA-
mu [—I1I.

B nucropuueckoM o63ope 3Ta Teopema ymoMmHHantace B § 5, rae
JlaHO TaKKe ee J0Ka3aTelbCTBO.

Teopewma 3l. Bo acakom mpeyeoreHuke no Kpaiineili mepe 03a
yeaa ocmpete.

Teopewma 32. B mpeyeosvruke 60ibwAsA CIMOPOHA AeHUM NPO-
mug 60abwieeo yeaa, u obpamuo, 60abwull yeor aexcum npomus 6646
ieil cmoporeL.

Teopema 33. llepnendukyrap Kopoue HAKAOKHOL.

)



68 II. AKCHOMB 9JEMEHTAPHOH TEOMETPHH [§19

Teopema 34. Kawdas cmopoHa mpeyeoibHUKA MeHbllle CYymMMbE
u 60abwie pasnocmu 08yx Opyeux e2o CIMOPOH.

M3 Teopembl 34 caenyer, 4TO npamosuHelitbil O0mMpe3oK Kopoue
8CAKOLL NOMQHOL, COeOUHAIOWEL e20 KOHUbL.

Mbl npuBend psifi TeopeM, KOTOpble MOXKHO J0KasaTh, OMHPAsCh
Ha akcuoMbl I—III. M3 akcuom I—III BmecTe ¢ Tem Henb3si BbiBECTH:
MHOTHe BaxHble (aKThl reomerpud. Hanpuwmep, u3 3THX akcuoM He
clenyeT, YyTo NpsiMasi, MPOXOAAIlas Yyepe3 HEKOTOPYI TOYKY BHYTPH
Kpyra, nepecekaer 3Tor Kpyr. C momowbio akcuom [—III, kak u ¢
nomouibio akcuoM I—II, Henp3s eme nokasaTh, YTO MHOMKECTBO 3Jie-
MEHTOB T'eOMETPHH HecueTHO (noipoGHee IO 3TOMY MOBOAY cM. § 72).

§ 19. AkcuoMbl Tperbell rpynnel IO3BOJISAIOT ONpPENEJNHTb JBH-
KeHue,

Kak Mbl yke B cBoe Bpemsi oTmeuand, y EBkauaa gBukeHue npu-
HfITO B KaueCTBe HAIVISIAHO SICHOrO MOHATHS, KOTOpOoe He 0GOCHOBA-
HO HuMKakumu akcuoMmamu. CoBMemamomuecsi ¢GHIypbl CUHTAKOTCS
paBHbiMu. CiiefoBaTesqbHO, B cHcTemMe EBK/nja jABUKEHHE €CTb I[10-
HSITHE OCHOBHOe (XOTSl OHO M ocTap/eHO 6Ge3 OOOCHOBaHHS), a KOH-
Ipy3HTHOCTb — npousBofiHoe., ¥ ['uapGepra B KauecTBe OCHOBHOIO
NOHATHSI BBeJleHAa KOHTPY3SHTHOCTb, NOCJE UYero JBIHKEHHE MOXKeT
6LITb OIpele/eHO0 Kak Npon3BofHoe noHsaTHe. CeHuac Mbl BBICKaXKeM
$TO onpejesieHue.

[Tycth maHbl ABa MHOXecTBa Touek Q2 u ', KoHeuHble MM 6ec-
KOHeuHble — Ge3pasiuyHo. [IpeanonoKuM, YTo MeXAY TOUKAMH STHX
MHOECTB yCTaHOBJIEHO B3aHMHO OJHO3HAuHoe cooTBeTcTBHe. Kaxknas
napa touek M u N MHoxectBa Q omnpenensier orpesok MN. Ilycrs
M u N’ — toukn MHOXKectBa Q’, coorBercTBywouMe Toukam MN.
Orpesok M’'N’ yciioBuMCS Ha3blBaTb COOTBETCTBYIOWIMM oTpe3ky MN.

Ecau coomsemcmgue mexcdy 2 u Q' makoso, umo coomsemcmsyrowyue
OMmpe3Ky 8ce20d O0KA3bIBAIOMCA B3AUMHO KOHEPYIHMHbIMU, MO U MHO-
ocecmea Q u Q' Haswsaromes KowepysHmuoimu. [lpu smom eosopam.
maxkce, 4umo Kkax0oe u3 muoxcecms 2 u Q' noaydeno nymem 1 B u-
KeHHU S 0pye020 uau 4mo 00HO U3 3Mux MHONCECMB moxcermn Gbimb
HaJdoxeHOo Ha Opyeoe. COOTBETCTBYIOUIME TOUKH MHOXKECTB
Q u Q' HasLIBAIOTCS COBMELAIOULUMUCA NPU HAAONEHULU.

(Pasnnuusi Mexay COGCTBEHHO KOHPPYSHTHHIMM M B3aHMHO 3ep-
KaJlbHBIMH MHOXECTBaMH Mbl ceiiuac He BBOJHM.)

HmeloT NecTo caepnyiolie TeopeMbl.

Teopema 1. Touku, aexcawue Ha npamod, npu O08uxeHuts
nepexo0am 8 mMoYKU, MAKice Aexcaujie Ha HeKomopol npamoi.

Ora TeopeMa HeNnoCpeACTBEHHO BhITeKaeT U3 TeopeMbl 34, B camom
Jlene, MyCTb Ha HEKOTOPOH NMPAMOM a paccMaTpHBaeTcs Kakoe-HHOYABb
MHOXECTBO TOYEK; HYXKHO NOKa3aTb, YTO TOYKM KOHI'PYSHTHOTO MHO-
JKEeCTBa pacrnosiaralotcsi Ha ofiHoil npsimoit a’. BriGepeMm B jaHHOM MHO-
2KecTBe Ha npsaMoil a Tpu Touku A, B, C u JONyCTHM AJ1s1 OnpejelieH~
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HoctH, uyro B nexur mexay A u C.. Takum oGpasom, orpesok AC
cocraByieH 3 orpeskoB AB u BC. Ecau touku A, B, C’, nonyueHHsie
TIpH KOHI'PYSHTHOM nepeHeceHHn Touek A, B, C, He JexaT Ha ORHOI
NpsIMOH, TO OHH COCTaBJISIIOT TPeyroJbHHK, H No Teopeme 34 orpe-
30k A'C’ pmomxkeH ObiITb MeHblle oOTpe3ka, cocraBieHnoro u3 A’'B’
u B'C’. A tak xak A'B’ = AB u B’C’ = BC, T0 J0/1KHO UMETb MECTO
HepaBeHcTBO A'C’ << AC, 4YTO TNPOTHBOPEYHT YCJIOBHIO KOHIPYIHT-
HocTH MHOXecTB. Crefyiolne TeopeMbl NMPUBOAMM 6e3 JI0Ka3aTelb-
CTBa.

Teopewma II. Touku, sexcawue Ha naockocmu, npu OBUNCCHUL
nepexooam 6 mo4Ku, MaKice Aexcaujue Ha HeKomopou NA0CKOCH.

Teopema 1Il. Yeor mewoy Osyma ompeskamu, coedursro-
WUMU KaKyio-HUOYOb MOUKY MHOJNCECMBA C 08YMA Opyeumu €20 Mmo4Kamu,
KOHepYIHMer Yyery mexcOy COOmBemCcmBYOuUMU OMpPe3KAM KoHepy-
IHMHO20 MHONCECMBA.

Teopema A. [lyemo M, N, P, Q — uembipe mouxu Hexomo-
poid ueypsr Q (T. €. HEKOTOPOTO MHOXECTBA TOUEK), He Jexcaujue
8 00noil naockocmu; M’ — npousgosbHas ~mouka npocmparcmea;
a — Hekomopas npamas, npoxodaujas uepes M’, u o — Kaxas-Hubyob
naockocms, npoxodaujas 4depes npamyro a. Toeda ¢pueypy L moxcHO
Osusiceruem nepemecmums mak, umo mouka M cosemecmumes ¢ M’,
mouka N pacnosoxcumca Ha npamoii a ¢ awboli 3aparee yKas’aHHoU
cmoponst om mouku M'; mouxa P nonadem Ha' naockocmb o ¢ 410601
3apaHee YKA3QHHOL CMOPoHsl om npamoti a, a mouka Q sadmem noao-
Jiceriue ¢ A060L Baparee YKA3AHHOU CMOPOHbL OM NAOCKOCHU O..

Teopewma B. Ecau mpu He aexcaujue Ha 00HOL npamoti mouKu
M, N, P cueypor Q cosnadatom ¢ coomsemcmsyiouumy mouKamu
M’, N', P’ xonepysnmroil ueypet Q', mo 803moxcHoL 08a CcAy4aAA:
1) xandas mouxa ¢pueypser Q cosnadaem c coomsemcmsytoujeli mourott
Queypsr Q' 2) kaxcdas -mouka ueypol. 2, sexcauas 8 nNAOCKOCHIU
MNP, cosnadaem c coomsemcmsyroujeii mouxotl ¢pueyper Q', ocmano-
Hble e COOmBemCcmeyIouue MoUKy dMux ueyp aexcam no pasHole cmo-
porst om naockocmu MNP u kaxcdas mouka ¢ueypor Q' 00H03HAUHO
onpedesena NOAOXCeHUeM coomeemcmayrowell mouku gueypot (B mo-
c/efHeM cjyuae (QUTYpbl Ha3bIBAIOTCS CUMMEMPUYHbLIMU WIH 63AUMHO
SepKAAbHbIMU OTHOCUTENBHO myockocTH MNP).

B nianumerpuu TeopeMaM A W B COOTBETCTBYIOT CJjeRylOllHE JBe

TeopeMBI.
Teopema B. IMyeme M, N, P — mpu mouxu. Hexomopot ¢u-
eypor Q, He sexcauyue Ha 00HoU npamoil, M’ — npoussosoras mouxa

naockocmu, a — Kakas-Hubyosb npamas, npoxodawas 4epes M'. Tozoa
ueypy Q MOHHO OuiceHuem nepemecmumo max, wmo mouka M cos-
mecmumes ¢ M', mouka N pacnosoxcumeca ra npamod a ¢ aobod 3a-
paree ykasanroi cmopors. om mouku M’, a mouka P 3adimem noaoxcerue
¢ 20000 3aparee YKA3AHHOU CMOPOHbL 0M NPAMOL Q.



70 Il. AKCHOMbl 3JIEMEHTAPHOH TEOMETPHH [§19

Teopema I'. Ecau 0se pasauunvie mousu M u N cueypor Q.
cosnadaom ¢ coomeemcmsyrouumu moukamu M’ u N’ kowepysnmHol
gueypor Q', mo e03moxcHbe 08a caywan: 1) kaxcdas mouka gueyper Q
cosnadaem ¢ coomeemcmeyrowjeti moukold gueyper Q', 2) kaxcdas mou-
Ka ¢ueypor 2, aexcaujas Ha npamoii MN, cosnadaem ¢ coomsemcmesyro-
wel moukoll ¢ueyper Q', ocmaibrbie e COOMBEMCMBYIOUYUE MOHKU
smux ¢pueyp aexcam no pasrvte cmoporar om npamod MN, u xaxcdas
mouKa ¢guzypet Q' 00HOZHAUHO OnpedeneHa NONOICEHUEM COOMBEMCMBYIo-
wetl mouxu ¢ueypor Q (B nocnenHeM ciyuyae (UIyphl Has3blBAKOTCH
CUMMEMPUUHbIMU OTHOCUTENbHO mpsiMoit MN). .

Teopemsl A m B xapakrepusyioT creneHb CBOGOABI NepeMelleHHiH
duryp. Teopemst B u I' ycraHaBiuBalT yc/iOBHS, ONpeensiicuiie
noJioXKeHne (UrypH;” UMEHHO: TPHU TOYKHU (UTYDHI ONpEfEe/siioT ee Io-
JIOXKeHHe B IIPOCTPAHCTBE C TOUHOCTBIO 1O 3€PKAaTbHOrO OTpaxKeHHs,
a B IJIaHUMETPHUH. JIBe TOUKH ONpPEeessIoT MNMoJoXKeHHe (GUrypel ¢ TOY-
HOCTBIO JI0 CHMMETDUH OTHOCHTEJBHO MPSMOH.

Onpenensisi gBuxKeHue GUrypel €2, Mbl, B YaCTHOCTH, MOXEM Npe.-
NOJIOXKHUTb, YTO MHOMKECTBO €e TOYEK 3aloJIHSeT Bce INPOCTPAHCTBO,
a B IUVIAHMMETPHH — ECIO IUIOCKOCTb, T. €. MOXHO [10/1araTh, 4TO IS
KaXJ0H TOYKH. IPOCTPAHCTBA, 4 B IJIAHUMETPHH — [JIs1 KaXAOH TOUKH
TJIOCKOCTH, MMEeTCsl COOTBETCTBYIOMIAS TOYKA, M NpPH 3TOM €C/IH TOY-
kaMm M u N coorserctBytor Touku M’ u N’,to MN = M'N’. Torzna mbl
OylleM TOBOPHTb, YTO OCYIIECTBJSIETCS] IBHXKEHUE BCEro NMpPOCTPAHCTBA,
WM, COOTBETCTBEHHO, B C/lyyae MJIAHHMETPHHU — BCEH IJIOCKOCTH.

JIBuxkeHue ¢urypbl, a TakxkKe JBHXXEHHE BCEr0 MPOCTPAHCTBA Ha-
sbIBaeTCsl 8paujeruem 6okpye mouxu O, ecan Touka O coBnajaer ¢ co-
oTBeTcTBYyIOUIEH Toukoi O'; wHaue rosopsi, ecid Touka O ocraercsi
Ha Mecre. JIBHXKeHHe, HasbIBAeTCS 6BpauieHuem 60Kkpye npamol a,
ecJM  KaKhasi ToukKa IpsMOii. @ COBMajaeT C COOTBETCTBYOLIEH
TOYKOH, T. €. eCJIM KaX1asi ToUuKa NpPsMoil @ ocraercs Ha Mecre. [Ipsimas
a HOCUT HasBaHHe ocu epaujerus’™).

JBuxenue Mbl GyneM Has3blBaTb cO8U2OM MO NPAMOL U, €CIU YAO-
BJIETBOPSIIOTCS CJIEAYIOUIHE TPHU YCJIOBHS: _

1) kaxxnass Touka mNpsSIMOA u nepemellaercsi, TIPHYEM OCTAeTCs
Ha npsaMoH u; .

2) Kaxnad TOYKa HEKOTOPOH IJIOCKOCTH o, MNpPOXOAslIell uepe3
NpsSMYIO U, OCTaeTcsl Ha IVIOCKOCTH ¢ IO IMpPEXHIO CTOPOHY OT IMpfi-
MOH u;

- 3) KaxJas TouKa, He JleXallas Ha IVIOCKOCTH &, OCTaeTcsl Mo Mpex-
HIOIO CTOPOHY OT STOH IVIOCKOCTH. ‘

JIBiKeHHe, TPH KOTOPOM BCe TOYKM OCTAIOTCSl HAa MeCTe, IPHUM-

CJSIIOT K CABHIaM IO JI06OH IpSAMOil.

*) Otu onpenenenust He COBNAAAIOT ¢ OCILENPHHATBHIME, TaK KaK MBI HE HCKIO-
SH/H 3€PKaNbHOrQ I peoOpasoBanusa Quryp.
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Bpamenne BOKPYT TOYKH H CHBHT BJO/Ib ITIPSIMOH MPENCTABJIAIOT
co60J1 YacTHbIe cyyau ABHKeHHI. BmecTe ¢ TeM J1060€e ABHIKEHHE MOXK-
HO CBECTH K IIOC/IeNOBaTeIbHOMY OCYILIECTBJIEHHIO CIBUTAa H BpAllEHHS.

Jst Toro yTOOHI TOYHEIA CMBICJ MNOCJENHEro 'YTBEPXKACHHS CTal
BIIOJIHE SICHBIM, MBI OTMETHM ceff4ac OJHO OGCTOSITENbCTBO, MIpalollee
B HEC/IELOBAHUM IBHXKEHHH (YHIAMEHTaJbHYI0 POJb.

Ilycts nmBa JBHXKEHHSI TPOCTPAHCTBAa IIPOM3BOASTCS IIOCJIENOBA-
TeJbHO OJIHO 33 NPYTHM. IlepBoe H3 HHX HpPOH3BO/NBHYIO TOUKY M
nepeBofuT B Touky M’; Touka M’ BTOpHIM IBHXKEHHEM MePeBONHTCS
B nonoxexnue M”. B pesy/sbTaTe BO3HHKAaeT HEKOTOpPOe Mpeo6pas3oBa-
HHe BCEX TOUYeK npOCTpaHCTBa,'npu KOTOPOM TIPOU3BOJibHAs Touka M
nepexogut B Touky M”. IlosyueHHoe TakuM nyTeM npeoGpasoBaHHe
Mbl 6yneM HasblBaTh npoussederuem Osusceruii. Ilas Toro uToGbl mpo-
U3BelleHHe IBYX IBHXeHHH ObLIO ONpejeseHO, HeJ0CTATOYHO 3a1aTh
COCTaBJHSIIOLINE JIBHXKEHHS,— HYXXHO 00513aTeJIbHO ellle  YyKasarhb,
B KAaKOM IIOpsJIKE OHH MPOU3BOJAATCS.

Teopewma. Ilpoussedenue Osyx OsudxceHuii ecmb  O8uldCeHUe.

Jloka3aTe/bCTBO 3TOI Ba)KHOH TeopeMbl BIOJIHE oyeBHAHO. B camom
Jlesie, NyCTb NPOU3BOJIbHBIE TOYKH M u N mpocTpaHCTBa nepBbiM H3
JIBYX JAHHBIX JBHXKEHHI nepeeoisitcs B Toukd M’ u N’, a 3Tu Touku
B pe3y/ibTaTe BTOPOrO JBHXKEHHSI B CBOIO ouepenb nepexogir B M”
n N”. HyxHo nokasatb, uyto orpe3ok MN KOHIDYy3HTEH OTpe3ky
M"N”". Ho no ycaoButo TeopeMsi MN = M'N’ u M'N’' = M"N",
orkyna BcaenctBue akcuoMbl 11,2 v maymux sa Hell npensio:KeHHi
umeeM MN = M"N”",

CBOHCTBO JIBMKEHHI, BhIpakaeMoe [OKa3aHHOH TeopeMOH, Hasbl-
BaeTcsl epynnosyuim. BeiencTBUe HaMMYHS TPYIIIOBOTO CBOHCTBA MOXHO
IIOCTaBHTb BOIPOC O INPEACTAaBJEHHH NPOU3BOJBHLEIX JBHXKEHUH B BHIE
NPOU3BEJEHHI HEKOTOPBLIX NMPOCTHIX ‘CrelHaNbHbIX JBHXKeHHui. B uacr-
HOCTH (M 5TO Mbl yXK€ OTMETH/H BBIIIE), KaxJoe NBHXKEHHE SIBJISIETCA
IpOM3BeJeHUEM CABHTa M BpalleHHUA.

Jns  jokasaresbcTBA  PacCMOTPHM  Kakylo-HubGynb  ¢urypy €
(TOYKM KOTOpOil, B YaCTHOCTH, MOTYT 3amoO/HATb BCE NPOCTPAHCTBO)
W MpEINnoJIOKHM, YTO HEKOTOPOE IBHXKEHHe IIpeBpallaeT ee B KOH-
rpysHTHYIO Qurypy Q. Hycrb M — npousBo/ibHaA TOYKa QGUIypH €2,
M’ — HOBOe MOJIOXKEeHHEe 3TOil TOUKH.

O6o3nauum yepes Q" ¢urypy, HOJIy‘{alOLLlleCﬂ n3 Q B pesyib-
Tarte cipura, nepesosiuiero M B M’. OueBugno, Q' n Q” KOHTDYSHTHEL
JpYT HPYTY, NIpPHUEM TOUKa urypel Q", COOTBETCTBYIOIIAs TOUKe M
duryper Q’, coBnamaer ¢ 3toil Toukoit M’. Ilostomy nBuKeHue,
npuBofsmee Q" K coBnageHuro ¢ ', €CTb . BpalleHHe BOKpPYT
Toukn M’. Takum obGpasoM, npoussoﬂbﬂoe nepemetieHne (UIypbl
M3 TonoXeHHs Q B mnonoxenue Q' INpeicTaBisiercss Kak Ipo-
u3BeJieHHe CIBUTa 3Toil (UIypHl M3 TNOJNOKeHHs Q B mosioxeHue Q7
M BpallleHHs, B De3VJbTaTe Kotoporo Q" coBmemaercs ¢ ',
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7. 'pynna IV. AkcHoMbl HenpepbiBHOCTH

§ 20. C nomoutbto akcuom I—III MBI ycTaHOBH/M cpaBHeHHe OT-
PE3KOB Tak, YTO M3 JIOObIX JBYX OTPe3KOB OJHH JHOO Gosblue ApYy-
roro, u60 MeHblIe ero, Ju60 paBeH emy (teopema 27 § 18).

Akcuom I—III, ogHako, HemocTaTOYHO MJST TOro, YTOOBI MOMKHO
6bLJIO YCTAHOBUTbH IPOLECC H3MEpeHHs, B pe3yJsibTaTe KOTOPOTO OTHO-
lIeHHe JI060ro oTpe3ka K JHHeHHOH elHHHLe BbIpaXKaeTcsi onpeleJsieH-
HBIM YHCJIOM.

O6ocHoBaHHE H3MepeHHs] OTPEe3KOB JaeTCs  HHXKENPUBOAHUMO
akcuoModt [V,]l, Koropyio OOBIUHO Ha3bIBAIOT aKCHOMOH Apxumena.
Axcuoma Apxumena mnosBosisieT (NpU BbIbOpe JIHHEHHON €LHHUUBI)
JUIST Kaxaoro oTpe3Kka €AUHCTBECHHBIM O6p330M ONpene/IuTb HEeKOTOopoe
MOJIOXKUTEJIBHOE YHCI0, HasbiBaeMoe JJIUHOH oTpe3ka. UToObl HMeTh
BO3MOXKHOCTb M OOpPaTHO YCTAHOBUTb  CYLIECTBOBAHHE OTpe3Ka,
JUIHHA 'KOTOPOro paBHA JIIOOOMY Hanepej JAHHOMY IOJIOXHTEIbHOMY
YHCJy, HEOGXOAHMO BBECTH ellle OfHY aKCHOMY.

YK/oHssCh OT u3/0KeHus [‘unpbepra, Mbl 1aeM B KaueCTBe TaKO
akchoMbl akcuomy 1V,2, npexacraBnsiiomyio co6oift He yTO HHOe, Kak
u3BecTHHI mnpuHuun KaHTOpa 0 CTACHBAWOIUXCA  HHTEpBasax.
B cucteme. 'nnbbepra npepnoxennto 1V,2 cooTBeTcTByerT akcuoma I1oJ-
HOTBI, KOTOpyi0 Mbl B TrJiaBe IV comocraBum ¢ axcuomoli Kau-
TOpA.

IV,] (@akcuoma Apxumepna). [lyemo AB u CD — npous-
8oabHble ompesku. Tozda Ha npamoii AB cywjecmsyem KoHeuHoOe 4UCAO

mouex Ay, A,y ..., A, PACNOAOINCEHHOIX MAK, 4mO mouka A, sexcum
mexcdy A u A, mouka A, aexcum mewdy A, u Ay u m. 0., npuuem
ompesku AA;, AA, ..., An_1A, KoHepysnmnor ompesky CD u B

Aexcum mexcoy A u A, (puc. 28).

44 Ny 4 24 4

NP S X

Puc. 28. Puc. 29.

IV,2 (akcuoma Kaunrtopa). Ilycemv Ha xakol yeodHo
npamoll a Oarna OeckoHedHas nociedosamensvHocme ompesko8 AqB,,
A.B,, ..., us xomopeix KaxcObiti nocaedyrowuil sexcum 6HYmMpu npe-
Obl0yujeco; nycme Oasee, Kakum Ob. Hu Obir 3aparee OanHoui ompe-
30K, Hatilemca Homep n, 041 komopozo A,B, mexvue smozo ompeska.
Toe0a cywecmsyem Ha npamol a mouka X, AexHauwjas SHYmMpu 6cex
ompesxko8 ABy, A.B, u m.d. (puc. 29).

M3 ycioBusi akcHOMBI cpasy CJIELyeT, UTO Cyujecmsyem moabKo
00na mouka X, sexawjan snympu ecex ompeskos A,By, A.B; u m. d.
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B camom gene, ecnin Ha mpsiMoil @ HMeeTcs ele Apyras Touka Y,
Jexamas BHYTpH Bcex orpeskoB A,B,, A,B,, ..., TO NpH JOGOM n
orpe3ok A,B, Goibue orpeska XY, 4TO MCKJ/IIOUEHO YCJIOBHEM.

Onpenenenne 12. Ilyctb KammoMy OTPe3Ky COOTBET-
CTBYET oOnpejie/leHHOe INOJOXKHTENbHOE YHCJIO, IpPHUEM:

1) paBHBIM OTpe3kaM COOTBETCTBYIOT paBHHIE YHCJA;

2) ecnu B — touka orpeska AC u orpeskaM AB u BC coorser-
CTBYIOT yucsaa a U b, 1o orpeaky AC COOTBETCTBYET YHCIO a+b;

3) uexoropomy otpe3ky OO’ cooTBercTByeT umca0, pabBHoe 1,

Torpa umcio, ykasaHHBIM 0GPa3oM COOTBETCTBYIOLIEE KaXKIOMY
OTpe3Ky, HasbiBaercsi QAuHot 3TOro orpeska; orpesok OO’ HasbiBaer-
csl AuHeldHOU eQuHuyel WIN eOuHuyel u3mepeHus OAUH.

Jokaxem, uto ycaoBuss 1, 2 u 3 eguHcTBeHHBIM 00pasom ormpe-
JeNSI0T JIHHY Kaxaoro orpe3ka. CHavana Mbl OyleM HCXOIHTb U3
NIPeANONOXKEHHs], YTO C KaXIbIM OTPE3KOM COMNOCTaBJIEHO I0JIOXKH-
TeJIbHOE YHCJO TaK, uyTo TpeboBaHus 1, 2 U 3 ynoBJeTBOpeHbl, H YyCTa-
HOBHM, YTO HHOTO COIIOCT@BJIEHHS] uMCe] OTpe3KaM C cobJtofeHHeM
yeaoBuii 1, 2 u 3 Her. Ilocse atoro y6eaumcsi B BO3MOKHOCTH N0J06-
Horo conoctaBjeHusi. (MHaue roBopsi, cHauaja Mbl NpHBELEM JOKa-
3aTe/IbCTBO €IMHCTBEHHOCTH, 3aTeM — JOKa3aTe/bCTBO CYIIECTBOBAHHUS
JUIHAHBI.)

ITpexie Bcero 3aMeTHM, 4TO ecJqu OTpe3ok AB Gosbiie oTpe3ka
A’B’, 10 pauHa a orpe3ka AB no/kHa GbiTh Gosiblue JJIHHBL @’ OTpes-
ka A'B’. B camom pese, no onpeieseHHI0 NOHSATHS «0oablue» (CM.
§ 18) orpesok AB comep:KHUT TOUKY P, KoTopas BMecTe C Toukoii A
onpenensier orpesok AP, pasueii A’'B’. IlycTb AnuHBI OTpes-
koB AP u PB 6yaytr x u y (x > 0, y > 0). CorsiacHo ycJ/10BHIO 2 HMe-
eM: a=x-+y, a no ycioBuio 1 x =a’, orkyna a=a’ + y u,
caenoBartesibHo, @ > a’.

Ianee, cornacHo Teopeme 23, suHeiiHyio emuHuny OO’ MOXHO
pasneauth nonosiaM. OGosHaunM uepe3 O, cepenuny orpeska 00,
Tak Kak AJIMHB KOHrpysHTHBIX otpeskoB 00, u 0,0 paBHb H B
CyMMe COCT@BJISIIOT €IHHHLY, TO KaMIbli H3 HHUX HMeeT JUIHHY,
paBuywo !/,. PaspesnuB orpesok OO, nomonam Toukoil O,, HaiineM,
yto AauHa otpeska 00, paBHa % , 1 T. 4. Orpesku 00,, 00,, ... 6y-
JeM Ha3blBaTh IIOJIOBHHON JIMHEHHOH e€JWHHLbI, YeTBepTbiO JHHeH-
HOH eNWHULBl H T. .

PaccMoTpuM Tenepb TNpPOW3BOMBHBIA OTpe3ok AB, annHA KOTO-
poro paBHa uucay a. OtaoxuM Ha npsimoii AB or Toukn A no Hampa-
BJeHHIO K Touke B orpeskn AA,, A,A, u T. A., KourpysutHee 00'.
Ecan oana us Touek A, coBmajgaer ¢ B, TO CONJIaCHO YC/IOBHIO 2 HeoO-
xoauMo a = n. Ecau xe Hu omHa u3 touek A,, A,, ... He coBmajaer
¢ B, 1o, no akcuome ApxuMena, CyUIeCTBYIOT Takue JBe TOUKH A,
u A, 1, 4TO B HaxoauTCA MexIy HUMH, B 3TOM C/1yuae YHCIO a O/IKHO
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y;lOBJIeTBop ATb HepaBeHCTBaMf
n<a<n-1,

TaK Kak orpesok AB Gonbwe orpeska AA, M MeHble  oTpe3ka
AA,,,, a JMuHBl 3THX IBYX OTPE3KOB COOTBETCTBEHHO PaBHbI N U
n+ 1. TakuM oOpa3oM, 4YHCJO @ OIpefeseHO C TOYHOCTHIO A0 €IH-
Hunpl. Ceifyac MBI NOKaxKeM, YTO a ONpeJe/sieTcsl € JI0G0oi TOUHOCTHIO.
Hanaraemblii HuKe mpouecc, ¢ NOMOLIbIO KOTOPOrO HAaXOAUTCS 3Ha-
UeHHe YHCJa @, Ha3bIBAIOT U3MePeHUEeM.

Paspenum orpesok A,A,,, Toukoit P, manojam. Torma touka B
anbo nexur mexny A, u P,, 1u6o nexur mexny P, u A,,,, au6o
coBnazaer ¢ P,. Miuaue rosops, orpesok A,B 1160 MeHbLIE 10JOBHHAL
JIHHeHHOH eRuHHUbI, U060 Gosbiue, Ju60 paBeH eil. COOTBETCTBEHHO
umeeM: JuGO .

n<a<n+%,
Jaun6o
n+%<a<n+h
JH60
a=n+%.

<B mnocnemHeM ciayuae a onpelessieTcsi TOYHO, H MNpOLECC H3Me-
pPeHHs 3aKaHYMBAeTCsl; B IIePBbIX JBYX CJAy4YasX a ONpPEIENEHO
C TOYHOCTbIO 10 !/,, U ‘M3MepeHHe CJeiyeT NpoNOKUTh. Pasgensist
TOT U3 NIBYX oTpe3koB A,P, u P;A, .1, KOTOPbIH CONEPKHUT TOUKYy B,
nononaM To4kod P,, Mbl MOxeM, B 3aBHCHMOCTH OT paclo/IOXeHHUs
TOYkKd B, nn6o onpefesuTh TOYHOE 3HAUYEHHE yucjia a, ecid B cos-
nagaer ¢ P,, u 3TUM npouecc H3MepeHHs 3aKOHUHTb, Ju6O, ecau B
‘He coBnagaer ¢ P,, HalTH 3HauyeHHe @ C TOYHOCTbIO JO !/, H mocne
STOr0 NpOJO/KATh M3MEpPeHHe aHAJOTHYHBIM CII0COOOM. _
BMecto Toro ytoGhl 3ak/iouaTh a Bce B GoJjiee H Gosee TeCHble rpa-
HHLBI, YAOOHee MPEACTaBUTh @ B BHJE JBOHUHOH Jpo6H

a= n, NNy vy

8llech 17— leJlag YacTb — I10Ka3bIBAeT, CKOJIBKO JIMHeHHBIX EeIHHHIL
CollepXHUTCA B oTpeske AB; n, — nepBelil 3HaK nocJle 3anatoil — Gyler
1 uan 0, B 3aBUCHMOCTH OT TOTO, COJNEPKHUT JH OTpe3okK AB, kpome n
JUHEeHHBIX €IHHHL, ellle IOJOBHHY JIMHEHHOH €NHHHUEBI HJIH HET; N,
TaKKe ecTb 1 wam 0, COOTBETCTBEHHO TOMY, COIEPXKHUT JH OTpe-
80K AB, KpoMe 1 JIMHEHHBIX €IHHUI U 71, TIOJIOBHH JIMHEHHON eIHHUIEL,
ele 4eTBepTh JIMHEHHOH eNWHHLE! MM HeT, H T. A. JlBonuHas Apobb,
BbIpaxkawouias a, -Moxer GbITb KOHEUHOH, ecliH B coBmajaer ¢ ORHOM
us touexk P,, P,, ..., P,, ..., KOTOpPblE MBI CTPOHM B fIpoLecce H3Mepe-
Hus oTpe3ka AB, wiM GeCKOHEUHOH, ec/ii B He coBmajaer HH C OQHOMH
H8 5THX ToueK. Hanpumep, ecinu myteMm H3MepeHHA OOHApYKeEHO, YTO
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AB conepXHT TOYHO OJHY JIMHEHHYIO eHHHLY, OAHY YETBEPTb H OHY
BOCbMYIO JIMHeHHOH eiuHuubl, TOo a = 1,011. B stom ciyyae B
coBnanaer ¢ Pj;. Camo coboii pasymeercsi, YTO KOHEUHYIO JBOHYHYIO
Apo6b (opMaJbHO MOXKHO pacCMaTpHBaTb Kak GeCKOHEeuHYIo, HalpH-
mep a = 1,011000. . . B nanbHefiem, ecin Mul GyleM NMOAYEPKHBATH,
4TO JBOMYHAsl APOOL siBJsieTcsl GeCKOHeUHoH, To 6yleM HMeTb B BHAY,
YTO OHa CYLIECTBEHHO 6eCKOHeyHa, T.e. UTO OHAa He HMEET TaKOro
paspsja, HauMHasg € KOTOPOTO NOAPSIA MAYT OAHH Hyau. [lpenmoso-
JXHB, YTO KaXXIOMy OTPe3Ky OTHeceHa JIJIMHA TakK, YTO YAOBJIETBOPEHbE
yeaosua 1, 2 u 3, MBI cymesd, onupasch Ha akcuoMy Apxumena, HalTH
/s J11I060r0  JAHHOrO OTpe3ka Kaxayw® Uudpy JABOMYHOTO MpEex-
cTaBjieHHsa ero AnuHbel. CrejoBaTesqbHO, YCJIOBHSMH 1, 2 U 3 IJIHHBL
OTPE3KOB OHO3HAYHO OINpeJeseHbl.

Tenepb MBI HOMXKHBI JIOKa3aTb, YTO € Kax/bIM OTPE3KOM MOXHO
COMOCTABUThL MOJIOXKHTEJIbHOE YHCJIO TaK, YTO NMpU 3ToM GyIyT yJo-
BJIeTBOPATLCSl TpeboBaHusa 1, 2 u 3. /11 3TOro COMOCTaBHM C KaXKIbIM
OTPE3KOM B KauyecTBe JJIHHBl YHCJIO, [OJy4YeHHOEe B Pe3yJ/ibTare €ero
M3MepeHHs ONUCaHHBLIM Bbllle croco6oM. HyxxHo nokasatb, uto npu
9TOM yca0BHA 1, 2 U 3 BBINOMHAOTCS.

Ilpexne Bcero, $iICHO, uTO mNpoLECC H3MEPEHUs, NPHUMEHEHHBIH
K JIMHeHHOH einHHMIe, JaeT uucao, paBHoe enuHuue. CrexoBaTe/ibHO,
TpeGoBaHue 3 yIOBJIETBOPEHO.

Hanee, 1nns IBYX KOHTPYSHTHBIX OTPE3KOB TIpOLlECC H3MEpeHHs
JlaeT ~paBHble 3HAYEHHS| ATHH. DTO SB/SAETCS  MNPSMBIM CJIEACTBHEM
TeopeMbl 13 § 17, corsiacHo KOTOpPOH CHCTEMBI TOueK HA ABYX NPSIMBIX,
nojyyaeMble B TIpOIecCce H3MepeHHs OTPE3KOB, HMEIOT OJMHAKOBBIH
NOPSAJAOK pAaCMOJIOKEHHS] CBOMX TOUYE€K, W, 3HAUMUT, NPH H3MEPEHHH
JBYX KOHTPYIHTHBIX OTpPE3KOB B MOJYYaeMbIX JBOHYHLIX pasJoxe-
HHUSIX [OCJIENI0BAaTe/IbHO BO3HHKAIOT HA OJMHAKOBBIX MECTaX OIMHAKO-
Bole uudpol. Takum obpasem, TpeGoBaHHWe | TaKKe YLOBJIETBOPEHO.

Ocraetcs 10KasaTb, YTO yIOBJETBOpsieTcsi TpeGoBaHue 2.

TpenBapuTesbHO JIOKAXKeM JBa BCMNOMOTATENbHBIX MPEJIOKEHHS.

1. Ilyems Oan npoussoasvuoui ompesox P Q. Bceeda 603moxncHo 8bl-
b6pame cmoab 60abUlOe YeaOe HUCAO N, 4mMO, pA30eAus AUHELHYIO
eQunuyy Ha 2% pasHolx wacmetl, Mol NOAYHUM OMPE3KU, KaxCObili U3
Komopoix merowe P Q*).

Jaa nokasartenbcTBa NMPEANOIONKHM CHauaja, YTo JHHeHHas exu-
Huna 00" pasnesneHa Toukoil A Ha npe pasuble yacth OA, AO’ u uto
Kaxkaas M3 HuX Gosibiie orpeska P Q. Torna BHyTpu orpeska OA
Haiinercs Todka O, Takas, uro 00, = PQ, u BHyTpu oTpeska AO’
naiinerca Ttouka A, rtakas, uro AA,= P Q. Ornoxum or Touku O,
no HanpasseHulo K Touke A orpesok 0,0, = P Q. 3ameruM Teneps,

*) Kax el 0Tpe3oK MOMKHO Pa3jenThb Ha 27 paBHBIX uacreil, TNOCKO/IbKY Kax bR
OTPe30K MOXNO pasfienuTb nonozam (c. Teopemy 23 § 17).
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uro 1) A nexutr mexay O, u A;, 2) UMEIOT MECTO KOHTPYIHTHOCTH:
0,0,= A,A, 0,4, = A,0,; otciona u u3 Teopemnl 13 cIenyer, uro
0, nexur mexay O; u A,. Tlpumenss nemmy 2 § 14, naiinem, yro O,
aexur Mexay O; u O, TakuM o6pasoM, eciid Kaxaas MOJOBHHA JH-
HefiHO# exuHuubpl 00’ Gosbiie P Q, TO, OTK/aAbBasi OTPE3KH 00,
H 0,0,, KOHrpy3HTHBEIE OTpe3Ky P Q, Mbl He NepecTylHM uYepe3 TOUKY
O'. Orciopa ciepyer, u4TO €CJAH TpU JIOGOM f, pasjessisi JHHEHHYIO
€IMHHILY Ha 2" paBHBIX yacreit, Mbl OyAeM MoJyyaTb OTPe3kH = PQ,
TO, TOBTOPSIsi OTPe30K P () ciaraeMbM MPOU3BOJBHO MHOTO pa3, Mbl
He CMOXeM TPeB30HTH JHHelHOH enuHuubl. [losyuyaercss mpoTHBO-
peure ¢ akcHomol Apxumena, H TEM caMbIM INpeNIOXKeHHe JOKa3aHo.

M3 3Toro npepsiolkeHusi BLITEKAeT BaXKHOe CJIENCTBHE: [IPOLECC
W3MepeHHs] OTpe3Ka He MOXeT IIPUBECTH K GeCKOHEeUHOH JIBOHYHOM
ZIpo6H, y KOTOpOH, HauuHasi C HEKOTOpOro paspsjia, Bce UMPPHl CYThb
€IHHHIIBL. '

B camom pnene, myctb usmepsiercs orpe3ok AB. Bynem nosb3o-
BaThCs OGO3HAUEHHSIMHU, KOTOpble YNOTPeGJsIUCh BHILLUE MPH ONuca-
HHM npouecca usMepeHusi. Eciu B pesysibrate u3MepeHHsi MOJyyaeTcs
6eckoHeuHast ABOHYHAs ApPo6b C ILEJIOH 4acThio n, To B JeXuT Me-
Ky A, u A, .. Tlpeanonsoxum cHayana, yto B MOJYYEHHOH ApoGU
eIMHHLBI MAYT MOAPsL cpady nocne sanstoil. Torga Touka B jexur
BHYTPH KaxJ0ro u3 orpeskoB P,A, 1, P,A, 1, ...; ClefoBaTenbHO, OT-
pe3ok BA, ., MeHblue KaxJoli U3 2”7 paBHbIX YacTell THHEHHOH eAHHHLLE
npu Jo00OM £, YTO NPOTHBOpeuuT mpemsoxkeHuio 1. Ilpeamosnoxum
Tenepp, UTO MOJyuYeHHass ApOOL MMeeT B k-M paspsiie HyJb, a B cJje-
Ayiomnx paspsnax — exuHuusl. Torga Ttouka B sieXuT BHYTpH
Kaxjaoro u3 orpe3koB Py, 1Py, Pr, oPr, ... H MBl CHOBa INPUXOJUM
K IPOTHBOPEUHIO C npejsoxKeHueM 1.

TonbKO 4TO ycTaHOB/IEHHBIH (pakT ob/erdyaer cpaBHeHHe IABOMYHBIX
Jpobeil, KOTOpble IMOJyuYaloTCs B pe3y/bTaTte H3MEpPEeHUs OTPEe3KOB.
Mvenno, myctb @ u b — JBOHUHBIE APOGH, MOJyYeHHble H3MepeHHEM
ABYX OTDE€3KOB; €C/M JI0 HEKOTOPOro paspsiia 3TW APOOH COBNAjaloT,
a B cJenyouieM paspsiie Apobb a UMeeT HyJab, ApoOb b — eauHuny,
TO MOXHO C ONpeleJeHHOCTbIO YTBEepXKJaTh, YTO YHCJO, NpPEeACTaBJIeH-
Hoe JpoOblo a, MEeHblle, ueM YHCJIO0, NpeJACTaBjeHHOe ApPoObio b (o
OTHOIIEHHIO K IPOHM3BOJILHBIM JBOMYHBIM JpPOOSIM TaKOe YTBEpKIAEeHHE
MOXeT ObITb HeBepHbIM, MOCKOJbKY, Hamnpumep, Apobu 1,11000. . .
u 1,10111. . . BBIpa)aloT OJHO U TO XKe YUCIIO).

2. Ecau ompesok A*B*  menovwe ompessa AB, a uucaa b* u b
noayueroL nymem uameperus smux ompeskos, mo b* < b.

Tak kak A*B* << AB, 10 Ha orpe3ske AB cymecrByer Touka B’
Takasi, yto AB’ = A*B*. HyxHo mokasaTb, 4TO M3MepeHHe OTpe3Ka
AB’ paer uucno, MeHbLiee INOJyYeHHOrO H3MepeHHeM oTpe3ka AB.

[TocTpoum, Hauunasi or ToukH A NO HanpasJieHHIO K Touke B,
orpesku. AA,, A,A, ..., paBHble JHHEHHOH eAUHHULE. ¥CAOBHMCA
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710 OTHOIUEHHIO K IIPOH3BOJIBHOMY OTpe3ky mnpsiMoii AB rosoputs,
YTO TOYKA MPHHALNEKUT OTPE3KY, €CIH OHA JICKUT BHYTPH HEro, HJH
COBMajiaeT C JieBbIM KOHILOM (cuuTasi «cjeBa Hanpaso» or A k B). Ha-
npumep, Touky A, Gynem oTHocuTb K orpe3ky A;A4,, Touky A, —
K cnenyiowemy orpesky A.A;. Ilpu stom ycnosuu, ecin B u B npu-
HaJlJie)KaT pasHbIM oTpe3kaMm cHcreMmbl AA,, A,4,, ..., TO uenas 4actb
ypcaa b* MeHble uHenoH wacTH yucaa b, caegosarenbHo, b* < b.
Ecnu xe o6e Toukn B’ u B npuHapnexar ogHomy otpesky A;A;, .,
To b* u b MMelT oIMHAKOBbIE LeJble yacTH. Pa3jenum Toria orpesok
AA;,, nononam. Eciu Toukn B’ u B okaxyTcsi B pasHbBIX MOJO-
BHHax, TO NepBas UHdpa Iocjde 3aNsATOH B pasjiokKeHHH uucjaa b*
©CTh HYJlb, @ B Pa3JIOXKEeHUH b — eIuHuLA, H, CJlIefoBarenbHo, b* < b.
Ecnu ke ofe Toukn B’ u B npuHamiexar ogHOH MOJNOBHHE OTpe3ka
A;A; 1, T0 b*¥ u b NMelOT ONMHAKOBbIE LieJble YacTH H mepBble LUBPLL
miocne 3ansatofi. Torga Mbl pasfesquM NOMOJaM Ty H3 ABYX IOJOBHH
orpeska A;A;,,, Kotopas conepHuT obe Toukn B' u B, u T. 1.

ITporomkast 5TOT mpouecc, Mbl B KOHLE KOHLOB YCTaHOBHM
HepaBelcTBo b* < b, ecin ToabKO ToukH B’ u B He GyayT Bceraa pac-
noJjlaraTbCsl B ONHOH H TOH Ke M3 [BYX IOJOBHH, NOJIYyYyaeMbIX feJe-
HHEM OTpe3Ka, KOTODBIl OlpeleseH INpeibYIMM ILaroM IOCTpoe-
Husi. OIHAKO 3TO  MPENONOMEHHE Mbl JO/KHBl OTGPOCHTb, TaK
KaK OHO O3HauaeT, YyTo OTPe30K B’B MeHblle KaxIOH M3 2" paBHBIX
yactell JIHHEMHOH eIMHHUBl OPH JI0OOM 71, YTO MPOTHBOPEUHT JOKa-
3QHHOMY paHee BCIIOMOTaTeJbHOMY NpelJoKeHHIo 1.

Tenepn MBI MOXKEM IEpEHTH HeNoCpelCTBEHHO K J0Ka3aTeslbCTBY
BBIIONHEHHSA TpeGoBaHuA 2.

ITycrs Gyner AC — npou3BO/bHBIA OTPe30K, B — Kakas-HHOYIb
TOYKa BHYTPH Hero, a, b, ¢ — uucaa, NonyyeHHble H3MepeHHeM OT-
peskoB AB, BC u AC. Mur JOJI?KHBl YCTAHOBUTbH PaBEHCTBO

a+b=c
3aduKcHpyeM Leoe MOJOKHUTEbHOe YHCJAO0 1 M TIOCTPOUM, HayH-
Hasl OT TOUKH- B 110 nanpassenuio K Touke A, orpesku BA,, A,A,. ..,

KOHTPY3HTHbIE OTpe3KaM, -[OJyuaeMbIM TIpH  JeJeHUH JHHeHHOM
€MHUIBI Ha 2" paBHBIX yacTed. 3 akcuomel Apxumena cuaenpyer,
yro cpein Touek A,;, A,, ... Haixyrca ase Toukd Ax U A,
Takue, uTo A ), npuHagiexRuT orpe3ky BA uiau coBnazaer ¢ TOUKOH A,
a Aj,,, BMecTe c Toukoii B onpenensier orpe3ok BAy,,, conepamuii
Touky - A. AnanormuHo omnpemenuM Toukd C; u C,,.;, OTKIajwBasi
B cropony Touku C orpesku BC,, C,C,, ..., KOHTPySHTHBIE OTpe3-
Kam A;A;,1. OueBHAHO, HMEOT MeCTO Clejylollde HepaBeHCTBA
MeXJy OTpe3KaMu:

BA, < AB < BA,,,, BC,< BC < BC,,,,
Ahct < AC <Ak+lcl+1.
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OTCIOIla H TIpUHHMas BO BHUMaHHE BCIIOMOraTeJibHOE IIPEJJIOKEHHE 2,
NOJIyYUM HepaBeHCTBA AJs COOTBETCTBYIOLIHX YHCEJ: .

k k-|—l z k142

141 R+
<a<®l, L<e<il, Bl
U3 sTux HepaseHCTB 6y11eM HMeTb: ~
k l k-t142 k+1 R+142
Al Capogtlt? EEL o LR

CJIe,uOBaTeJIbHo, )
1
]a —l—b—C\ < oR=ie

Ho Ttax kak n — mo6oe uenoe NoMoXKUTENbHOE YHCJIO0, TO
a+b—c=0

H, TakuM o6pasoM, a@ 4+ b = ¢, a 3TO Mbl U JKEJaJH YCTAHORUTh.

Hrak, axkcuombl I—III u IV,l pawr BO3MOXKHOCTL OOOCHOBATL
H3MepeHHe OTPE3KOB H COMOCTaBHTb C KaMJbiM OTPE3KCM MOJIOXKUTE/b-
HOe UKCJ10, Ha3blBaeMoe ero AJMHOA. }lJmHa OIHO3HAYHO ONpeje/seTcs
ycaoBusimu 1, 2 u 3.

CorstacHo ycnoBuio | paBHble OTpPe3KH HMEIOT paBHbIE JJIHHBL.
U3 Teopembr 27 § 18 u 13 BCIIOMOraTe/bHOrO NpeNJIOXKeHUs 2 cleayerT,
uTo ¥ 00paTHO — OTPe3KH, HMeIolHe OJHHAKOBblE IJIHHbI, DPaBHbL
Mexny co6oil. Takum o6pasoM, CpaBHEHHE OTPE3KOB MOXHO 3aMEHHTb
CpPaBHEHHEM HX JIJIHH.

Bnonxe ananoruyHo AJMHe OTpe3Ka ONpefessieTCsi BeJlMuuHa yrja.

Onpepnenenne 13. IlycTb KaxkIOMy Yy COOTBETCIBYET
HEKOTOPOE IOJIOKHUTENbHOE YHUCJIO TaK, YTO IPH 3TOM COOMIOAeHbI ce-
Jlylolue yCJI0BHSA:

1) paBHBIM yr.1aM COCTBETCTBYIOT paBHble YKCJa;

2) ecan ayu [ mpoxenut BHYTpU £ (h, k) uepe3 ero BeplIMHY K
Z (h, ) u £ (I, k) cooTBeTCTBYIOT unucaa a u P, uto L (4, k) coorBer-
CTByeT yucsao a + f;

3) nexotopoMy /. (0, 0') COOTBETCTBYeT WYHCJIO, PaBHCE ENMHMIE.

Torpa umeao, yKasaHHBIM 06pasoM COOTBETCTBYIOLIEE KaXKAOMY
yIJly, Ha3biBaeTcs eauturHoll 3toro yria; Z (o, 0') HasblBaercs yeao-
eoti eduruyell.

OnHo3HauHas onpefeneHHOCTb M CYLIECTBOBaHHE BeJHYHH YIJIOB
JOKa3bIBAlOTCA TaK K€, KaK OJHO3HAyHas OINpeLeseHHOCTb U Cyiue-
CTBOBaHHE IJHMH OTPe3KOB. BBOINTH NpDH 3TOM HOBYIO aKCHOMY ISk
YIJIOB, COOTBETCTBYIOIIYIO aKCHOMe ApxHMena HJIsi OTPE3KOB, He Tpe-
6yercsi: nofo6HOe npejioKeHHe MOXeT ObiTb JOKa3aHo.

§ 21. CorniacHo mpenpblAylieMy BMeCTe C MHOXECTBOM BCeX OTpes-
KOB BIIOJIHE OIpefieJIeHHbIM SIBJISIeTCS] YHCJIOBOE MHOXKECTBO HX [JIMH;
IpH 3TOM Mbl, KOHEYHO, NpPEArnoJaraeM, YTO JHUHeHass eIMHHULA BbI-
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opauna. Onnaxo u3 akcuom 1—I11 u 1V,1 we credyem, umo Oruner om-
pe3Kos ucuepnoarom 6ce seujecmeerinoe qucaa. Onupasch Ha 3TH aKCHO-
Mbl, HeJb3§l [a)Ke YCTAaHOBHTb, YTO MHOMECTBO AJIHH HECUeTHO.

Toapko paclMpsifi CHCTeMY aKCHOM MPHCOeIHHEeHHeM, Hampumep,
dopmyaupoBaHHOil Bblme akcuombl Kautopa [IV,2, mbl nosnyuaem
BO3MOKHOCTb JIOK23aThb CJIELYIOILYIO TeopeMy.

Teopema 35. Kakogo 6ot Hu 6oir0 sewiecmgenroe uucao a = 0,
cyuiecmeyem ompesoK, 0AURA KOmopo20 pasHa a.

Ilnst noKasaTeNbCTBA MPEACTABHM a4 B BHAE JIBOMYHON JpoGH
1, NN, ... [lpeanonoxum cHayana, YyTo YHUC/IO @ He MOXKeT ObiTb Npef-
CTaB/MEHO KOHEYHOH IBOMYHOH ApoGbto. IIpu 3TOM rMpennosoxeHuH
Apobb n, NN, . .. He MOXET HMETb, HauWHAasA C HEKOTOpPOro paspsiia,
O[HH elHHHUbI (Tak Kak GeckoHeuHasi Apobb 1, Ny n,. . .nx0111 ...
NpejCTaByisieT TO JKe UYHCIO, YTO M KOHeuHas Jpobb n, nn,. . .nxl).

PaccmoTpuM Kakylo-HHGYIb TOJAYNpPsSMYIG ¢ HayaloM B Touke A
¥ [OCTPOMM Ha 3Tofl nosmynpsimoii otpesku AA,, A,A,, ..., ApAn,y,
KOHTPYSHTHHIe JHHelHOH exuHuue. [locnenHuil us Hux, T.e. A,A,, 4,
TOYKOH P, pa3lesnM nornosnam. Y cJIoBUMCS Ty OJIOBHHY oTpe3ka A , A, 4 1y
KOTOpasi pacrnosioeHa €O CTOPOHBI TOYKH A, Has3bIBaTb «/1eBOMH»,
Apyryio — «npaBoii». Ilogo6HOe :xe ycJOBHE OTHeceM KO BCAKOMY
JpYyroMy OTpPe3Ky MoJyNnpsiMOfi, ecln Mbl GyJeM 5TOT OTPe30K AEIHTb
nononam. OGo3nauuM OyKBOH [; OTpe3oK, COBMajaioOWUil C JIeBOH
nosioBuHoft orpeska A,A,,,, eciu n, = 0, u ¢ npasoii, ecnn n,= 1.
Paznenum, nanee, orpe3ox [, momosnam Toukoil P, u o603HauMM uepes
I, ero JeBYI0 WJIM TIpaBylO MOJIOBHHY, B 3aBHCHMOCTH OT Toro, Gyner
Ju n, = 0 win n, = 1. 3T0T,npouecc NPOJOKHM GECKOHEYHO,

Tak OyzeT noCTpoeHa TOC/NENOBATEIbHOCTh OTPe3KoB Iy, s, ...

[To mocTpoeHHI0 BHYTPEHHHE TOUKH KaXKIOTO M3 3THX OTPE3KOB Jie-
2KaT BHYTPHU INpeAbIAYLIero W OLHH KOHEll COBImajlaeT ¢ KOHUOM Npenbl-
ayuwero. OnHaKo He MOXKeT CJAYYHUThbCSl, YTOOBI, HAaYHHAs C HEKOTOPOro
HOMepa, Bce OTpe3KH [, uMmesau obuiii KOHell (TaK KakK Apolb 1, n4f,. . .
He MOXMET MMeTb, HauuHas C HEKOTOpOro paspsna, OLHH HYJH HJIH
OfHK efuHuLBl). CnenoBaTesqbHO, cpend OTPe3KoB [y, l,,. .. Halmercs
OTPE30K [x,, KOTOPLIH JIEXKUT CTPOro BHYTPH I, HaliAeTcs OTpe3ok I,
KOTOPBIH JIeKUT CTPOTO BHYTPH le,, U T. . Kpome Toro, u3 Bcnomo-
raTeibHOrO NpeJIoXKeHHss |, KOTOpPbIM MBI MOJb30BA/HCh NMpPH JOKa-
3aTe/IbCTBE CYLIECTBOBAHUS JUIMHBI, GJEIyeT, YTO HHKAKOH OTpe3oK
He MOXeT OblTb MeHblie BceX OTpe3koB [y, le, lp,, ... IloaTOMYy MBI
MOXeM K mnocieioBarenbHocTH Iy, lp,, lp,, ... TNPUMEHUTb AKCHOMY
Kanropa 1V,2 u yTBep:xmaTh COIacHO 3TOH akchome, 4TO Cylie-
CTBYET ' €IMHCTBEHHAas ToukKa B, Jexamas BHYTPH BCEX OTPe3KOB
Uiy leyy Uiy - o o SIcHO, uTO 3T@ TOuka B OyleT Takxe JexaTb BHYTPU
BCEX OTpPe3koB [y, ls, I3, . .. OueBUAHO, OTpPe20K AB uMeeT Ha3HayeH-
Hyl IMUMHY a. B camom gene, usamepenue orpe3ka AB jaer uMeHHO
4YUCI0 a.
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Takum of6pasom, eciH @ He MOXeT ObITh NPENCTaBIE€HO KOHEWHOil
IBOHYHOH 1po6bio, YTBepKIeHHe TeopeMbl JoKasaHo. Ecan ke a npex-
CTaBJsieTcsl KOHEYHOI Jpobbio, TO KoHell B HckoMoro orpeska Gyner
ONHOI M3 ONHCaHHBIX Bble Touek A,, Py, P,. .. Ilogpo6GHocTu pac-
CYXJAEeHHH I/ 3TOTO Cjyyasl HeT CMbICJa MPHBOAWTH; 3aMeTHM JIHIIb,
YTO MCIOJIb30BaHNe akcuOMbBl KaHnTopa 3jech He HYXKHO.

Ilpennoxenue, anajoruyHoe Teopeme 35, HMeeT MeCTO H JJ1s
BeJMUYUH YIJIOB; HMEHHO

Teopema 36. [lycmv npu Hexomopom evib6ope eQuHulpsl U3-
MepeHus npamot yeon umeem BeauduHry o; mozda Awbomy uuc-
ay o, 0<<a<C2mw, coomsemcmsyem yeor, GeAUMUHA — KOMOPO2O
pasHa o.

Exunuuy wu3MepeHus YrjoB NPHHSITO BBIGHPATH TaK, UYTOOH! Nps-
MOMY YIVIy OTBEYaJO B KayecTBe ero BeJIMYHHBl 4Kcja0o /2. B 3ToM
cJyyae eNMHHULYy M3MepeHHs! HasbiBAlOT PadUaHOM.

[Tocne Toro xak 06OCHOBaHO M3MepeHUE OTPE3KOB H YIJIOB, a°Teope-
mamH 35 M 36 ycTaHOBJEHAa BO3MOXHOCTb I[OCTPOEHHS OTpe3Ka Mo
33JaHHOH JJiMHe W yIJa 1o 3alaHHOH BeJHUYMHE, OTKPLIBAETCA NYTh
NPUJIOKEHNST apudMeTHKH U aner6pel K TeOMeTpHHU.

Hanpumep, apudmeTnuecKuMn CpeiCTBaMH Tenepb JErKO JOKasaTh
CNELYIOLLYIO BaXKHYIO TeopeMmy.

Teopewma 37. Buympu xaxdoco ompeska cyuiecmsytom mouku,
pasfeasiouyue eeo HA n pasHolx wacmel.

B camoMm pene, nyctb aaH orpe3ok AB. Mul nokasanu, uto Kamxnpli
OTPE30K HMeeT MJIUHy; nycrb jgauuia AB -paBHa a. Ilonwsysice pene-
HHUEeM uyces, HaiifieM uuciao a/n. M3 teopemul 35 1 akcuomnl I1I,1 cie-
AyeT, yTo Ha mnoaynpsmoii AB cymectByiorT orpesku AA;, A A.,. ..
. A,_,A,_1 conHoil U ToH ke nauHOH a/n. OueBHAHO, TOUKH A,
Ay, ..., A,_1 n ABJAIOTC HCKOMBIMH.

AHanornynas Teopema MMeET MeCTO AJd YIJIOB.

Teopema 38. Brympu xaxdoco yera uepe3 6epuiiHy npoxooarm
noaynpsamole, pasfelsioujue ec0 HA N PABHbIX Yacmel.

§ 22. Onupasice Ha akcuoMsl uerbipex rpynn I—IV, MoxHO BBeCTH
KOOPAMHATHHIH MPUHUMI 51 [OPAMOH, MJOCKOCTH W [POCTpaH-
CTBA.

[locTpouM cHawasa  KoopAMHaTHYIO cHcTeMy Ha npsiMoit. [lycTh
a — npoM3BoJbHasA npsiMasi. BeiGepem Ha Heil KaKylo-HHOYAb TOUKY O,
KoTopyro GyjleM Ha3bBaTh HAYAAOM KOOpPOUHam, ¥ YCJIOBHUMCSl OIHY H3
JBYX NOJYNpAMBIX, ONpejensieMblX Ha nmpsiMod a Toukod O, HasblBaTh
noaoxcumeavHol, Ipyryio — ompuyameavrot. Kpome Toro, mnpumem
HeKCTOPBIl OTPE30K 33 eQUHULY U3MEPEHUS.

Kaknoit Touke M npsiMoii a oTHeceM KOOpAMHATY X, moJsaras abco-
JIOTHYIO BeJIHYMHY X PpaBHOH JauHe oTpesaka OM wu onpepenss
8HaK X B 3aBUCHMOCTH OT pacnoJioxeHus Toukun M craenywoium obpa-
soM: x<<0, ecan M BaxoiuTCsl HA MNONOXUTENbHOH MNOJYyNpsMOH,



§ 22] 7. TPYNNA IV. AKCHOMb HENPEPBIBHOCTH 8t

u x<<0, ecan M Jfexxut Ha orpuuatesbHO nomynpsamoii. Ecim M
coBnanaer ¢ toukoii 0, nonaraem x=0. M3 Teopemsl 35 ToTuac cienyer
npejioXKeHue.

Kaxkoso™ 6ot Hu 66140 4ucs0 x, HQ NPAMOL Cyujecmeyem MOYHO OOHQ.
MOUKQ, KOOPOUHAMA KOMOPOU PpasHA X. .

BBesem Temepb cHcTeMy KoopAMHar Ha mjockectd. [lyets o —
NpPOH3BO/NbHAS IJIOCKOCTb; 0CO3HauMM OykBoH O KaKylo-HHOYIb
TOYKY IJIOCKOCTH o M GYKBOH @ — HEKOTOPYIO NPSMYIO MJOCKOCTH o,
npoxoasuryio yepe3 touky O. Torma O pasgensier npsiMylo a Ha JBe
noJiynpsiMble; Ha30BeM OJHY W3 HUX HOAOMCUMEAbHOU, JPYTYy0 —
ompuyamenvroi. TIpamas a pasjensieT MIOCKOCTb . Ha JBe NOJYIJIOC-
KOCTH, OJIHY M3 KOTOPbIX Mbl TakKxke OyleM HasbiBaTb M040XCU~
meabHOl, APYTyI0 — ompuyamesbroti moaymiockoctsio. Ecnn, kpome
TOro, BbIOpaHa e€HHMIlA U3MEPEHUs JUIMH, TO COIJIaCHO MpebAyIIeMy
Ha TnNpsMOii a onpenensieTcss CHCTeMa KOOPJAMHAT C HauajioM B
Touke O H ¢ OTMEYeHHOH TOJOXHTENbHOH NONYNpsMOH.

PaccMoTpuM Temepb NPOH3BO/NBHYIO TOUKY M MJIOCKOCTH a.
[To Teopeme 25 § 17, u3 Toukn M Ha NPSMYIO 4@ MOMXHO ONYCTHTBb
€IMHCTBeHHbIH nepneHaukyaap. OGosnaunM uepe3 M, ocHOBaHue
sToro neprnesaukyaspa. Ilyctb x o6o3HauaeT KOOpPAMHATY TOYKH M,
B CHCTEME KOODJWHAT, KOTOpas BBeleHa HaMH Ha NpsAMOH a, u y —
ypcso, abCco/ioTHas BeJHYHMHA KOTOPOro paBHAa JJiMHe oTpe3ka MM,
a 3HAaK 3aBUCHT OT pAacCNoJOXeHHs Touku M ciepywouuMm o6pasom:
y > 0, eciu M HaxoauTcsl B NOJOXKHUTENBHOH NOJYMJIOCKOCTH, U y < 0,
ecii M nexuT B oTpHULATeNbHON noaymsockoctd. Ecan M jexur
Ha npsiMoii a, nosnaraeM y = 0.

TakuM o6pasoM, ¢ Kaxaoi TOYKOH M IJIOCKOCTH o COMOCTaBJ€HA
napa yucesn X, y, Ha3blBaeMBIX KOOpJMHATaMH 3TOI TOYKH.

OueBUIHO, KaKosb. Obl HuU ObiAU GELECBEHHbIE HUCAA X, Y, HQ
NAOCKOCMU  CYujecmeyem Mmo4Ho O00HQ MmOouKa, KoopOuramot KOmopol
PQBHbL COOMBEIMCMBEHHO IMUM HUCAAM,

B camom pene, uucno X Bceria ¥ OJHO3HAUHO oOnpefe/sieT Ha
npsamoii a touky M,. Ilo teopeme 26 § 17, MbI MOXeM B Touke M,
BOCCTaBUTb K MNpPSIMOil @ €IUHCTBeHHbIH mepneHaukysasap. [Ipexmono-
XuM y = 0; no Teopeme 35, CylIeCTBYeT OTPE30K, AJMHA KOTOPOTL
paBHa a6Cco/MmoOTHOH BeaHuHHe uucaa y. OTNOXKHUM 3TOT OTpPe30K OT
TOYKH M, Ha nepneHANKy/Asipe K NpaAMOH a Tak, YTOOBI OH pacnoJsio-
KHJICS B NOJNOXKUTENBHON MOJYNJOCKOCTH, eciy y > 0, uiau B orpuua-
TenbHoM, ecan y << 0. KoHell OT/I0:keHHOTo OTpe3Ka 0603HauuM OyK-
‘Boit M. Touka M 6yner umeTb 3ajaHHble KOODAMHATHI X, Y.

B cnyuae y = 0 nonaraem, yto Touka M coBnagaer ¢ M. Toraa
M umeer 3ajaHHyI0 KoopanHaty x H y = 0.

Takum o6pasoM, Bcerja MOXHO NOCTPOHTb TOYKY, KOOPAWHAETHL
KOTOPOH paBHBl JaHHbIM 4YHC/JaM x, y. EJHHCTBEHHOCTb 3TOH TOUKH
JIOKa3LIBaeTCsi OYEBHAHLIMHM PaCCyKJIeHHSIMH.



82 Il. AKCHOMH SJEMEHTAPHOH TEOMETPHH [§23

UTo6bl BBeCTH KOOPAHHATHI B NIPOCTPAHCTBE, BLIGEPEM MPOHU3BOJIb-
HYIO TVIOCKOCTb . H ONpEeAeIHM Ha HeH KaKHM-HHOYIb CIOocOGOM KOOp-
JQMHATHYIO cHcTéMy (T. e. yKaxeM Touky O, npsiMyio a u T. &.). Ilno-
CKOCTb ¢ pasjefsieT NPOCTPANCTBO Ha JBa IOJYNPOCTPAHCTBA; Ha30-
BEM OJHO M3 HHX NOAOXCUMEAbHbIM, IPYTOE OMPUUAMEAbHbIM.
Torza c kaxpo#t Toukoii M TIpPOCTPAHCTBA MBI COMOCTAaBHM TPH KOOP-
IvHaThl (X, Yy, 2), ompenensisi HX CJAEAYIOWUMH YCJIOBHSMH: X -H Y
COBMAJAlT € KOOpAWHaTaMH OCHOBaHHSI M’ neprneHgukyJjspa, omy-
LIEHHOro W3 TOYKH M Ha MIOCKOCTb o, B KOOPAMHATHON CHCTeMe,
KOTOpPYIO Mbl NPEANO/IOXHIN BBEIEHHOH Ha INIOCKOCTH o 2z N0 abco-
JIIOTHOH BeJIMYHHE pPaBHO IJMHe oTpe3ka MM’; 3HaK uucaa 2 3aBUCHT
OT pacnojioxkeHust Touku M caepyiouuM obpasom: z >0, eciu M
JIEXXHUT B TIOJOXHUTEJBHOM MNoslynpocTpaHctse, U z << 0, ectu M ma-
XOIUTCS B OTpHLATeNbHOM mnosynpoctpaHctBe. Ecin M Haxomutcst
Ha MJOCKOCTH @, To nonaraem z = 0.

ManoxeHHbI ceffyac C€rnoco6 BBeJeHHS CHCTeMbl KOOPAHHAT B
NpoCTpaHcTBe TpeGyeT IpelBapUTE/NLHOrO  OMpede/eHHs]  MOHATHSA
NeprneHuKyJaspa K IUIOCKOCTH H [0Ka3aTejlbCTBA TEOPeMbl: U3
KaXKJo#i TOYKH Ha JOOYI0 NJIOCKOCTb MOXKHO OMYCTHTb OAHH H TOJIbKO
oxuH nepneHAukyasp. CooTBeTCTBYIOIlee OMpeneseHHe, PaBHO Kak
H JI0KAa3aTeJbCTBO YKAa3aHHOH TEOPEMBl, MOXKHO AaThb TOYHO TaK, KakK
9T0 OGBIYHO JaeTcsl B yueGHHKAaxX 3JIeMEHTapHOH reOMETpHH.

Ecnu ewe 10Ka3aTh CYLIECTBOBAaHHE H eJUHCTBEHHOCTb MepleHIH-
KyJsipa K IJIOCKOCTH B JaHHOI ee TOYKe, TO, OMHpasicb Ha Teo-
peMmy 26 § 17, MOXXHO YCTAaHOBHTb CNPaBEAJHBOCTb YTBEPKACHHS:

Kaxosbt 6ot Hu GbLau mMPU 8ei{eCMBEHHbLX HUCAA X, U, 2, 8 NPOCMPAH-
cmee cyuiecmgyem MmoYHo O00HA MOouKa, KoOopouMamol KOmopoL pasHol
COOMBEMCMBEHHO HUCAAM X, Y, 2

OnHcaHHble BbIIE CHCTEMbl KOOPAMHAT HA IJIOCKOCTH H B MPOCT-
paHcTBe MOXHO Obl1o Obl Ha3BaTb AeKapToBbiMu. OnHAaKO cJjenyer
HMeTb B BHIY, YTO M3 ONHHUX TOAbKO akcnoM I—IV He BbiTeKawoT
MHOTHE CBOHCTBA, NMpHUTVIHe JeKapTOBbIM- KOOpAHHaTaM. PaccmoTpum
JUIsi MPOCTOTHl KOOPAMHATHYIO CHCTeMy Ha mJiockocTH. HasoBeM, Kak
9T0 . OGBIKHOBEHHO [€eJ1aloT, NMPAMYIO @ OCbIO X, MEPNeHIUKY/ISAPHYIO K
Heil B Touke O mpsimyio — ocbio y. Tlyctb M — npousBosibHasi Touka
IJIOCKOCTH, M, ¥ M ,— OCHOBaHHSl TEPNeHAMKY/NSIPOB, ONYLUEHHbIX
u3 M COOTBETCTBEHHO Ha oCb X H oCb y. [losb3ysich akCHOMaMu
I—1V, Henp3s, Hanpumep, AOKa3aTb, uto ortpesok OM, pasen
orpe3ky M M. TouHO TaK Ke U3 3THX aKCHOM HeJlb3sl BLIBECTH XODOLUO
H3BECTHOE B aHAJHTHYECKOH TIeOMEeTPHUH BbIpaxelue s pacCTOsHHS
MeXIy IBYMsSI TOYKaMH. '

§ 23. BBoxa KoopAauHAThHl Ha MPAMOH, MBI yCTaHAB/JIHBAEM B3aHMHO
OJIHO3HAYHOE COOTBETCTBHE MeXK]Y COBOKYMHOCTBIO BCEX TOUEK MPSMOi
H COBOKYIHOCTBIO BCeX BellleCTBEHHbIX uHces. OCTaHOBHMCS Crielyallb-
HO Ha XapaKTepHOHl OCOGEHHOCTH 3TOTO COOTBETCTBHSA.
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Kax Obio Bhllle noka3aHo ¢ nomombio akchom rpymn I — I, B
MHOJKECTBE TOYEK IpSMOM MOXHO BBECTH OTHOILEHHe MOpsifika Tak,
uTO ec/u Touka B caenyer 3a Toukoil A u npeawectsyer C, T0 B jexur
mex1y A u C B cMbice § 13. YcTaHOBUTE Takoli MOPSIAOK MOXKHO JIHIIb
IBYMsl Ppa3JHYHbIMH CLOCO0AMH; 3TO COOTBETCTBYET HallleMy Ha-
IJISIAHOMY,  NMPEACTaBJGHHIO O JBYX HaNpaBJeHHsX Ha NPAMOM.
Bribepem 13 3THX JBYX NOPSAKOB TOT, B KOTOPOM Hayajo KOOp-
JMHAT TpPEeALIECTBYET BCEM TOYKAM [OJIOKHUTEJNbHOA MOJYyNpsMOR
(HampaBJ/ieHHe, KOTOpOe TeM CaMbiM onpeje/nsieTcsi, OyieM HasblBaTh
nonoxurenabieivM). Toraa, ecin M, u M,— JBe TOYKH C KOOPAHHATAMH
X u X, 1 M, npenwecrsyer M., 10 x; << X,.

Takum o6pas3oM, HMeeM TeopeMy

Teopewma 39. Mewdy ynopsaOoueHHbIM  MHONECMBOM  6CEX
modex npamotl U YnopadOHeHHbIM MHONCECBOM 8CEX BEUYECTBEHHBLX
4uCen B03MOJCHO YCIAHOBUMb MAKOe 83AUMHO 00HO3HAUHOEe COOMBemcHi-
sue, npu  KOMOPOM COOMSEMCMBYIOU{IE 3/EMEHMbL HAX00amcs 8 00u-
HAKOBbIX OMHOWIEHULX NOPAOKA.

CpoiicTBO npsiMOil, BbIpaXKaeMoe 3TOH TeopeMol, Ha3bIBaeTCS
Henpeporocmoero. Tak Kak HeNpepublBHOCTb TNPsSIMOH obecrieunBaercs
akcuomamu IV,1—=1V,2, 1o arcuomsl rpynnsl IV HaseiBaloT axcuo-
MAMU HenpepoieHocmu.

Axcuombl 1V,1 u IV,2 MOXKHO 3aMeHHTb WHBIMH SKBHBAJIEHTHBLIMH
UM TpeGOBaHMSMH, COXPaHAs IpH 3ToM npembiywne rpynnsl [ — I11
6e3 usmepenusi. OQHUM K3 BaxKHbIX 5KBMBAJIEHTOB akcuoM rpymnsl IV
sBaserca npuHuun JlenexuHina.

B ocHoBax aHa/nH3a XOpOIIO M3BECTHO MpeAJiOKeHHe, Bhipaxarollee
npuHumn Jlenekunaa B MHOXKECTBE BCEX BEIECTBEHHBIX: UHCEI.

Ecau ece sewjecmesennbie wucaa pacnpedeservr Ha dsa Kaacca Mmak,
4mo npu Imom:

1) kaxcdoe uucao omHocumes K 0OHOMY U MOALKO K 00OHOMY Kaaccy,
u KaxcOoul Kaacc codepacum Hucaa;

2) Kaicdoe 4uUCAO Nepeoco KAGCCa MeHblie Kaxcdoz2o 4ucaa 6mopoeo,
mo aubo 8 nepsom Kaacce cyujeemsyem Haubosbuiee HUCA0, AUOO 60
8/MOPOM — HAUMEHbLUCE,

CMBICTT  3TOrO0 MNpeNIOXKEHUs sakouaeTcs B OTPHLAHHK JBYX
BO3MOXKHOCTE{1: HaJMyusi 3aMBbIKAIOIHUX 3/E€MEHTOB B KaXJOM KJacce
H OTCYTCTBHS 3aMBIKAIOLIMX 3JEMEHTOB B KaXJOM KJjacce.

M3 teopemsl 39 u mpunuuna [leneKnHAa 1/isi BelleCTBEHHBIX YuCes
TOTYac cjaeayeT npHHUMN [keneKMHAa IJig NpsIMOil.

Teopema 40. Ecau 6ce mouxu npamoi pacnpedenervt Ha 08a
Kaacca mak, 4no npu dMmom:

1) kaxdan mouka omuocumes K 0OOHOMY U MOALKO K 00HOMY Kiaccy,
U Kaxcoblll Kaacc cobepicum mouKu;

2) kaxcdas mouka nepeozo Kaacca npedulecmsyem KaxcOOh mMO4Ke
8Mopoeo,
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mo aubo 8 nepsom Kaacce Cyujecrmsyem mo4Kka, Komopol npedutecms-
8YlOMm 6ce OCMAAbHblE . MOYKU nepeoeo Kaacca, Aubo 60 8mopom
KAacce cyuwjecmeyem mo4Kka, KOmopas npeduiecmsyem 6cem OCMANbHOIM
MOYKAM 8MOPO20 KAACCA.

['oBOpSAT, YTO 3TA TOUKA OMpeNessieT O0F0eKuHO080 Ccederue TIPSIMOM.

DKBUBANEHTHOCTb 3TOTO YTBEPXKAEHHA akcuoMaM rpynnbl IV Bbi-
paxaer cijeiyoLias

Teopema 41. Ecau k akcuomam 1 — 111 npucoeOunume npur-
yun Jledexunda, mo npedroscenus Apxumeda 1V,1 u Kanmopa 1V,2
Mmoeym Ooimeb 00KA3ar.L.

[Ipexkne BCero noJy4uM, onupasicb Ha npuHuun [efekHHAa H aK-
chombl [—I11, mpuHuun Apxumena.

Bynem Bectu paccykueHwe ot nporuBHoro. Ilpexmosnoxum, uto
JUIsl HeKotoporo orpe3ka AB yTBepxkIeHHe akCHOMbI Apxumena He
BbIMIOJIHEHO. TO 3HAYHT, 4YTO CYIHIeCTBYyeT Ge€CKOHEeY H a s
10CJ/iel0BATENBHOCTD K O H TPY 3 HT H bl X oTpe3koB AA,=4,4,=...
= A,A,,, = ..., PaClOJOXKEHHbIX BHYTPH OTpe3ka AB.

Brifepem Takoit mnopsiiok Touek , mpsimoii AB (HampaBieHue),
B KOTOpPOM Touka A mpeauiecTByeT Touke B, U pa3fesuM TOUKU TPsIMOH
AB Ha 1Ba KJjacca cjefyloUuM o6pa3oM: K MEpBOMY KJAacCy OTHeceM
KaXIyl0 TOUKY, KOTOpasi TpeNluecTByeT Kakoi-HuGyab Touke A
(a 3Hauut, W Toukam A,,.,, Ap.. ¥ T.A.), KO BTOPOMYy — BCe
-OCTajIbHble TOYKH NpsiMoit AB.

OueBHIHO, MPH 3TOM TpeGOBaHUSA, NPELbSB/seMble K JeJeKHHAOBY
ceyeHHto, OyAyT BhINOJNHeHBl. B camom pee:

1) xaxpgas Touka npsmod AB monajgaer B OJHH M TONBKO B ONHH
KJIacC; KaMK/bll K/JAacC He IyCT, TaK KaK MEepBbl 3aBEIOMO COJEPHKUT
Touku A,, A, ..., Ay, ..., @ BTOPOH — TOUKy B;

2) BCe TOYKH MEPBOrO KJjacca NpPelleCTBYIOT TOYKAM BTOPOLO.

Torna B cuny npuHuuna JenekuHia, KOTOPBIH Mbl ceifuac NPHUHHU-
MaeM KaK aKCHOMY, cyliecTByeT Touka C, Mpou3BOJsIIasi CeueHHe.

OuyeBHHO, YTO B MEPBOM KJAacce HET MOC/AeHEro 3JjeMeHTa, cJe-
JoBatesibHo, C €cTb TOYKa BTOPOro KJjacca, MpPEeAIleCcTBYIOUlasi BCEM
OCTa/IbHBIM €r0 TOYKaM.

[To akcuome III,1 cymecrByer Touka D, KoTOopas mnpenuIecTBYeT
Touke C 1 ompejiensieT BMecTe ¢ Heto oTpe30oK CD, KOHTPYIHTHBIN Kax-
Jomy u3 orpeskos AA,, A1A, u 1.x. Touka D He MoxeT npu-
HaJJleKaTb KO BTOPOMY KJjaccy, TaK Kak MpellliecTByeT ToY-
ke C. :

3Haunt, D ecTb TOYKA NEPBOrO Kjacca U IOITOMY IpeAlIecTBYET
HekoTopoit Touke A,. Orpesok A A, ABAseTCs yacTbio oTpe3ka CD,
1 no teopeme 29 A,A,,., << CD. Bumecre c TeM Mbl umeeM A, A, 1 ==
= CD. Ho no Tteopeme 27 coorHowerust A,A,,,<<CD u A,A,, 1=
= CD He MOryT OCYLUeCTBJIATLCSA oaHoBpeMeHHO. [TonyueHHoe npoTu-
BOpeuHe 3aBepluaeT A0Ka3aTe/qbCTBO NMPUHUUNA ApXxHMeza.




§ 24] 7. TPYOmA IV. AKCHOMBI HEMPEPLIBHOCTH 85

IoxaxeMm Temepb npuHuun Kanropa.

ITycts Ha Kakoi-HUOYIAb NMpPAMOH a NaHa GeCKOHeYHAs IOC/eNoBa-
TeJNbHOCTb OTPe3KoB A,By, A,B, v T. 1., U Kaxplil oTpe3ok A, 1B, 1
nexut BHYTpU A,B,. Ilyctb, Aanee, He cyllecTByeT OTpe3Ka, MeHb-
ulero BCeX OTPE3KOB [OC/ENOBAaTEIbHOCTH. Mbl JIOMKHBI J10Ka3ath,
4TO MMeETCs TOYKa, Jiexalast BHyTpu Jioboro orpeska A,B,

YCTaHOBHM Ha NPSIMOfi HEKOTOpPOe HarpaBJeHHe U MpelrnoJoxKuM,
yto A, Bcerna o6Go3HauaeT KOHel OTpe3Ka, Tpe/LeCTBY OLLH it
KOHIY B,. Pasjnenum Toukn mpsiMoil @ Ha 1Ba KJjacca, OTHOCSI K mep-
BOMY KJacCy TOUKYy B TOM C/yyae, KOTJa OHa MpeALIeCTBYET ORHOM
u3 Touek A, (ciexoBarenbHo, U ToukaMm A, ., A, .. U T. 1.), @ KO BTO-
pOMy — BCe OCTa/jibHble TOYKH MpSIMOH a.

Mgl nonyuum aeqeKUHAOBO ceueHue. [lefiCTBHTEIBHO:

" 1) KaxJas Touka NnpsMOi a Nonajaaer B OAUH U TOJBKO B OLHH KJacc;
TIPH 3TOM KaXIbll KJacC He NIYCT, TaK Kak nepBbm COLEPXKHT TOUKH
Ay, A,y ..y Ay, ..., a BTOPOH — TOYKH By, B,, ., By, ...

2) Touku nepBoro KJlacca NPeaiecTBYIOT TOUKaM BTOPOro.

B cuay npunuuna JlenekuHaa cyuiectByer Touka C, npou3BoOAsiuias
CeyeHue,

OueBUJHO, B MEPBOM KJacce HeT Moc/JefHel TOUKH, C/eloBaTe/lbHO,
C ecTb nepBas Touka BToporo kJjacca. [loaromy C mpeauiecTByer

BCceM ToukaM B,, B,, ..., B,, ... H cjlefyeT 3a Kaxuoil U3 Touek A,
A,, ..., A,, ... Otciona 3akmouaem, uto C J€XKUT BHYTPH J10GOro OT-
peska A,B,.

TeM caMbiM Hale YTBEPIKIEHHE JOKA3aHO MONHOCTHIO.

§ 24. Kak Mbl BHJe/NH, aKCHOMbI HENpPEepbIBHOCTH I03BOJSIOT J0-
Ka3aTh, UTO HAa KaxXJOH NMpPSMOH MOXKHO BBECTH KOODAHHATHYIO CHCTe-
My ¥ TE€M CaMbIM [PEBPATUThb NPSAMYIO B UHCJIOBYIO OCh.

D10 06CTOATENLCTBO O4YEeHb CYILECTBEHHO, TaK Kak Omarozapst emy
OTKPbIBae€TCS1 BO3MOXKHOCTb IDHMEHEHHsI B TIeOMETPHM OCHOBHBIX
TIOIOXKEeHHU aHa/u3a.

YKaxxkeM JiBe TEOpeMbl, KOTOpPbIE JIerKO MOTYT ObITh 1OKa3aHbI TENepb
nocJie BBEIEHHS] aKCHOM HelpephIBHOCTH.

Teopema 42. Ecau npamas npoxodum 4epe3 mouKy, ACHAUYIO
SHYMPU Kpyea, mo OHQ Nepecekaem OKPYNCHOCMb 3020 Kpyea 8 08Yyx
mouxax *).

Teopema 43. Ecau okpyrxcrocme k npoxodum 4epe3 8HympeH-
HIOW 1 4epe3 BHELUHIOn MO4KIL OMHOCUMEAbHO OKpyxcHocmu k', mo ok-
pyscrocmu k u k' nepecexaromes 8 08yx mouKkax. .

JlokaxkeM mepByIO U3 3THX ABYX TEOpeM.

IlycTs HekoTOpasi mpsiMast @ NPOXOAHT yepe3 BHYTPEHHIOI TOYKY
Kpyra k, paauyc kotoporo paBeH r. OnycTHM M3 LileHTpa Kpyra k Ha

*) EcTecTBeHHO Ha3BaTh TOUKY 6HYMpPeHHel MO OTHOIIGHHIO K KPYTY HJIH OKPYX-
HOCTH, €C/IH ee PacCTOsIHHE OT LieHTPa MeHblue pajuyca, U eHeuwirel, el 3TO paccross
Hue Gosblue paguyca.
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NpsAMYI0 4 TEpHeHAuKyAsip M oGo3HauuM OYkBoii O ero ocHO-
BaHUe.

BBezeM Ha npsiMoil @ KOOPAMHATHYIO CUCTEMY C HagajoM B Touke O.
Paccrosinue or uenTpa kpyra A0 NPOM3BONbHOH TOUKM NPSIMOM a C KO-
OpIMHATOl x sBAsfeTcs ¢QyHKUMeH OT X, KOTOpYyH Mbl OGO3HAYMM
yepe3 s (x). Jlerko BupeTh, u4TO S (X) HempephIBHA NPH BCEX X; B CAMOM
Jlelie, NO W3BEeCTHOH TeopeMme, PAa3HOCThL ABYX cmpon ‘TPEyro/ibHHKa
MeHblue TPeTbeil CTOPOHBI, MI03TOMY

[As] = [s (x + Ax) — s (x)| < |Ax],

BCJIEJICTBHE Uero A‘;TO As=0. 3ameruM nanee, uto s (0) << r,a s(r) > r;

TakKuM 06pa3oM, GYHKUUSA S (x) — r 1Npu U3MeHeHuU-x oT 0 0 7 MeHsieT
sHakK. Tak kKak 3Ta (yHKUMS HenmpepbiBHA, TO CYLIeCTBYeT 3HayeHHe
aprymenTa x = Xx,, 3akJ/iioueHHoe mexny O u r, 119 KOTOPOro s (x,) = r.
CBOHCTBa. HENPEPLIBHOCTH MNPSAMOI MO3BOJSIOT YTBEPXAATb, YTO, Ka-
KOBO Obl HH Obl10 YKCJIO X;, HA NPAMOH a CyilecTByeT Touka M,
C KOOpIMHATOH X, (370 JO0Ka3aHO B npejbiyLieM naparpade). [Tockosb-
Ky paccrosiHue oT Touku M, 10 neHTpa Kpyra PAaBHO 7, 5Ta TOYKA JIEKHT
Ha nepudepuu Kpyra, T. €. fIBJSETCS TOUKOH NepeceyeHusi npﬂmou a
H OKPYXKHOCTH Kpyra k.

Jlerko ycmotpersb, uTo TouKa M, ¢ KOOpDAMHATOH X, = — X, SBJsET-
Csl BTOPOH TOUKOH NepecedyeHHs.

Teopemamyn 42 u 43 pmaercsi 0GOCHOBaHHE IOCTPOEHHH, KOTOpbIG
OObIYHO yMOTPEGASIOTCS B yueOHHKAX SJ1eMEHTapHOH TeOMEeTPHH IpH
pelleHHH 3anau O JieJIeHHMH OTpe3ka M yIva MOornojaaM, O NPOBENeHHUH
nepreHAMKyJ/Ispa K JaHHO! NPAMOH U3 JaHHOH TOYKH U T. n. B Teopeme
23 0 BO3MOMKHOCTH JeJIeHHs OTpe3Ka IOMoJiaM HaM NPUXOAUJIOCH W3-
6eraTb 3THX IIOCTPOeHMil, Tak Kak U3 akcuom I — III (6e3 akcuom
HenpepuIBHOCTH) TeopeMbl 42 u 43 BbIBECTH HeJb3fl.

8. I'pynna V. AkcHoma mapaaielbHOCTH.
AOCOMOTHAA TreoMeTpHs
§25. Onpenenenue 14, Jlse mpamble, Jexamne B OXHOM
IUIOCKOCTH U He MMeiolye ofiiell TOYKH, HasbIBAIOTCS NaAPAAIeAbHOIMU.
BrickasaHHoe omnpeneneHue, OUeBMAHO, TpebyeT H0KasaTe/lbCTBa
CYILECTBOBAHHMS Mapaslyie/bHBIX MPAMbIX. 3TO J0Ka3aTe/lLCTBO, Clelysd
EBKinly, MOMHO JIEFKO NOJYYHTb C IIOMOLLbIO HHKENPHUBOAUMOMH

TeopeMsl.
Teopema 44. Ecau npamnoie a, b, ¢ srexcam 8 00Hod niockocmu

u npamas c¢, nepecekaa npamvle a u b, ebpasyem c¢ Humu pasHole
SHYMPeHKLUe HaKpecmaexcawue yaal, mo npamvie a& u b napas-
AeAbHOL,
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Teopema 44 nokasniBaercsi B ABYX C/IOBaX PacCyKIeHHEM OT Mpo-
THBHOTO: NYCTb ¢ IiepecekaeT a H b COOTBETCTBeHHO B TOuKax A
U B; npeamosnoxuM, uto a u b He JlapaJJienbHBI; TOTAA OHH HMEIOT 00-
myio Touky O, um B TpeyroibHuke AOB BHewHHH# yroa paseH
OIHOMY M3 BHYTDEHHHX, C-HUM He cMexHbIX. [losyuaercss mporuBope-
ype ¢ Teopemoit 30.

YacTHbIM c1yuaeM TeopeMbl 44 siBjsieTcst

Teopewma 45. [se npamvie, rexcaujue 8 00HoL naockocmu u nep-
neHoukyaspHele K mpemeoell npamot, naparresvHol mexcly cobod.

3 Teopemer 44 Hiu 45 HenmocpeACTBEHHO BhITEKaeT

Teopema 46. HYepes kaxcoywo mouxy, sexcauyto eHe OarHOE npsa-
MOU, npoxodum npamas, NAPaNIesbHAR OAHHOU.

B camoMm pene, nyctb A — npou3BosibHasi TOYKa, Jiexallasi BHe
HeKoropoii npsamoil a. Onycrum u3 Toukn A neprneHaukyasp AP Ha
fipsiMyl0 @ ¥ 0003HauuM uepe3. b mpsAMYyl0, KOTOpasi MPOXOIUT uepe3
TOUKY A meprneHAukKyJaspHO K AP H JIKHT B IJIOCKOCTH, COAEpIKaIeil
AP u a. CorsnacHo Teopeme 45 mnpamas b mnapajjienbHa mnps-
MOH# a.

Teopema 46 nonosusier onpejesneHue 14, Tak Kak yCTaHABIMBaeT
CYILIECTBOBaHHE MNapaJjieJbHbIX TNpPSIMBIX,

Jns o6ocHOBaHHSI €BKJIHAOBOH TEOPHH Mapasie/bHBIX AOCTATOYHO
K akcioMaM [—IV po6aButh cjeqyolyo akcuomy V:

V (akcuoma mapaagaeabHocTu). [lycmb a— npo-
u3gorbHAR npamas u -A — mouka, sexcawan ewe npamol a, moeda 8
naockocmu, onpedeseHHol moukol A w npamoti a, moxcko nposecmu He
601ee 00HOL npamoti, npoxodaueti yepe3 A u He nepecexarouel a.

B § 5 Mbl nokasasnu, YToO 3Ta aKCHOMa SKBHBAJIEHTHA MATOMY IOCTY-
Jaty EBkanna. A

W3 akcuombl V TOTYac BHITEKaeT Teopema, ofparHasi Teopeme 44.

Teopewma 47. Ecau 0se napanriesvrvie npamole hepecekaromcs
mpemeoell npamoll, Mo nosyuaemole nPU IMOM BHYMPeHHUE HAKPecmAe-
Jcauiue yeavl pasHoL.

Orciona OObIYHBIM NIyTEM MOXKeT ObITh BhIBEAEHA

Teopema 48. Cymma sHYMpPeHHUX YeA08 MPeYeOLbHUKA DPABHA
deym npamoim.

JanbHefilnye TeopeMbl IeOMETPHH NPOBOAMTH HET CMbicaa. Bce
paccyJIeHHsl, KOTOpble YMNoTpe6asioTcsi B yueGHHKAaX IpH J10Kasa-
TeJIbCTBAX 3THX TEOPeM, II0C/]e BCEro H3JIOXKEHHOrO MONYYHIH TOYHOE'
060CHOBaHHE M MOT'YT ObITh NPOBeJeHbl 6e3 BCAKHX CChIIOK Ha YepTex
U HarJsiHyI0 OYEeBHUIHOCTb *),

~

*) ITo cyuiecTBY MBI 311eCh YTBepXKIaeM, YTO CHcTeMa akcuoM ['mibGepra mosiHa,
T. €. UTO, NPUHSB BCE €r0 aKCHOMbl, MOXHO NMPOBECTH CTPOro JIOTHYECKOe PasBepThl~
BaHHe reomerpHu. TouHOe OMpejesieHHe MOHATHS O MOJIHOTE CUCTeMbl aKCHOM H JOKas
8aTeJIbCTBO NOJIHOTHL cHcTeMbl ['minGepra gaworca B . 1V,
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3amMerum ele, uTo akcHoMbl I — V 0GOCHOBLIBalOT 1€KapTOBY aHa-
JIUTHYECKYI0 reomeTpuio. B § 22 Mbl BBeIH KOOpAMHATHBIE CHCTEMbL
Ha NpsiMOH, Ha IUVIOCKOCTM M B mnpocTpaHcTBe. Teneps, pacrnosaras
axkcuoMoil V, a cJieloBaTe/lbHO, €BKJAHJOBOH Teopuell napaJjie/bHblX,
TeopHeil nogobus ¢uryp H, B 4actHocTH, Teopemoil Iludaropa, mMoxHO
JI0Ka3aTb, YTO PAacCTOsiHME MeXAy AByMsi ToukaMu M,(x,, Yy, 21) B
My(xs, Ys, 2;) ONpesessieTcs: U3BECTHOH GopMyoii

d=1V (xa— x1)* + (y — Y)? + (22 — 24)3%,
YTO TJIOCKOCTb ONpeJeNsieTcsl ypaBHeHHeM NepBoil CTeneH:
’ ux +uvy +wz+ t=0,

u T. A. TeM caMbIM OTKpPHIBA€TCS BO3MOXKHOCTb JOKA3bLIBATL TEOPEMBI
reOMETPUH apHU(PMETHYECKUMH CpEICTBAMH.

§26. B rsaBe | MBI npuBesd NMpHMepH MONBITOK 10Ka3aTesbCTBa
nocrysiara EBkinga o mapasJjiesbHBIX. ABTOPBHI 3THX J0Ka3aTe1bCTB
cTaBuiM ceGe 3ajaueil BBHIBECTH JIOTHYECKHM nyTeM V nNocTyjar us
ocTaldbHHX noctryaaTtoB EBkaupa. Cirexyer 3ame-
THTb, YTO XOTSl 3Ta 3aJaua CTOos/a INepej reOMETPaMH Ha NPOTSXKEHHH
MHOTHX BEKOB, OHa Jo KoHua XIX crometusi ocraBajack HeoIl-
pelesieHHOH.

HeiicTBUTENBHO, Onpefe/deHus U akcuoMbl EBKsnja crosib HecoBep-
LUEHHbI, YTO HE MOTYT CAYXHUTb 6a30d A5 Pa3BePTHIBAHHS CTPOTCHX
JIOTHYeCKHX mnocTpoeHuii. MHTepetHo, uto npoGaema V mocry.ara,
yxe Oyayuu peineHHoli JloGaueBckuM, Bce elie He Obljla TOYHO
chopMysnupoBaHa, Tak Kak BO BpemeHa Jlo6ayeBCKOro Henocrar-
KH €BK/JHJOBa OCOCHOBaHHsI T€OMETPUM OCTABa/UCh HEyCTpaHeH-
HBIMH.

ITocne wusnoxeHuss akcHoM [uiabGepra Mbl MOJyyaeM BO3MOX-
HocTh npobGaemy V meocTyJjaTta chOpMyJHPOBaTH TOUHO CJIEIYIOLIUM
o6pasom:

Ilpunse axcuomsl, nepeducseHnvle 8 epynnax I1—I1V, evigecrnu u3
Hux axkcuomy V. '

Pesysnbratr JloGaueBCKOro Mbl MOXEM Telepb BHIPA3UTL TaKXe C
MOMHOH OnpefeneHHOCTbIO:

Axcuoma V e ssasemcsa caedcmeuem axcuom 1—IV.

DTOT XKe pe3y/bTaT MOXKeT ObITb GOPMYJIHPOBAH MHaue:

Ecau k axcuomam 1—IV npucoedunume noaoxcerue, ompuyarouiee
cnpagedausocme akcuomet V, mo caedcmsus scex amux noaoxcerud 6yoym
COCIMABAAMb  AV2UHECKU HenpOmuBopedusyto cucmemy (HEEBKIHLOBY Teo-
METpHIO).

OcHoBHble (aKTEI TEOPHH TapasJenbHbIX reomeTpud Jlo6aueBCKOro
H JI0KA3aTeJbCTBO €€ HeMpPOTHBOPEUUBOCTH JaHbl B riase [11.

§ 27. CucreMy C/leACTBHH, BbITEKAIOWHX H3 ONHHUX TOJbKO AKCHOM
I—1V, wnaswBalor abcosromuoti eeomempueii (tepmun 51, Bonbsi).
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OueBHIHO, abCOJIOTHAS TEOMETPUS SIBASETCA O6LIeH YacThiO €BKJIULO-
BOH M HEEeBKJMJOBOH TeOMETpPHH, TaK KakK MpeJJOXeHHs, KOTO-
pele MoryT ObITb JOKa3aHbl C¢ momowbio akcuom [—IV, B pas-
HOH Mepe BepHbl KakK B reoMmerpuu EBK/IMIA2, TaK M B reoMeTpuHd
Jlo6aueBckoro.

Bce Tteopemsl, ¢opMmy/HpOBaHHble HaMH B 3TOH IJaBe, 0 TEOPEMbI
46 BKJIOUHTENbHO, SBJASIIOTCA TeopeMaMH abCOJIIOTHOA TeoMeTpHH.
K uncay ux Mbl MpUCOEJUHHM elle C/efyiollHe, BhITeKale H3 paboT
Cakkepu, JlamGepra wu Jlexxangpa Teopembl, KOTOpbie ObUIH JO-
KasaHel B § 8.

Teopema 49. Hegpexm D (A) awbozo mpeyeoreruka yoogaemso-
prem HepageHcmay

D (A) = 0.’

Wnu B uHoit dopmynnpoBre: Cymma y2a08 mpeyeorbHUKA He moxcent
Dbimo 60abLUe 08YX NPAMbIX. ’

Teopema bH0. ¥eaor npu eepxrHem 0CHOBAHUU HembLpeXy20AbHUKA
Caxkepu He mocym Goumb mynoimu (m. e. eunomesa mynozo yzaa npo-
MuUeope1Uea). - ‘

Teopema 5l. Ecau cywecmsyem 00un mpeyeorbHuk ¢ noao-
HCUMEAbHOIM OeheKmoMm, Mo KaXCobLll MpeyeonoHUK LUMeen NOAONCUMeNb-
Holtl deghexm.

Hau B uHo#l hopmyarpoBke:

Ecau cywecmsyem 00uH mpeyeosbHUK, CYMMA Yea08 KOMOPO20 MeHb-
we 08yx NPAMbLX, MO KAXCObIL MPeyeOrbHUK UMEem CYMMY Y2A08, MCHb-
wyto 0syx npamvix.

Teopewma 52. Ecau npusame eunomesy ocmpoeo yeaa 041 00H020
demeoipexyeorvruka Cakkepu, mo ee moada HeobXo0uUMO omuecmu u K
Kaxcoomy vemoipexyeororuky Cakxkepu.

Teopema b53. lunomesa npamozo yeaa Cakkepu u Oonyujerue
Jexwcandpa 0 Cyuiecmsosanul MmpeyeosbHuKa ¢ CYmMmou yeao8, pPasHol
08ym npameim, IKBUBANeHMHOL akcuome V.

Teopema b4, Ecau cywecmsyem ocmpoid yeon maxod, 4mo
nepnenouKyAsp;, B0CCMABAEHHbili 8 A0l mouKe OOHOU e2o CrmopoHst,
acmpevaem 0pyeyto CMopoxy, mo ymeepicderue axcuomst N modxcem Goirmo
dokasaro.



FJTABA 1III
HEEBKJIUIOBA TEOPUS TITAPAJUIEJIbHBIX

1. Onpepenenue napamieabHbix no JloGauesckomy

§ 28. Tenepb MBI NPUCTYNMHM K H3JIOXKEHHIO. OCHOBHBIX (DaKTOB He-
€BKJIHMAOBOH TeODMH mnapaJfetbHBX. B ocHOBaHHe ee Mel HOJO-
JKHUM aKCcHOMbl abcomoTHol reomerpun I — IV u caenylomylo akcuomy
JloGauerckoro.

Cywecmsyiom maxkas npamas @ w mouka A, He aexcawjas Ha Hell,
4mo uepe3 mouky A npoxodum He meree 08YX NPAMbIX, HE NEPECEKAIOUUX
npAmMYo a u aexcauux ¢ Heti 8 0010 NAOCKOCHIU.

Joxaxem, uto 8 moil se naockocmu depe3 mouky A npoxodum

2 660‘{”0/[3"”‘[0@} MHONMCECIMBO npsa-
%
x: Y/

£ MbLX, He NePeceKkarouux npamyo a.:
Ilycts @y u a, — ABe npsiMble,
npoxonsiiue yepes A u He nepe-
cekaromue a (puc. 30); cyuecr-
¢ BoBaHHe WX 00ECIeYHBAETCH AKCH-
omoit JloGaueBckoro. Bosbmem Ha
7@ NpsSMOH @, TOUKY B, TakuM ofpa-
Puc. 30. 30M, 4TOOLI OHA OKasajach pacro-
JIOXKEHHO# ¢ TOH CTOpPOHBI OT
npsMOH @, ¢ Kakoil He J e X u T npsamas a. Coequnnm B, ¢ Kakoii-
HUOYIb TOukoi B Ha npsmoil a. Orpe3ok B,.B nepeceuer nmpamyn a,
B HeKOTOpoH Touke B,. OGo3Hauum uepe3 A NpPOU3BOJNBHYIO TOUKY
orpeska B,B,. Jlerko yGenutbcs, uto npsimast AM He nepecexkaer mps-
Myio a. B camom jgene, ecnu npamaas AM uMeeT C npsSIMOil @ TOYKY
nepeceuenus C, jgexauyto B HanpasieHuun or A k M, To "ofpa-
syerca Tpeyroabnuk MBC, cropony kortoporo MB nepecekaer nps-
Mmast @,. Ilo akcnome [lawa I1,4, npsimasi @, Torna JAoOJKHA Depe-
ceub NPAMYIO @, 4TO HCKitoueHo. Ecau e AM nMeer ¢ npsamoit a TOuky
nepeceuennss C’, nexaulyiwo B Hanpasjieduu ot M kK A, TO 00-
pasyercsi Tpeyroibuuk MBC’, cropony koroporo MC’ mnepecekaer
npaMas a.. Toraa no axkcuowme [lawa npamas a,J0aKHA nepeceys nps-
MYIO @, HO 3TO TaKXe HCKJIOUEHO,
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TakuM 06pa3oM, Mbl MOXKEM 3aKJIOYUTh, YTO €CJIH @ M @y NPOXOUAT
uepe3 A U He NepeceKkawT @, TO Bce NpsiMble, KOTOPhIE MPOXOAAT yepes
A B oIHOI ompejesieHHOH Nape BepTHKAJbHBIX YIVIOB, COCTaBJIEHHBIX
TIPSIMBIMU @; U @,, He NePeceKkarT IPAMYylo a.

Axcuomoii Jlo6aueBCKOTO OTPHLAETCsl CBOHCTBEHHAsl €BKJIHAOBOH
TEOMEeTPUHM €IUHCTBEHHOCTb HapajjiesqbHOH, IO KpaiiHed Mepe, s
HEKOTOpO# orpele/eHHON TOYKH H omnpeneneHHoii npsMoi. Opxako
JIerko yOeIuThCs, YTO ecAu OMmHOWeHue, ymeepxcdaemoe NOCMYAAmMOMm
Jloba4esckoeo, c8oLicmBenHo Kakum-HubyOo onpedeseHHbim moiKe U npsa-
MOLL, MO OHO CBOLICMBEHHO BCAKUM MO4Ke U NPAMOLU.

JloKakeM 3TO OT MPOTHBHOTO.

[TycTb, BOmpekH HamieMy YyTBEPXKAEHHIO, Yepe3 HEeKOTOPYIO TOUKY
B, ne nexamyto Ha npsiMoil b, MpPOXOAUT TOJNBKO OAHA mpsiMas b’, He
BCTpevamomasi npsiMoi b U Jexamas ¢ Held B OAHOH IUIO-
cKoctH (puc. 31).

)if 4
\ bll
B 5 b

Puc. 31.

OnycruM U3 ToYkKM B neprnenaukynsip BB; Ha npaMyio b U Bo3bMeM
Ha b ellle KaKyoO-HUGYAb TOUKY B,, OTVIHYHYIO OT B,.

Jlerko BuueTh, uTo npsivast BB, o6pa3syer ¢ npsMbIMH b 1 b’ paBHble
BHYTpeHHME HakpecT/iexauiie yripl. B camoM jene, ecau  Obl
3TO ObLIO HE TaK, TO MOXKHO Gbl10 Gbl MPOBECTH yepe3 B mpsimywo b”,
OT/IHYHYI0 OT b’ u Takyio, uto npsimass BB, cocrasusia GBI C NpsAMBIMH
b u b" paBHble Hakpectiexkauue yrasl. Ho Toraa npsimas b”, ¢ ognoit
CTOPOHBI, He Morja Obl HMeTb oflielt TOYKH ¢ b, Kak 3TO cie-
nyer u3 TeopeMmbl 44 ryaBel 11, a ¢ apyrofi cTopoHH, He Morja Obl He
BCTpeYaTb NpsMON b, Tak Kak eIMHCTBEHHOH MPSMOM, NpOoXoisiieH
uepe3 B u He BCTpeyaiouieil nmpsamylo b, siBIsercs, IO HalleMy Ipei-
noJjiokeHuto, npsimas b. AnamornyHo u npsmas BB, ofpasyer
C npsAMbiMH b, b’ paBHBHIe HaKpecT/exKalllue YIVbl; 3Hauut, BB, ABAs-
€TCsl NEepNeHAUKYJ/SPOM He TOJBKO K IpAMOH b, HO M K mpsiMmoil b’.
M3 3THX 06CTOSITE/ILCTB TOTYAC CIEyeT, YTO TpeyroabHuK BB,58, umeer
CyMMy BHYTPEHHHX YIVIOB, PaBHYI AByM npsambeiM. Torza B cuiy
TeopeMbl b1 raaBbl I cymma yryioB BCSIKOrO TpeyrojbHHKa pas-
Ha gaByM npsimbiM. Orciopa, B CHJIy Teopembl b3, BhiTeKaer 'V
nocrynar EBkanaa u, c/1e10BaTe1bHO, €IAMHCTBEHHOCTb MpPSIMOH,
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npoxoJsileil yepe3 NMPOHM3BONILHO JAaHHYIO TOUKY M He BCTpeyaroulest
NPOH3BOJIHO JaHHYIO NPSAMYIO.

ITonyyaercsi npoTHBopeuyHe € aKcHOMOH JloGaueBCKOro, OTpHILAIO-
Hiefl 3Ty €IMHCTBEHHOCTh 1O OTHOLIEHHIO K NPsAMOii a ¥ Touke A.

Takum obpasom, npuHAB akcHoMy J1o6aueBCKOro, Mbl JOJIXKHBI yT-
BepK1aTh cjefyloliee npejoXeHue.

Teopewma 1. Kakue 6ot npamas u mouxa ere ee Hu boLau 3a0aret,
uepe3 smy MmMouKy npoxooum 6ecqucieHHoe MHOMCeCMB0 NpPAMbIX, He he-
pecexarouyux OanKyro. '

31ech UMeloTCs B BUAY, KOHEUHO, NpsIMbIe, JiexKalllue B OfHOH nioc-
KOCTH C JlaHHOH mpsiMoil. Mbl He Gyjaem Goablie fejaTb NMOAOGHOlH oro-
BODKH, TIIOJarasi, 4to Hame paccMoTpeHue (o § 33) umeer nia-
HUMETPHUECKHi1 Xxapakrep, T. €. YTO PACCMaTPUBAIOTCA TOUKH U NpSMbIe
OJIHOI Onpefe/neHHOH MJIOCKOCTH.

CoryiacHO mpeabiaylieMy, Kak CJaeACTBHe akcuoMbl JloGaueBcKoro,
MBI JJOJKHBI:

1) nns kaxaoro uerbipexyrojbHHka Cakkepy NPUHATbH THNOTE3y
OCTPOTO YIJa;

2) cyMMy YIVIOB KaXJOro TPeyroJbHHKa noJjaraTb MeHbLUeH IBYX
NPAMbBIX.

§ 29. B oranune or onpenenenuss Epkanna, mo Jlob6auesckomy,
napajaeibHbiMM K JAHHOH I11PAMOil Ha3blBAIOTCH TOJNBKO HEKOTOpbIe
ocobble NpsSMBlE U3 TeX, KOTOpble He
HUMET OOlIMX TOueK ¢ JAaHHOH. Mbi
H3JI0XKHM cefiyac onpenesneHue nps-
MBIX, DapaJJjenbHblX no Jlobaues-
ckomy. OHO He Tak mpocTo, Kak y
EBkauna, u TpeGyeT HEKOTOPHIX
npelBapHUTeJbHbIX pAacCMOTpPEHHH.

[Tyetb a — kakasi-HuGyab nps-
5 W7 masg U A — Touka BHe ee (puc. 32).

Onycrum n3 A nepnenaukyasp AP

Ha npamyto a. Ilpamas AP pasge-

JIfieT IVIOCKOCTb Ha JBe 4YacTH, OAHY

Purc. 32. M3 KOTOpbIX Mbl OyieM YyCJOBHO Ha-

3BIBaTh «NPaBOf» MOJYMJIOCKOCThIO,

Apyryto — «ieBoii». TouHO Tax ke mpsMas a pasfensieT IJIOCKOCTb

Ha 1Be uacti. Ty U3 HUX, B KOTOPOH HaxoauTcs Touka A, Mbl GyneMm
Has3bIBaTh «BepXHefi». _

O6osHauuM uepe3 a npaMylo, nepneHauKyJasapHylo K AP B Touke
A. W3 a6conoTHOl reoMeTPHH H3BECTHO, YTO MPAMbE @ H @ HEe HMEIOT
cOweil Touxku. BenencrBue mnocrysnara JIo6aueBCKOro CyileCTBYeT
GeCunC/IeHHOe MHOXECTBO INPAMBIX, OTJMUHBIX OT @ H TaKke He
nepecekawowux npsmoit a. Ilyets 6Gymer a yros, Kotopnii cocras-
JdeT npaeas noJynpsiMasi Kakoi-HHOyAb H3 STHX NPSMbIX C IIO-
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aynpsaMoit AP, W o, — HHUXHAS TIPaHb  MHOXeCTBa TaKHX
yIJoB a *). ‘
OueBUZHO, MMEIOT MECTO HepaBeHCTBA

0<a,<3.

B camoMm nene, o, Gonbuie yrna PAM, rne M — mo6ast Touka nps-
MOl @, pacnonoxeHHasi npaBee P; cnejpoBarenbro, o, > 0. Tak
Kak & — He eIMHCTBEHHas npsiMas, He uMelolias obwieil ‘TOYKU ¢ a,

T0 o, < % .

INpoBeneM uepes A npsmyio a’ Tak, utoGbl €e npapasi noJaynpsaMas
coctaBuna ¢ AP yron, paBHBIH 0.

Jlerko BHIETD, uTO a’ He nepecekaer npsimyio a. JefCTBHTENbHO,
€CJId TpsiMble @ U @’ MOTYT nepeceKarses, To TOBLKO B IPaBOii noiy-
IJIOCKOCTH. HpezmonomuM yTO @ ¥ @’ UMeloT o6LLYi0 TOYKY R.

BO3bMeM Ha npﬂmou a Toury R’, Jiexaulyio npasee R, u nono-
xum o' = ZPAR’. Ho toraa oy << &', U HUXKHSSI TPaHb BEJHYHH OL
6yzer Gosblie a,, YTO TPOTHBOPEUHT ONPENIENICHHIO YHCIA Ly

" O6o3naunm uepes a” ' PSIMYI0, NPOXOAWYIO Yepes TOYKy A u pac-
MIO/IOXKEHHYIO CHMMETDPHYHO K a’ otHocuTtenbHO AP.

IpsiMeie @' 1 a” o6pa3yloT ABe Napbl BEPTUKAJbHHIX yIyoB. Besikas
npsiMasi, npoxonsias uyepes A B TOHl nape BepTHKAJbHBIX YIVIOB, B
KOTOPOil HAXONHMTCS TOYKA P, mepecekaer npsiMyio a, a BCsiKasi mpsi-
Mas, npoxojasuias yepes A B Apyroi Nape BePTHKAJILHBIX YIVIOB, NpSi-
Mylo a He Bcrpeuaer. Camu mpsimele @’ M a”, Kak Obuio cefuac
JIOKa3aHo, NPHHALJIEXKAT K UHCJAY NPSIMBIX, He Bcheqaloumx npsMylo
Q, W SABJSAIOTCS B COBOKYNHOCTH 3THX MNpPSIMBIX TPaHHUHBIMH Npsi-
MeiMi. M3 HUX npsiMyio @’ Mbl 6yJieM HasblBaTb npagoti epaHutHoil nps-
Mmoti, a"— aesoil.

Uwmeer mecto crefyiouias BaxHas

Teopewma Il Iy ycme danoL npamoie a u . Ecau o' ssasemcst
npaeoll epaHUMHOL NPAMOLL 8 COBOKYNHOCIMU NPAMBLY, NPOXOOSULUX Hepes
HEKOMOpY!o ee MOYKY U He 8CMPEdaiouux Npamyo a, mo a’ A6isemcs
npasoll eparU4HOL NPAMOL 8 QHAA0SUMHOL COBOKYRHOCML NPAMbLX, NPO-
X00AUUX Hepe3 8CAKYI0 Opyeyro ee mouKy.

JokasaTeabcTBo. OGo3HaunM GYKBOH A TOUKY Ha NpsMOi
@', OTHOCHTENBHO KOTOPOii BBHIIONHEHO YCJOBHE TEOPEMbl, H OIyCTHM
u3 A nepnenpuxkynsp AP Ha npamyio a.

JlokaxkeM cHayaja CHpaBelJIMBOCTb YTBEPKIEHHS TeOpeMBl AJIs

ToueK, Mexaiux npasee A. ITyctb 6yner A — Kakas-HUOYAb H3 TAKHX

*) To ectb oty He Goablue KQx0020 M3 YIVIOB YKA3aHHOIO MHOMECTBA (aoga),
HO €C/IH Oy YBEIHYMTH HA CKOb YFOAHO Majioe MOJOXKUTENbHOE €, TO ayt& npe3oii~
JACT HEKOmMOPbid YTOM M3 ITOTO MHOXKECTBA.
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Touek u AP — nepneHAuKy/sap Ha mpsamyio a (puc. 33a). Ham mocra-
TOYHO YCTAaHOBUTb, YTO JIOOOM Jyuy M3 A, pacnosioKeHHLIH B Tpa-

BOH TMOJYIVIOCKOCTH OTHOCHTENIbHO AP «HHKe» mnpsiMoii a’, BCTpe-
yaer npsmylo a. Ilycrb Gymer @’ Takoi Jayy. Bosbmem Ha a’
TIPOU3BOJIBHYIO TOUKY Q u noctpoum Jy4y A Q. Tak kak jnna Touku A
BHINIOIHEHO YCJIOBHE TeOopeMbl M Jyuy AQ JIeXXHT B mpaBoil moJymioc-
KOCTH OTHOCHTeJbHO AP «HHXe» mpsMOil a’, TO 3TOT JydY JHOJ-
JKEeH BCTPETUTh TIPAMYI0 a B HEKOTopoi Touke. OGo3HauuMm ee
GykBoit M. IlockosbKy syd @' mepecekaer OfHY M3 CTOPOH TPeyroiib-
Huka APM, wumeHHo cropoHy AM, TO COIacHO akcHOMe

a

w4 v @
Puc. 33a. Puc. 336.

Tlawa I1,4 oH jonKeH Tepeceub TaKXkKe OXHY M3 JIBYX APYTHX CTOPOH
storo TpeyroabHuka *). Ho co croponoit AP ayu 4’ He Moxer
uMeThb oOWEe# TOYuKM, Tak Kak AP JexXur B JeBOH mNojyrJoc-
KocTH oTHocuTenbHo AP. CnepoBatenbHO, Jyd a’ HMeeT o6uLyIO
TOUKY CO CTOpoHO# PM (oueBHAHO, IpaBee TOUKHU P), UTO U HYZKHO GbLIO
JIOKa3aThb. o

PaccmoTpuM Temepb NMpPOU3BOJBHYIO TOUKY A*, jexauiyio Ha nps-
moil @’ sieBee Touku A (puc. 336). Ilycts Gymer A*P* nepneHiuky-
Jsp’ K mnpaMod a W a* — Kako#-Hubynb gyu u3 A*, pacnoso-
JKEeHHbIH B NpPaBO# IONYIUIOCKOCTH OTHOCHTeNbHO A*P* Huxe nps-
Moit @’. Hawm HyKHO 10Ka3aTb, YTO a* UMeeT C NPSIMOH a OOILYIO TOUKY.
BosbMeM Ha JHomnojHeHHH Jyda a* DNpPOM3BONBHYIO TOYKY Q w
coequHuM ee npsmol ¢ Toukoit A. Ilo Hawemy npennosoxeHHio,

*) Axcuoma [Tawa 11,4 orHocurcst X TpeyronbHuky ¥ mpsivoil. Ilo orHoweHnuo
X nosynpsmoit (yuy) akcuoma Ilawa npuMeHHMa, eciH Hayaso NOJYNPSIMOH HaXO-
JIHUTCSl BHe TPeYroJbHHKA, H HeMPHMEeHHMa, €C/IM HayaJo HaXOJAMTCS BHYTPH TPeyrilh-
HMKa.

[Tpumensin akcromy Ilawa K TPeyroNbHHKY M MOJYNPAMON, MBl JOMKHBL GblY Gbl
TIpeiBapHTeIbHO OTOBOPHTb, YTO HAya/Jo HOMYNPSMOH PacloNOXeHO BHe TPeyroJb-
HUKa. Mbl He 6yneM, ofiHaKo, KaXIblii pa3 AenaTh T4XOH OrOBOPKH, NMpPOMyCKasl, Ta-
KHUM 06pa3oM, B 3TOM C/1yyae M B psifie APYTHX CJyuaeB JeTalH PacCykKIACHUI, eCin OHH
JOCTaToOYHO oOyeBHAHBI. CIHIIKOM CKPYNYyJie3HGe H3JIOXKeHHe 3aTpPYAHWUJIO Gbl uTeHile
KHUTH MeJIOYaMH, He SBJISIOWMMHCA HHTePeCHBIMH WM BaXXHBIMH IO CYLUECTBY.
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B COBOKYIHOCTH NpAMBIX, NPOXONAIMX Yepe3 A n He BcTpeyaoOWUX
a, npsivasi a’ sBJsiercsi PaHHYHOM. I'Ioa'rowy npsivass QA Bcrperut
npsIMy10 @ B HeKOTOpoH Touke M, jexameil npasee P. 3amerum Te-
neps, yto Jyd a* mnpoxoaut BHYTPH yria AA*P* yepes ero Bepiuu-
HYy, CJeIOBaTe/bHO, 3TOT JyY Iepecekaer oTpe3ok AP* (cornac-
Ho Teopeme lla raaswl II). Ho Ttorma, mo akcuome Ilama II,4,
Jy4y a* jpomxeH mnepeceub Ju6o cropony AM, nu6o CTOpPOHY P*M
TpeyronbHuka AP*M. Tak kak npsmas a* umeer ¢ npsmoid AM oG-
HIyI0 TOUKY Q, nexaulyio BHe oTpe3ka AM, TO IO/MKHO HMETb MeCTO
nepeceyeHde Jsyya a* uMeHHO co cropoHoii P*M. Takum o6Gpasom,
Jyu a* W mnpsAMast @ [MepecekalTcs, U TeM CaMbIM TeopeMa Jio-
Kasana. )

Anasnoruusoe J0KasareJbCTBO MOXKHO NPHBECTH MO OTHOWEHHK) K
TOMY CJ1yyaio, KOrja npsiMasi @’ siBJsieTCsl JIeBOH I'PaHHYHOH MpsSIMOil.

Tenepb Mbl onpejesuM MOHATHE MapajJ/ieNbHOCTH B reoMeTpHu Jlo-
6aueBckKoro,

o JloGaueBckoMy, npamas a’ HA3bIBAEMCA NAPAAIEALHOL K NPAmMOLL
a, ecau 8 COBOKYNHOCMUL NPAMbLX, NPOXOOAWUX 4Hepe3 HeKOmopyro
mouxy npamot @' u He ecmpedaroujux npamoll a, npamas a’ agAsemcs
eparu4rol.

U3 reopemnl I cienyer, uto ecin HeKoTopasi Touka npsiMoil a’ oG-
JlafiaeT CBOKCTBOM, YKa3aHHBIM B JAHHOM ceifuac onpeJesieH|uu, TO SMmum
ceolicmeom obaadaem 6cakas mouka npamoi a’.

OrtMeTHM OHO W3 ABYX HanpasJeHH#l npsAMoi a (Ha puc. 34 Hanpas-
JIeHHe  YKasblBaercs CTpeJKoH) M M3  HekoTopod Toukn A
npsiMoil @’ onycTUM Ha MPSIMYIO @ NepreH- - > 7
nukyasp AP. Orpesok AP cocraBjsieT ¢
npsaMoii @’ 1Ba CMeXHBIX yrjia, H3 KOTO-
pblX OAMH OyJeT OCTpbIM, APYroifl — Ty-
neiM. Eciu  ocTpeiii  yroa okaxerca ¢
TOii CTOpOHBI npsiMoit AP, B KOTOpYIO Ha- A e
npaBjeHa HaMH mpsiMas @, TO Mel Oynem Puc. 31.
FOBOPHUTb, UTO @' NAPALIeAbHA NPAMOL a 8
omMmedeHHOM HanpasieHuu (Ha dYepTeKax HampapjeHHe napasnedb-
HOCTH MbI GyJileM OTMeUathb CTPeIKAMH Ha 0fenX MpsAMbIX).

Ynorpebnsis BBeleHHOE HAMH YCJIOBHOe 0GO3HaueHHe CTOPOH MJIO-
CKOCTH OTHOCHMTENIbHO TNpsiMoii AP («npaBasi» U «1eBasi»), MOXHO®OIMH-
caTh Hampap/eHHe MapajliebHOCTH MHBIM ' CIOCOGOM: B COBOKYIMHOCTH
NPsAMBIX, NPOXOASIIHX Yepes A u ne NlepeceKaioux npsiMyio a, npsi-
Masi @’ MoxeT ObITb NPaBoOH WJH JleBOH IPaHHUHOI MPSMOIT; B MepBoM
C/lyyae Mbl TOBODHM, YTO npsiMas a’ napaasesvra npamoi a enpaso,
BO BTOPOM CJ/yuyae, 4TO @' NApasfesbha a 64eso.

TakuM obpa3om, uepe3 KaXAyl0 TOUKY IJIOCKOCTH IPOXONAT ABe
npsiMele, napajJjesbHble 1aHHOH npaAMoii. OHK napaJjJesbHbl el B IBYX
Pa3jMuHBIX HanpaejeHuAX (CM. puc. 35, npsmbie, napajenbHbie
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npsAMoil @ BipaBo, 06o3HaueHb GYKBaMu 4y, d,, ...). B yacTHocTH, tMeeT
MeCTO cJefyiommasn
Teopewma III. Yepea kawmdyro mouky naockocmu npoxodurmn 8
MOYHOCTIUL O0HA NPAMASR, NAPAAIEALHAAOAHKOU npamotl 8 onpedeseHHOM
HANPasAeHUU .
§ 30. Ha ocHoBaHHMHM BBICKA3aHHOTO BbILIE OMpeNe]eHHs Tapa-
JIebHOCTH Mbl HE MOXeM eille TOBOPDHTb O J[BYX TNapajefbHbIX
o Opye Opyzy npsambeix. Brocnencrsuu
A g MBI "YCTAHOBHM B3aHMHOCTb OTHOILLE-
HUSA NapajJIeNibHOCTH, T. €. YTO eC]H
OfHAa M3 JBYX JaHHBIX MPSAMBIX Ia-
pajienbHa Apyrod, TO BTOpas na-
pannenbHa mnepBoii. ChHauana Ham
—_— ‘ NpUAeTCS J0Ka3aTb HEKOTOpbie BCIO-
MoraresibHble TMpeJIOKEeHHUs,
Jlemma 1. Ilyeme a u b — Ose
npousgonsHele npamsle, O — mouka
a Ha npamoit b, OA — nepnenduryanp,
Puc. 35. onyuwerroi u3 O Ha npamyro a;
nycmeo, kpome moeo, OA cocmasasem
¢ npamoti b Hepasusie cmexcHole yeavt. Toeda, ecau x obosnadaem pac-
cmoanue om mouku O 0o mouku, 63amoti Ha npPamol b co cmopoust my-
noeo yeara, a y = [ (x) — Oauny nepnendukyaspa, onyuweHHo20 U3 smot
MmouKL HO npamyo a, mo [ (x) A64aemca HenpepoisHol MOHOMORHOL U
besepanuino eospacmarouied pyrKyuerl.

d/ M// [
r
y 7
Ye
0
4 7z Y
Puc. 36.

INokxasarteancTBso. BosbMeMm Ha npsmvoit b nBe Touku M u
M’ rtak, yroGel Touka M- Haxommnach mexay O u M’ (puc. 36). Omy-
cruM neprneHaukyaapel OA, MP u M'P’ Ha npaMyl0 @ U NOJOXKHM:

OM = x, OM’ = ¥,
MP — y, MIPI - yl;
f1pu 31TOM X' > X,
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3aneTuM, uto B CHJIY akcHOoMbl JIOGAueBCKOro CyMMa BHYTPeHHHX
YIJI0B ueThipexyroibHuka OMPA wmeHbuie- yeThipex TMPAMSIX; OT-
Clofa M M3 TOro, 4Tto BHYTPeHHHe YIJbI Npu BepmMHax A u P
npsinisie, cuaenyer, uro L PMM’ Gonbiwe £ AOM. CnenosateibHo,
£ PMM’ — tynofi.

Oraoxum Ha mnpsimoit P'M’ or touku P’ orpesok P'N = PM.
Coefnnus Touku M u N, MBI mosyuuMm ueThipexyroibHuk Cakkepu
PMNP'; ZPMN Kak yron mpu BepXHEM OCHOBAHHHM 3TOTO UETLIPEX-
yroabHuka — octpeiil. Tak kak L PMM’ tynoii, a ZPMN octpstil,
T0 Touka N Haxomutcss mexay Toukamu P’ uw M’, T.e. P’M' > PM.
Takum o6pasoM, npu x° > x Takxke y' > y. MoHoTOHHOE BO3pacTaHHe
dhyukuud f (x) 3THM mOKasawo.

[Moaoxum tenepp Ax = x' — xu Ay = ¢ — y (Ax >0, Ay > 0).
OueBuano, Ax = MM’, Ay = NM’'. 13 nepaseHcrsa

NM" < NM + MM’

#1 IPKHAB BO BHUMaHHe, uto NM kopoue MM’, Tak Kak B TPeyronbHu-
ke NMM' croporia N Jexut npoTuB oCTporo yrJa, a cropona MM’ —
NPOTHB TYNOro, Haiaem:

i

NM" < 2MM’
win Ay < 2Ax.
PaccmoTpeB aHasorMyHbIM o6pa3oM cayuail, koraa Touka M’ Jje-
KUT Mexay O u M, ycTaHOBUM HEPaBEHCTBO

Ayl <2 |Ax|,

CNpaBeiIdBoe TPH BCeX BO3MOXHEIX MONOXKeHHsX Touek M u M,
Orciona caenyer, uto Ay—0, korma Ax—0, 1. e. f (x) meficTBuTE bHO
SIBJISIETCS HenpepbulBHOH (PyHKUHEH.

Ocraercst 10Kas3arh, YTO NMpH Ge3rpaHuyHOM Bo3pactaHuu x, f (x)
Takxe Bo3pacTaer Gearpauuuydo. [lis 3TOro Bo3bMeM Ha npaMoit b
Touky M" Tak, utobbl Gbio MM’ = M’'M", n onycTUM Ha MPAMYIO @
neprenzukyasp M”P”. Tlycts touke Af” cooreerctByer x” = OM”
vy’ = f((x")= M"P". Beenem oGo3nauenusi: h, =y —y n h, =
=y"—y';Torna MP =y, M'P' = y 4+ hy, M"P" = y + h, + h,.
OrnoxxuM Ha npamoit P’M” ot Toukn P’ 8 ctopony M’ otpesku P'N =
= PM, P"Q= P"M" u or touku M’ orpesox M'R = M’'N. Ouesna-
wo, NM' = hyy, M'R = hy, u M’ Q = h,. Tenepb 3ameTHM, uTO Tpe-
yroavuuxkd M'NM w M'RM” paBHbI APYT APYTY, TaK KaK HMEIOT pas-
Hble YIJIbI, 3aKJ/IOYeHHble MeXIy DaBHbIMH CTOpoHaMH. B cuny artoro
LMRM"= /M NM. Ho LM'NM sBisierca CMeXHBIM K OCTPO-
My £ MNP’ B uersipexyronbuuke Cakkepu. Takum o6pa3om, 310T yrod,
a csezosaTtenblo, W paBHbiii emy ZM'RM”" — tyno#i.  ¥roa
M’ QM” gak yroJ npu BepxHeM OCHOBAHHHU ueTbipexyroibHuka Cakke-
pu P 'QM"P" — octpuiit. M3 cpasuenus LM QM" n £LM'RM*
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cenyer, uto Touka R aexut mexay toukamu M'n Q, 1.e. M' Q> M’'R,.
uan hy, > hy.

Orciona umeem: MP =y, M'P' = y + h,, M"P" > y + 2h,. Ta-
KuM 06pasoM, ecau Mul nodokuM MM’ = M'M”" = s u BosbMeM 1O-
CJICAOBATENEHOCTDL Xy = X, Xy == X + 8, X3 = X + 25, ..., TO NONTYUHM:.
cooTBeTcTEeHIO f (X1) = y, f (x2) = y + hy, f (xs) >y + 2hy, | (x)>
>y + 3hy u T. A M3 3TMX COOTHOLIEHMII HEMOCPEJCTBEHHO yCMat-
pHBaeM, 4TO NpPU HeOrpaHHYEHHOM BO3PaCTaHMU X QyHKUMs [ (X) Boc-
pacraer GearpaHuuyno. Jlemma noxasaHa.

3amMetuy™, uTo JemMma | npuHaniexut aGCoMIOTHON TeOMETPUH, XOTSE
pacCyKIeHHsl, KOTOpble Mbl NMPOBOAMJM, CYILECTBEHHO ONKpPa/UCh HA
cBojficTBa yerblpexyrosbinka Cakkepu B cucreme Jlofauesckoro. B
€BKJIHLAOBOU  TEOpHH napasiebHbIX JoKasaTeJbCTBO  3TOH JieM-
Mbl mpoBogutcsi Ges magsetiwero Tpyaa. Ilpu 3toMm  cooTHouenus,
NoJlyYeHHble HaMM B KOHLE J0Ka3aTesbCTBa, 3aMEHSAIOTCS COOTBETCT-
BeHHO pasenctBaMu MP =y, M'P' = y+ hy, M"P" =y + 2h,, ...,
BbIpaMAOWMMU JHHeHHBIH Xapakrep dyHkunun y = f (x).

BaxkHuiM yactabiM caysaeMm JemMbl | siBaserca caenyromee npej-
JI0EHHe,

Jemma II. Eciu x 00o3Haugem paccmosHue om 8epullHbl yead
0 mouku, seicauiets HQ CMOpoHe 3020 yead, a y = [ (x) — dauny nep-
neHOUKYALPA, ONGIEHH020 U3 SMOU Mouxu HG O0pyeyi CMOPOHYy, Mo
F (x) asasemca nenpepeistoll, #0HOMOHHOL u Gesepanutino 803pacmaioweds
¢ynryuetl.

Jlemmur [ 1 I1 nafinyr ceGe npumeHeHHe HECKOIBLKO DPas.

B nepByio ouepejn Mbl ucnosnbdyeM gemmy II, uroSsl nokasats B3a-
HMMHOCTb OTHOLIEHHS MapasajlesibHOCTH.

Teopema 1V. Ecau 00Ha u3 08yx npamsix napasrerbia Opyeoli
8 HEKOMOpOM HQNpasaeHuu, mo
8MOPAsL NAPANACNOHA NEPEOLL 8 IMOM.
Jce HAnpasaerul.

ILokasatTeabcTBo.
[lycts npsiMas a mnapadnenbua
npsMoit b B HeKOTOpOM HampasJe-
Huu. Ham mHyxHO JnoKasath, yro
npsaMas b mapanneneHa MpAMOH
G B TOM e HalpaBJieHWd.

IIpexxne BCero ycTaHoBHM, YT
. CYIIeCTBYET TOYKa, PaBHOY.IaJleH-
Hasi OT npsiMbIX @ U b. Ao obCTosA-~

Puc. 37. TEeJNBCTBO, HAMIAJHO COBEpIIeHHO:

OueBHJHOE, HENOCPEACTBEHHO BhITE~

KaeT u3 Jemmbl 1. B camom nene, o6o3naunm yepes P Kakyio-HHGYAb.
TOUKY NpsAMOH a u uyepes PB — mepneHAuKy/sp, ONyLIEHHBIH M3
P va npamyio b (puc. 37). Bosbmem Ha otpesxe P3 nponsEonb-
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HyI0 Toyky M u onyctuM H3 Hee mneprenzukyasp MA ua nps-
Myio a.

[Tonoxum, PB = s, PM = x u MA = f (x); Bsexem, kpome ToOrO,
Gyakuiio ¢ (x) = s — x. OueBunro, f (x) 1 ¢ (x) o6o3nayaT CooT-
BETCTBEHHO PACCTOSIHUA OT ToukH M 1o npsAMeiXx a v b. B cuay nemmel [
f {(x) — MoHOTOMHO Bozpacraiollas HempepeiBHAA (yukuus; ¢ (x),
KaK BHIHO M3 €e BHIDAXKEHUSH, eCTb (YHKUHSA TakkKe Helnpepbis-
HaA H MOHOTUHHO yOwiBawouias. Tak kak f(0) < ¢ (0), a [ (s) >
> ¢ (S), TO CyulecTsyeT, ¥ MPITOM EIHHCTBEHHOE, 3HaUeHHE X,
0 < x <s, Taxoe, uro f (x) = ¢ (x). DTOMy BHAYEHHIO X COOTBETCT-
ByeT Touka M, paBHOyZaseHHast OT
NpsMBIX @ u b, T.e. Takas, 4IO
MA = MB.

Hna stoft Touxu M npsmas AB
HaKJIOHeHa K NPAMBIM @ U b nog pas-
HBIMH YIJIAMH; 3Ta NPsiMas Ha3bIBaerTcs
ceKyuiell pasHO20 HAKAOHA JJIsi NPSIMBIX
au b

[Tocne Toro kak NMOKa3aHO CYIICCT-
BOB2HHe CeKyuleli paBHOrO HakKJjoHA, Puc. 28.
B3aMMHGCTb OTHOLUGHHS MapajJyienbHo-

‘CTH CTaHOBHTCSl HAIVILAHO oOueBHnnoil. [ipodexeM, oji1aro, TOYHOR
JIOKa3aTeJIbCTRO TEOPEMEL.

Tak kak no ycJosiio npsiMas a napaJJenbia npsMoil b, Toa u b
He nepecexaloTcsl. TaknM o0pasom, uToGbl YOGEIUTLCS B mapalienbHo-
CTH NpsAMOH b 10 OTHOUIEHHIO K @, HYXKHO YCTaHOBHTb, 4TO b ecThb rpa-
HUYHAs TpaAMas Cpelu MNPSAMBIX, NPOXOAALUIMX uYepe3 HEKOTOPYIO ee
TOYKY M HE [epecekalouux a. B kayecTBe TaKOH TOUKH BO3bMEM TOUKY
B (prc. 38). CSo3Haunm uepe3 b Jyu npsiMoll b, umelomuil HavanioM
TOUKY B W HanpaBAeHHBI B CTOPOHY MapajlieNbHOCTH NPAMOLt a K mps-
Moit b, 3TOoT vy He nepecekaer npsimyto a. HyxHo nokasats, 4TO BCA-

Kufl gpyro#i siyu b’ ¢ Hauanom B, OTKJIOHEHHBIH OT Jiyua b B CTOPOHY
npSAMOHl @ FA LDOH3BOJIBHO Masblil Yros o, BCTPeYaeT MpsAMyl a.
Ilycts 3anman yroa a. Ilpoeegem uwepes Touky A ayua’, pacro-
JIOMEHHBH OT npAMOH a cO CTOpPOHBI NpsAMONl b W cocTaB/sIOUL
€ HanpaBsexueM napajyieNlbHOCTH mpsaMoii a yron a«. Tak kak

npAMas a napaanenbHa b, To Jyd @’ [O/KEH BCTPETHTh NPSMYIO
b B =Hexoropoil Touke B;. Or10xKM Ha npsiMOii a B CTOPOHY
mapanienbHoctn  orpesok AA,, paBHblil orpesky BB,. Tak kax
AB ecTb cexyliasi paBHOrO HAax/JoHAa K INpsiMbiM @ W b, To Tpe-
‘yronsHUK BB,A paeed Ttpeyronbuuky AA,B. Ortciona caenyer,
WTO JY4 C HauanoM B, npoxoasulyii uepe3 Touxy A,, cocTap/seT ¢ nps-
‘Mol b naHHBIT yroa o B CTOPOHY MpsiModl a, T.e. coslajaer C

AyuoM b'. DTOT Jyy, MO NMOCTPOEHHIO, Mepecekaer mpsMyio a. Mrax,
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Jy4, TIPOXOAsUIMH uepe3 B M OTKJOHEHHBII OT Jyua b B CTOpPOHY
npsiMGH a Ha NMPOM3BOJILHO MaJblil yroJ, BcTpeuaer 3ty npsaMyo. Cre-
JloBaTesqbHO, npsimMas b mnapansenbua npsimod a. TeM cambiM  Te-
opeMa JoKasaHa.

PaccMoTpuM 1Be npamsie a W ¢, napazriesvtvle 0pye opyey. Tlps-
Masi @ pasjensieT MJOCKOCTb Ha JiBe MOJYIUIOCKOCTH; O0C3HauuM
uyepe3 II,, Ty M3 HHUX, KOTOpas CONEpPKHUT MpsAMYyl0 c¢. TouHo Tak
JKe npsMas ¢ pasfeisieT IJIOCKOCTb Ha JiBeé IONYIIOCKOCTH; 06o-
sHauuMm yepe3 II,, Ty W3 HuX, KoTOpas comepxuT npsmyio a. Obuyio
yactb noaymnaockocreit II,, u II,, ycnoBuMmcs HaswiBaTh BHYTpeHHei
30HOH IJIOCKOCTH OTHOCHTEJNbHO TpsiMBIX a Hu c¢. Ilyetb b —
mpemos nPAMAS, NAPALICASHA 00HOL U3 08YX NPAMBLX A U C 8 MOM He
HanpasaeHuu, 8 KaKom OHU Napaniesvrol mexcoy cobou. Jlerko moHsTH,
yTO B 3TOM CJyuae mnpsiMass b He MOXKET NepecekaTtbcsi HU C MNpsi-
Moii a, HH ¢ mpsaMod c¢. B camoMm jene, mpexmosiouHM, Hampumep,
yro npamas b mnapansenpHa npsMmoil ¢; Torna b U ¢ He MOTYT
HMEeTh [epeceueHUusl KaK mapajJenbHble INpsIMble; HO @ M b Tak-
7K€ He MOTyT MepecekaTrbcs, TaK Kak B TNPOTHBHOM CJydyae uepes
o0LLYI0 HX TOUYKY NpOXoAuJau Obl IBe IpsMble, napasijenbHble K
npsiMoil ¢ B OJIIOM M TOM XK€ HaNpaBJeHUH, YTO HEBO3MOXKHO (CM. Teo-
pemy III).

Jlemuma Il Ecau npu yrazannoix eviue ycaosusax npamas b pac-
noAONeHa 60 6HYMPpeHHel 30He NAOCKOCMU OMHOCUMENAbHO NPAMbLY
a u ¢, Mo OHa hepeceraem KaxcOolll OMpe3oK, CoeOUHAIOWULL KaKy10-Hu6yOb
mouky npamoi a ¢ Kakot-Hubyde moukol npamot c.

IlokasaTeabcTBso. byrem npegnonarare, yto b napaJsJiesb-
na c. BosbmeM Ha npsaiMoii @ npousBONbHYIO TOuKy A, HAa NpsIMOH ¢ —
NPOM3BOJIBHYIO TOUKYy C; mpoBse-
nem orpesok AC. OGo3Hauum ue-

7 T pes ¢ Jyd npsamofi ¢, uayWHE 13

¢
=" Touku C B HanpaBAeHM: napaj-

A b  JIEIBHOCTH NPAMEIX @ U ¢ (puc. 39).
"a IMycte ¢ — nyy, wAyUWEHA  H3
>— TOukH C BHyTpPb yIaa, oI-

peneasiemoro ayudamu CA wu ¢
Puc. 39. KpOMe TOro, MyCThb € JEXHT CO

CTOPOHBI Mapajie/EHOCTH OT nep-

neHAHKYAsipoB u3 Toukd C K npaMeiM a ¥ b. [lo ycnoButo mapaaneb-
HOCTH TIPAMbBIX @ H € Y4 ¢’ JOJIKeH nepeceyb MPSMYIO @ B HEKOTOPOIl
Touke P. TOUHO TaK »Ke MO YyCJOBHIO NAPAJIEIbHOCTH MNPSMBIX €
nbayu ¢ JIOJLKell Mepeceyb MpsiMylo b. Tax Kax npsinaa b HaxoauTcs
BO BHYTpenHell 30He OTHOCHTCALHO NPAMBIX @ U €, TO TOUKA NepeceUeHUs
ayuac’ ¢ npamoii b jomKHa Aexath mexay Toukamu C u P. OTciofa 4 no
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akcuome [lawa 3akmiouaeM, uyrto mnpsimas b  mepeceyer WM
orpezox AC, nm orpesok AP. Ho orpesok AP oua He MOXCT
nepeceyb, TaK KaK He MOXET HMeTh [epeceueHusi ¢ TPSAMOi d.
CnenoBarenbHo, mnpsivaa b nepecekaer orpesok AC. Jlemma
JOKas3aHa.

Cnenyouiasi TeopeMa YCTaHABJAMBaET TPAH3HTHBHOCTb OTHOLIEHHS
napaJsJe)bHoCTH.

Teopewma V. [ge npameie, naparsenousie mpemoeti 8 00HOM
U MOM ¥ce HAnpasieHuu, NAPAALEAbHbL MeXcOY COOOLL 8 MOM e Camom
HanpagaeHuu.

HoxkxasatenbcTso. Ilyete npsavele @ u b napanjenbHul B
O/IHOM H TOM JKe HamnpassjeHu¥ K npsimoi c¢. Orciofa, Kaxk d Bhlle, 3a-
KJIOUaeM, UTO NpsiMble @ U b He MOr'YT mnepecekaThCsi (B NPOTHBHOM
clydae yepe3 OOILYI0O HX TOUKY HPOXOAUIH
6bl JBe npsiMble, TapaJjiesibHble ¢ B OJHOM U
TOM K€ HanpaBJeHHH, YTO HEBO3MOKHO). \

Urobel Joka3aTb, 4TOo @ U b napanjens- —_—

HBI, paccMOTpUM ABa cayuas (puc. 40). )
1. Tlpsimble ¢ u b naxopsaTcs ¢ oquoit cTo- e
PCHBI OT NPSIMO# C. .
2. Tlpsambie @ 1 b HaxonsiTca no pasHble A @

CTOpPOHBI OT mnpsamoil ¢. B mnepsoM cayuae
O/Ha M3 JABYX NpPAMBIX @, b JeXHUT BO BHYT-
peHHeil 30He NJIOCKOCTH, ONpeaensieMoi Apy-
roii npsiMoit Bmecre ¢ npamod ¢. Ilycts, Ha-
npuMep, b JeXHT BO BHYTPEHHEH 30HE OTHO-
CHTEJIBHO @ H C.

BosbmMeM Ha npsAMOH @ HpPOH3BOJLHYIO
TouKy A n 00603Ha4YMM yepes @ Jyu NnpsiMoit a, :
WAYIHIA U3 TOUKH A B HanpaB/leHHH napaJ- Puc. 40.
JlelIbHOCTH TIPSIMBIX @ B ¢. Ham HyxHO noka- .
3aTh, Y4TO J1y4 @ SIBJASIETCS TPAHHYHBIM B COBOKYNHOCTH Jyueid Ipu
Touke A, He nepecexkaiomux npsimyio b. Tonyckas ob6paTHoe, Mpeano-

JIOXKHM, 4TO CYLIECTBYET Jiyd @', KOTOPbIH BBIXOAUT H3 ToukM A B cTO-
pOHY Mapa/enbHOCTH (T. €. JIEKHT CO CTOPOHBI [1apajlile/IbHOCTH
OT MepNeHINKYyAsApoB U3 TOuKH A K npsAMeIM b M ¢), pacrnosioxen 6Ju-
xe K npamoii b, uem ayd @, HO mpsmywo b He mepecekaer. Op-

BAaKO B CHUJY NpeiuiAyliedl JeMMbl Jyd a’ He MOXKeT Toraa mnepe-
Ceub M NPSAMYIO €, YTO MOPOTHBOPEUHT MapasieJbHOCTH IMPSAMBIX
a n ¢, TAaK Kak Jyy @& B 3TOM cJyyae He OyJeT CPaHHUUHBIM B
COBOKYNUOCTH Jyuell, MCXOAAWMX H3 A H He [epecekalouHx
npamyio ¢. O6patumess Ko BTopoMy ciayuaio. Ilycts @ u b aexar no
pasHble CTOPOHEI OT ¢; TOrAa b W ¢ JiexaT 1o OAHY CTOPOHY OT
’

a. TlposegeMm uepes npousBoJbHYIO TOuKy A npamod a Jayy a
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Tak, YTOOBl OH OBUI K mpsIMLIM b 1 ¢ GKMKe IPSMOH @ W NPCXONUI B CTO-
POHY MapanieNbHOCTH OT —NEepNeHAMKyJaspoB M3 Touku A K
npsMeiM b H ¢, Tax Kak npsAMble @ U ¢ NapaiienbHbl, TO Jayd a
mepeceueT NPEMY® ¢, a BC/IEGACTBHE Mapa/eIbHOCTH MOPAMBIX €
u b aTor siyy mepeceyer ¥ npsamyio b. TakuM o6pasoM, B COBOKYITHOCTH
Jyuei, mpoxoxsiux uepe3 A M He pnepecekamwyx npsmywn b,
Jiyu @ SIBJISIeTCA I'PAHHYUHEIM; CJICAOBATENbHO, NMPsiMble @ H b napanjens-
HBl MexAy cofolfi (B TOM JKe HanpaB/eHHM, B KakoM OHH lapan-
JieqibHEL IPAMOH ). Teopema fokasana.

YcraHopaeHHBle B 3TOM Daparpage NpeajoXeHHA T0Ka3bIBaIOT,
UTO XOTs ONpejesienie napaiienbHecTH B reoverpuu Jlo6aueBckoro
JIOBOJBHO CJIOXKHO, HO COBOKYIHCCTb MPAMBIX, NMapasiebHbIX LAHHGI
NpsMOH B ompesesieflHoOM Hanpap/ieHuu, o6/afaeT TeMH K€ OCHOBHBIMH
CBONCTBAMH, YTO H COBOKYNHOCTb NapasJeNbHbIX NPSAMBIX B €BKIHAOBOIL
FEOMeTDPHH.

2. OcoGeHHOCTH pacmoNioXedusl NapanfiedbHbX
1 PACXOAALIMXCH MDAMEIX

§ 31. Ecin nBe npaAMBIe He mepecexaloTcss U He MapasiyieNbHbl
Ipyr Ipyry, OHH HaswBaloTCsl pacxodawjumuca *). Yepes Kaxnayio
TOYKY IUIOCKCCTH TpPOXOAAT [Be MpsIMble, TapaljielbHble KaKoH-
HUOYab NaHHOI NPAMOH, W GeCKOHEYHO MHOTLO PacXORALMXCA C HEio
(Teopema I).

Mgl paccMoTPUM HEKOTOphble CBOHCTBA B3aUMHOTO PACMOJIOKEHHS
napajJ/ebHblX H DACXOASLIMXCSA NPAMbIX. Pe3ynbraTel, KOTOphIE Mbi
IPH 3TOM NIY4HM, TIO3BOJIST HaM BNOJHE HAIVISIAHO NPEACTABHTh
cele pasauure MEKAY napasie/ibHbIMH H PACXOAAUIHMHCA PSAMBIMH,

OTMeTHM Npexiie BCero ciefyioliue JBE TeopeMbl.

Teopewma VI [lee npamse, nepnendilkyraprvie K& mpemoed,
ABAAIOMCA PACXOOAUUIIUCA.

JoxasaTennLcTE0 YCMATPHBAETCs HeNOCpeACTBeHHO. B camoMm jene,
TO, YTC [BE MPsAMbIE @ H b, NepneHuKyJspHble B Toukax A u B K TpeTb-
e npsMoil ¢, He MMeT ofIleH TOYKM, M3BECTHO HaM Kak Tmpen-
JoxkeHue alCoIITHOH reoMerpui, Ho sTH npsiMble ¥ He mapasiebHL,
TaK KaK 4epes TOUKy A npoxomuT GeCKOHEYHO MHOTO MPSIMBIX, 1€ mepe-
CeKaloluX NpsMoi b, U CpeAr HUX MpAMas a He SBJSETCA IPAaHHYHO,
a cjiezoBaTe/ibHO, He mapasvenbia npsamoil b. Teopema VI B HesipHo!i
(opme yxe OblIa ycTaHoR/eHa B § 29.

Teopewma VIL Hee nparvie, komopeie npu nepeceverur ¢ mpeins-
el oGpasytom pastibie HaKpecmaeHcaujue WAL COOMBEMCMBeHHble Yoo,
ABASUOMEA PACXCOAUUMUC,

*) Tepmun «pacxonsiuuecst MpsMble» ONPAaBAAH OCOGEHHOCTSIMH B3aHMHOTO pac-
TIONIOZKEHHUsl STHX MPsiMbiX: cM. HiKe Teopemy VIII,
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JlorkazaTeabcTB 0.Jra TeopeMa siBJseTcs 06o0UIEHHEM TIpe-
IbIAYHIEH ¥ BMeCTe C TeM Jierko K Hedl mpusopurca. OGo3Hauum Gyk-
BaMu a u b 1Be jaHHbIE npsiMble U OYKBOH ¢ TPETbIO NPSMYIO, HX CeKy-
myto (puc. 41). Ilycts A u B 6yayT ToukH, B KOTOPBLIX NpsIMas ¢ nepe-
cexaer npsimsle a U b, O — cepenuna orpeska AB. Onycrum u3 Touku O
nepnenukyasapsl OP u OQ Ha npsiMble a 1 b.

B npaMoyroibubix Tpeyronbhukax OAP u OB Q umeem: 04 = OB
BeslenctBye Bribopa Toukd O, LOAP = /0BQ no ycnoeuio Teope-
mel. Orcriofa cjeayer, uto TpeyroabHUK OAP papeH Tpeyronb-
Huky OBQ. B wuwactHoctu, ZBOQ = L AOP 1, caenoBatelbHo,
orpeskt OP u OQ Jexar Ha oyxHofi npsaMoll P @, K KoTopoii mpsamsie
a u b nepnennukyasipust. Ilo Teopeme V1 3TH npsmble ABJsIOTCS pac-
XOLIMMHUCH, UTO W HYKHO OBLIO YCTAHOBHTD.

c
e ~’f/—-”/’f/é""?
/ ~/p & .
a
A Z N 0 a
Puc. 41, Puc. 42,

Tenepb MH JoKaxeM, uto JioOble JBe DacXoAsuiHecd TNpsMble
HMEIOT TOYHO oiuH ofSwuil nepneHauxynsp. CrefoBaTenbHO, Haautue
0014220, U NPUMOM MOALKO 00HO20, NEPREHOUKYAAPA RBASEMCA XApark-
mepucmu4eckoll 0C06eHHOCMbIO PACXOOAULUXCA NPAMBLY.

[Ipexne Bcero sicHo, uTo B reoMeTpHH JIoGaueBCKOro Je NpsMble
He MOryT HMeTh JABYX OOLIMX NepreHiHKyJspos. B camom nene, ecan
AB u CD nepnenpuxyaspusl K npaMsiMm AC u BD, TO uyersipex-
yronenuk ABCD uMeeT cCymMMy YIJIOB, DABHYIO YETLIPEM IiPSMbBIM,
4TO HEBO3MOXKHO, TAK KaK KamIbil W3 Tpeyroibuukos ABC n BCD
MMeeT CyMMy VIVIOB, MeEHbIUYIO JABYX DNpAMBIX. TakuMm ofpasom,
€J1HHCTBEHHOCTb OOlIero nepleHArKyJspa K ABYM INPAMBIM YyCTa-
HaBJIUBaercs cpasy.

J10Ka3aTeNbCTBO CYIIECTBOBAHUA OOLIEro NEepneHiuKyJasapa K IByM
PacXOASRIMMCS MPSIMBIM He TaK IPOCTO.

PaccMoTpuM  Kakue-HUGYAb JABEe pacXofdiiuecss TNpsMee a U b
(puc. 42). Ilycrp 6yner MN nepneHAUKYJAAP, ONYLIEHHBIA H3 MPOU3-
BO/IbHOI Toukd M mpsiMoii b Ha npsmyo a. Eciu MN nepnenpuxy-
AfpeH H K b, To Heuero AokaswBathb. I1pexnonoxuM, uto MN He nep-
NeHAUKYJsipeH K b, M OTMETEM Ha npsaMoii b NOJOXHTeIbHOe
HanpapJeHue Tak, uToObl OHO COCTABASJIO € NeprneHpuKkyaspom MN
tyno#t yroa. Torga, cornacHo jemme I, aauna MN npu nepemernenuu
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TOYKH M B NONOMUTESbHOM HalnpaBJeHUH MOHOTOHHO H HEOrDAHHYEHHO
BO3pacTaer.

Mol noKaxeM, uTO, HauWHas C HEKOTOPOro MoMeHTa, anuxa MN
HeorpaHUYeHHO BO3PACTaeT TAKXKE U NpU TMepeMelleHUu Toukd M B or-
pULATEeJbHOM HalpaB/eHUH,

[Ipamas MN pasbuBaerT MIOCKOCTb Ha JBEe NOJYIJIOCKOCTH; Ty U3
HUX, B KOTOPYIO HampaB/ieHa TMOJIOXKHTeNbHAS MOAynpsiMas OpsiMOi
b, yc/ioBUMCS Ha3biBaTh [OJIOMHUTENBHOH, [APYIYI0 — OTpHLATE/b-
HOH.

[lpoBenem wuepe3 Touky M B OTpHUATENLHOH MOJTYMJIOCKOCTH
Jyu ¢, napaJenbHblil npsiMoi a.

Tak Kak a W b ABIAOTCA PACXOASUIMMHUCA MPAMBIMH, TO JydY C
pacrnosioxeH GnuiKe K MOpsMOil @, ueM OTpHlATe]lbHast NOMYapsiMast
npsmoii b. [TosTomy, ecin Mbl BO3bMeM Ha NPAMON b B oTpHLATeNLHOHA
NOJYIIIOCKOCTH  Kaxyrlo-HuOyAbL Touky M’ W onycTum nepneHau-
Kyasp M’'N’ ua npsamyilo @, TO 3TOT TMEPNEHAHKYJASP BCTPETHT
Jyd ¢ B Touke P’, nmexameir ua otpeske M'N’. Taxkum o6pasom,
M'N" > M'P’. Onycrum tenepb nepnenaukyasp M’'Q" wa ayu ¢
oueBupno, M’'P’ > M’'Q’ u, cneposarenbio, M'N' > M’'Q’. Ho
corsacHo JiemMMe 11 paccrosiHie OT nepeMeHHO! TOYKH Ha OXHOl CTOpO-
He yria J0 JAPYroil CTOPOHbl HEOTPAHHUYEHHO BO3pacTaeT  MpH
yIafieHun 3TOH TOUKH OT BEPLUHILI; B CHJY 3TOTO NPH YAaJEHHH TOUKH
M’ B oTpunateabon HanpasieHud M’ Q' MOHOTOHHO H HEOTPAHHUYEHHO
Bospacraer. Tak kak M'N’ > M’'Q’, to M'N’ Takxke GyieT B Kolle
KOHIIOB HEOTpaHHYEHHO BO3DPAacTaTh.

Beerem Ha npsiMoil b JIHHEHYIO KOOPAHHATHYIO CHCTEMY, BbOpaB
NPOM3BOJILHO HAuajo KOODAMHAT M MNpeanosarasl, Y4To BO3pacraiue
KOOpJMHATHI TPOHCXOAMT, HANMPUMEP, B MOJOKHTEJbHOM Hanpas-
gerun. OO603HAauWM uepe3 X KOOpAUHATy nNepemMeHHOll Toukn M
U uecpes y = f(x) miuuy nepnenaukyaspa MN Kk npsmoil a.
ITo npenbinyumiemy, f (x) aABaAsieTcs BCIOAY MOJOXKHTEJNBHOH Hempe-
PbIBHOH (YHKLHEH, 3HAueHHe KOTOPOH HEOrpaHHYeHHO BO3PacrTaer,
KOTla X CTPEMHTCH K TIOJNIOKHTENbHON WM OTPHLATENbHOH Geckorey-
HocTi. OTciona cienyer, BO-NEPBbIX, 4TO f (Xx) HMeeT TOJOXKUTEND-
Hbll MHHUMYM [ (Xo) H, EO-BTOPBIX, YTO Ka)Kloe 3HaueHue, GOJib-
wee f(xo), ¢yukuusa [ (x) npuHEMaer, mo kpaiiHed Mepe, mnpu
IBYX pasjMuHBIX 3HaueHHsiX apryMmeHra. Ilycte Oynyt x; H X,
(x) 5= x,) Takue JBa 3HayeHus X, 4O f (x;) = f (x.). Ofo3HauuM yepes
M, u M, TOuKH C KOOpAMHATAMH X1 H X, ¥ uepe3 M, N, u M,N, — ony-
IIeHHble M3 HHX Ha NOpiIMYyI0 a MNeprneHAuKyaspel. B cuny BwiGo-
pa Touek M, m M, uernipexyroabuuk N M M,N, aBasercsa ue-
TelpexyronbHukoM Cakkepd M, 3HAUMT, CHMMETPHYEH OTHOCHTE/b-
HO TNepneHAMKY/Aspa K cepeanHe HikHcro ocnosadus. Otciona
caelyer, yto nepneHaukysasip MoN,, oOnylweHHbllt H3 CepeamHLI
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M, orpesxa M,M, Ha npsMyw a, ecTb OO NEpHEHAHKYJSAP
npaMeix a ¥ b. Tem campiM cyliecTBoBaHHe OfLIEro nepreHIHKYAsipa
JI0K23aHo.

Ecau Mbl Bo3bMeM Tenepb Ha npsiMoil b NpoW3BOJBHYIO TOUKYy M
U ONyCTHM H3 Hee nepneHAHKyasap MN Ha npsMyio a, TO B YeThipex-
yronbhuke N,M MN yraw npu Bepumnax Ny, M, u N 6yayr nps-
MbIMH, @ CJeloBaTeNlbHO, BHEWIHMHA yroa npu BepwHHe M — Ty-
noit. Orciona B cuay semmbl [ crepyer, 4To B Ty CTOPOHY OT Touku M,
C KOTOpO# Re HaxouuTcsi Touka M,, 3Hauenus ¢yuxuuu f (x) Bospac-
TaloT. Takum obpasom, M, — eIMHCTBEHHAsl TOUKAa, B KOTOPOH [ (x)
JOCTHT2eT CBOEr0 MHHHMYyMa.

Bce n3noxkenHoe no3soisieT chOpMYJIHPOBAThL CEAYIOULYIO TEOPEMY.

Teopewma VIII. Beakue 08e pacxodaujuecs npamvie umerom mo4-
HO 00uH obuuti nepneHOUKyAap, no obe CMOPOHLL OM KOMOPO2O OHU He-
oepanutento yoasswomesa opye om Opyea.

A a.
& %}
A
& r r 4|
g - 1/
Puc. 43.

3ameTuM, MeXJy NpPOYHM, YTO NPOEKIHH BCeX TOUEK ORHOM M3 ABYX
PacXONAIMXCA NPAMBIX Ha IpPYTryl0 3anoJHAIT Ha BTOPOH mps-
MOH JIMUIb KOHEYHBbIH OTpe3ok. B camom jene, nycTb Oyayr a #
b nmse pacxoasuipecss npsameie U AB — ux OOWHI NepHeHIUKYJIsp
(puc. 43). IIposenemM u3 Touku B npsamble ¢; U Cq, MapajJesbHble Mpsi-
MOH @, ¥ mnpeicraBuM cefe, UTO BO BCeX TOYKax NpaAMoi b Boc-
cTaB/leHbl K Hell neprneHAukyasipbl. Eciu 6bl Bce 3TH nepneHiumky-
JISipbl BCTPEUau MpsAMble ¢, U Cp, TO HEOOXO0AUMO Obl10 Obl NPHHATH
V nocrynar EBkaupa (cM. npemjoxkenue IV §8 uanm Teopemy
54 §27).

Takum ofpasoM, u3 nocrysnara JlobaueBckoro cjenyer, 4To nep-
MeHAUKYJSIPEl, BOCCTaBJAeHHBIE B TOYKax NPsMOH b, JOCTAaTOYHO YAa-
JIEHHBIX OT TOUKH B, He BCTPEYaloT NPAMBIX €y U Cp. [TycTb OGyneT r HuXK-
Hfis rpaHb PacCTOSIHHI OT 3THX MNeprneHAuKy’aspos o Touku B. Ilo-
cTponM Ha npsamoi b gse touku C, u C, Tak, yrobel C,B = BC, = r;
TOrZa, OYEBHAHO, MPOEKIHH BCEX TOYEK NMPAMOH a 3aNO/HAT BHYTpPEH-
Hiolo yacTb orpe3ka C,C,.

[Mepnennukyasapu B Toukax C, u C, napaaienbHbl Kak npaMoi a,
TaK U NPAMbIM C; H C; (Ha A0OKas3aTe/bCTBE Mbl 3JeChb He OCTaHaBJ/KBa-
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eMCsl; OHO TO CyuecTsy nposefeHo Hixke, B § 33). Ecim no-
CTPOHTL TPSAMYIO, CUMMETPHUHYIO NPAMOH a OTHocuTeanio b, 1O
nojayuurcst GUrypa, cxeMaTHUeCcKH H3o0paxceHHas Ha puc. 44.
Ora ¢durypa npencramiasier  cofoft  cBoeoGpasHbIi  «yeThIpex-
YTOJLHHK», CTOPOHBI M JHa-

a rOHa/IH KOTOPOTro napaJiesh-
~ Hbl MeXAy cofoil B Hampaeje-
HHUAX, YKa3aHHBIX CTpesKamil.

) EcrecTBeHHO, UTO Takas ¢ii-

—

’ rypa anasora cefe B €BKJIHJO-
/ BOH reOMETpHH He HMeeT.
v § 32. MsyuuM Tenepn B3a-

e HMHOE pacnoJoXKeHHe Mapaii-
- JenbHBIX npsaMbix. [lycts ave
Puc. 44. npaMele a u b, nsobpaxeuHnle
Ha puc. 45, mapaienbibl Mex-
Iy cofol0 B HekoTopoM Hampasienun. O6GozHauum Gyxksoii M me-
PEMEHHYIO TOYKYy Ha MNpPAMOH a M NOCTPOUM mnepneHmukyaap MN
Kk mnpamoit b. Co CTOpOHBI mapaneNbHOCTH STOT MNEPEHAUKYJISP
obpasyer C npsMoii a oCTpHIii
yron. B cuny semmel 1 otcio- g7
La chenyer, 4ro JiuHa MN i M
MOHOTOHHO H HeOorpaHu'leH- \My
73
HO BO3pacTaeT NpH mnepeme- I
LelHud Toukd M B Hampas- |
JICHHH,  TPOTHBOTNOJIOKHOM g Vi £ A
Hanpas/eHHIO  mnapasjienb- A’
$0CTH, M MOHOTOHHO YOI [ i
BaeT B HampaBJeHHH napaJj-
JI2/IbHOCTH.
Mel nokaxem cefiyac, - i e
4TO B NOCJIENHEM Cayyae AJIU- 7
Ha MN crpemutca K HyJIO.
BuiGpa Ha npsmo# a
Kaxkylo-HUOyabL Touky A,
ONYCTHM nepneHankysasap AB ua npamyio b. [TycTh aHO MOMOMKHTC/ b=
HOe YMCJIO &; HYXKHO NOKa3aTb, YTO JJIA HEKOTOPOrO MOJIOXKEHUS TOY-
kn M 6yzer MN << e. Ecau AB > ¢, Mbl BOo3bMeM B IJIOCKOCTH Ka-
Kyl0-HUOYIb NpsiMyio ' W B NPOM3BOJbHOH ee Touke N, BOCCTABHM
neprnesaukyasp N,M,, ANHHY KOTOpOro BO3bMeM MeHbuieii . Uepes
Touky M, nposeseM mnpsaMmyio a' mnapamenbio b’. IlpencraBum
cebe Temepb, uTO nepemenHass Touka M’ mnepemeuiaeTcs no npsMoil
a’ B HanpaB/eHHH, [IPOTHBONONOKHOM HaMpPABIEHHIO Mapas/iesb-
"woctu. Ilpu stom pauHa mneprnengukyaspa M'N’ k npsmoin b,
HerpepniBHO H3MeliAsich, OYAeT HeOrpaHuuyeHHO BospacraTh. [lo-

Puc. 45.
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STOMY HaliIercsi Takoe [OJOKEHHe Toukn AM’, uto pmiuua
M’N’ okaxercs pasuoit AB. OGosxauum Ttouxu M’ m N B sror
vMoMeHT Gyksavu A’ u B’. Tlepemelnas ¢urypy, €OCTaBJeHHYIO
npamMeiME ¢ u b, pacnonoxuMm ee Tak, utoGil npsimas b’ cos-
MecTu/Iach ¢ b, Touka B’ ¢ Toukodl B W Hanpazsieiue napasiesbHOCTH
npAMHIX a’ W b’ coBnano ¢ HampaBJeHHEM Napa/eJbHOCTH Ips-
MBIX @ ¥ b *).

Tak kak A'B’ = AB, To Touka A’ npH STOM COBMECTHUTCSI C TOY-
Kol A, a Tak Kax uepe3 B3ATYIO TOUKY NPOXOJHT TOJIbKO OJHA MpsAMasi,
napansienbHasi JaHHOH mNpsIMOIl B ONpefeJeHHOM HanpasJieHUHd, TO
upsaMasi @’ coBMectHtesl ¢ npsivoit @. Iycerb Touka M’y npsimoit @’ saii-
MET Ha NpsIMO# @ mosioXKeHre M,; COOTBETCTBYIOUIEE MOJO0KEHHE TOUKH
N’y o6o3naunm 6ykeoit N,. [JauHa neprnenpuxkynspa MyN, oxa-
sbiBaeTcs, TakHM 06pasoM, MeHblUe Hanepel MaHHOTO IOJIOXKH-
TeJLHOTO uKMcia €, T.€. INpsiMple @ H b B HampaBjieHMHd mnapai-
JIeJIbHOCTH HEOTPAHMYEHHO COJMHKAlOTCS.

ConocTaB/isisi BCE H3JI0KEHHOE, MOXKeM ChOPMYJiHPCBATh CIAENYIOLIYIO
TeopeMy.

Teopewma IX. Paccrmoanue om nepemernoli mouxku 00Hol u3s deyx
napanrsesoHbilx  npamolx 00 0Opyeoll npamol  cmpemumcs K HYyAwo,
Ko2da modka nepemewaemca 8 CIMOPOHY NAPAANCALHOCTU, W Heozpa-
HUYEHHO 603PACHIALI NPLL NePeMelyeril NOUKU 8 NPOMUBONOAONCHOM
HanpasieHul.

PesioMupyeM KpaTKo pe3yJsbTaThl MCC/EOBAHUS: JBE PaCXOAslHe-
cl mnpsMble BCErJa MMET TOYHO ONMH OOUHH neprueHmnuKyasp,
no ofe CTOPOHBI OT KOTOPOrO OHH APYr OT JApyra HeOorpaHHYeHHO
VAAJISOTCA  («pacXOAsATCs»); NapasJiesibHble NpsiMble, HEOrpaHuuyeHHO
VAQNASACh APYr OT ApPyra B OAHOM HAmpaB/eHHH, aCHMITOTHRECKH
COJIIKAIOTC B ApPYyrom.

3. ®yukuusa Jlobaueckoro II (x)

§ 33. PaccmoTpuM Kakylo-HHOYAb OPSMYIO @ H TOUKY A, Jexamyto
BHe 3T0fi mpsmoii. Yepes Touky A npoxemat ABe npsiMble, napasniedb-
Hele mpsiMOA @ B JBYX PpasiMYHhX HanpapierusX. OOozHaunm
HX uepe3 u, U u,. Ilpamele #; M u, 0OpPasylOT paBHbIC YIJbL
¢ neprieHauxyaspoM AP, onyueHHeIM U3 TOYkH A Ha mpsamyio a.
OCTpHIl yros, KOTGpBIH COCTaB/AfET J1100as H3 MNPAMBIX U; HIH U,
C repneHAUKyJasipoM AP, Ha3bBaeTcst yaa0um NnapassesbHOCmu  npi
mouke A no OMHOWERUIO K npamol a.

*) Korna Mbl roBopuM o nepemeuleHHH Qirypsl, TO HMeeM B BHIY AOCTPOEHHS
¢HrypHl, KOHIPYSHTHOK naHHOH, B 3TOM CMbiCJe HOHATHE JABHACHHS Hi if€iCs bIiVJIHE
onpeaenensuM (cM. § 19).
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Me! noKazkeM cefiyac, 4TO /204 NAPAAIEALHOCMU BNOAHE OnpedeAsemcst
paccmosaruem om mouku A 00 npamol a.

IMycte A u A’ — 1Be TOUKH, HaxoisiHecs Ha OAHHAKOBBIX pac-
CTOSIHHSIX COOTBETCTBEHHO OT NpsiMbix @ u a’. IlpoBeneM uepe3 TOuky
A npsimyio u, napanienbHyio a, u uepes A’ — npsimyio u’, napasesnb-
Hywo a'. OGo3Hauum, nasee, yepes AP u A'P’ nepneHguxyJsipsl, omny-
IEHHbIe Ha TpsiMble @ W @, a uepe3 o M o' — yIibl napasn-
JeJIbHOCTH 1pd Toukax A W A’ 1O OTHOWEHHIO K MPSMBIM Q H
a’. Ham HyXHO ycTaHOBUTBH paBeHcTBO o = o’. JlomycTuM, uro,
HanpoTHB, OIHH M3 3THX YIVIOB MeHblle APYroro, Hampumep o <<a'.
IlpoBeneM uepe3 Touky A’ mnpsimylo, Koropas ¢ orpeskom A'P’
CO CTOPOHBI MapasyIe/IbHOCTH TNPSIMbIX 4’ U Q' COCTaBJsSieT yros o.
Benencrsue mapassenbHocTH mpsiMbix 4’ M @’ npoBefeHHas npsiMasi
JOJIXKHA Tlepeceub NMPsiMylo @ B HEKOTOPOH Touke Q' (pacrnoJiokKeHHOH
B HanpaB/JeHHH MapajyielbHOCTH OT Toukd P’). Owioxum Ha
TIpsIMOIl @ OT TOYKH P B CTOpPOHY mapaJiiesibHOoCTH oTpe3ok P Q, pas-
Hblii orTpe3ky P’Q’. TpeyronbHuk PA Q, oueBHIHO, paBeH Tpeyrofib-
HUKRY P'A’ Q' (croponui AP u A'P’ paBHBI N0 yC/IOBHIO, CTOPOHLI P Q U
P’ Q" — 1o mocTpoeHHI0, a YIJibl, 3aKJ/IOYEHHblE MEX1y 3THMH CTOPO-
HaMH,— TpsMbie), mostomy £ PA Q paBen a. CnenoBare/ibHO, npsMas u
coBnazaer ¢ npsimoit A Q. Ho B 3TOM ciyuae npsimasi 4 I0/12KHa nepeceyb
NpSMYyI0 a B Toyke Q, YTO HEBO3MOXKHO, TAK KaK 3TH NpsIMble mapaJ-
JenbHbl. [losyueHHoe mpoTHBOpeyHe JOKasblBaeT Hawe yTBep-
XKJIeHue,

ITycte Gyner A xakas-HUOyAb TOUKA, HAXOAALLAACA BHE NPSMOMH
@y, U 00 — YroJl MapajiesibHOCTH TNPH TOYKe A Mo OTHOUIEHHIO K mpsi-
Moit a, (puc. 46). OGo3HauuM uepe3 x NLJIHHY riepneHiukyaspa AA,,
ONyLIEHHOTO U3 A Ha npsMyw . [lo npeabiaymeMy, yroa o IOJHO-
CTbIO ONpenessiercsl BeJTUUHHOH X}
BBOJsI of6o3HaueHue Jlo6aueBckoro,
HOJIOKHM

a = II (x).

Oyukuua IT (x) B HeeBKIHI0BOM
reoMeTpHU HrpaeT QyHAaMeHTANbH YO
poab. Mel u3yunm ceiluac mnpocrei-

4 %  wue ee CBOHCTBA.
Puc. 46. [pexne Bcero noxaxcem, yro II (x)

ABNAEMCA  MOHOMOHRHO  ybvisarowel
¢ynkyued. s storo BosbMeM Ha npsMoit AA, Kakyo-HUGYIb
Touky A’ u obossauum pauny A’A, uepes x'. [lpennosnoxum,
yto x' > X; HyXHO jokasatb, uto II (x') <<II (x). TlposeaeM uepe3
A npsamylo a, napamienbHylo a,, 4 uepes A’ npsamylo 4 Tak,
4TOObl OHA CO CTOPOHBI MApa//IebHOCTH NpPSIMbIX @ H @, COCTaBU/IA C
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orpeakom A’A, yron o = II (x). [IBe npsimpie @ M a npu nepeceyeHud
< npsmoii AA’ o8pasyloT paBHbIE COOTBETCTBEHHbIE YIVbl H I10-
TOMY B cuay TeopeMsl VII siBasitorcs pacxoasiuumucsi. Otciona ciefyer,
yro mnpsiMasi a’, npoxoiswas uyepes A’ W napassenbiias npsAMoil
a4 B TOM Xe HanpaBleHHH, B KAakKOM a mapajjeibHa MOpPAMOM
4,, CO CTOpPOHBl mNapa//IeIbHOCTH pacnosoxeHna Gauxe K a,
yeMm a.

Takum o6pasom, ecau o’ = II (x'), 10 &’ <<, T.e. npu x" > x
oyner II (x') <II (x).

3ameruM panbiie, yto II (X) npunumaem ece snaenus, 3aKAl04eH-

T o
Hote mexcdy 0 u 7. UTo6Bl yCTAHOBHTbL 3TO, BO3bMEM MPOU3BOJIbHbIA

OCTPBIl yros o M JOKaXKeM, YTO OH SIBJISIETCS YIVIOM TapaJiesb-
HOCTH JJ1si Hekoroporo orpe3ka x. OGosHauum uepe3 O BepluHHY
yria, yepe3 a u b — ero cropoHel. M3 nocrynara JloGaueBckoro
C/lellyeT, YTO MepreHUKYASIpPhl C NPSIMOil @, TOCTaTOYHO YyAajeHHbEe OT
ToukH O, He BCTpeyaloT npsamMyio b (cM. Teopemy 54 raassl 11 uau npen-
aoxenue IV § 8).

Ilyctb 6ymer M mnpou3BoONbHAst TOYKA, KOTOPas CJAYXKHUT OCHOBA-
HHEM TeplneHIuKy/asipa K TNPSAMOH @, He BCTPEYaloUero HaK/IOH-
nyio b. O6osnauum uepes M, Takylo TOuky npsimoii a, uro OM, = x

0 MM,
Puc. 47a. Puc. 476.

ABJAETCA HMXHEH rpaHblo paccrosHuilt OM; o603HAUUM Takxke yepes
b, nepneHAMKyJasip K a B Touke M, Mbl mnokaxem, uyTo. b, M b
napanjenbHbl. [ 3TOro HyXXHO Npexae BCero YCTaHOBHTb, YTO b,
u b ue BCTpeyaoTcsl.

Honyctum nporuBHoe, nyctb b, u b umeior obuyi Touky N,
(pHc. 47a); Torna BosbMeM Ha npsiMoi b touky N, Tak, yrodel N, Ha-
xopunach Mexkny O u N,, u onyctum neprneHguxynsap N, M, Ha npsamyio
a; nonoxkum MM,=e. Toraa, ecin M — ocHOBaHHE KaKOro-HUOYAb
NeprneHAnKyJasipa K IPsAMOi @, He BCTpevawuiero npsmyio b, To
OM > x + €, 4TO, OIHAKO, I[IPOTHBOPEUYUT OIMpeleJeHHI0 X Kak
HHXUell rpaun aauH OM.

Teneps poxaxeM, uTo b, sIBJISI€TCH TPAHUYHON NPSMON B COBOKYII-
HOCTH MNpsMBbIX, NPOXOAAWMUX uyepe3 M, W He BCTPeYaIOLUX MpHA-
Moil b.
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Tlycrh GyaeT b NpoM3BOJLHEI J1yd, MPOXOAAIIUE yepe3 Touky M.
¢ TOH CTOPOHBI OT NPAMOK by, C KaKOIl JIeKUT Touka O, U C TOA CTOPOHLL
OT NpsAMOfl @, C KAaKOH pacnofioXXeH OCTpHId yroa a (puc. 476).

Bo3sbmeMm na b kakyio-Hu6yAb TOukKy P Tak, uTOO:I OHA HaXCLK-
Jacb BHYTPM yInjia ¢, H ONyCTHM nepneupukynasp PM Ha npsa-
myto a. OueBnano, Touka M pacnonoKHUTCA MeXEY Toukamu O
n M, wu, caenosarenbHo, nepneHpuxyaap PM GyieT uMeTb ¢
npsMoii b obwyio Touky N. Tak kak Jyu b nepecekaer ORHY
U3 CTOpok Tpeyroibhuka OMN, nmenHo cropony MN, To, mo axcu-
ome [lama, oH josxeH mepeceub Oy U3 JABYX ARPYTHMX CTOPOH 3TCTC:
TpeyroJbHuKa; HO co cTopoHoil OM syy b He MOXeET BMeTb OOLIeil TOUKH.
Cnenoeateabno, b umeer oburyio Touky c npsamoil b. Tem cambiM
napaijieabROCTb NpAMbIX b W b, JokasaHa. Bmecte ¢ Tem poka-
8aHO W Haule yipepxaeHue. B camom resie, I/isl Hamepex yKasaHHOTO
OCTPOrO0 yIJa o OKa3ajJoch BO3MOXKHEIM TIOCTPOMTb TaKOH OTPE30K
x = OM,, uto a = Il (x), T.e. geficrButennyo II (x) npunumaer Bce
41
gHayeHnsl, nexainne mexay O 5.

Orcrona yaxe BoiTekaer nenpepsiBHocTb I (x), TaK Kak MOHOTOHH2T
(YHKUHS, KOTOpasi BMeCTe C JIOOBIMM JBYMsl 3HAYEHUSAMH TpPHHH-
MaeT BCE IPOMEXKYTOUHBIC, fIBARETCS HeNpepblBHON BO BCel 06/;iacTH.
CLOEr0 OMpefe/eHus.

CoriocTaBuB Ece M3JI0XKEHHOE, HMeEM Teopemy.

, Teopewma X.ODyuxuua Il (x) onpedescna 0rn Kaxncdo2o norodicu-

n
neibHO20 X, MOHOMOHHO yCuwceen: u Henpepogta; 11 (x)—+—2~ npu

x—>0ull (x) >0 npu x— co.
Tt
9

Us Ttoro, uwro II(x)— < npu x— 0, cjenyer, uYTO B MAaJHX

YacTsiX NpoCTpailcTBa reoMerpusi JIoGaueBCKOro COOTBETCTBEHHO MaJlo
ornuyaercs o reomerpru EBxnnpa (Taxk kak npu Majsom X yroa mnapaj-
JIeNIBHOCTH GJIM3OK K NIPSMOMY).

32BHCHMOCTb MeXAy YIVIOBEIMM H JIHHEeHHbIMH BeJHYHHAMH,
ycranaenuBaemag ¢yHxkuued o = II (x), oSycaoBauBaeT coBeplUEHHO
cBoeobpasnblii xapakrep reomerpun JloGaueBckoro. Tak, B reomer-
puu Jlobauesckoro Her nopobua (uryp. 310 OOCTOSTENBLCTBO JIETKO
HpeBHACTS; TAK KaK YIJIOBbie M JIMHEl{Hble BeJHYMHBI CBS3aHBLI APYT
C IpYroM VpaBHEHHSIMM, TO 3ajJallie yIJIOB TPeYroJbHUKA MHOJIKHO
OMpe/ieJIATh €ro CTOPOHLI, H TPEYrOJAbHMKH C COOTBETCTBEHHO [aB-
IbIMH  YIIaMM  OKa3blBalOTCsl  paBHbIMH  MeKAY cobofd. [lospiee
(8 rnape VIII, § 231) MBI 3TO YCT2HOBHM BIOJIHE TOUHO H BHIBEEM (OP-
MYJ/H, BbIpaXaloliye CTOPOHLI TPeyroJibHHKA Yepe3 ero yninl {CM.
Takixe § 61).
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Euie onHa BaxkHas 0COCEHHCCTh HEeBKJIHJOBOH IGOMETPHH CBsi3aHA
C BbHIGOpOM €AMHHULB HW3MepeHHs JJauH. B reomerpun EBkauaa
CYUIeCTBYIOT  abCOJIOTEbIE  KOHCTAHTHI  YIVIOBBIX  BeJIHYHMH, T. €.
YIVLl, TIOCTPOEHMe KOTOPHIX MoXKeT O6biTh OnUCcaHO  aGCTPakTHOH
(GOpPMYNHPOBKOH (HE3aBHCHMO OT KOHKPETHOTO HCTONKOBAHMSA TIeo-
METPHUYECKHX OOBEKTOB); €CJH 3TO NOCTPOEHHE H COLCPIKHUT 3JICMEHTHI
NpOM3BOJIA, TO He BJMSAICUIHE HA BeJUYMHY TMOJYUYacMbIX YIJOB,
“T. €. LOJyyaemble YIJbl OKasblEAIOTCS PaBHBIMM Mexay coCoit. nd
npuMepa IOCTATCUHO yKasaTth npsimoil yroa. Ecau npamoit yroa npu-
HATb 32 €HMLY HU3MEpEeHKsl YIJIOB, TO NPU ELINGJHEHVH H3MepeHHH
He OyAeT HeCOXOAMMCCTH GHMKCHPOBAThb «3TajOH» NMPAMCIO YIaa, ¢ KO-
TOPBIM CPABLHBAIOTCS CCTa/lbHblE YIVIBI MyTeM HaJOXEBHA, TaK Kak
NpsIMCH YTOJl ECETJa MCXKHO HaHTHU TOYHBIM MOCTPCEHEEM.

Hac6opot, nunefiHblx a€CccIOTHBIX KOHCTAHT B €BKJIHLOBOI reo-
MeTpUH He cyuecTByeT. [sis Toro uto€pl BHIPa3uThb JJIHHBI BCEX OT-
PE3KOB YHCIaMH, HeGOXOAUMO YCJOBHTHCS B BBIGOpe eNMHELLI AJHHBI,
B KaueCcTBe KOTOPOH MOXeT ObiTb B35IT IPOHU3BOMBHBIA oTpe3ok. Eciun
Qpl KTO-HMOVAbL CHenasn 3ToT BbIGOp, TO OH He MOr Obl OmHCaTb
€ro W JJ1s1 CPaBHEHHS C JPYTUMH OTpe3KaMu JOoJ2KeH Obl Gbl 1 O K a-
'3aTb CEOH 3Tanod. Tak, NPaKTHUECKH NMpPH H3MepeHHH MJIHHLI NOJb-
'3YIOTCA KOMHSIMH C 3TaJOHHOTO MeTpa, BLICOP 2KE 3TajIoHa C I'eOMeTpH-
YeCKOH TOUKH 2PEHHS ABJSETCS HUYeM He 0DYCJIOBJIEHHBIM.

B npOTHRONO/IOXKHOCTb 3TOMY, B reomMeTpud JloGaueBcKoro Hapsi-
Ay ¢ a6COMIOTHBIMH KOHCTAHTAMH YTIJIOBBIX BEeJIMYMH  CYLIECTBYIOT

TaKKe W NuHefiHble aCCOMIOTHBIE KOHCTAHTHI. TaK, HanpuMmep, OTpe3oK
14

4 ’
HBIM TIOCTONBbKY, TOCKONBKY onpefeneHa ¢yHkuua II (x). 3ra
(PYHKLHSA, KaK Mbl BULEJIH, BIIOJHE ONpesessieTcsl Ha Beeil NMOJOXUTEN b=
HOH YHCJIOBOH OCH TeOMeTpUYeCKUMH CBOHCTBaMHM IJIOCKOCTH Jlo-
€aueBcKoro, T.e. CBOHCTBAMH MHOroo0pasus reoMeTpPHUYECKHX O00-
pasoB, TOAUHIIEHHBIX aKCHOMaM mJjaHumeTpuu Jlob6auesckoro. B
§ 190 MbI nonyuuM poipaxkerue mas II (x) ¢ nomoubio dJeMEHTapHEX
¢YHKUHH, XOpOLIO  H3BeCTHBIX B  MaTeMaTHUeCKOM  aHa/Iuse
{cMm. Takxe § 59).

X, yrosnaersopsiowuit ypasHenuio II(x)= SBJAETCS ONpejeneH-

4. INMpsavble ¥ MIOCKOCTH B npocTpancTee JloGauesckoro

§ 34. Tenepb Mbl Jai¥M KpaTKoe onucanue ocoGeHIIOCTedl B3aHMHOTO
PacnoNoKeHuss NPSMbIX H IJIOCKOCTell B mpocTpaHcTBe JIoGaueBCKoOro.

[lepeuncauM cHayaja OCHOBHbIE MNpeAJOXeHHs abCoNIOTHOH cTe-
peoOMeTPHH, KOTOpble HAM IPHAETCS HCHOML30BaTh B JajbHEHINEM.

He ocranaBnuBasch Ha mnpocrefiunx c/eACTBUAX akcuoM [,1—8
u 11,1—4, yacTs KOTOpHIX B cBOE BpeMs Oblia yxasaua B ra. 1, orme-
TEM CJAeAYyIOIHE TeOopeMbl.
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1. Mycrav GaHbt npoussoAbHAR NAOCKOCMb o 1 08e npamvle a u b,
' pacronodceR ble 8 NAOCKOCMUL O. U NPOX00awue wepe3 HeKOmopyio ee mou-
&y O. Ecau npamas ¢ nepnenduxyaspra ¢ mouxe O Kk npamoim a u b,
MO OHA NePneHOUKYAAPHA KO 8CAKOLL npAamou, npoxodauyel 8 naocxocmu
a uepe3 mouxy O.

B 3ToM cayuae nmpsiMasi ¢ Ha3blBaeTCsl nepneMOuUKyASpomM K NiAoCKOC-
mu o,

2. Yepe3 xaxcOyto mouKy RPOCIPAHCMBA MONCHO MNPOSECHILL MOUHO
00HY npamyro, nNepreHOUKYAAPHYIO K OaHHOLE naoCKocnu.

3. Yepe3d xaxndyro mouky npocmpaxcmsa MOJNCHO RPOSECMU  MOYHO
00HY NAOCKOCTMb, NEPREHOUKYAAPHYIO K 0aHHOL npamod.

[lBe mosaynsockocTH, MMelowne oOUlyl0 TPAHHUHYIO NPAMYiIO H He
Jexauie Ha OJHOH MJOCKOCTH, COCTaBJSAIOT ABYFPaHHBIH  Yrod.
IToaynnockocTd, cocraBasioilie ABYTPAHHBIA YroJ, HasbiBaOTCA €ro
epaHamu, uX o0las rpaHUYHas npsMas — pebpom.

Bcsikag miIcckocTb, NepneHAMKYJaAsipHas K peGpy IABYTpaHHOro
yrJja, nepecekaeT rpaHd MO JABYM TNOJYIPSIMBIM, KOTOPblE COCTaBJSIOT
AUHElHbIL 1204 0AHHO020 08YePaHHO0 yeAq.

Hmeer mecto Teopema:

4. Bce aunelinbie yeavt OaQHH020 08yePAHHOO YeAQ pPasibl MENCOY CC-
6oii.

JByrpaHHble yI/bl Ha3bIBAIOTCS PABHbIMU, €CIH UX JHHEHHbIe YIJIEL
PaBHEI.

JIByrpaHHbIl yroa Ha3blBaeTCsl npAMbiM, €CJHU €ro JHHEHHbIE
YIVIBL TIPSIMBIE.

[Be mnepecekaiouiyecss IJIOCKOCTH o U [ onpejensiicT JABe IMaphbl
BEePTHKAJIbHbIX JBYrpaHHbIX yraoB. Ecau 3td  yrael  npsmble,
IVIOCKOCTH o M [} HAa3blBAOTCA  NePneHOUKYyAIpHbimi  OPYT K
Apyry.

HmeroT mMecTo Teopemsl:

5. Ecau naockocme o npoxodurit 4epe3 nepneHOUKyALp K nAOCKOCMLL
B, mo narockocmb o nepnenduxyrapra Kk naockocmu f. (dta Teopema,
OUEBUJHO, SIBJISIETCS] YAaCTHBIM C/yuyaeM Teopembl 4.)

6. Ecam mnockocTh o nepneHiMKYJsipHA K HEKOTOPOH MpsMOH,
Jiexkalei B MIOCKOCTH f, TO IJIOCKOCTb o NepreHAMKyJspHa K IJioc-
KCCTH f3.

7. Yepes koxcOyro nPAMYO A MONCHO NPOBECU NAOCKOCHb O, NEDHEH-
OQukyrapryio k OanHotl naockocrd 3, U npu 3MOM MOALKO OOHY,
ecau a He neprerdukyaapra K B. (Teopema 7 BbiTekaeT U3 TeopeM 2
ub.)

[Tpsimas @', 1o KOTOPOIl mepecekarTcs MJIOCKOCTH o W, HasbiRa-
ercsi npoexuyuet! NPAMOH a Ha IJIOCKOCTb [ (ecid a He meprneHau-
KyJsipHa K B). CorsacHo Teopeme 7 KaxAyIO NPSMYI0 MOXXHO OJHO3HAU-
HO CIPOEKTHPOBATb Ha M00YI0 MJOCKOCTb, He NEPNeHAHKY/SPHYIO K
9TOil LpAMOH.
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Ilepeuncaennble npennoKeHUsT NpUHALIexaT abCoOJIOTHOH reo-
MEeTpPHUH; 1IpelJIoKeHNsl, NPUBOAHMbIE HUXKe, GYIYT YyKe CYLIeCTBEHHO
OTHOCHTBCSI K reoMeTpul Jlo6aueBcKoro.

§ 35. [IBe Hemepecekaiouiyecss npsiMble B npoctpascrse JloGaues-
CKOro, Jiexaiiie B OJHOH IJOCKOCTH, Mbl 6yJeM HazhBaTb napai-
ACABHBIMU WIH pACXOOAMUUMUCA, €CJH B IJIOCKOCTH, Ha KOTOPOH 3TH
NpsiIMble pPacroJIOXKeHbl, OHU SABJISIOTCS COOTBETCTBEHHO MapaJJesib-
HBIMH HJIM PACXOASLIMMUCS COTJIACHO paHee JaHHOMY ONpeJeJeHHIo STUX
NOHATHH B MNJaHMMETPHH.

JIns panbHeiillero CyuleCTBEHHO YCTAHOBHTb TPaH3UTHBHOCTb OT-
HOLUEHHWs MNapajJjielbHOCTH, T. e. YTO ABe NpfAMble, [apaJjJenbHble
TpeTbeil B OJHOM H TOM K€ HalpaBJ/eHHH, NnapaJjiesbHbl Mexay cofoii
B TOM Ke caMoM HamnpaBjenuu. Ceiiuac, eCTeCTBEHHO, NpeICTaBJsieT
HHTCPEC TOJBbKO TOT CJy4ail, KOTAa Bce TPH IPAMble He JeXaT B ORHOIl
IJICCKOCTH, TaK KaK B MJAHUMETPHH 3TO NpeljoXKeHHe HaMd J0Ka3aHO
(teopema V). TpaH3UTHBHOCTL GTHOIUEHMS] MAapasielbHOCTH HENGCCpeA-
CTBCIIHO BBITEK2eT M3 caelyrolleil JieMMbl.

Jemma 1V. [pamas nepecederun 0syx naockocmeil, npoxodsuju
depe3 08e npsamole, NAPANIEAbHbIE 8 HEKOMOPOM HANDABAEHUU, NAPAALEN b
HQ 3MUM NPAMbIM 8 MOM KHce HANPasAeHuU.

JoxasaTedabcTBo. PaccMoTpuM npsamele a U b, Jexamue
B OJROH IJIOCKOCTH Yy M NapajelbHble APYr APYry B HEKOTOPOM Ha-
npaenexuu. Ilyctb GyayT a U f§ 1B MJIOCKOCTH, NPOXOASILIE COOTBET-
CTBEHIIO yepe3 3TH NpsIMblE, H ¢ — NpPAMAas NepecedyeHHs MJIocKocTell
a u B (puc. 48; MbI npeAnonaraeM, 4To IVIOCKOCTH & U f He COBN2aI0T C
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mnockeeTeio ). HykHo pokasate, uro mnpsimas ¢ mapasjeibHa
KaxK/10{1 U3 MPAMBIX @ H b B TOM Xe HanpaB/eHUH, B KAKOM OHH MapaJ-
JieJIbHBL MexXAy co0ofi.

Iloxaxem, Hanpumep, mnapasejabHocTh NpsIMEIX a H ¢. [lpexne
BCEro 5ICHO, YTO MpsIMblE @ H ¢ — He Hepecekalomnecs. B camom jene,
ecid OB 3TH npsMble BCTpeyaluch B Hekoropoil Touke O, TO
Toura O Obuia Gul oflell Toukoil Bcex Tpex miockocreil o, P, y. Ho
TOria M npsaMble @, b umeau 6ul o6y Touky O, 4TO NPOTHEOPEYHT JO-
NYLEHHIO.

BosbMem Tenmeph Ha npsIMOH ¢ TNpOu3BoOJbHYIO Touky C W omy-
ctuM u3 Hee nepneHaukyasp CA va npsmyo a. Orpesok CA cocras-
JISieT ¢ mpsIMOH ¢ JBa CMEXHBLIX YIVIa; OTMETHM H3 HHX TOT, KOTODBIil
PacIOJIOXKEH CO CTOPOHBI 11apasl/ieJIbHOCTH NpsIMOi a K npsmoil b. Bryt-
pH 3TOro yryia yepe3 Touky C MpoBefeM NpPOU3BOJbHBIN YU €. UToOH
yGeIUThCs B MapallyieIbHOCTH NMPSIMBIX € U @, HYXKHO N0Kas3aThb, YTO JyY
¢ BCTPEUaeT NpsamMymo a.

BriGpaB Ha npsmoil b mpousBosbHYIO TOuKy B, paccMOTpuM nosy-

IJIOCKOCTD §, onpefensiemyio npsimoii CB u Jydom ¢. 3ta mnosymnioc-

KOCTb TlepeceyeT MJIOCKOCTb Y N0 HEKOTOpOoMY Jiyuy b, KOTOpLii 6yReT
JieXKaTb BHYTPH YIVIa, COCTABJIEHHOro oTpeskoM BA ¢ HanpaB/ieHueM
napajsjejibHocTH npsiMoii b K npsmoilt a. Tak kak mnpsmble a H b

N0 YCJIOBHIO MapasliesibHbl, TO JIyY b nepeceyer npsamyio a B HEKOTOPOH
Toyke S. Touka S Oyner ofuwed TOYKOH Tpex IJIOCKOCTEH o, 7

u 8. Tlostomy Jyu ¢ JOMKeH BCTPETHTb TpsAMYID @, U JeMMma
JIOKa3aHa.

Teopema XI. [se npamoie, napariesrorole mpemoed 8 00HOM
L MOM Jice HANnpPagAeHUU, NApasiesibrol Mexcly coColi 8 mor die Camom
HanpasaeHuLL.

[JokasarteabcTBo. Jaa Toro ciayuas, KOraa BCe TPH
NpsiMble JieXXaT B ONHOH IJIOCKOCTH, 3Ta TeopeMa [0Ka3aHa Hamil
B § 30. Paccmarpum Tenepb npsmele a, b U ¢, He JexKauiue B OAHOI
miockoctd. Ilycts b u ¢ mapanienbHel IPpSIMOH @ B HEKOTOPOM Halpas-
qaednu. HyxHO f0Ka3aTbh napajnnenbHOCTb NPSAMBIX b U ¢ Mexay coBoi
B TOM 2Ke HalpaBJ/ieHuH, B KAKOM OHH NapaJJiebHbl IPSMOI a.

Jns nokasaTesbCTBA BO3bMEM Ha NPAMOH ¢ KaKy-HUOYIb TOUKY
M u nposeseM yepes 3Ty TOUKY H NpaMyro b miockocTh . Ofosnauum
yepes o IVIGCKOCTb, B KOTOPOH JiexKat npsiMele a 1 ¢. Tak Kak npsiMas b
He JIeZKUT B IUIOCKOCTH @, TO & W B pasauunbl. [lo mpenpinyiuei jgemme
npsiMasi ¢, MO KOTOpPOI mepeceKkaioTcss IIOCKOCTY o H P, napas-
JlebHa TPSMBIM @ ¥ b B TOM HanpaB/JeHHH, B KAKOM OHH MapaJljie/b-
HBl Mexny coboii. Ilpamas ¢, mo yc/ioBuio, napajnenbHa NMPsSMOH a B
aToM Ke HanpasjeHuu. Ho uepes Touky M, Kak Mbl 3HaeM, MOXKeT Npo-
XOLUTb JIMIIb OHA MpAMas, napaJjenblas nPﬂMOﬁ a B OnpejieeHHOM
Hanpas/aeHud. ClenoBaTenblo, NPsiMbie € H ¢ COBNAjaioT, T. €. C €CTh
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npsiMas nepeceyeHusl maockoctell o u ff M, Mo mpeawiAymieMy, mapaji-
JesibHa npamoit b.

Takum o6pasoM, TPaH3UTHBHOCTh OTHOILEHHSI MNAapajlesbHOCTH
J9 TPOCTPaHCTBEHHOH reoMeTpuM JAokasaHa. IIpum sTom obsi3aTesibHO
cJlellyeT HMMeTb B BHAY, YTO HampaBJeHHs NapajebHOCTH paccma-
TPUBaeMbIX NMPSAMBIX JOJ/KHBI COBIAjaTb: IBe MNpsiMble, NMapalljiejbHble
TpeTbeH B Pa3sHLIX HanpaBJeHHAX, HHKOTAA He OYAYT napasJjieslbHbIMH
Ipyr Apyry. 3To Jerko AOKasaTh, eCJd NPUHATb BO BHHMaHHe, UTO
napagJsesbHble TpsiMble HEOrpaHHYeHHO COMMIKAIOTCS B HaNpaBeHUIH
napameNbHoCTH M HEOTPAHMYEHHO PACXOLSITCS B IPOTHBOIONIOMHOM
HanpaBJ/eHHH.

Ilepexonss K pacCMOTpPEeHHIO B3aHMHOIO DPAaCHOJIOMEHHS MPAMEIX I
IJIOCKOCTEH, MBI YKaKeM JIMIIb Ha TPH BO3MOXKHBIX 371eCh Caryuasi.

1. IlpsiMas M MJIOCKOCTb HMEIOT OBLIYIO TOUKY.

2. Tlpsamast napansenbHa CBOeil NMPOEKUWHM Ha TJIOCKOCTL, B 3TOM
cayyae npsiMasi Ha3blBaeTcsl NapasenasbHoll MI0CKOCTH.

3. TlpsiMasi pacxonuTcsl CO CBOeHl MpoeKukKel Ha MJ0CKOCTb; B 3TOM
cJyyae npsMas HasblBaeTCSl pacXoisllelicsl ¢ MJIOCKOCTbIO.

OTMeTHM OfHY TeopeMy, ACKa3aTeJbCTBO KOTOPOH Cpasy Mesayuaercs
u3 Jemuol 1V,

Teopewna XIL Illpamas naparresvua racckocmu, ecru OHa fa-
panierona Kakod-Hubyds npamod, sexcawjed 8 amot naockocmu.

KauecTBernble pPa3jnyus B PACNONOXKEHUH NapasJenbHbiX K IJ1oC-
KOCTH H PacXOJfIIHXCA C MJIOCKOCTBIO NMPSIMBIX YHTaTeJb JIETKO Npej-
CTaBHT CaM, NPHHAB BO BHUMaHHe U3Ji0xKeHHoe B § 32.

PaccMoTpyM Tenepb BO3MOXKHBIE CJyYad B3aHMHOTO PacHOJIOXKeHH:
nncckcereil. Takux caydaes Mbi 6yeM pas/aiuyath TPH.

1-ii cJayuya i [iBe NJICCKOCTH MMEIT o0LIYI0 MPAMYIO.

[Tyctb nutockoct o M P kMeloT obuiyio npamylo a. Toraa, Hanpu-
MEp, B MJIOCKOCTH O Yepe3 NPCH3BOJIbHYIO ee TOUKY MOXKHO MpPOBECTIi
IBe npsMple, napajiyesbHbie B pasHbX HanpasjeHusx npsmoi a. Ce-
riacHo TeopeMe XII stu npamble 6yAyT napasenbHbl MJAOCKOCTH f.
Taxum o6pasom, Ha kaxcdol u3 08Yx nepecekaroujuxca NAOCKOcmel Yepes
KaoicOyro mouKy, He JAeHauylo Ha AURUU nepecedenus, npoxooam 0seg
npaxste, napariesstole 0pyeoll nAOCKOCMLL.

HeTpynHo yctanoBHTb, UTO amoO c80idcmso xapakmepusyem hepece-
raouuecs naockoemu. B camonm Jiesie, MycTh JaHbl 1Be IJIOCKOCTH & U 3
M MyCTb B IVIOCKOCTH Q. Yepe3 HeKOTOpYIo TouKy M npoxoadr jse nps-
IMBIE @, ¥ Q,, apasiienbhble niocxocth B (puc. 49). lokaxeM, 4To mioc-
Koctd o ¥ P nepecexarorcsa. OueBnpHO, NpsiMble a; U @, 06PasyioT ¢
nepneHaukyrspoM MN, onywerHsiM u3 M Ha miockocTb 3, paBHble
OCTPHIE YIVIBI; oOwlasi BesnyuHa 3tux yraoB ¢=II (x), rne x — pau-
va nepnenpukyaapa MN. TlpoeeaeM Temepb B IUIOCKOCTH @ uepe3
Touky M HeKoTopyio NpsMyl0 4 TaK, uToObl OHa MpONIWIA BHYTPH
yI/Ja, KOTOPBIA COCTaBJSAIOT NPSIMEIE @y H Ay, €CIH HX paccMaTpuBaTi
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HanpaBjieHHbIMH B CTOPOHY napajjienbHOCTH. B KkauyectBe mnpamoi
I MOXHO B3fiTb, B YaCTHOCTH, OHCCeKTpuCy 3toro yraa. Ilycrb
OCTPHIl yTOJI, KOTOPBI NpsMasi & cocTapisieTr ¢ orpeskom MN,
pasen . Hs mnpocreitinx coobpakenuit caeayer, uro P << @,

Puc. 49.

T. e, MeHbIle yria napamienshoctd I (x). CrienosatenbHo, npsmas u
JIOJ2KHA Mepeceyb CBO NPOEKLHI0 Ha TJIOCKOCTb 3 B HEKOTOPOH TOuKe,
Kotopass H Oyner ofime# Toukoi muockocth a u f. Orcroma He-
NOCPENCTBEHHO 3aKJ/I04aeM, UTo TJI0-
CKOCTH o U § HMEIOT O6ILYI0 NPSIMYIO,

Taxum o0pasom, noJjyyaem cie-
AYIOULYIO TEOpeMy.

Teopema XIII. [az moeo
umobsl 08¢ NAOCKOCMU NEPeceKanucs,
Heobxo0umo u docmamouro, 4mobot
8 00HOU u3 amux naockocmell uepes3
NPOU3BOALHYID — MOUKY — NpoXoduau
Ose npamole, naparieavtole 0Opyeoi
(puc. 50).

Puc. 50. 2-ft cayuai. e maockoctu

pacnoJjiokeHbl TaK, 4YTO B ORHOH

M3 HUX Yepe3 HEKOTOPYIO TOYKY NPOXOAUT TOUHO ONHA nNpsMasi, napadf-

JiellbHasl APYrod IUVIOCKOCTH; B 3TOM CJlyyae IJIOCKOCTH Ha3bIBAIOTCS
napasnesbHoLmu.

Ilpexxae Bcero fCHO, 4TO NMPH BLICKA3aHHOM YC/IOBHH TJIOCKOCTH
He MOTYT MMeTb OOLLHX TOYeK, T. €, He MOTYT OuiTh MepeceKaioLiu uues,
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TaK KaK B IPOTHBHOM CJiyyae B JIOGOH H3 HUX YePE3 KAXKAYI0 TOUKY Npo-
xoauau 6bl ABe MpsiMbie, napaJJiefbHble IPYroi.

Hasee, ecin 1aHbl iB€ MIOCKOCTH ¢ H 8 M €C/1M B IJIOCKOCTH & yepe3
TOYKy M mNpPOXOAHT TOYHO OAHA TNpAMas a, MNapaJjejbHas IJIOC-
KOCTH P, HHaue roBopsi, napaJjenbHas CBOeH NMPOEKLUHH a’ Ha IIIOC-
KOCTb 8, TO B MJIOCKOCTH o Yepe3 Kax 0yt TOUKY NMPOXOIHT TOYHO OAHZ
npsiMasi, napajjenbHasi maockocti P. [efcTBuTenbHO, B mJIOC-
KOCTH « uYepe3 KaxJAyl0 TOYKY MOXKHO TPOBECTH MNpSAMYIO, napan-
JIeNIbHYI0 NPSIMOH @, B TOM e HanpaBJ/ieHHH, B KAKOM OHa napaJJelb-
Ha npswmoil a’. [To Teopeme XI, mpoBeieHHast npamasi napanjenbHa
npsimoii @', a no Teopeme X1I — oHa B 3TOM ciyuae napaJesnbHa naoc-
KoctH f.

Jlpyrofi npsiMoii, NpoXoasiell B MJIOCKOCTH o Yepe3 Ty KC TOUKY H
napajiJieJbHOi IMJIOCKOCTH f§, HeT, WHaue napaJJesbHasi el npsmas,
npoxojsiuias yepe3 M, no TeM e OCHOBAaHHAM Oblia Obl Mapajic/ablia
niiockoctd f M BMecTe ¢ TeM oTiMYasack Obl OT NpPSIMOA @, 4TO,
110 MPeANoJIOKEHHIO, HEBO3MOXKHO.

Puc. 5l1.

Takum o06pa3oM, IIGCKOCTb O TIOKPhITA CEMEfCTBOM TpSIMBIX,
napajnsenbhbelx niaockoctd B. He cocraBusio 6bl Tpyna mokasartb, YTo
IUVIOCKOCTb § B CBOIO OYCpeAb IOKpPbITA CEMEHCTBOM HPAMbIX, Mapai-
JeJbHbIX mockocTd o (puc. 51).

OueBnaHo, o6e MJIOCKOCTH HEOTpaHHYEHHO COJHXKAIOTCSI B Hampas-
JIeHHH TNapaJJieIbHOCTH NPAMBIX YKa3aHHbIX CeMeHCTB.

3-fi csyuaii. [IBe MIGCKOCTH pacmosioxeHbl TaK, YTO HH OIHa
M3 HHX He COMePXKHT NPSIMbIX, NapaJjjeNbHblX APYToi; B 5TOM Ciayyae
IUIOCKOCTH Ha3bIBAIOTCS PACXOOAULUMUCA.

IBe pacxoasuivecs: IIIOCKOCTH BCErja MMEIOT Of{H OOUIHil mepreH-
JUKyJasip, H 00parTHO, INIOCKOCTH, NEPNeHJMKYJspHble K OAHOA
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NpsIMOf, SBNSIOTCS PACXOAAUWMMHUCS. Pacxoasinyecs IOCKOCTH NI BCeM
HanpaBJeHusM OT O0ILero nepresHKy/isipa HEOrPaHHUEHHO YHAJISI0TCS
Jpyr or j1pyra (orciona HasBaHHe — pacxoasimuecsi). OcraHaBiju-
BaThCsl HA JI0KA3aTeNLCTBE NMOCJEAH X VTBEPIKICHUHA ML He OyIeM,— HX
JIETKO TIPOBEJeT B BUZE YIPaX<HeHUH caM YUTaTenRb.

Tpu ciyyasa B32UMHOIO PACHGJOKEHHS TJOCKOCTEH MOXHO XOpOUIO
YACHHTb ce6e NP IOMOIIH CJEIYIOUEro pacCMOTPEHHS.

ITyctb oy — HekoTOpasi MIOCKOCTh, A — He Jiexallas Ha Hell Touka.
Onycrum u3 Touku A Ha MJIOCKOCTb o, nepneHiukyasip AP u npose-
JieM, KpoMe TOro, yepe3 Touky A BCeBO3MOXKHBE NpfMble, HapaJJefb-
Hble TIIOCKOCTH ¢,. Bce oHu HaxjoHekbl K AP NOX OfHMM yrjoM, pab-
BbiM I (AP), u nostomy o8pasyioT Kpyroeo#f kKonyc K C 0OCbio
AP (puc. 52).

Pic. 52.

Ilnockocte, mpoxoasmas uepes A M mepecekawmas KoHyc K
1o JBYM OOpa3yiomlkM, COAePHKHT AZe nmpsiMble, npoxoasiuue yepes A
W napajijebHble IIGCKOCTH ¢ (HMEeHHO 3TH ofpasyiouiue). Takas mio-
CKOCTb NEPECEKAeTCH C MJIOCKOCTLIO oy (Ha pHC. 52 naockocTh @), [1ps-
Masi ee MepeceueHus ¢ MJIOCKOCTLIO o, BHAHA W3 TOYKH A noj yriow,
KOTOPBIH COCTAB/ISIIOT YIIOMsIHYTole ABe ofpasyouue Konyca K.

[Tnockocts, npoxoasuias yepes Touky A U kacawuwasics kouyca K
BIOJIb HEKOTOPOH o6pasyloliefi, CONePKUT TONbKO OJHY MPAMYIO, NpC-
xoiamyio uepes A U napa/ieNbHYI IVIOCKOCTH @, (00pasylolyis
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TIPUKOCHOBEHHs). DTa IVIOCKOCTh NapasjiefbHa ¢, (Ha puc. 52 mioc-
KOCTb Qs).

Hakonen, nsockocTb, npoxopsinasi yepe3 Touky A H He comepxa-
1aa Hu ofHoi obpasyioumell KoHyca K, He uMeeT NpfAMBIX, NapajJenb-
HBIX MJIOCKOCTH @, 3Ta MJIOCKCCTh C MJOCKOCTBIO O, pacxopurcs (Ha
pHC. 52 HJIOCKOCTH OLy).

OTmeTuM OHY TeopeMy, KOTOpasi HaM TMOHajo0HTCA B Oalb-
HeHueM.

Teopema XIV. Ecau Oanst nacckocms u napasresvras el nps-
MAs, MO CYWecmsyem Mmo4Ho 00HA NAOCKOCHb, NPOXCOAUAA 4epe3 smy
NPAMYIO U He nepeceKkaiow,as OGHHOU NAOCKOCMU.

JoxkasatesabcTBo. O6G03HaYHM JaHHBIE NPAMYI0 H IJIOC-
KOCTb COOTBETCTBEHHO GYKBaMu a U o.. Bo3bMeM Ha npsIMoil @ MPOH3BOJIb-
HYl0 TOuKy A W TpoBeeM uepe3 Hee BCEBO3MOXKHLIE MNpsMBbIE,
napaJ;iesibHble mockoctd o. OHU cocTaBAT KpYrosoit KOHYc K ¢ Bep-
WIKMHOH B Touke A.

Ecnun nnockocth, NMpoxojdiuiasi yepes NpsIMyI0 @, He IepeceKaeT
MJIOCKOCTH O, TO OHA He MOXeT COAepXKaTb JABYX 0OpasyIOLMX KOHY-
ca M, cjeloBaTe/lbHO, NO/KHA KacaTbCs ero BAOJbL oOpasyiowed a.
Ho uepes Bcsikyio o6pa3syioliyo KpyroBoro KOHyca NpQXOAHT TOYHO O
Ha KacaTejJibHasi IUIOCKOCTb, OTKYNa H DBHITEKAeT CIPaBelIMBOCTh
TEOPEMBI.

Ha 3ToM MBI 3aKOHUYHM TNpOBENEHHBIH, HauWHaa c § 28, o63op Ha-
YaJIbHBIX TONOXKEHHUI TeOpUH napaJsnesbHbiX JlobaueBcKoro.

HecmoTpsi Ha cBoeoOpa3ue 5TOH TeopuH, B TOM, UTO ObLIO
M3JI02KEHO, MOXKHO HAHTH MHOTO CXOAHOTO C TeopueH mnapaJJiesbHblX
y Esxkanna.

B caenyiomeM pasjene Mbl H3YYUM Pl BaxHBIX 0Gpa3oB recmer-
puu Jlo6aueBCKOro, KOTOPHIM B TreoMeTpud EBKJIHIA aHANIOrOB HeT
COBCEM.

5. OJKBHAKCTAHTa H CPHLHKJ

§ 36. B Hacrosimem pasjesie peub GyZeT WATH O HEKOTOPLIX KPHUBBIX,
XapakTepHbIX [/ HEEeBKJIHIOBOH reoMerpuu. Mbl nopoiifieM K HX
ornpejesieHu0, pacCMaTpUBasi OCHOBHbIE BHAbl IBHKEHUH IJ1OCKOCTH
Jlo6aueBckoro no camoit ceGe.

B xomnue § 19 mMul Jokaszaju, UTO KaKIoc ABHIKCHHE (GUTYPBHI MOXKHO
COCTaBHTb H3 CIBHIa NO NPSAMOH M BpalueHHs BOKPYr Touku. IIpu 3tom
JiBHKeHHE ObIIO ONpeieIeHO KaK NOCTPoeHHe 1o AaHHOH (urype Apyroii
¢urypel, el KOHrpysHTHOH. Pasinuus Mexay COOGCTBEHHO KOHIDYIHT-
HEIMH M B3aHMHO 3epKa/lbHBIMH purypamu He jenajnocb. Ecau paccmar-
pUBaTh JMIIb NepeMelleHnss B NPSIMOM CMBIC/IE STOrO CJIOBa, T. €. €C/H
HCKJ/IOYHTbL 3epKaJjibHble OTPa)KeHus QHUryp, TO MOXKHO BBHICKa3aTh
TeopeMmy, ropasfo Oosee CHIBHYIO, 4eM Ta, KOTOPYIO Mbl ceHuac
yTNOMUHAJH,
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Taxk, B eBKIUIOBOI NJAHHMETPHM HMeEET MeCTO CJelylouiasi Teope-
Ma (B KHHEMaTHKe OHa XOpOLUO M3BeCTHa NOJA Ha3BaHHeM TeopeMbl [la-
nambepa). '

Kaxcdoe Osudcerue ueyper (uau 6celd naockocmu) npedcmagisem
coboti 2ub0 8paujeHue 80Kpye MoKk, AL60 cosue no npAmoL.

HHaue roeopsi, BpalleHHE M CABHT HE TOJbKO IO3BOJSIOT MyTeM
HX COYeTaHHs MOJAYYUTb Jw00oe ABHXKEHHE, HO SIBASIIOTCS JaKe efHH-
CTBEHHO BO3MOXHBIMU BUAAMH €BKJIUJOBLIX ABHXKEHM.

Byzem paccmatpuBarh ceiiuac Bpauleldsi €BKJMJOBOH IJIOCKOCTH
Boxpyr Hexoropoit Toukd O. O603HauuM GYKBOH R NPOH3BOJNBHYIO OK-
pyxHocTh ¢ nentpoM O. Ilpu BpameHuu miockocTd Bokpyr O Bce
TOYKH OKDYXKHOCTH kK mnepemeLlaloTcsi, HO OCTalOTC Ha 3TOH Ke
OKpyXHocTH. TakuM 06pa3oM, OKPYXKHOCTb B LEJOM He MeHsieT
CBOErO TMOJIOXKEHHS Ha IUIOCKOCTH, a KaK Obl CKOJIB3MT 1O CaMoit
cebe.

JIuHu0, KOTOpasi NPH HEKOTOPOM JABHIKEHHMH MJOCKOCTH COXPaHseT
CBOe I10JI0XKeHue, MbI 6y)J,€M Ba3bIBaThb uneapuaumuo[l OTHOCHTEJIbHO
STOTO BHXKEHHS.

OueBHIHO, KOHLEHTPHYECKHE OKDYXKHOCTH € oOWHM ueHTpoM O
UHBAapHAHTHBl OTHOCHTEbHO BCeX BpauleHuii Boxpyr O.

Ecnn coBepwaioTesi CABHIM €BKJHIOBOH IJIOCKOCTH NO KaKOMH-HH-
6yab npaMof u, TO MHBAPHAHTHBIMU JIHHUAMH OGYyAyT NpsiMble, napad-
JAeqbHble 4. B nnanuMerpun Jlo6aueBCKOro CYIIECTBYET TPU OCHOBHBIX
BEHJlAa JBUXKEHHII:

1. Bpam.eﬂue BOKPYI' TOYKH: KpPHBbIMH, HHBAPUAHTHBIMH OTIOCH-
TeJIbHO BCEX BpallleHUH BOKPYT onHol Touku O, B nianumerpuu JloGa-
UeBCKOro, Kak M B IVIaHMMeTpuH EBKiKza, SIBJASIOTCA OKPYXKHOCTH C
uenrpom O.

2. CaBur no npAMOfi: JHUHMH, WHBADHAHTHBIE OTHOCHTENBHO BCEX
CIABUIOB MO OJHOH RpsAMOH u, B mJjaHumeTpuu Jlofauesckoro He siB-
JISIOTCS TIPSIMBIMH, Kak B ciayuyae EBknupa, a npeacrapisitoT cofoil oco-
6ble KpHBbIE, Ha3blBaeMble SK8UOUCMARMAMU.

DKBHANCTAHTA €CTh FeOMETPHUYECKOe MECTO TOYEK, PACO/OXKEHHBIX
PO OIHY CTOPOHY OT NpSIMOH 4 Ha OJNMHAKOBLIX PACCTOSIHHUSIX OT Hee.
IMpamass u HasbiBaercsi 6a30ii SKBUAUCTAHTHI, BEJIHYHHA pPACCTOSIHUSA
h — evicomoii. Kaxkayio IpsiMylo, OYeBHJHO, MOXKHO pacCMaTpHBaThb
KaK SKBHIHCTaHTy C BbicoTOH A = 0.

To, YTO 3KBHAMCTAHTHl WHBAPHAHTHBI OTHOCHTEJIBHO CIBHIOB, YC-
MaTpHBaeTCsi HenocpeACTEeHHO. B camom nene, mpu cIBHIe MJIOCKOCTH
1o NPAMOMH u KaXKAas TOUKa SKBUAHCTaHTH ¢ 6a30ii ¢ mepemMeltaercs Tak,
4TO ee pacCTOsSiHHEe OT u ocTaercs HeuaMeHHbIM. CienoBartesibHO, 3Ta
TOYKa BCe BpeMsl OCTaeTCsl Ha 3KBUINCTaHTE H, 3HAYUT, IKBHAUCTANTA B
LeJIOM He MEHSIET CBOErO MOJIOXKEHHS.

Jlerko yGennTbCsi TakXKe, YTO SKBHAMCTAHTLI CYyThb KPUBLIE JIMHHH,
Eonee Toro, epra cnenyouas Teopema,
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Kaxcdas npamas umeem ¢ axsuducmanmoti e Gosee 08yx 006ujux
mouex.

[oka3aTe/bCTBO NMPOBOAMTCS B ABYX c/1oBax. JlonycTum, UTO HEKO-
TOpasi NpsiMasi MMeeT C SKBUAUCTAHTOH Tpu obiiue touku A, B, C, ko-
TOpble COO3HaueHsl Tak, uTo B jexut mexay A u C. Eciu A’, B', C'—
npoekunu touek A, B, C Ha 6a3y, TO COTJIacHO ONpeje/eHHI0 SKBHIHU-
crauthl yethipexyronbHuke ABB’A’ w BCC'B’ cyTb 4eTbipexyrosb-
nukd Cakkepu (uGo orpesku AA’, BB’ u CC’ paBHbl Mex1y co-
6oil). Tak kak B reomerpuu JIo6aueBCKOTO OCYLIECTBJISETCS THIO-
Tesa octporo yrsia Cakkepu, To cymma yrao3 ABB' u B'BC wmeHbw2
nByx npsambix. Ho mnockonbxy Touku A, B, C Haxoisitcs B NpsMO-
JITHEHIHOM pacClO/NOKEHUH, CyMMa 3THUX zKe YIVIOB JIOJI:KHA ObITb paB-
HOW  1AByM npsMbiM. [losyueHHoe  mpoTHBOpeuHe  JOKa3hlBaeT
TeopeMmy.

3. TpeTnit 3 OCHOBHBIX BHJOB ABHXKEeHUS IJIOCKoCTH Jlob6avueBcKkoro
110 camoi ce6e MOXKeT ObITb Ha3BaH BpaILeHHEM BOKPYT 6eCKOHe4Ho yna-
JIEHHOH TOUKH.

YUTo6bl JOCTATOYHO SICHO OMHCATh 3TOT BHJ NBHIKEHHS, HaM NOTpe-
GYIOTCSl 1B TEOPEeMbl O «CeKYIIMX PaBHOTO HaKJ/OHAay.

§ 37. Otpe3ok AB, KOHILI KOTOPOrO HaxoAsTCs HA NPSIMBIX a H b,
Ha3blBaeTCsl CeKylled PaBHOTO HAKJIOHA K NpSMbIM @, b, ecad oH co-
CTaBJISIET C HUMH paBHble BHYTPEHHUE ONHOCTOPOHHUE VIbI *),

Teopema XV. Kakosot 6vt Hu Goiau Ose naparisessHole npsamoie,
depe3 Kaxcoyro mouky A0l U3 HUX MOJCHO NPOBECIU K HUM HIOHHO 00RHY
CeKyLYI0 PasHO20 HAKAOHA.

HoxkaszatenabcTsBo. [lyctb a u b — npoussosbHLIE OPsIMbIE;
o6o3HauuM uyepe3 S KaKyl-HHOYAb TOUKY, OIHHAKOBO yIajJeHHYIO OT
NpsAMbiX @ U b (CyLIeCTBOBAHHE TaKOil TOUKM ycTaHOBJeHO Hamu B § 30
B npoiiecce JoKa3aTesbcTBa Teopemsl 1V), u onycrum u3 S Ha st nps-
mble nepneHanKyaspel SP u S Q. I1poBeaeM, hanee, GUCCEKTPHCY yrJia
PS Q, xoropyto ofosuayum O6ykBoii g. [Ipsnibie @ 1 b cHMMETpPHYHBI OT-
HocuteabHo g. [lostomy ecam A ecTb NpOU3BOJILHO 3ajaHHas
TOYKAa MpPsIMOH @, TO CUMMETpPUYHAsA el OTHOCHTENbHO g Touka B
Oynet nexath Ha npsaMoil b. [Ipsamas AB u siBasercs cekyulell paBHOro
HakJIOHA K NpsatbM a U b. JIerko BuAeTb, YTO APYTroi CEKylIeH paBHOIo
HakJ/OHa, npoxoiaueil uepes A, He cymectsyer. B camom neite, ecau Mbl
noBepHeM npsimyto AB BOKpPYr TOUku A, TO OZWH H3 IBYX YIVIOB, KO-
TOpBIE OHA COCTaB/IfET C MPSIMBIMH @, b, yMeHbwUTCH, APYrod yBeJu-
YWTCS, M, TaKUM 0Opa3oM, NOBEPHYTAask MpsMas yxKe He MOXKET ObiTh
CeKylleil paBHOro HakKJIOHA.

Teopewma XVI. llyemv danvt Ha niockocmu mpu nparmeie a,
b, ¢, napanserotivie mexcOy coboli 8 KoKOM-HUOYOb HANPaBAEHUL U NPOXO-

*) Cerywas paBHOTO HakJIOHa yxe BcTpeuanach B § 30. Celiyac Ham ynoGhee
Ha3BaTb TaK He NMpPSMYIO, a OTPe30K,
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Osugue coomeememesnto ueped mouxu A, B, C. Toe0a, ecau AB ecmo ce-
KYWyas pasHozo HakioHa K npamein a u b, BC — cexyujan pasrozo na-
KA0Ha K npameim b u ¢, mo AC asasemcs cexyuell pasHoz0 HAKA0HA K

npamoimM a u cC.
[peanosioXuM cHayala, YTo NpsMas b JIGKHT MEXKAY NPAMEIMH
au c (puc. 53). OfosHaunum uepe3 p U ¢ NEPNEHAMKYJIADHI K Cepelu-
Ham cropoH AB u BC Tpe-

/‘T yronpHuka ABC u uepes P u
a_— / \\I\g - @Q — TOYKM HX NepeceyeHust co
; ¢ croponoit AC.

Tak kak Touxa P Jexur

BHe MOJIOCHI IJIOCKOCTH, Orpa-

HHYEHHOM npsiMbiMH b H ¢, TO
/e /PBC 6Gonvwe PCB. Or-
clofa caenyer, 4To oTpe3ok PB
MeHblie oTpeska PC; HO PB =

Puc. B3. = AP, caenoBateqbHo, AP

Mmenbiie PC. AHajoruuHo pac-

cyxaas, HaiigeM, yto CQ menvme QA. Beuay atoro cepenuHa S cro-
poubl AC nexuT Mexny Toukamu P u Q.

3amerum Tenepb, YTO MNpsiMasi p nmapaaeJbHa MOPIMBM
a v b B TOM XKe HanpaBJeHHH, B KAKOM OHU NapajjiesbHbl MEXIY CO-
Goit. B camoM jene, npsMasi p He MOMXeET Nepeceub KaKylO-HHUOYIb M3
npsiMbiX @ 1 b: ecsu 6ol clla nepecexaa, HanmpHMep, MpAMYIO @, TO BBULY
CUMMETPUH NpPAMBIX @ H D OTHOCHUTEJNBHO p uepe3 TOYKY mepece-
YyeHus1 Jo/kHa Obna Obl npoiity M npsiMass b. Takum oGpasowm,
npsAMble @ U b nmesu OB OOLYIO TOUYKY, YTO MCKJIOUYEHO YCJIo-
BHeM MX mnapajsenbHocTH. C Ipyroiff CTOPOHEI, NpsMasi p He MOXKeT
OBIThL pacXoislleics ¢ KaKoH-HUOYAb U3 NPSAMBIX @, b, Tak Kak 3TH npsi-
Mble, OyIyuH napasjenbHEIMH, HeOrDaHHUEHHO COJIMIKAIOTCA B Harmpa-
BJIEHHH MapaJie/lbHOCTH, a MpsiMass p pacnosio’keHa MeXAy HUMH H
TI09TOMYy JOJDKHA COMUMATBCSL € KaXAOH W3 HUX (4ToObl TOYHO
JI0Ka3aTh 3TO OOCTOSITENbCTBO, JOCTATOMHO HCMOJbL30BaTh Jjemmy Il
§ 30). Touno Tak e npsiMasi ¢ mapajJenbHa npsameiM b u c. Takum
ofpasoM, Bce mpsivble a, b, ¢, p, g napanjieabHsl Jpyr APYry (B oxHOM
11anpaBJeHHH).

BoccraBuM Temepb B TOukKe S mepneHIuKyJasip r x cropoxe AC.
Tlpsimast r He MOXKeT nepeceyb Kaxkylo-HUGYAb U3 MpSIMEIX p, ¢. B camowm
jlene, ecau Obl r mepecekja, HanpuMmep, p B Kakoi-HHUOYIb TodKe
O, To 3Ta TOUKa Oblaa Obl LLEHTPOM OIMMCAHHOIO KPyra TPeyrojbHHKa
ABC n uepe3 Touky O B 3TOM cJlyyae JoJKHA Oblia Obl MPOHTH MpsiMast
¢, TOpsMEIe p W g, CaefoBaTe]bHO, HMeIH Obl ofmylo Touky O,
UTO MCKJIOUEHO, TAK KaK OHM NapajulesibHbl. Bhlie Mbl nokasaju, 4to
Touka S sexut mexay P u Q. Otciofa H U3 TONBKO UTO CAENaHHOro 3a-
MCUAHHSA CAefyeT, UTO r HaXOAHTCA MEXKAY p U ¢. A Tak Kak p 1 ¢ na-
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pajsieNibHLl, TO TPsMas r napaijienbHa UM B TOM Ke HanpasJeHuH, B
KaKOM OHM MapaJjyiesibHbl Mexay coGofi. Mrak, Bce uiecth MpsMbIX a,
b, ¢, p, q, r napajnenbHbl APYr APYTy B OXHOM HampasjeHuu. s
HaC CYIeCTBEHHO, YTO NpsMasi r, NepleHJHKyaspHas K oTpesky AC
B €ro cepeiuHe, napajjejbHa NPSIMLIM @ H C: YCTAHOBUB 5TO, Mbl (hak-
THYECKHM 3aBEPILUU/IN J0Ka3aTeJbCTBO Teopenmbl. [leficTBUTENBHO, OTCIONA
ClIeLyeT, YTO KaxIbli# M3 OCTPHIX YIVIOB, KOTODhE COCTaBJSIOT C OT-

AC
peskoM AC npsimbie a v ¢, paBed I1 =5~ ) H, C/IeJOBATENBHO, STH YIVIH

PaBHBI MeX1y coSoi.

Vinaue rosopsi, AC ecTb CeKyluasi paBHOTO HAKJOHA K NPSIMBIM a U C.

Tenepb HY»KHO pPacCMOTPeThb C/Iy4ail, KOrAa npsmMas b He HaXOMUTCS
MexXAy a U C.

[lycte AB u BC — cexyline paBHOrO HaKJIOHA K COOTBETCTBYIOUIHM
npsaMbid, Jonyctum, uto AC He Oyner cexylieil paBHOrO HaKJIOHa K
npameiM @ U ¢. Kakas-HHGYIb M3 Tpex NpsMBIX @, b, ¢ pacnosiokeHa
MEXKIY JBYMA JIPYTHMH; €CJIM 5TO OyJeT, HanpuMep, NpsMast @, TO Mbi
npoeejieM yepes Touky A cekyumylo paBroro Haxaona AC’ K npsiMbiM
a u c. CoryiacHo npeasiayimeMy BC’' sBasieTca cexyiueidl paBHOTO HaKJO-
Ha K npaMbIM b H ¢, a, no yeaosuio, BC ecThb cexyiias paBHOTO HaKJOHA
K 9TuM ke npsimbiM. [loayuaercss npotnsopeune ¢ Teopemoit XV.

§ 38. Temepb Mbl onpeneauM, YTO MOHHMAETCSl MOJ BpalleHHEM BO-
Kpyr OeCKOHEUHO yAaJeIlHOH TOUKH.

[TycTh maHa cucTeMa BCEBO3MOXKHBIX NPSIMBIX, MapasrelNbHBIX APYT
Ipyry B OJHOM HampasJjieHuH. Bynem BooCpa:xaTh 3TH NPSIMBIE CXOst-
LIMMHCS B HanpaBJeHHH UX MapasJesbHOCTH B GeCKOHEUHO YAaNeHHOMN
Touxke O, (roBopsl 0 6ECKOHEUHO YAAJNEHHOH TOYKE, MbI TOJBKO BBOALM
yICOHBIH /I HAac TePMHH, KOTODHIH 1O CyLlecTBY He 00603HayaeT yero-
anGo Ipyroro, Kpome 3ajaHHOiH CHCTEMb! NMPAMBIX).

Bpawenuen BOXpyr OecKOHeuHO ynaneHHOH Touku O, MBI Hasml-
BaeM TaKoe JBHKEHHEe IJIOCKOCTH IO camoil cebe, IPH KOTOPOM Kakasi-
HHOYZAb NpAMas @ 3aJaHHOH CHCTeMbl COBMELIAeTCA € KaKOH-HUGYA
Ipyrcit mpsiMoil @’ 9Tof cHcTeMbl (TaK 4YTo @’ mapasielbHa @) H HeKOoTo-
past Touka A npaAMoH a mepemewiaercst B Touky A’ npsivoii @’ Tak, uro
orpesok AA’ sBisieTcs CeKyllefl PaBHCrO HaK/OHA K NPAMBIM @ U @’
(ecnenctBue TeopeMbl XV nonoxkenune Touku A’ Ha npamoit @’ BnosHe
OIpesiesieTcs nooXeHueM ToUKH A Ha npsiMoii a); KpoMe Toro, Mbi Gy-
IeM MpeAnosnaraTb, YTO Ta INOJYIJIOCKOCTb OTHOCHTENBHO NPSMOi a,
B KOTODOJ HEeT NpsiMoii @', HamaraeTcst Ha Ty OJYMJIOCKOCTh OTHOCHTEJ L-
HO npsMol @', The JexuT npamasa a. Ilpu stom

a) kaxdan Opyeas mouka npamod a emecme ¢ mou, 8 KaKywo oHa ne-
pemeliaemcs, onpedeasem CeKywyyio PasHO20 KAKAOHA K NPAMbIM
aua;

6) kaxcoan npamas b OanHOi cucmenst, nepemewjascy, cognadaem ¢
npastol b" amod xe cucmenmot (max umo b’ napaaseavra b), u coomsems=
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CMBeHHble NPl HAAOXCCHUW MOYKU npambix b u b’ sasasiomes konyamu
CeKYWUX PABHO2O HAKAOHA K 3MUM NPAMbIM.
JloKa3aTeAbCTBO yTBepXIeHMa a) oueBHAHO. B camom jpene,
ecin  A,— nponsBoJbHas Touka npsiMoil a, A;— Touka Ha 1ps-
- Mofi @', B KoTOpYlO nepemelnaercsi Touka A,,
To AA,= A’A| (puc. 54). IlosTomy TOuKH
4 A1 u A pacnonoxenbl CHMMETPHUHO OTHO-
CHTEJILHO neprneHAHkyJasipa K orpesky AA’
B €ro cepejuHe (HANOMIKM YHTATENIO, YTO
AA’ ecTb cexymasi paBHOro HakJoHa K Nps-
MbiM @ B @'). M3 cuMmerpuuHocTH pacmnogio-
JKEHHs NpsMbIX d, @’ ¥ Touek A, u A) or-
HIOCUTENBHO ~ YKa3aHHOI'G MNepleHAHKyJsipa
ciaenyer, utro A;A} ecTb cekyuias pasloro
HakjJoHA K npsiMeiM @ U a’. TeM caMbiM yT-
BepK/eHHe a) A0Ka3aHo.
of JlokasarenbcTBOo  yTBepxieHHs 6) He-
Puc. 54. MHOTIO cJjoxHee. BpejileM npexie Bcero Heko-
Topbrle ofo3HaueHusi. KMeHHo, 0603HaAUMM
uepe3 | Ty MosymioCKOCTb OTHOCHTEJNBHO NMPSIMOH @, B KOTOPOiHl Her
npsiMoit @', u uepe3 Il — nApyryo uoayniockocrTb; 0603HayuM, nasee,
yepe3 I’ Ty MosymiIocKoCTb OTHOCHTEABHO NMPSAMOH a’, B KOTOPOH Jie-
XHT npsiMast @, AOMOJHUTENb-
BYI0 K Hell NOoAymWIOCKOCTb 4
obozHauum vyepes II'. Tlpu 5
paccMaTpHUBaeMOM  JIBUXKEHHH
IVIOCKOCTH MO camoi cebe nps-
Masi a Hajaraercss Ha nps-
Myio @', nonynaockoets [ —mna  p
noaymjockocts 1, u nonynao- '
ckoctb Il — na  moaynaocc-
kocth  [I”. BosbMeM Tenepb
B JAHHOI CHCTeMe IipsIMbIX Ka-

'
1
]
|

Kylo-HHOyab npsiMyio b, Ha- b @ Ty /
npumep, B Noaymiaockoctd . a’
ITposenem u3 Touku A ceky- Puc. 55.

IYI0 PABHOTO HAKJOHA K Opf-
MbIM @ ¥ b; mycTe B — konew aToill cexymei (puc. 53). Iloctponm Tou-
Ky, B KOTODPYIO JoJkHA nepemecTuthcd Touka B. C 3Toil uenbo
u3 touku A’ B nosynaockoctd 1’ mposereM oTpesok, paBHbifi AB
¥ COCTaB/AIOIMI ¢ mnpsMoid @' TaKoOH Xe Yroj, Kakod COCTaB-
Jaser ¢ npsamoil a orpesok AB (yrabl GepeM CO CTOPOHBI mapas-
JIEJIbHOCTH MPSIMBIX  JAHHOH CHCTeMbl); KOHel IIPOBEEHHOI0 OT-
peska o6osHauuM uepes B’. OueBunHo, B’ n ectb Ta Touka, B
KoTopylo nepemeliaercsi touka B. ITposezem, Hakouel, uepes TOUKY
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B’ npsmyio b' Tak, utoBbl oHa cocraBasaa ¢ orpeskoM A’B’ takoii xe
yros, Kakoil nmpsivasi b cocrapisier ¢ orpeskom AB. OueBuano, b’ ectb
npsiMasi, Ha KOTOpyio Hajaraercs npsiMas b. [lanee, sicHo, uto A’B'—
CeKyllasi paBHOTO HaKJ/IOHA K NpsMbeIM a’, b’, Tak Kak AB — cekymas
PaBHOrO HaKJOHA K NpsMbIM a, b.

slcro Takxke, uto npsivas b’ napanienbHa npsiMoii @’ (B 3aiaHHOM
HanpasJieHHy), Tak Kak b napansienbha a. CnefoBarenbHo, b’ npuna-
JIEXKHT JIAHHOH cucTeme npsivbix. Jlokaxem tenepb, uto BB’ ecTb ceky-
1asi paBHOrO HakKJOHa K mpsivbiM b, b'; 310 cnenyer u3 Teopembl XVI.
B cawmom nene, tak kak AA’— cekyliasi paBHOIO HaKJIOHAa K MPSIMbIM
a, @ u A’'B’— cexymas paBHOro HakJ/JoHa K npsiMbiM a’, b, To, no
teopeme XVI, AB’ ectb cekyuiasi paBHOTO Hak/JOHA K MpsiMbIM a, b'.
Ho AB — cexyuwasi paBHOTrO HaKJIOHA K NpSIMBIM @, b; caepoBartenbHo,
no Ttoit ke teopeme XVI, BB’ siBnsercst cekylleil paBHOrO Hak/oHa K
npsmei b, b'. Tlycrs Tenepp B,— mio6asi Touka npsmoit b, Bi— co-
OTBETCTBYIOLLAS el PH HaJIOKEeHWH TOUKa Ha npsamoil b’. Torna BB, =
= B’B;; orcioga cjaenyer, uto B,B; Takxe siB/sieTCs CEKYIUEH paB-
HOTO HAKJOHA K MPSIMBIM b U b’ (CM. JOKa3aTeJbCTBO NPEJIOKEHHS a)).

Tem campiM yTBepKIeHHe 6) 10Ka3aHO.

Tenepob Jierko mNoOHsITh, NCUEMY pacCMaTpHBAaeMblil BHJ JBHKEHHUS
NJIOCKOCTH MO camoli ce6e Mbl Ha3biBaeM BpalleHHeM BOKPYT GeCKOHeu-
HO ynaJjentioif Touku. Jlejo B ToM, YyTo eciH B — npou3Bo/ibHAsK TOUKA,
B’— Touka, B KOTOpPYIO OHa MepemellaeTcs MPH 3TOM JBHMKEHHH, TO
Geckoneulblit «Tpeyroasiuky BB'O_ (T. e. ¢urypa, cocraBieHHas 13
orpeska BB’ 1 snyucii, KOTOpLIE HCXOAAT U3 Touek B, B’ B HanpaBJjeHuu
napajJsiesbHOCTH JaHHOH CHCTeMbl NPSIMBIX) CXOJEH C OOGBIKHOBEHHBIM
paBHOGEIPEHHBIM TpeyroibHuKoM. CXOACTBO 3aK/io4yaeTcss B TOM, YTO
cTopona BB’ cocrapisier paBHbie Ykl co «ctoponamu» BO, u B'O,.

Takum ofpasoM, OecKCHeuHo ynasnexHass Touka O, B H3BECTHOM
CMbIC/Ie aHAJIOTHYHA LEHTPY OObLIKHOBEHHOrO BpalleHus.

Jlunuy, WHBApUAHTHbIE OTHOCHTENbHO BpalleHHH BOKpPyr OecKo-
Heuno yhaneHHod Touku, JloSaueBckuil HasblBan opuyuxkiamu, WIH
npedesvbHbIMU KpYeamu.

Mpbl ykaxeM cefiuac crnecod NOCTPOEHHs] 3THX JIMHHUIT U TeM CaMbiM
YCTaHOBHM HX CYLLeCTBOBaHHeE.

[Tycts naHa cucTeMa BCEBO3MOXMHBIX MPSIMBbIX, NapajebHbiX APYT
JApYry B OHOM HanpaBaeHHH. Bo3bneM 13 3To#l cHcTeMbl KaKylo-HHGYAb
npsiMyio a 1 Ha Heil Touky A (puc. 56). [IpoBeaem u3 Touku A cekyiyio
paBHOro HaKJ0Ha K NPSIMOH a M NPOHM3BOJBHON APYroii npsAMON m AaH-
Ho# cucrembl. KoHel 3Toil cekyllel, pacnosoXeHHLIH Ha npsMoil m,
o6osnauum GykBoil M. CornacHo teopeMe XV ykasaHHOe NOCTpOeHHE
TOYKH M OINHO3HAYHO BHINOJHHUMO.

Bynem Teneph nepememiatb NpsAMYIO /1, He BbIBOAsI ee, OJHAKO, U3
paccMaTpuBaeMoil CHCTEMBI NPSIMEIX, T. €. COXPaHss ee NapaJjJejbHCCTh
npsiMoii a.
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Ilpu sToM TOuka M omuIueT BIONHE ONpEeAJICHHYO JIHIIHIO, KOTOpast
U SIBJAAETCH OPHILMKIOM.

Iuaue roBops, opuyuka ecmo ecomempuieckoe Mecino KOHYO08 CeKy-
LUK pasroeo HAKAOHO, nposedentsix u3 Hekomopold mouky A npamol a
K NpAMbiM, RAPAANSAbHOLM el 8 orpzOererinom Hanpasaeruu. Cama
TCYKa A TakKe CYMTAETCsT TOUKOH OPHUIHKIA.

TTockonpKy mnpsiMas a, OyAyYd 3aJalHOH, ONDeAeJsieT CHCTEMY
NpAMBIX, NapanjaeLHLIX el B OMNpeAC/ICEHHOM HamnpasJ/JieHUWH, TO, Oue-
BHJHO, 3a0anuem mourku A u Hanpasienrol npamoil a, komopyio met Oy-
et HadbiBams 0CHI0, CPULUKA BROAtE 0ripedeneH.

Puc. &6

Msbl KOMKHBI 10KAa3aTh, YTO CPHLMKJ, NOCTPOEHHE KOTOPOTO ceff~
yac ObWIO OmHucako, AEHCTBUTENLHO ©OJafaeT CBOHCTBOM HHBAPHAHT-
HOCTH OTHOCHTEIbHO BpAIeHHH BOKPYI GECKOHEUHO YIaJeHKON TOUKH
0., B KOTOPYIO HalipaBJ/ieHa ero och a.

Ilycts B u C — npou3BoJibHbIE TOUKH OpPULMKJIA, b n ¢ — npsiMble,
TIPOXOAALLKE uepe3 3TH TOUKH H HanpasieHHbie B O, (T. €. mapanjielb-
Kple NpSANOA a B 3ajiaHnoM HanpasaeHuk). ITo moctpoeH#io opHIMKIIa
AB ecTb cekylas paBHOTO HaKJIOHA K mpsaMeM a 1 b, AC — cekyuwas
PaBHOrO HAKJIOHA K MPAMBIM a H ¢; corsiacko Teopeme XVI orciona cae-
ayer, uro BC ecTb cekyllas paBHOro HakjoHa K mnpsMeiM b u c¢. Iloa-
‘TOMY eCJ/1d CoBepllaeTcs BpalleHue mIockocTd BoKpyr O, nepesosines
npsaMytlo b B mpswmylo ¢, To Touka B, nmepememnasicb, 3aiHMaeT Io-
JioxkeHue ToukH C. Takum c6pas3oM, Npu yKa3aHHBIX BPAMILHAAX Kax-
Jlasl TOUKa, JIeXallas Ha OPHULHKIe, OCTaeTCA Ha HeM; OPULMKA NP 3TOM
Kak Obl CKOJL3HT MO caMoMy cebe.

Orcioga, B YacTHOCTH, CJedyeT, UTO BCe TOYKH OPHLKJIA PABHO-
MpPaBHBEI H YTO TIOCTPOEHKE ero, KOTOpoe Mbl NPGH3BOAMIM, UCXOAA H3
TOYKH A, MOXKHO NpPOU3BOAMTb, KCXOAA M3 0G0 APYToii TOUKH OpH-,
LUKJE.
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Wuave rosops:

Kaxcdas npamas, napairersran ocl @ OPUYUKAQ 8 OMMEUEHHOM H
Hell HanpasAeHuL, NePeceKaenm OPULUKA 8 00HOLU MOUKe U ABASLMCA MEKIKe
0CbI0 3M020 OPUYUKAQ.

Ilo oTHOWWIEEHIO K OPHMUHKJIAM CIPaBelIvBa TeopeMma, aHajoruuuas
JIOKa3aHHOH MO OTHOLIEGHHIO K 3KBUIMCTAHTAM.

JItobaa npamas moxcem unmerms ¢ opuyukiom He 6oaee 08yx 06X
mouex.

Orciofa, B UaCTHOCTH, CJELYET, YTO OPUUUKA eCllb KPUBAS ALHUI.

JloxasarenbCTBO JIerKo MpOBEIET caM YUTaTesb.

§ 39. BosbmeM Kakyro-HHOYAb 3KBHIHCTAHTY ¢ Gasoif u. Ilycts
A — npousBosbHast Touka SKBUAMCTAHTH, A’ — ee mpoekuus Ha 6asv,
Tak uto AA’ — BbicOTa 3KBHIU- .
crantel  (puc. 57). Ilpoeenew, <
nanee, uepes A npsamyio f, nep- == |af J d Ae[ T
NEeHAHKYNRPHYI0 K BricoTe AA’. :
Herpynso ycranoBuTh, uTo BCe |
TOYKH 3KBHUJHUCTAHTHl, OTJIHUHEIE l
or A, nexar ¢ OIHOH CTOPOHbHI L ’
oT npsMoii f, MMEHHO C TOil, C 7 ri
Kakofl  pacnosoxkeHa 6asza u. Puc. 57.

B camoMm jgene, ecid M — Hekoro-

pas Touka SKBUAKCTAHTHI B M’ — ee npoexuus Ha u, T0 AMM' A" —
uetsipexyronibiuk Cakkepu u £ A’AM, KaK yron npu BepXHeM CCHO-
BauHH ITOTO YETHIPEXYTOMbHIKA,— OCTBIH. CnepnoBaresnpHo, TOuka /il
JIEXHUT C TOH K€ CTOPOHEHI OT mpaAnofi £, uto M Touka A’. Takum cCpa
30M, MBI MOXKEM CKasaTh, UTO [pAMas ! eCTb ONOpHas Hpsid
JAHHOH 3KBHAMCTaHTHI *). MBI celivac mOKaXeM, uTo ¢ sABAfems
maxkxe u kacameronod. Paccmorpum cexymyio AM wu oGosnauum
L A"AM uepes a, uepes 286 — nauny orpeska AM. OueBugHo, mep-
NeHIUKYAsp B cepenute orpesxa AM u seicora AA’ ABAsAIOTCS B3aUM-
HO pacXONSIIMMHUCH TIPSAMBIMHU, Tak Kak oS¢ OHH NEepIeHAUKYJSp-
Hel k Gase. JlostomMy yronm o GoJablie yria napanaelbHOCTH Al
orpeska §, T. e.

&

a > I (0).

C npyroit CTOPOHEI, & — CCTPELl YroJ, CJe0BaTelbHO, HMEIOT MECTO
HepaBeHCTEa

H(6)<a<%.

Ecau Touka M, mepemelnasicb 1o 3KBHIMCTauTe, cTpemurces K A, To

*) Ilpsimasi HA3LIBACTCST ONMOPHON XK NAaHHOH JIMHMH, €CJH OHA COLEPKHUT XOTs 6bl
CJIHY TOUKY JIMHHHM M IO OAHY KaKyl0-TO CTOPOHY OT 3TOH NPAMOMl HET TOYeK JIMHHIL



128 I1l. HEEBKJHMAOBA TEOPHSI TMAPAJIJEJNBHBIX [§ 39

6 — 0, a cornacHo TeopeMe X, llm I1(8) == . BeaeacBue 2Toro
. 14
lim a =3
M~ A

Tem caMbIM Mbl IOKa3aud, uto ecian M — A, to cekymas AM umeer
npenesbHOe MOJNOMEHHe, H 3THM IpeJeJIbHBIM IIOIOXKEHHEM CJYXKHT
npsaMas £.

[TonyyeHHEI pe3ysbTaT MOXKHO BBIPA3UTh B cilefymomed dopme:
Kaofcaaﬂ eoicoma sKsuducmanmel ecmo ee Hopmans. Y3 NpeJbILyLIero
TaKKe CJeLyeT, YTO 3KBHAUCTAHTA B KaxJOH
CcBoeH TOuKe oOfpameHa BOTHYTOCTBIO K
Oase.

BuinosHuM Tenepb aHAJOTHYHOE HCCJIEeNO0-
BaHHE IO OTHOIIEHHIO K OPHLHKJY.

PaccMoTpuM  Kakoi-HMOyAb  OPHLHMKI,
onpefeneHHblH Toukoi A u ocbio a (puc. 58).
Ha ocu a, a Takxe Ha BCAKOH ApYroi ocH
OPHUMKJIA YCJIOBUMCSI CUUTATH HOJIOKHTE/b-
HbIM HanpaB/ieHHe, B KOTOPOM 3Ta OCb Ia-
pajanesbHa JPYruM ocsiM opuiuk;aa. [Ipose-

Puc. 58. IeM 'epe3 Touky A mpsiMylo f, nepneHAHKY-
JspHYI0 K ocH a. HerpyaHo ycTaHOBHTB,
YTO BCE TOYKH OPHIMK/IA, OTJHYHBIE OT A, JiekKaT C OIHOH CTOPOHBI OT
npsiMoft {, MMEHHO CO CTOPOHBLI IIOJOXKHTENBHOIO HaNpaBJeHHsl Nps-
Moil a. B camom gene, nyctb 6ynet M — npou3BoOJIbHAS TOUKA OPHLIHK-
Jia, m — ocb, npoxonsiuas uepes M. O0o3HauuM yepe3 o yros, KOTo-
pbiil cocTaBiifeT oTpe3ok AM ¢ NOMOXKHTETbHBIM HanpaBJeHHEM OCH &,
uepe3 28 — nnuHy orpe3ka AM. Taxk kak, Mo OnpeleseHHIO OPHLHKA,
AM ecTb cexymas paBHOIO HaKJOHA K MapaJjieJbHbIM NPSAMBIM @ U
m, TO NepneHIuKyasap K oTpe3ky AM, BoccTaB/eHHBIH B €ro cepeiuHe,
napaJjJjeJsieH KaXKJ0H U3 NpsAMbBIX @ H M. HOSTOMY yroJj o €CTb yroJ na-
paJssiesibHOCTH AJsi orpe3ka &:

= II ().

Otciofa mpex¢ie BCero Mbl MOXKEM 3aKJIOYHTh, UTO 0L — OCTPHIH yrod.
CueoBaTeNbHO, J100ast Touka M OpHIHKJ/A B CAMOM Jiesie JIEXKHT C TOH
CTOPOHBI OT NMPAMOH f, B KAKYI0 05paleHO MOJIOKHUTENbHOS HanpasJe-
HHe ocd a. MHaue MblI CKaxeM, uTO npsiMast { ecTb OMOpHas npsiMasi
opunukaa. Ho nerko ybenurbcsi, 4to npsiMas ! sBASieTCS TakKe W Ka-
catesnbHoil. [l 3TOro cnenyer JMiub NPHHATD BO BHHMaHHE M3
BEeCTHOE HaM paBEHCTBO

lim 11 (8) =3,
6-+0
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U3 KoTOporo cienyer, uto npu M — A cekymas AM umeer cBouMm mpe-
JieJIbHBIM TIOJIOXKEHHEM npsamyio £,

[Nocnepuuit pesysabTar MOXKHO (OPMYJHPOBATH elle CJAedYHIUHM
obpa3oM: Kaxcdas ocb OPUYUKAQ eCiTb e20 HOPMAAb.

M3 npeabinyimero Tak:ke BHAHO, YTO B KaXIOA TOYKE OPHUHKIAZ
BOTHYTOCTb €ro oGpalineHa B MOMOXHTeNbHYI0 CTOPOHY OCH.

OrmMeTHM JBa cBoiicTBa, OOIIHX JJIsl OKPYXKHOCTH, OPHLUHKJA H SK-
Bl/II[I/ICTaHTbI'

Kaxpnass u3 STHX KDHMBBIX CHMMETPHYHA OTHOCHTE/NBHO .moﬁoﬂ
CBoeu HOpMAJIH.

ITosToMy HOpManH OKPYXKHOCTH M SKBHIUCTAHTHI, KaK H HopmaJm
OpHLMKJIA, Mbl OyZeM HHOIJAa Ha3blBaTb OCSMH.

2. XopABl STHX KPHBLIX SIBJISIIOTCS CEKYNIMMH PaBHOTO HAKJOHAa K
HOpMaJ/isiM, NPOXOAALIUM Yepe3 MX KOHIBI. CONocTaB/isisi OKPYXKHOCTb,
OPHLHK/J M SKBUAUCTAHTY, MOXHO OINCAThb CeMeHCTBAa HX HopMaJeH
clenyoumuM o6pa3oM: BCé HOPMA/IH OKPYXHOCTH CXOAATCA B Of-
HOl TOYKe; BCe HOPMAaJH OpHLHKJA mapaljeJbHbl APYr APYyry
B HEKOTOPOM HampaBJieHHH (KaK I'OBOPST, CXOAATCA B GECKOHEUHOCTH);
BCE HOpPMa/JM SKBHAHCTAHTHl NEPNEHANKYJISPHbl K OLHOH NpAMOH H,
3HAYUT, PacXOAATCH.

B eBK/IHIOBOH TIeOMETPHH COBOKYNHOCTb MNpPSIMBIX, NPOXOASLIHX
uepe3 OJHY TOYKY, HJH COBOKYNHOCTb MapaJjeNbHbIX MPSAMBIX Ha3bl-
BaloT nyukom. IlepeHocs 3TO moHsATHR B reoMerpuio Jlo6aueBckoro,
YCJIOBUMCS -Ha3blBaTh NYYKOM COBOKYMHOCTb INPSMBIX, MPOXOASLIHX
yepe3 ONHY TOUYKY, HJH COBOKYNHOCTb NpPSIMBIX, NapaenbHbIX APYr
JIpyry B HEKOTOPOM HamnpaBJieHHH, WJIH COBOKYMHOCTb NPAMBIX,. Nep-
NEeHJUKYJISPHBIX K KakoH-HHUOyAb mpsiMoii. B mepBom cayuae myuyok
OyeM HasblBaTh JAAUNMUYECKUM, BO BTOPOM — napaboiuteckum, B
TpeTbeM — eunepboiudeckum. Ha oOCHOBaHHHM NpeabILYILEro Mbl MO-
JKEM TOTJa CKa3aTb, YTO OKPYMCHOCMU, OPULUKALL U 3KSUOUCHIAH Mot
ABASUOMCA  OPMOOHAALHOIMU HIPACKMOPUAMU COOMBENMCMBEHHO IAAUN-
mudeckux, napabosudecKux u eunepboAULeCKUX NY4KO8. .

§ 40. CyulecTBEHHO OTMETHUTb, YTO B TO BpeMs, KaK OKPYKHOCTH
OTJIMYAlOTCSl JAPYr OT Jpyra BeJHYHHOH pajuyca, a 3KBHIMCTaH-
Thl — BEJIMYHMHOH  BBICOTBI, 6Ce  OPUUUKAbL  KOHZpY3HMHbL  Opye
opyey.

JleficTBUTENBHO, BbIILIE bl BUAETH, YTO OPUIMKJ BIOJHE ONpene/IeH,
KOJb CKOPO 3aJaHbl OJHA €ro TOYKa M MNPOXOAAIIAss uYepe3 3Ty
ToYKy ocb. [lostomy, eciu mnepeiBHHYTb IJIOCKOCTb TakK; 4YTOOBL
TOYKa U NpPOXOAsLlas yepe3 Hee OCh OJHOrO OPHMLHUKJ/A COBMECTHJ/IUCh
COOTBETCTBEHHO € TOYKOH H OCbIO KAaKOro-HHOyAb APYTOro OpPHLHK-
na, To 06a OPHLUHKJA COBMECTATCS (CBOHCTBA IBHXKEHHMH, KOTODbLIMH
Mbl B 5TOM pacCy[eHUH JOJIKHBI IOJIb30BaTbCs, OOECHEYeHBl Teope-
moit B § 19).

Jokaxkem elue cjelyoLUy0 TeOpemy,
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Teopema XVIL. Kaxosot 6ot Hu Ovbtau 0se mouku nAOCKOCML
A u B, uepe3 Hux npoxo0am mouro 08a opuuuma SMu OPULUKAbL CUM-
MEMPUUHBL OmHOCUmeabHo npamot AB.

JoxrkasarteabcTBo. [IpoBereM uepe3 ceperny orpeska AB
NepreHIHKYJsAPHYIO K Hemy npsMyto ¢ (puc. 59) m 3alaiuM Ha 3TOH
npsiMoil OfHO U3 JABYX ee HanpasjeHuil. IIpoBesem, kpome Toro, uepes
Toukn A u B npsiMble @ U b, napannenbHele B
3a7aHHOM HamnpasJjeHun npsamoii c. [lycte Oyzer
AC cekyuias paBHOroO HaKJOHa K MPSIMBbIM @ U C.
Torza, no teopeme XVI, BC Oymer ceky-
4 masi paBHOTO HAKJIOHA K TMpsIMBIM: b H cC.
QOueBHIHO, OpHLHKJ, ONpENeNeHHBIH TOUKOW
C u ocslo ¢, npofiner uepe3 Touku A u B.

Ecnu B34Th MPOTHBOMO/IOXKHOE HampaB/eHHe
Ha MpsIMOH ¢ M TIOBTOPHTb HM3JI0KEHHOE MOCTPO-
€HUe, TO MOJNYUYUTCS APYroil OPHUHKJI, CHMMET-
pUuHbIA € mepBEIM OTHOCHTeNbHO AB.

Puc. 59. Tenepb nokaxeM, 4TO APYTHX OPHLHKJIOB,
npoxoasiunx uepes Toukh A u B, Her. [as
5TOr0 MPEANOJ0XKHM, sUTO HMEeTCs KaKoil-Hu-

6ynb opuurka L ¢ xopaoit AB, u oGo3Haunm uepe3 a ¥ b ero ocH, npo-
Xonsille yepe3 KOHLUBI 5TOH XOpAwl. [IpsiMble a ¥ b NOMKHBI ObITH B3a-
MMHO TmapajJjesbHbl H  ONHHAKOBO HaKJOHEHh K oTpe3ky AB.
IlosTomy nepnenaukyasip ¢ B cepennne AB napanjeneH Kanoil M3
npsiMbix a 1 b. Ho B TakoM ciyuae npsivbie @ ¥ b BIOJIHE OMpefesiioTcs
HanpaB/leHHeM INapaJebHOCTH K NpsSMOH ¢, W, CJIeI0BaTeJbHO, IJs
Pacno/IoKeHHsI NPSMBIX @ U b MOTYT NpeACTaBUTLCA TONLKO JIBE BO3-
MOXKHOCTH, PacCMOTpeHHble Bbllie, Takum o6pa3oM, OpHLHKI L HeoO-
XO[IMMO COBMajaeT C OAHHM H3 JABYX OPHLHKJ/OB, NOCTPOEHHE KOTOPBIX
OLIIO ONMCaHO B NMEPBO YaCTH NOKa3aTeJbCTBA.

Jloxa3aHHOH TeopeMe MOXHO MPHAAThb €lle TaKywo (GOpMYJHPOBKY:

Teopema XVIIIL. [dyeu opuyuxros, cmseusaemvle KOH2pYydHM-
HouMU X0pOamu, KOHEPYIHMHKbL MexcOy cobol.

3

a\

6. SxkBMaMCTaHTHAA NOBepXHOCTL H opHcdepa

§ 41. TIpocTpaHCTBEHHBIM aHAJOrOM OKPYKHOCTH siBjsieTca cdepa.
Cyl1ecTBYIOT TaKXe MOBEPXHOCTH, NpeACTaB/sflomIHe COO0OH ecTecTBeH-
Hble aHaJOTH SKBHAMCTAHTHI M OpHUMK/Ia. OHHM Ha3bIBAIOTCA COOTBET-
CTBEHHO SKBHIHCTAHTHOH NMOBEPXHOCTbIO H opucdepoi. Fkeuducmarm-
HQs NOBEPXHOCIIL eCMib 2E0MEMPUHECKOe MECMO MO4eK, PACNOAONCEHHDBLX.
no o0HYy cmMopoHy om Kakol-HubYydb NAOCKOCMU G W OMCMOAUUX OM Hee
Ha 00HOM u mom xe paccmosruu. IlockocTb 0 Mbl GyAeM Ha3blBaTb
6a30ii SKBHUAMCTAHTHONX IOBEPXHOCTH, NEPNEHJHKYJ/AP, ONMYLIEHHbI}
H3 NPOH3BOJIbHOM TOYKH NOBEPXHOCTH Ha 6a3y,— evicomoti. Brickasan-



§ 41] 6. SKBHIMCTAHTHAS TOBEPXHOCTH H OPHCOEPA 131

HOe onpejie/ieHHe BIIOJIHE CXOAHO C ONpejesieHHeM 3KBUAHUCTaHTHL. [lo-
L106HO 3TOMY, MO NPSIMOi aHAJOTUH C ONpejeleHHeM OPHULHKJA, OIpe-
nensietcss opuctepa.

Uto6bl ~chopMyupoOBaThL 3TO oOnpejeneHue, pacCMOTPUM B IPOCT-
panCTBe TIPOM3BOJIBHYIO TNPSIMYIO @, MPOXOASILYIO Yepe3 HEKOTOPYIo
touky A. Ha npsamMoit a oTMeTHM OfHO U3 JBYX Hampas/eHui u Oynem
Ha3blBaTh €ro MoJOXKHTeNbHEIM. I1ycTh Gyner m kakasi yrogHo ppyras
npsMasi ApOCTpaHCTBa, NapasjenbHas NPSMOH @ B MOJOXHTEILHOM
HanpasieHuu. [To reopeme XV, uepe3 Touky A MOXKHO IPOBECTH TOYHO
OIIHY CEKYIIYI0 PaBHOrO HaKJ/OHA K npsMbIM @ ¥ m. O6o3HauuM GyKBOIil
M KoHel 3TOH ceKyuieil, pacnosioxeHHblit Ha npamoil m. Eciu Mbr 6ynem
nepeNBUraTh NpsIMyIo 71, He Hapyllas ee MapajjeJbHOCTH NpsIMOf a B
110/10XKUTEJbHOM HAMpaBJeHHH, TO COOTBETCTBYIOIHE TOUuKH M 3amos-
HAT NOBEPXHOCTh, KOTOPAsl H Ha3biBaeTcs opucdepoi.

Muaue roeops, opucgepa ecmb 2eomempuseckoe mecmo KOHY08 CeKy-
WUX PAaBHO20 HAKAOHA, NpPosedeHHbiXx U3 Hekomopod mouku A npamod
KO 8CeM NPAMbIM RPOCHPAHCMIBA, NAPAANCALHOIM 3MOL npamoil 8 onpe-
Oeaennom Hanpassenuu. CaMa Touka A Tak:Ke €YHTaeTCs TOYKOH opu-
cgeprl.

ITockonbky npsmMasi a, 6yayyd 3ajaHHOH, OnpejensieT CHCTeMy
NpAMBIX MPOCTPAHCTBA, NMapas/enbHBIX €fi B ONpefe/eHHOM HarpabJe-
HUH, TO, OYEBHIHO, 3adanuem mouxku A u HanpasienHoi npamod a,
xKomopyto met 6ydem HA36I8aMb OCbIO, Opuchepa 8noaHe onpedeneHa.

CyliecTBeHHO YCTAHOBHTb, UTO TOUKAa A HHUEM He BhIe/sieTcs cpe-
Iy TOYeK ‘opucdepsl, T. €. UYTO NOCTpoeHHe opuctdeps!, BbipaxeHHOS
B ee ompefejeHHH, MOXKHO IPOBOAHTb, HCXOASl M3 JI06OI ee TOUKH.
Jlnst 3TOr0 HYXKHO I0Ka3aTh, YTO KaKOBbl Obl HU GbLIM JBe MpsiMbIE,
napaJjjenbHble OCH OpuHcdepel B OTMEUEHHOM Ha Hell HanpaBJeHHH,
CTPE30K, COeJHHAIOIMHA TOUKH BCTPEUH 3TUX NPAMBIX ¢ opHcdepoil, AB-
JisieTcsl I/ HHX CeKyLIeld paBHOro HaKJIOHA.

Bce cBoauTcst, O4eBHAHO, K CAEAYIOLIEH TeOpeMe.

Teopema XIX. Ilycme Oarnet 8 npocmparcmse mpu NORAPHO
napaniesvrole npamole a, b, ¢, APOX00AUUE COOMBEMCMBEHHO Yepe3 mo4-
«u A, B, C. Tozda ecau AB ecmb cekyuyan pasHoz0 HAKAOHA K NPAMbIM
au b, BC — cexyujan pasroeo Hakaona & npamoim b u ¢, mo AC 6ydem
CeKyueli pagHo20 HAKAOHA K NPAMbIM Q U C. _

JJokaszaTeabcrtBo. Mol MoXXeM npexnosiararb, 4To ApsiMbe
a, b, ¢ He nexaT B OfHOM NIJIOCKOCTH, TaK Kak 3TOT ciayyafl yxKe pac-
CMOTpeH Hamu paHee, B Teopeme X V1.

O6o3naunM uyepes. P, Q, R cepequHnl ctopo TpeyroibHuka ABC,
fIPOTHBOIOJIOXKHBIX COOTBETCTBEHHO BepmuuHam A, B, C, U nposesem
yepe3 Toukd P, Q, R npsiMele p, g, r, napaajejbHble NpsAMbIM a, b, ¢
{puc. 60), a cnenoBarenbHO, MapaJsiesibHble MeXAY Co0oil.

JIerko ycMoTpeTs, UTO NPOEKIMH TIPAMBIX P, g, r Ha miockocts ABC
CcXoAATCA B OAHOH TOuke, B camom jese, Tak Kak p 4 r napajjie/ibHbl,
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TO 1O KpaiiHeil Mepe ofHa U3 HUX, HANpHUMep p, He GyIeT NMepneHAnKy-
asapHa K maockoctd ABC. OcTpolil yroJ, KoTOpHIH 9Ta NpsiMasi COCTaB-
JsieT ¢ miockoctblo ABC, 0603HauuM uepe3 oo U OTJIOXKHM Ha CTOPOHE
3TOro yria, Jexauieii B miockoctd ABC, orpe3ok PS Tak, 4To6bl HMEN0
MECTO PaBeHCTBO

II (PS) =

Ilycts Gyner s nepnenmukynsp K miaockoctd ABC B Touke S. Ilo
[OCTPOGHHIO NpsiMasi § napaJuieNbHa p, HO Tak Kak NpsiMbie p, g, ma-
pajJieNbHel  MeXAy co6ol, TO S
napasJjieJibHa TaKkXKe JIPSIMBLIM g H 7.
Orciona caenyer, uro QS u RS
ABJSAIOTCA NPOCKUHSMH MpPSIMBIX @
H r, T.e. JeHCTBUTENLHO BCE TPH
NPOEKUMH CXOAATCA B TOuke S.

3aMeTHM Jajblue, YTo NpsiMasi r
nepneHAMKyJsApHa K AB, Tak Kak
AB ecTb ceKyliasi paBHOro HakJ/oHa
K NpSAMBIM a U b; Mo TOHl e NpH-
yyHe p nepneHguKkyaspHa K BC.
Ho roraa orpeskn PS u RS nep-
p NEeHAUKYJIAPHBl  COOTBETCTBEHHO K

P BC w AB, a cnenopare/nbHO, S ecThb
’ ’
Puc. 60. LeHTp OMHCAaHHOTO Kpyra Tpeyrob-
Huka ABC. B cuny 3toro npsmast
AC nepneHIHKyJsipHA K- QS T. €. K NPOEKIHH JIHHUK g; OTCIOA Clle-
JyeT, 4TO OHa NeprneHAHKYJspHA U K CaMOH JIMHHH 4.

HUraxk, q siBnsiercs nepnenaukyasipom K cepenune AC. U3 napan-
JIeJIBHOCTH NPSAMOH ¢ K @ W ¢ ToTyac BhiTeKaer, uTo AC ecTh cekyuas
PaBHOro HAKJIOHA K @ U C, YTO H HYXKHO OblJIO JIOKA34aTh.

Bmecte ¢ TeM, OYEBHIHO, YCTaHOBJIEHO, UTO yKa3aHHOE BILIE MO-
CTpoeHHe opucdepbl MOXKHO NPOH3BOJUTH, HCXOAsT H3 JIIOGOH ee TOUKH.

[TosrydeHHEr pe3yabLTaT MOXKHO CHOPMYJIHPOBATDH €LIE CJIELYIOLHM
00pasom.

Kaxcdan npamaa, napairreibras ocu opucgepst 8 NOAOHCUMEALHOM
HANpasienuu, nepecekaem 8my opucepy 8 00HOLL mouxe u REASEMCS
maxce 0cbr0 opucgepest.

§ 42. Ormerum HekoTOphIe OOuIMe CBOMCTBA Cephl, OpHcdepbl H K-
BU/ICTAHTHOH [OBEPXHOCTH.

Cunavana paccmorpum cdepy. CBoiicTBa ee, KoTophie OyayT OTMe-
ueHbl, HH B KaKOH Mepe He 3aBHUCAT OT TOro, BEJEM JIH Mbl PacCMOTpe-
Hye B mnpoctpancTse JloGaueBckoro uaM B mpocTpaHcTBe EBKauza.
Oni, KOHEYHO, XOPOLIO MU3BECTHHI YHTATENIO, H Mbl IPHBOAHM HX TOJb-
KO B LeAsIX COTNOCTAB/NEHHS C aHAJOIHYHBIME CBOMCTBAMHM SKBH/MCTaHT-
HOH NOBEPXHOCTH H opHcgepsl,




§ 43] 6. SKBHIHCTAHTHAS TIOBEPXHOCTH M OPHCOEPA 133

Bosbmem Ha cdepe npousBosnbHylo Touky A M o6osHauuM GykBoil @
JinameTp, OKaHYMBawuMiica B 8ToH Touke. Kaxnas mniockocrs, mpo-
XOisllasl uepe3 JuaMerp a, paccekaer cdepy no 6oabIIOMY Kpyry.
OueBnzHo, Bce GOJIblUHE KPYTH, IOYYEHHBIE TAKHMH CEUYEHHSAMH, HMe-
10T B obuieit Touke A KacarteJibHble, NEPHIEHAMKYJ/ISAPHLIE K OAHOH H TOM
xe npsamoit a. CiefoBaTeNbHO, STH KacaTesbHble PAaCHOJOXKEHBl B Of-
HOM IJIOCKOCTH; IJIOCKOCTb 9Ta HAa3bIBAETCSl KACAMEAbHOU NAOCKO-
cmoto cpepul B Touke A. Jluamerp ‘a nepneHAMKy/AsipeH K Kaca-
TeJbHOM INIOCKOCTH U SABJISETCS MO3TOMY HOpMajbio. Mbl MoxkeMm, Ta-
KHM 00pa3oM, yTBepXKIaTb, UTO 8ce HOPMAAU cghepbl cxodamcs 8 0dHodl
mouxe (B UeHTpe cdephl). . :

PaccmorpuM Tenmepb 3KBHAMCTAaHTHYIO moBepxHocTk. Ilycts Gyaer
A — mpousBoJbHAs ee TOYKa, a — npoxoasmas uepes A Boicora. Oue-
BHJHO, KaX/lasl IJIOCKOCTb &, IPOXOJsIasl Yepe3 BLICOTY @, MEPECceKaer
paccmaTpuBaeMyl0 NOBEPXHOCTh IO 3KBUAHCTaHTe. bBasa sToit
9KBHIMCTAHTHI TNPEACTaB/sieT COGOK TPSMYH0 CeYeHHsl IJIOCKOCTH
o ¢ 6a30ii 9KBHIAMCTAHTHOH NOBEPXHOCTH, @ BBICOTA paBHA BHICOTE
SKBUJAUCTAHTHOH MoBepXHOCTH. I3 paccmorpenwnit, npoBeleHHbX B § 39,
cJlelyeT, YTO BCE SKBUIMCTAHTHI, MOJYy4YeHHBIE TAKHMH CeyeHHsIMH,
HMeloT B ofuiell Touke A KacatesbHbe, NEpPHEeHIUKYJSPHbIE K OXHOMH
npsimoil a.” CiiefloBaTe/IbHO, STH KacaTesbHble PacrnosioKeHBl B ORHON
IJIOCKOCTH; IJIOCKOCTh STy Mbl OyleM HasblBaTh KacaTeJbHOMN
IVIOCKOCTBIO K SKBHAMCTAaHTHOR moBepxHocTH B Touke A. Bricora a
NepneHAHKyJsipHA K KacaTeJbpHOH IJIOCKOCTH H SBJSIETCS INO3TOMY
HOpMasblo. A TaK Kak BBICOTHI MePHeHIUKYJIsAPHH K 6a3e ¢, TO Mbl MO-
JKeM YTBepXKJaTb, UTO BCE HOPMAAU 8KBUOUCMAHMHOL nosepxHocmu nep-
NeHOUKYAAPHoL K 00HOU naockocmu.

OGpatumcsl, HakoHell, K paccMoTpeHHio opucepnl. ITycts Gyner:
A — mpousBosibHAs TouKa opHcdeprl, @ — ocb OpUcGepsl, NPOXOJsi-
mas yepe3 Touky A. OueBHAHO, KaXK1as NMJIOCKOCTb O, IPOBEleHHas ye-
pe3 och a, nepecekaer opucdepy Mo OPULHUKIY; OCb OpuUcdepHl a ABJAA-
eTCsl TaKXKe OCbl0 STOro opuuHk/aa. M3 paccMorpenuii, mpoBeseHHHX
B § 39, caenyer, 4TO BCe OPHUMKJBI, MOJYyUeHHpIE TAKMMH CEUEHHSIMH,
HMeIOT B ofmeil Touke A KacatesbHbE, NEpNeHAUKYJsSPHbIE K OLHOM
npamoit a. CiieloBaTeNIbHO, STH KacaTeJbHble PaClOJIOKEHH B OAHO
IVIOCKOCTH; TUIOCKOCTb 3Ty Mbl OyZeM HasblBaTh KacaTeJbHOH ImJjoC-
KocThbio opucgepsl B Touke A. Ocb a nepneHAMKyJsipHa K KacaTesbHOM
IJIOCKOCTH M SIBJISIETCS MO3TOMY HOPMaJiblo. A Tak KakK OcH opHcdepbl
COIVIAacHO ee OIpeJieJIeHHI0 NapaJljie/ibHbl MeXXAy co00it B OTHOM Harpas-
JIEHHH, TO MBI MOXKeM YTBEPKIaTh, 40 8Ce HOPpMaAU Opucghepol 06pasyrom
cucmemy 63aUMHO NAPARNCALHBIX NPAMbIX.

§ 43. Ilycts-jaHa B NpOCTpPAHCTBE HEKOTOpas CHCTEMA NPSIMBIX.
VY CJI0BMMCS Ha3bIBATh 3TY CHCTEMY C8A3KO0L, €CJIH KaXKJble JBe ee NpsMbie
JiexxaT B OfHOH myocKocTH. IpsMble, cocTaBasiomne cBA3KY, 6yaeM Ha-
8bIBaTb €e JyyaMH.
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OGo3nauuM GykBamu a H b kakne-HUGYAb nBa Jyda. Tak Kak, no
onpejie/leHUIO CBSI3KH, @ M b JiexaT B OXHOH IJIOCKOCTH, TO MOTYT
HMeTb MeCTO TOJIbKO CJeJYIolMe TPU cJyyas B3aHMHOIO PacnooKeHus
®THX NPSAMbBIX:

1) a u b nepecekaloTcsi B HEKOTOPOH TOUKe;

2) a u b — napanjenbHbl B KAKOM-TO HanpabJleHUH;

3) a u b saBAAOTCA PacXOASAIUMHUCS.

PaccmoTpHM KaXK/Ibli U3 STHX CJyuaeB.

1. ITpennonoxum, 4to Jyud @ U b nepecekalorcsi B HEKOTOPOIT TOY-
‘'ke O. IlycTb GyneT ¢ npOM3BOJIBHLIA TPeTHH JyU, He JieXallui B MJ10C-
Koctd a, b. OGo3HauMM IJIOCKOCTb, COAEpXallylo Jy4Yd a U ¢, yepe3
o, W IUIOCKOCTB, coiepxautylo ayud b u c¢,— vepes B. OGe mJo-
CKOCTH NpOXOAAT yepe3 Touky O, a Tak Kak npsiMasi ¢ Onpeessiercs
nepeceyeHNeM STHX IJIOCKOCTEH, TO M OHA JOJIXKHA NPOHTH yepe3 TOY-
Ky O.

Bo3bMmeM Tenepb npou3BosibHBIA J1y4 d B miockocTd a, b. Tak kak
a yu ¢ npoxonst yepe3 Touky O, a d He JIEXHT B IJIOCKOCTH @, C, TO aHa-
JIOTHYHO TIpPEAbIAYLIEMY NpPUAEM K BBIBOAY, UTO Jyu d TaKxKe MPOXOAUT
yepes Touky O. CielgoBaTesnbHO, BCe JIYUH NPOXOISIT yepe3 OAHY
Touky. Takaa cBs3Ka . HasbiBaeTcsi daaunmudeckod. Touka, B
KOTODOH cXOifiTcA Bce ee JYy4d, HOCUT Ha3BaHHe yenmpa
CBSI3KH.

2. IlpexnosnioxuM, YTo Jyud @ U b napajienvHsl Apyr APyry B He-
KoTopoM HamnpasieHud. Ilycts GyneT ¢ npOU3BOJIbHBIA TpeTHH Jyd,
He Jiexalui B miockocTd a, b. OG03HaYUM IJIOCKOCTb, COAEPKALLYI0
JIy4d @ U ¢ yepe3 @, M IUIOCKOCTb, COAepKalnylo ayud b u ¢,— uepe3s
f. Tak KaK NJIOCKOCTH & U [} NMPOXOAAT Yepe3 JiBe HapajelbHble Mpsi-
Mble a 4 b, To, no nemme IV § 35, npsimas ¢, onpenensiemass ux mnepece-
yeHueM, napaJsiiejbHa TpPSIMBIM @ 4 b B TOM e HampaBJIeHHH, B
KaKOM OHH TapajJesbHbl IPYT Apyry. Bo3bMeM Temepb MpoKH3BOJbHBIA
Jyu d B IVIOCKOCTH @, b. Tak Kak a v ¢ napaiesbHbl, a Jyy d He JIeXKUT
B IUVIOCKOCTH @, ¢, TO aHAJIOTHYHO NpeIbiAyLIeMy NPHAEM K BBIBOLY, UTO
d napannened a u ¢. CrefoBartesbHO, BCe JIYUH CBA3KH NapaJsiie/bHbl
JAPYT ApYry B OLHOM ONpeaejeHHOM HanpaBaeHud. Takas cBsi3ka Ha-
8bIBaeTcs napaboauteckod.

3. Ilpennonoxkum, HakoHew, UYTO JyYd @ U b ABJAAIOTCS PACXOAALLH-
muct. Torjaa cyuiectByeT MJIOCKOCTb O, NMEPHEHAHKYASPHAsi K 3THM
JayuaM. Ilycts Gyjer ¢ npousBoJbHbI TPETUIl Nyy CBA3KH, He JIexKaliui
B IJIOCKOCTH @, b. OG03HAYMM MJIOCKOCTb, CONEpKaULYIo Jy4Yd a u b,
yepes o, H IUIOCKOCTb, cOfepxkailyto Jayud b u ¢,— uepe3 f.
OGe nyIOCKOCTH o U § MepneHJUKYJsIPHBL K IJIOCKOCTH O, TaK Kak mep-
Bas U3 HHX COJEPXKHT NEeprneHAHKYJIAPHYIO K O NPAMYIO @, a BTopas —
TeprneHaHKyAapHyl0 K o npamyilo b. Ho Torma mnpsmas ¢, mno
KOTOPO# TepeceKatoTCsl MNOCKOCTH o U B, OyIeT TakKe NMepneHAuKyasp-
Ha K IIJIOCKOCTH O,
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BosbmeM Teneps npou3BoJbHBIA syu d B miockocTH @, b, Tak kak
Q ¥ ¢ NePNeHJHKYJSAPHE K TVIOCKOCTH O, a d He JIEXKHT B IIOCKOCTH
@, ¢, TO aHaJOTHYHO MpeIblylleMy NPUAeM K BbIBOAY, YTO H Jy4 d mep-
NEeHANKYASPeH K IJOCKOCTH O,

Takum o6pa3oM, B 9TOM Cjyyae BCe JIyUH CBSI3KH NEPNEHIHKYJIAp-
Hbl K OJHOH MJOCKOCTH. Takas CBsi3Ka HasbiBaercs eunepbosudeckol:
NJIOCKOCTb, TNEPNeHAHKYJspHasi K ee JyuaM, HOCHT HasBaHHe 6asel
CBSI3KH. )

Cormocrap/1sisi Bce H3JIOXKEHHOE, MBI TNPHXOMM K CJeRyIoLIeMy
NpeJIoKeHu10.

Cebepot, opucgepor u 3xk8uducmarnmmsie nosepxHocmu obradarom mem
obujum ceolicmseom, 4mo Hopmasu Kaxcood u3 smux nosepxxocmett o6pa-
syrom ceasky. Ilpu smom nopmaru cghepor 06pasyrom cessky sarunmude-
CKY10, HOpMaru opucgepbt — napaboAULECKYIO L HOPMAAU SKBUOUCMAHM-
HOLl nosepxHocmu — eunepboAULecKYiO.

§ 44. Eue oxHo ofiee cBoiictBo chep, oprucdep H SKBHAUCTAHTHBIX
NOBEPXHOCTEH, KOTOpOe IJsl JasbHEeHIero H3J0MKEeHHS] CYUIECTBEHHO
OTMETHTBb, 3aKJIOUaeTcsl B CJEAYUEM: Kaxcdas u3 8mux nosepx-
Hocmeld  ecmb  nOBePXHOCMb  8pAUleHUs  B0KpYye Awbold  ceoeill HOp-
Manu.

Jloka3aresqbCTBO 9TOr0 NpeNIOXKeHHs, C HAIJISAHON TOUKH 3peHHs
BNOJIHE OYEBHUAHO, Mbl IIPOBeJEM TOJLKO IO OTHOLIEHHIO K OpH-
cdepe.

Ilycte 3 — kakasi-Hu6yab opuchepa, A — ee Touka, a — Hop-
Malb, mnpoxopsiias yepes A. DymeM paccmaTpuBaTh BCEBO3MOMKHbLIE
BpalleH}si IpoCcTpaHCcTBa BOKPYT npsmod a (cM. § 19). Ham HyxHO mo-
Ka3aThb, YTO BC€ TOYKH OpHchepbl 2 NPH YKa3aHHBIX BpalleHHsX, nepe-
Melasich, OCTAIOTCS Ha TMNOBEPXHOCTH X, WIH, €CIH YNOTpPebJsThb
TePMUHOJIOTHIO, BBeJIeHHYI0 B § 36, uTO opucdepa 2 MHBapHaHTHA OTHOCH-
TeJIbHO BpalleHHil BOKPYT npsiMoii a. IIs1 3Toro Bo3bMeM Ha X NpOHu3-
BOJIbHYI0 TOUKy M H 06o3HaunM uepe3 M’ TOuKy, B KOTOpYIO IO-
nanaer M npu HeKOTOpPOM BpallleHHH NMPOgTPaHCTBA BOKpYr a. O603Ha-
.4uM, janee, GYKBOil f HOpManb OpHCQepbl, Npoxoisiuiyio uepes M.
[Tycts Gyner m’ — npsimasi, ¢ KOTOpPOJi COBIANET M NPH paccMaTpUBa-
€MOM BpallleHuH; OUeBHIHO, m’ NpoxomuT yepes M’. B cuny u3BecTHbIX
HaM CBOHcTB opHucdepsl npsmMas m napaJjjenbHa NPSMOK a M OTPE30K
AM saBnsieTcsl cekylueil paBHOTO HaKJOHA K 3THM JABYM npsiMbiM. Ho
(urypa, coctaBjeHHasi NpAMbIME @ U m’ U OoTpesKoM AM’, KOHTpy3H-
THa ¢urype, COCTaBJeHHON NPsIMBIMA @ U m 1 otpeakoM AM. Tlostomy
npsiMass m’ napajsenbHa mpsiMoil @ ¥ AM’ ecTh ceKywasi paBHOro
HakJOHa K npsiMbiM a 1 m’, Otciona cieayer, uto Touka M’ npuHaznme-
XUT opucdepe 2, MW TeM caMbiM Hame npeitoXeHHe Jo-
Ka3aHo. ‘

Jast cheprl v SKBUANCTAHTHON NOBEPXHOCTH STO NpeJJIOKeHHe A0Ka-
3bIBA€TCA CTOMb K€ NPOCTQ.
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7. OneMeHTapHasi reoMeTpPUs Ha MOBEPXHOCTAX
npoctpancrea JloGaueBckoro

§ 45. C naBHHUX MOp XOpOILIO H3BECTHBI JB& reOMeTPHYECKHe CHCTe-
Mbl Ha JBYMEPHLIX MHOIoOOpasHAX €BK/JHAOBA NPOCTPAHCTBA: IeoMeT-
pusl Ha IVIOCKOCTH (IJIaHMMETPHs) H reoMerpusi Ha cdepe. B moctpoe-
HHH STHX TI€OMETPHUECKHX CHCTeM (YHAAaMEHTaNbHYIO POJb HIpaer
ciefyioniee 06CTOATENBLCTBO! KaK IVIOCKOCTh, TaK M cpepa MOTYT nepe-
MellaTbCs MO caMHM cebe, He UCTIBIThIBAsA NPH 3TOM JedopMaluH.

TouHBIft CMBICKI STOTO YTBEPKIECHHA B COOTBETCTBHH C OINpefese-
HUSIMH, JaHHBIMH B § 19, MOXKHO BbIPa3UTh TaK: MOBEPXHOCTb JOMYCKaeT
JBUXKEHHsl MO cebe caMoH, eC/M JJIi MHOXeCTBa ee TOYeK BO3MOXKHBI
TaKHe KOHTPYIHTHBHIE NepeHeceHHusl, NP KOTOPbIX BCe STH TOYKH OCTa-
IOTCS Ha IOBEPXHOCTH.

Ecnu Mpl BooGpasuM cefe, HanpuMep, cepy B Bue IaIkod Hepe-
BSIHHOH MOJEJIH, IJIOTHO NOKPHITOH TOHKHUM, HO TBEpAbIM QYT/ISPOM, TO
JBHXKeHHS (yTJyisipa No HeNMOABHXKHOH Mojenud OYAYT Har/isfHO Npej-
CTaBJISITh paCCMaTpUBaeMoe siBJIEHHeE.

IlnockocTs H cdepa — He €IHHCTBEHHblE IIOBEPXHOCTH €BKJIHMJOBA
TIPOCTpaHCTBa, KOTOPbIe MOTYT IlepeMeliaTbcsi no ceb6e; HO OHH OTJ/H-
YaloTCs OT APYTHX TaKHX NOBEPXHOCTEeH 6ojbluell .CcTerneHbio CBOOOIbI
JOMYCKAaeMBIX ABHXXEHHUH.

Bcsikasi noBepXHOCTb BpalleHUs TOXe JONYCKAaeT ABHMKEHHS Mo cebe
caMoH, OHAKO 3TO ee CBOICTBO 10 XapakTepy cBOGOAbI BhIOOpa NBHIKE-
HHH, OYEeBHJHO, OTJIHYHO OT COOTBETCTBYIOUIEI'O CBOMCTBAa Cdepbl WK
niockoctd. UToOH ysICHUTD STO pas/Huue, CpaBHUM, HanpuMep cdepy,
KDYTJIbI UHJIHHAD M 3JIJIMIICOMJ BpalleHus. ,

EnuHCTBEHHBIMH JBHXKEHHSIMH SJJIMIICOMNA TO cebe caMoMy siBJis-
1OTCSl BpallleHHsl ero BOKpyr ocu. Kaxkmas Touka assunconia npu 3ToMm
nepeMelaeTcsi Mo ONpefesleHHOH TPaeKTOPUH TakK, uTO AJIsl ABYX IpO-
H3BOJILHO YKa3aHHBIX TOYEK, BOOOII@ roBOps, He CYLIeCTBYeT ABHKe-
HHUS, KOTOPOE NPHBOAK/IO.6b1 HX K COBMEILEHHIO JPYT C JPYIOM.

Kpyrabiit HuauHAp, KpoMe BpallleHUs, JOMYCKAeT elle JBUKEHUSA B
HanpaB/JeHUH OCH; coueTasl JBUMKEHUS 3TUX JBYX BHIOB, MOXHO, oue-
BUJIHO, COBMECTHTb JI00YI0 TOUKY LHJIMHIPA C M0G0 APYroii ero TouKoil.

Mnr ckaxeM, 4TO COBOKYNHOCTb HABHIXKEIIHH, KOTOpble AONYCKaeT
HEKoTopasi NOBEPXHOCTb, MPAH3UMmMusHa, ecau Jiobble JBe TOYKH [0~
BEPXHOCTH MOTYT ObITh COBMELICHBI APYT C APYTOM C NOMOLbIO HEKO-
TOpPOTO ABHIKEHHS.

Takum o6pa3oM, KPYriibif NWJIMHAD AOMyCKaeT TPAaH3HTHBHYIO CO-
BOKYIIHOCTbL [BIHKEHHH; HAO00POT, COBOKYNHOCTb ABMMKEHHH SJJIHII-
COHJa BpallleHHs HETPAaH3HTUBHA.

Jlerko BuAeTh, YTO COBOKYNHOCTb ABHXKEHHil cdepbl TPAaH3UTHBHA,
KaK H B Cjlyyae Kpyrioro uuiannapa. OqHako u 3jecb CylecTByeT Bax-
Hoe pasiuyde, UToObl yacHUTH e¢ro, OyleM paccMaTpuBaTh JH-
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HeHHbple SJEeMEHTBl MNOBEPXHOCTH. JIuHelHbim 8aemermoM HAa3bIBAIOT
TOYKY BMECTe C HEKOTODHIM HanpaBjieHHeM, KOTOpoe CjefyeT npeicra-
BJATh ce6e ONpeJleNIeHHbIM CTPEJIKOH, HCXOAfIleH H3 JaHHOH TOUYKU
B KacareJbHOH IJIOCKOCTH. JIHHEHHble 9JIeMEHTHI CUHTAIOTCS TOXIECT-
BEHHBLIMH, €C/JIH X TOYKH COBMEIIEHbI, @ CTPeJKH HanpaBjeHbl B OAHY
H Ty Xe CTOpOHY.

BosbMeM Ha KpYIJIOM LUHJHMHAPE ABA JHHEHHBIX 371eMeHTa, TOUKH KO-
TOPBIX MOTYT 8aHHMaTh INPOU3BOJBHOE MOJOXEHHe, & HalpaB/eHus
HX BbI6EpeM TaK, 4TOObl y OJHOTO H3 HHX OHO GbUIO NEpPHEeHIUKYJsp-
HBIM K OCH LMJIMHIpA, Y APYroro — mnapajjenbHeiM. ITyTem nBuxeHHs
MBI MOXKEM COBMECTHTb TOUKH 3THX JIHHEHHBIX 3JIEMEHTOB, OJHAKO JIU-
HeliHble 3JleMeHTbl HaM COBMECTHTb He YAacTcs.

Hanpotus, ajas ABYX NPOH3BONLHBIX JIHHEHHBIX 3JIeMEHTOB Cdhephl
BCerja CyuecTByeT ABHIKEHHE, KOTOpPOe COBMeIlaeT X APYT € APYToM.
Tax, Bpauwas cepy BOKPYT HEKOTODOH OCH, MOXHO COBMECTHTb CHa-
yajia TOUKH JIMHEAHEIX 3JIEMEHTOB; NOCJIe 5TOrO BpallleHHeM BOKPYT OCH,
Ha KOTOPOI HaXOISTCS COBMeELIeHHblE TOYKH, MOXKHO COBMECTHTb TaKKe
H Hanpa,sJieHus.

Mzl Gynem Ha3biBaTb COBOKYNHOCTb ABHXKEHHi, KOTOpble JHOMyCKaeT
NIOBEPXHOCTb, IMPAH3UMUBHOL OMHOCUMENbHO AUHEUHbIX 3/eMEHMO8,
eCc/IH JI0GYI0 Napy JMHEHHBIX 9JeMEeHTOB STOH IOBEPXHOCTH MOXKHO
NPHBECTH K COBMeLIEHHIO.

Mebl, MOXKeM, TakuM-oGpasoM, CKa3aTb, YTO, HanpuUMep, 3JIJIHICO-
N1 BpalleHHsi obsiajnaeT HETPAH3HTHBHOH COBOKYIHOCTBIO JBHIKEHHH,
8 COBOKYITHOCTb JABHXKEHHH KDYTIJIOTO LHJIHHApPA M cdepbl — TPaH3H-
THBHA, NpUYEM B IIOCJEJHEM CJyuyae Jake TPAH3UTUBHA OTHOCHTEJbHO
JIHHEHHBIX 35/1eMeHTOB. TakxKe TPaH3UTUBHA OTHOCHTEJNBHO JIMHEHHBIX
5/71eMEHTOB H COBOKYMHOCTb JBH}KEHHMH IJIOCKOCTH.

B OCHOBHBIX NpeiOXEHHAX MNJaHUMETPHH, OTHOCALIMXCHA K CPaB-
HEHHIO reOMETPHYECKHX BETHYHH, CYLIECTBEHHO HCMOJb3YeTcsl BO3MOX-
HOCTh LOCTaTOYHOrO CBOOCONHOrO ABMIKEHHSl MJIOCKHX ¢uryp. Ompene-
Jisisi, HanpuMep, MAJIHHY NpSIMOJUHEHHOro orpe3ka AB, OTK/IaubiBaiOT
Ha 9TOM OTpe3Ke OT TOUKH A OTpe3oK, JJHHA KOTOPOro 3apaHee NpHHATA
paBHOil efMHHIE, CTONBKO pa3, CKOJbKO STO BO3MOXKHO CHeNaTh, He
nepecrynas 3a touky B. Tak onpenensercs anuHa AB ¢ TouHOCTbIO
Jo ueanix enuHuu. Onpejensii nMogoGHBIM e 06pa3oM, CKOJBKO pa3
Ha oTpe3ke AB yKJalplBaeTcsl MOJIOBHHA €IMHHLBI M3MEpeHHs, Haxo-
AT puHy AB c TOYHOCTBIO O OJHOH BTOPOH, M TakK jAaJjee c Jo6oi
creneHblo TouHocTH (cM. § 20). Takum ob6pa3oM, M3MepeHHE OCHOBaHO
Ha BO3MOXHOCTH TAaKOTrO NepeMelleHHs OTpe3Ka, NpPH KOTOPOM Hauafno
€ro noMelaeTcsi B Hanepej Ha3HaueHHYIO TOYKY, & €CaM OTPe30K pacmo-
JlaraeTcs Ha NpoM3BOJIbHO YKa3aHHOH NMpsIMOH, MPOXOAALLEH uepes 3Ty
Touky. MlHaue roBopsi, npu 3TOM HCIOJNb3YyeTC TPAH3HTHBHOCTb COBO-
KYMHOCTH  ABHXKEHHH  IIJIOCKOCTH  OTHOCHTEJNBHO €€  JIMHEeHHBIX
8J1EMEHTOB,
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B cdepuueckoit reoMeTpuH Ty Ke poJib, YTO H NPSIMbIE B MJIAHUMET-
puH, urpailot OoJbmne Kpyrn cgepol. McTouHUKOM sTOro sIBASIIOTCS
cjenyioule TpH OGCTOSITE/bCTBA:

1. Cpeau Bcex suHUM, cOefMHsAOWHUX HAa chepe Kakue-HUOyIb 1Be
TOYKH, KpaTyaiueil sBasercs Ayra 60/bLIOro Kpyra.

2. Uepes BcsiKHe 1Be TOUKH cdepbl, He siBJAsIOLIMECS] ee nuaver-
paJIbHO NpPOTHBOMNOJIOXKHBIMH TOYKAMH, NPOXOAHT OXHH H TOJIbKO OIHMH
60/1bILIOH KPYT.

3. Boabwo#t kpyr ompenensercs JoObIM CBOMM JIMHEHHBIM 3Je-
MEHTOM.

(/TnHe#AHBIM 9JIEeMEHTOM JIMHUM Mbl Ha3blBaeM JIMHEHHBIH 3JEeMeHT,
TOYKA KOTOPOrO NMPUHAIJIEKUT 3TOH JIMHHH, a CTPe/Ka HamnpasJ/eHa [0
KacaTe/lbHOH K JIHHUU.)

PasBuBasi cdepHyecKyi0 reoMeTpHIO, Mbl MOIJIM Gbl NMPOU3BOAUTH
H3MepeHHe TIeOMeTPHUEeCKHX BeJHYHH Ha cdepe, paccMmaTpuBasi 3TA
BEJIMUHHBI KaK OOBEKThl NPOCTPAHCTBEHHO! reomerpud. Hanpuwmep,
JIJMHY Ayrd GOJIBILIOTO KPYyra MOXKHO ONpelensiTh, IoJarasi ee paBHOMH
TOYHO/l BepXHei IpaHH JJIMH BMUCAHHBIX JIOMAHBIX, BEPLIMHBI KOTOPLIX
T0C/IeIOBATEIbHO PACIIONOMXKEHBl Ha Jyre, a 3BEHbSAMH SBJSIOTCH MPsi-
MosinHefiHble oTpe3kH. Tak MoCTynamT NpH ONpeleeHHH IJHHBI AYTH
NPOU3BOJILHOM JIHHHU MPOCTPAHCTBA.

Ho MoxHO pasBuBaTh ctepuyecKkyio reoMeTpHio, He ONepupys reo-
MEeTpHYeCKHUMU OObEKTaMH, He pacIoJOMeHHBIMH Ha cdepe (Kak mpsi-
MOJIMHeHHble 3BeHbsl BINHCAHHBIX JIOMAHBIX). DTO MOXKHO BBINOJHUTD,
MAs N0 MyTH aHaNOrHK C MaHuMeTpHeid. Hanpumep, uTo6e! nepeHecTy B
cdepuyecKy0 IeOMETPHIO OMHCAHHBIH BhIllE MNPOLECC M3MepeHus Ipsi-
MOJIUHEHOrO OTpe3Ka, HYXKHO HauyaTh C BblOOpA €IHHHLBI JIJIHHbI.
Ilycte niuHa HekoTopoil AyrH OOJBLIOTO KpPyra MpPHHATA pPaBHOM
equHule (LIS HArVIAOHOCTM PpEKOMEHIyeM YHTaTeNl0 MNpeiacTaBJsTh
ce6e 3Ty Ayry Majoil cpaBHUTEJbHO C pa3Mepamu cdepnl). Ecnu
TpeOyeTcss H3MepUThb KaKylo-HuOyab Ayry OGojbuioro kpyra AB,
crepyer, nepemeias eIHHUIy H3MepeHHs MO cdepe, OTIOKHTHL ee OT
ToukH A Ha ayre AB cToabKo pa3, CKONBKO STO BO3MOXHO Cle/1aTh,
He niepectynas 3a Touky B. Tak onpegeautcs aauHa AB ¢ ToYHOCTbiO
Jo uesnofi exuHHubl. Onpenensisi MOJOGHBIM Ke 06pa3oM, CKOJbKO pa3s
Ha Jyre yKJaJbiBaeTcsi NMOJOBMHA €IWHULBI H3MEPeHHs, MOXKHO HaHTH
MMuHY nyrd AB ¢ TouHOCTbIO O OfHOH BTOPOH, M Tak Hajee C JioGoi
cTeneHbl0 TOYHOCTH. OyeBHAHO, NMPH STOM CYLIECTBEHHO HCIMOJb3YyeTcs
TPaH3UTHBHOCTb COBOKYMHOCTH JABHXEHHH Cepbl OTHOCHTE/NbHO ee
JIMHEHHBIX 3/1eMEeHTOB.

IamepeHue npyrux reomMerpHyeckMX BeJMYMH (YIJIOB, MJouajeil)
NPOM3BOJMTCA aHANOTHYHO C TOMOLIbIO HAJNOXKEHUST Ha RauHbli chepu-
yeckui o6pa3 3apaHee BLIOpaHHOH eQMHHLEBL MM ee fonefi. Mcnosnbso-
BaTb NpPH 3TOM OOBEKTbl NPOCTPAHCTBA, HE MpPUHAANEXKaiue cgepe,
HeT HaJ00HOCTH.
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MoxHO paccMaTpuBaTh TaKKe I'eOMeTpHIO Ha JI0GOH NMOBEpXHOCTH.
Ponbp npaMelX B 3TOM OOllEM C/ay4yae HIpalOT reofe3ndyecKHe JIMHHH.
leone3nueckyio JIMHHIO MOXHO. ONpeleuTh KaK TaKylO JIHHHIO, Kax-
nlasi JocTaToyHo Manas ayra AB koTopoil Kopoue BCSIKOH APYrodl Iyru
Ha MOBEPXHOCTH ¢ TeMH ke KoHuamu AB. Ha cdepe pamuyca R, Ha-
NpHMep, OKPYXKHOCTH GOJIbIINX KPYrOB SIBJASIOTCS TFeOAe3HYeCKHUMH JIH-
HHMSIMH, TaK KakK Jyra 60/blIOro Kpyra ¢ AJIHHOIO, MeHbluel R, Kopo-
ye BCAKON Apyroii Ayru Ha cdepe ¢ TeMU Ke KOHLLAMH.

Ilpy HeKOTOpBHIX OrpaHMYEHHsIX aHAJUTHYECKOro Xapakrepa, Haljo-
JKeHHbIX Ha MOBEPXHOCTb, MOXHO JOKa3aTb, YTO reofe3nueckas Ju-
HHS1 OnpefiesisieTcss Ka)AblM CBOMM JIMHEHHBIM SJIEMEHTOM, T. €. TOUKOH
W HanpasJieHHeM, KaK M NpsAMasi Ha [JIOCKOCTH.

IlpeacraBum ceGe Tenepb, YTO Ha MOBEPXHOCTH KaKHUM-JHHG0
o6pa3oM HaiileHa COBOKYIHOCTh BCeX reojesuueckux JnHuH. Toraa,
ecJU peub UAET O MOCTPOEHHU IeOMeTpPUM AAHHOH IOBEepXHOCTH, eCcTecT-
BEHHO BO3HHUKAaeT BOMPOC: MOXKHO JIH JeJlaTb CPaBHEHHE [VIHH OTPe3KOB
reo/le3MYeCKUX TaKHUM Ke NMyTeM, KaK B IJIAHUMETPHH WU B cepuyec-
Koil reomerpuu? [Insi 9TOrOo, OUEBHAHO, HYXKHO HMMeTb BO3MOXKHOCTb
nyTeM JBHXXeHHS MOBepXHOCTH mo ce6Ge mepememiaTh AYTy reofesuuye-
CKOH, BbIOpaHHYIO 32 eMHULY U3MepeHus, TaK, UToObl ee HayaJo pacno-
Jlaraznoch B Jit060# TOuKe H 4TOObI OHA MpHHUMAJa J0060e Ha3HaYeHHoe
HanpapjeHue. B Tex ciyuasx, Korja cpaBHeHHe JIJIMH Treoje3nyec-
KUX MOXHO IPOH3BOAWTb IyTE€M HAJIOXKEeHHsI eNHHMIbl U3MEepeHus,
6yJieM rOBOPHTbL, UTO MOBEPXHOCTb NOMYCKAET SAEMEHIMAPHYD 2e0Merm-
puto. I1as Toro ytobhl NMOBEPXHOCTb NONYCKaja 3JeMEHTapHYIO reoMeT-
puIO, OYeBHAHO, HEOOXOAHWMO, UYTOObI COBOKYMHOCTb €€ JBMXKEHHWH IO
cebe Obl1a TPAH3UTHBHOH OTHOCHTENbHO JIHHEHHBIX 3J1€MEHTOB.

MoxHO 10Ka3aTh, YTO €JHHCTBEHHBIMH MOBEPXHOCTSIMH €BKJHJ0Ba
NpPOCTPAHCTBA C TPAH3UTHBHOH OTHOCHUTENLHO JIMHEIHBIX 3J€MEHTOB
COBOKYIHOCTbIO IBHXEHHH SABJSAIOTCA IUIOCKOCTh M cdepa. Orcrona
CJefiyeT, YTO B €BKJHAOBOM IPOCTPAHCTBE JBYyMEpHas 3JeMeHTapHas
reoMeTpHst MOXKeT ObIThb JIMIIb Ha MJIOCKOCTH (TJIaHHMETPHS) U Ha cdepe
(cdepuueckasn reomerpus).

B npocrpanctse Jlo6aueBckoro, KpoMe MJIOCKOCTH W cdepsl, cylue-
CTBYIOT ellle JB€ NOBEPXHOCTH, JONYCKAlOIHe 3J1eMEeHTapHyl0 reoMer-
puio. TaKoBLIMH SIBASIIOTCSl y2Ke 3HAKOMble HaM 3KBUJMCTaHTHas IoO-
BEpPXHOCTb M opHcdepa.

To, 4TO 5TH NOBEPXHOCTH REHCTBUTETLHO JOMYCKAIOT ABHIKEHHSA
no cefe, COBOKYMHOCTb KOTOPBIX TPAH3MUTHBHA OTHOCHTENBHO JIHHEH-
HbIX 5/IeMEHTOB, MO €YIIECTBY YCTaHOBJEHO B § 44, rie Mbl IOKa3aJH, 4To
KaXklasi H3 STHX MOBEPXHOCTEH €CTb MOBEPXHOCTb BpallleHHsl BOKPYT
moboil cBoell HopMaiau. B camom Jese, eciM Ha SKBHIMCTAHTHOH
NOBEPXHOCTH MJH opHcdepe JaHbl JBa TPOM3BOJBHBIX JIMHEHHBIX
s]eMeHTa, TO, Bpaulas NOBEPXHOCTb BOKPYr HEKOTOPOH HOPMAJH,
MOXIIO COBMECTHTb TOYKH STHX JIMHEHHBIX 3/7€MEHTOB, TIOC/€E Yero
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BpalleHHeM BOKPYI HODMaJHd, HpOXOAsllell uYepe3 COBMeIECHHbIE
TOYKH, MOXXHO NPUBECTH K COBMEIIEHHIO TaKXe M CaMH JHHEHHbIe
BJIEMEHTHI.

Takum o6pa3oM, Mbl MOXEM YTBepXKAaTh, YTO 8 MPOCMPAHCMEe
JI06auesckoe0 81eMERMAPHAR 2e0MempPUR, Kpome NAOCKOCMLL, OCYL4ecm-
8/136MCA ewe Ha cghepe, Ha 9KBUAUCMAHMHOL NOBEPXHOCMU U HA Opu-
cohepe. _

l'eomerpus Ha cdepe B npoctpancTse JloGaueBCKOro He OT/IHYAETCA
OT TeOMeTPUM Ha cepe B €BKJIMIOBOM IPOCTPAHCTBE. DTy TeOMeTPUIO
(cheprueckyo) Mbl paccMaTpuBath 3jaech He GyneMm. Hanporus,
Mbl NOCTapaeMcl B HEMHOT'HX CJIOBAX OIKMCATh F€OMETPUIO Ha SKBHIM-
CTaHTHOH TOBEPXHOCTH M €O BCeH OOCTOSITeJIbHOCTBIO HCCIENyeM Teo-
MeTpul0 Ha opucdepe.

§ 46. Bo3bmeM Kakylo-HHOy[Ab SKBHIUCTAHTHYIO TOBEPXHOCTb 2,
6a3a KOTOPOH €CTh MJIOCKOCTh G. B COOTBETCTBHHM C OCLIMMM HAEAMH,
H3JI0KEeHHBIMH B § 45, Mbl JOMKHBI B KayecTBe MNpSIMbIX TeOMETPUH
TIOBEPXHOCTH 2 paccMaTpHBaTh ee reojesuueckue JuHud. ['eonesuuec-
KHMH NOBEpPXHOCTH X SIBJISIIOTCA SKBHIMCTAHTHI, NOJy4yaeMble nepece-
YeHHEeM STOH MOBEPXHOCTH C IIJIOCKOCTAMH, NMepNeHAHKYJ/IsPHBIMHA MJI0C-
KOCTH O (TO, YTO 9TO JEHCTBHTENBHO TaK, NOKa ocTaBHM Ge3 JoKa3a-
TEJBCTBA).

[TostoMy posib mpsIMBIX Ha 2 MBI NPHMHINEM YKa3aHHBIM SKBHJIU-
CTaHTaM. :

Hama nenb — o6Hapy:KHUTb CHCTEMY NpeNIOXKeHHH, U3 KOTOpOH
MOXHO JIOTHYeCKHM ITyTeM BBIBECTH BCe CBOACTBA B3aHMHBIX OTHOILEHHH
MeXJy TOYKAMH K SKBHJIMCTAHTAMH MOBEPXHOCTH X, T. €. JaTb aKCHO-
MaTHyecKoe OGOCHOBaHHE TIeOMETPHH HKBHIMCTAHTHOH ITOBEPXHOCTH.

Kak Mbl cefluac moxa)keM, 3Ta reoMeTpHsi MoxeT GbITb OOOCHOBaHa
aKCMOMaMH MNepBbIX uerbipeX rpynn IniabGepra M aKCHOMOH mapadf-
JenpHblX Jlo6aueBckoro. (Cienyer TONBKO HMeTh B BHAY, YTO, IOCKO/b-
Ky cefiyac peub HJAET O IBYMepHOH reomerpuu, U3 akcuom [unbGepra
JIOMKHBI GbITh HCKITIOYeHbl akcHoMbl 1,4—1,8, Tak Kak OHM MMEIOT mpocT-
PAHCTBEHHbIA XapaKTep; NOITOMY HaM NPHIETCA HMETh Je0 JHUIb C
akcuomamu 1,1—I1,3, 11, 111, IV u ¢ akcuomoii mapasieNbHbIX.)

Uro6p! MONYYUTH 2KeJlaeMblil Pe3yJsbTaT BO3MOXKHO Ipolle, CIpPoeK-
THPYeM TOUKH M SKBHIMCTAHTHI NOBEPXHOCTH 2 Ha IJOCKOCTb 0. Mx
NnpoekuHsMu GYAyT COOTBETCTBEHHO TOYKH M TNpsiMble. ¥ CI0BHMCS
HasbiBaTh 06passl @ u @', us koropuix @ Haxomuress Ha 2, a O’ — Ha
0, COOTBETCTBYIOLIMMH JApYr Apyry, ecau O’ nojyuaercs mpoekTHpO-
BauneM @. OueBHAHO, YTO TOYKH H SKBHIAHCTAHTH Ha MOBEPXHOCTH
2 Haxo#sTCS B TAKHX e OTHOLIEHHSX B3aUMHOH NPHHAIJIEKHOCTU
M TOpsAJiKa, B KAKHX HAXOAATCS COOTBETCTBYIOLIME HM TOYKH H NpA-
Mble IIOCKOCTH 0. ITo3TOMy B reomMeTpuH NoBepXHOCTH X BHINOJHSIOT-
csi TpeGoBanus akcuom I,1—1,3 u 11, TaK KaK 5TH aKCHOMBI HMEIOT MECTO
B I€OMETPHH IIOCKOCTH, '
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Hanee, nBa obpa3a moBepXHOCTH X OyleM Ha3bBaTh KOHTPYIHT-
HBIMH, €C/TH OHH MOTYT GBITh COBMEIEHH! APYT C JPYrOM IpH MOMOIIH
HEKOTOPOro ABHKEHHsI MOBEPXHOCTH 2 mo caMoil ceGe, a Takke, ec/iu
OHHM CHMMETPHYHBI OTHOCHTEJbHO KaKOH-HUOYyab miiockoctd. Corsmacyem
Ternepb BO3MOXHBIE IEepEMeIleHHsl MOBEPXHOCTH -2 U IUIOCKOCTH
O Ipyr C APYrOM TaK, Kak ecjii Obl 2 M O COCTaBJS/IH B NPOCTPAHCTBE
TBepaoe Tejo. Torma Kaxjaoe JBHUXKEHHE IUIOCKOCTH G, COBMeIalolee
Kakue-HHOy b ee obpasbl O’ u W', nosseuer 3a coGoil JBHKEHHE IMO-
BepXHOCTH 3, coBMelatoliee Ha Hell o6paset @ u ¥, ¢oorBeTcTBYIOUINE
obpasam @’ u ¥'. Uuaue rosopsi, o6pasbl NOBEPXHOCTH % HaXOAATCS
B TaKMX Ke OTHOIUEHMSIX B3aUMHOH KOHTPYSHTHOCTH, B KaKHX
HaxOoAsITCS COOTBETCTBYIoNe 06pasnl miockoctd 6. OTciofa Mbl MOXKeM
3aKJ/IOUUTh, YTO B F€OMETPHM TMOBEPXHOCTH X YIOBJNETBOPAIOTCS Tpe-
©OBaHUSl aKCHMOM KOHrpysHTHoOCcTH [II, TaK Kak 9TH aKCHOMbI UMEIOT
MEeCTO B TeOMETPHH IIJIOCKOCTH.

TakuM e myTeM MOMXKHO yGeIHTBhCS, YTO B FeOMETPUH NOBEPXHOCTH
2T cnpaBem/iMBBlL aKCHOMBI HenpepbiBHOCTH IV,

PaccMoTpuM Temeph Ha TOBEPXHOCTH 2 TNPOU3BOJIBHYIO 3KBHIH-
CTAHTY @ U TOYKY A, JNexalrylo BHe 3TOil 3KBHAUCTAHTHL. [IpoexTupys
KBUAMCTAHTY @ U TOUKY A Ha MJIOCKOCTb O, Mbl MOJYYHM B KayecTBe
ux npoekuuii npsimyro @’ u touky A’. Ilpenmonoxkum, uto uepes
Touky A’ B NJIOCKOCTH G MNpoBeleHa Kakas-HuGyab npsMas b'; nps-
Masi b’ siBjisileTcsl mpoeKlUMed HEeKOTOPOH SKBMAUCTAHTHI b Ha NOBepx-
HOCTH X, mpoxoisuieii uepes Touky A, u eciun b’ He BCTpeyaer nps-
Myio @', TO M 9KBHAMCTaHTa b He GyReT MMeTb obliell TOYKH C KBHIHU-
crautoéi a. Ho B miockdctu o umeer mecro reoMerpusi Jlo6aueBckoro,
M, cjeloBaTeqbHO, uepes TOUYKY A’ . MPOXOAUT -GECKOHEYHO MHOro
npsiMbiX, He mnepecekawumux a’. [TosToMy Ha noBepxHOCcTH X uepe3
TOYKY A MPOXOAUT GeCKOHEUHO MHOrO 3KBUAHCTAHT, HE HMEIOWHX 00-
LIHX TOYEK C OSKBUIHMCTAHTOM Q. A 3TO O3HAyaeT, UTO B IEOMETPHH
NOBEPXHOCTH 2 OCYIIECTBJSETCS MOCTyJaT mnapanjienbHeix JloGa-
YeBCKOTO. ,

Hrak, Ha moBepXHOCTH X BepHbI BCe aKCHOMbI aGCOJIIOTHOH reomer-
pun u akcuoma JloGaueBckoro. CiefoBaTesbHO, MO OTHOIIEHHIO K TOU-
KaM ¥ 3KBHAHCTAHTAM IOBEPXHOCTH X BepHbl BCe TEOpPEMbl, KaKue cy-
LIECTBYIOT B HEEBKJIHAOBOH IJIAHMMETPHUH.

Meul MoXeM, TakKuM 06pasoM, 3aKJIOUUTb: INEMEHMAPHAR 2L0MeMPUn
aKeuducmanmroil nosepxHocmu ecmo ceomempus J1o6auescrkoeo.

B sakiioueHue — emie ofHO 3ameuanue. [lpugaBas skBuaucTanuTam,
NONyYaIoLIUMCH HOPMaJIbHBIMH CeYeHUSIMH 3SKBHAHCTAHTHOH TNOBEpX-
HOCTH 3, po/ib NpPSAMBIX B TeOMETPHH 3TOH MOBEPXHOCTH, Mbl BHa-
yajie He J0Kas3a/lH, YTO OHHU SBJISAIOTCA ee reofle3HYeCKHMH JIMHHSAMH.
Tenepb 3TO JIerKO yCTaHOBHTb, B camoM Jene, Tak Kak Ha 3KBHIUC-
TAHTHON MOBEPXHOCTH HMEIOTCS BCe TeopeMbl abCOJIOTHONH IeOMeTpHH,
TO MOXHO OOblYHBIMH pacCyXAeHUAMH [I0Ka3iTb, YTO OTPE3OK
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KBHIHCTAHTBl KOpoue BCSAKOH Jpyroil JIHHHH, KOTOpasi Ha INoBepX-
LOCTH X COeJMHSIeT ero KOHIbL:

§ 47. Tenepr Mbl 06paTHMCSI K pPacCMOTPEHHIO 3JIeMEHTapHOi reo-
MeTpuH Ha opucdepe. Posb npsMbIX B 3TOil F€OMETPHH Mbl NMPHIHLIEM
OPHLHUK/aM, KOTOpble NOJIyualTCs ceueHHeM opHcdepsl /100010 M10-
CKOCTblO, TNpOXOAsilied uepe3 KaKylo-HUOyAb OCb 3TOH OpHCPEpLI.
(OnaTb MBI OCTaBJsieM OTKPHLITHIM BOMPOC, SIBJASIOTCS JM TakHe OpH-
LUMKJBl Te0Je3HUeCKHMH JIHHHUAMH opuchepbl MJIH HeT; Ha 3TOT BOMPOC
MOXHO OyJeT OYBETHTb yTBEPAMTEIbHO MOC/]e TOro, Kak 3aBepLudTcs
uccaenoBanue reomMeTpuu opuctepnl.) Hawa 6Gamkaiinas ueinb — rmo-
Ka3aTb, YTO B3aMMHblE .OTHOIUEHHS TOYEK M OPHIIHKJIOB Ha opucdepe
MOTYT ObITb BbIpaXK€Hbl aKCHOMAaMH abCOMIOTHOH reoMeTpHH. 3aTeM Mol
BHISICHUM, Kakasi TeopHusl mNapaJjielbHblX COOTBETCTBYeT opucgepe:
EBkaupa unu Jlob6aueBckoro. ’

[lpoBepka akcuom mepBoit rpymnsl 1,1—I1,3 npoBogutcs B ABYX
caoBax. [Tyctb A u B — aBe Npou3BOJIBHBIE TOUKH OpHC(epbl, a U b —
Npoxonsiie yepe3 3TH TOUKH ocH. Tak Kak Jiobble ABe ocH opHchepbt
JIEXKAT B OJHON MJOCKOCTH, TO MpsiMble @ U b onpeaessiloT TOYHO OHY
TUJIOCKOCTb o, KOTOpasi UX coiepxut. [lepeceueHueM mjaockocTH o H
paccmarpuBaeMoil opucdepbt (ee Mbl B jJajibHeiiniem GyfeMm o6o3Hayats
yepes () onpeaesuTcss TOYHO OJMH OPHUUHMKI . u, MPOXOAALLHHA ye-
pe3 Touku A u B. Mrak, KakoBbl Obl HH GbIH ABe ToukH A u B opu-
ceper 2, OHH ONpeAe/AAIOT OJWH M TONbLKO OJMH NPOXOAAILHIl uepes
HHX OPHLHKJI.

TeM caMbIM yCTaHOBJIEHO, YTO B TeOMETPUH OpHcdepbl BbIMOJHS-
1otcs TpeGoBanusi akcuom 1,1—1,2. To, urto J1060i OPULMKI HMeeT He
MeHee JBYX TOYE€K H opHchepa — He MeHee TpexX ToueK, He Jiexaulhx
Ha OJIHOM OpHLMKJe (Ha caMOM Jiesle H B TOM H B JPYrOM CJyuYasix nme-
eTcs aaxe GeCKOHEUHO MHOTO TOYeK), T. €. UTO B TeOMETPUH OpHCdepbl
BbINOJIHEHbI TpeGoBaHUs akcuombl 1,3, HenmocpeiCTBEHHO CJelyeT H3
onpenesieHUsl OPULUKIA U opUchepsl U U3 NPOCTEHLINX TeopeM CTepeo-
MeTpuHd JloGaueBCKOro (B HAIUMX ONHMCAHUSAX OPULHUKJA M opucdepbl Mbl
He OCTaHaBJIHBAJMCh Ha JIOKAa3aTelbCTBAX CTOJAb OYEBMIHBIX HX
CBOHCTB, YTOGBI He OTBJEeKaTb BHHUMAHHUS UHTATeNsl K3JMIWHHMHU
JIETaNSIMHU).

HaJsiee HYXKHO NPOBEPUTDb, BBHINOJHSIOTCS JH HAa OpHChepe aKCHOMBI
nopazaka I1,1—I1,4. CHauana ciienyer Bblcka3aThb YCA0BHS, NPH KOTOPbIX
Mbl CYHT2eM TOYKY OpPHLUHMKJA PacroJOXKEeHHOH MeX1y ABYMSI JPYTHMU
ero Toukami. I1ycTb 1aH HEKOTOPbIA OPHUHKI U, COAEPKALIMACSA B II0-
CKOCTH ¢, H Ha HeM Tpu Touku A, B, C. Mbl ckaxem, 4To Touka B Ha
5TOM OpHLHKJE JIeXUT Mexay ToukamH A u C, eciu och ero b,
npoxojsiuas yepe3 B, JeXHUT B NJIOCKOCTH,0. MeXKAY OCAMH @ H ¢, Npo-
XOISILIIUMH, COOTBETCTBEHHO, uepe3 A u C (T. e. ec/iM B IVIOCKOCTH ot
TOYKH NPSAMBIX @ M ¢ JieXKaT o pasHble CTOPOHbI OT npsimoit b). Bea
TPYJAa MOXHO yCMOTPETh, YTO TPeOOBaHMA JIUHEHHBIX aKCHOM MOPsAKa
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I1,1—I1,3 npun sTOM OKa3bIBAOTCA YAOBJAETBOPEHHBIMH.  Heckosbko
ciaoxHee mnpoBeputb npexmoxenne Ilamwa 11,4, Yrobbl ybemutscs,
4TO M 3TO Npej/I0oXKeHHe HMeeT MeCcTO B reoMeTpHH opucdepbl, MOCTY-
nuM caenymomuM obpasoM. PaccmarpuBas Ha opucdepe €2 mpousBosb-
Hblil TpeyronbHHK ABC (puc. 61), cocraBieHHbIi AyraM# TpeX OpH-
UHKJIOB, NpoBejeM uepes ero Bepiuuinl A, B, C Tpu ocu opucdepn Q
H NOMETHM HX COOTBETCTBEHHO
OyxkBamu a, b, c. Bosbmew,
Jajee, Ha KaXAOH H3 3THUX
NpAMBIX 0 TOUKE, KOTOpbIE
o6osxauum uepes A’, B’, C’,
M IpoBeieM uepe3 HHX IUIO-
ckoctb 0. Ilpennoxenne Ilawma
I1,4 cnpaBeasuBO AJisi BCSKOIO
NPAMOJHHEHOTO TpeyroJbHH-
Ka, B TOM 4HCJe H LISl Tpey-
ronbHuka A'B’'C’ B miocKocTu
o. Orciona Mel TOJAY4YUM e€ro
CNpaBeAIUBOCTD /I TPEYrOib-
unka ABC ua Q. Ilycrs u —
KaKOH-HUOYAb OpUUMKA, pac- p2 BRCTT0I7
NOJIOXKEHHbIA Ha 2 W He mpo- l 4
XONSIUA HH 4epe3 OAHY u3 é
Touek A, B, C. Ham HyxHO :
J

110Ka3aTh, YTO €CAd U MPOXO-
JHMT yepe3 HEKOTOPYIO BHYT-

peHHIOl0  TOuky M orpeska clim
opuuukia AB, To u npoxe- Puc. 61
IWT Jaub0 uyepe3 ONHY U3 T
BHYTPEHHHX TOYeK OTpe3Ka
opuunkaa BC, nu6o yepe3 oAy W3 BHYTPEHHHX TOYEK OTpe3Ka OpH-
uukna AC. 3aMeTHM, YTO IWIOCKOCTb &, B KOTOPOH JIEXKHT OPULHKI U,
u miockoctb ABB’A’ nepecekaiotcs no mpoxopsuieil uepes Touky M
ocu m opuchepst Q. dra ocb m B muockocth ABB’A’ pacnonoxena
MeXIy OCAMH a M b, Tak Kak Touka M Jexur mexay Toukamu A u B.
[TostoMy m J1OJDKHA BCTPETHTb NpsIMOJHMHelHbI orpesok A’B’ B He-
KoTOpoil ero BuyTpeHHeil Touke M’. Toraa B cuy akciombl [Mawa 11,4
npsivas ', M0 KOTOPOH MepecekarloTcsi MJIOCKOCTH o H O, MPOXOIHT
yepe3 BHYTPEHHIOIO TOYKY ojHoro u3 orpeskoB B'C’ mau A'C’. Ilo-
fIyCTUM MJI5l OMpeje/eHHOCTH, YTO NpsMas 4’ COAEpPIKUT BHYTPEHHIOI
Touky N’ orpeska B'C’'. Toraa niockocrd oo 1 BCC'B’, uMes obuiyio
Toyky N', NOMKHBI TlepeceKaTbcsi 1o HekoTopo# npsimoit n. Ho mnoc-
KoctH & 1 BCC’'B’ npoxoast uepe3 nBe napaJjedbiibie npsiMbie m u b;
B cuay unemmul IIT § 35, npamas n, no KOTOpofi 3TH MJOCKOCTH
IlepeceKaloTes, napanjenbHa KaXAod u3 NpsIMBIX m H b, a 3uauur,
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napasiesnbHa -Takxe npsmoit ¢. Tak kak Touka N’ jieXHT Mexay Tou-
kamu B’ u C’, To npsiMasi n, napaiaiesibHas NpsIMBIM b U ¢, pacrosioxe-
Ha Mexc1y HUMH. C Ipyroil CTOPOHBI, KaK BCsiKasd NpsAMasi, napaJsellb-
Hasi ocsiM opHLHMKIa BC u Jiexamas B ero IJIOCKOCTH, OHA sIBJIsIeTCH
TaKXe OChI0 3TOr0 OPHIMKJA H NMO3TOMY IlepeceKaeT ero B HeKOTOpOil
Touke N (cM. § 38). Tak Kak n HaXOXUTCS MEXIY NPSAMbIMUA b U ¢, TO
Touka N Ha opuumkae BC nexuT Mexny Toukamu B u C.

ITockonbKy mpsiMasi i JIEKUT B MIOCKOCTH o, 3Ta IJIOCKOCTb COAEp-
XHT Touky N. TakuMo6pasoM, B YHC/e TOUEK MNepecevyeHus MI0CKOCTH
a 4 opucepsl 2, T. e, B UHCJe TOYEK OPHIUKIA U, CONEPNKUTCST HEKOTO-
past BHYTPEHHAs TOYkKa orpe3ka opuuukia BC. Tem cambiM npejsoxe-
Hue [Tama B reoMeTpun opucdephl AOKa3aHoO.

Ilepeiinem K akcroMam KoHrpyautHocta 111,1—111,5.

Axcuoma III,1 TpeGyer, uToObl Ha J06OM OpHLMKAe opucdepbr €
OT J10060OH €ro TOYKH H B JNIOGYI0 CTOPOHY MOXHO ObII1O OJHO3HAYHO
OTJIOXKUTb OTPE30K, KOHI'DYSHTHBIH J1I000OMY HaHHOMY OTpe3Ky ApYroro
opunmkia; akcuoma 11,4 TpeGyer, uto6nl Ha opuchepe Q2 ¢ soboit
CTOPOHBI OT JAAHHOI'O OPHIMKJ/IA MOXKHO GBIJIO TIPHJIOKHTL K 3TOMY OpH-
LUMKJAY YToJ, KOHTPYSHTHBIH NPOU3BOJBHO JAHHOMY YIJY; INOJIOXKEHHE
BEpIUHHBL MPH STOM MOXET GhIThb Ha3HAYEHO NPOU3BOJLHO H, €C/IH OHA
yKasaHa, MOCTPOEHHE JOIKHO GbIThb OJHO3HAUHBIM.

OGe oTH aKCHOMBI BHIMOJIHSIIOTCS B I'eOMETPHH opucdepbl BCJAEACT-
BHe TOro, 4TO opucdepa ZONMycKaeT mepeMellleHnst 1o caMoil ceGe, COBO-
KYNHOCTb KOTOPBIX TPAH3HTHBHA OTHOCHTEJNBHO JIMHEHHBIX 3JIEMEHTOB.
OnHO3HAYHOCTE TpeOyeMbIX NOCTPOellnii BbiTeKaeT u3 Teopembl b § 19.

Hanee, akcuoma 11,2 BhimosHsieTcst Be/eACTBHE T'PYNIOBOIO CBOH-
cTBa JBHxKeHHH (cMm. § 19).

UTo6bl JI0Ka3aTh B reoMeTpud opucdepol Q npemtoxkenue 11,3,
paccMOTpUM Ha 3TOH NOBEPXHOCTH ABa OpHUuUMK/I2 4 ¥ u'. BosbMeM Ha
opuuukie u Tpu Touku A, B, C, pacnojioxKeHHbE TakK, YTo B jexur
mexny A u C; nycrs A’, B’, C' — Tpu Toukn opuuukia u’, Haxoxs-
uecsi B aHaJorMuHoM pacnonoxenun. Eciu AB = A’B’, To cyuect-
ByeT IBUKeHHe opucepbl o camoil ceGe, mpuBoisiiee Touky A’ K
COBMeLIEHHUI0 ¢ TOYKOH A M Touky B’ K coBMmenieHuio ¢ Toukoit B. Eciu
eue BC == B’C’, 10 u3 Teopemnt B § 19 cienyer, uro Touka C’ npu sTOM
IIBHXKEHHH coBMecTHTCH ¢ Toukoil C. Takum o6pasoM, mpu paccMmaTpH-
BaeMOM IBHKeHHH oTpe3oK A’C’ Hajmoxurcs Ha orpe3ok AC, T.e. H3
AB= A’'B’ u BC== B'C’ cnenyer AC= A'C’.

CroJib e NPOCTBIMH PacCyKAeHHSIMH MOXKET ObITh J0Ka3aHO U Ipex-
qnoxenue 111,5.

Ocraercsi npOBepHTh BBLINOJHEHHE AKCHOM HenpephleHocTH 1V,1
n 1V,2. Ilpu n3yuyenuu reomerpun opucdepbl, BMECTO TOrO YTOGHI IPO-
BepATb OTJEJbHO BhINOJTHeHHe axkcuombl Apxumena 1V,1 u akcu-
ombl Kantopa 1V,2, BeirofiHee yCTaHOBHTb, YTO BBLINIOJHSETCS NMPHHLMI
Henexnnaa, Ecau Mbl 970 yCTaHOBHMM, TO NPH HAJHYHH NpPeAJOXKEHHH
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[—I11, B cuny Teopems 41 § 23, npennoxenns IV,1 u IV,2 ha opucde-
pe Takxe OyLyT BepHHI.

PaccmorpuM Ha opucdepe npou3BOJBHBIL OPHUMKI U U O6O3HAUUM
ero mjaockocTb 6yKBoii a. IlycTh B MHOXeCTBE TOYEK 3TOTO OpPHIMKJA
HpOH3BEIEHO HEeKOoTopoe MeNeKHHIOBO ceueHue. Bo3bMeM B mnepBom
KJ1acce CceyeHUsl NPOU3BOJIbHYIO TOUKY A, BO BTOPOM — TOUKY B; uepes
35TH TOYKHM MPOBEJEM COOTBETCTBEHHO OCH OpHLHKIa a u b. BriGpas
Ha NepBOM W3 STHX MNPSIMBIX KaKylo-HUGYAb TOUKy A’, Ha BTOpOH —
Touky B’, mocrpoum mpsimywo u’, ompegensiemyio toukamu A’ u B’.
3ameTuM Tenepsb, uTo Yepe3 Kaxayw Touky M’ npsiMoil «’, Kak 1 Boobuie
yepe3 KaKAyl0 TOUKY MIOCKOCTH @, POXOIUT TOYHO OfHA OCh OPHLHK-
Ja u, rnepecekawlias ero B OfHOH onpezneneHHol Touke M. Takum 06-
pasoM, Kaxaoi Touke M’ mpsmoit &’ ¢ momouiblo Haulel KOHCTPYKLHH
CTaBHTCA B COOTBETCTBHE ompelejeHHass Touka M opuumkiaa u. Mur
pacnpeesiM BCce TOUKH MPSIMOi &’ Ha ABa KJjacca 1o npaBuay: Touky M’
3TOH NpPAMOH OTHECeM B MEpPBBI KJacC, €C/AH COOTBETCTBYIOLAs el
Touka M Ha OpHLHKJE u TPHHAIJIEKHT NepBOMY KJAacCy JeNEeKHHI0Ba
ceyeHMsi, 3alaHHOTO Ha 3TOM OpMLIMKJE, H BO BTOPOH KJacc, €CJiH COOT-
BETCTBYIOIIAsl TOYKA HA OPHIMKJ/IE NPUHALIEKUT BTopomy Kiaccy. Oue-
BHJIHO, 9TO pacrpelesieH’e TOUeK MpsAMoM u’ siB/sieTcs AeNeKHHIOBBIM
ceyeHneM. Tak Kak Ha MNpsAMBIX NPOCTPAHCTBA JI0GAYEBCKOro HMeEET
MeCTO MpHHUMN JlefeKWHAa, TO Mbl MOXeM YTBEp»KIaTb, YTO B OXHOM
U3 KJ1acCOB JEeJeKHHIOBA CeueHHsi, KOTOpoe MOJyUYHI0oCh Ha npsamoil u',
HMeeTCs1 3aMbIKAIOUIMI 3J1eMEHT.

[TycTb 3THM 37eMeHTOM siBasiercst Touka X'. Ipeanonoxum aast on-
peneneHHoCTH, yTo X’ ecTh nepBasi TOuka BTOPOro Kjacca. IToCKombKy
A’ u B’ BXomATr B pasHele kjaccel, X' NONKHA JIEXAaTh MEXAY HHMH
WM, B KpaliHeM ciyuae, coBnagaTh ¢ Toukoit B’. CoorBercTByouiast
Touke X' Ha OpHUMKJe Touka X BXOAUT BO BTOPQ KJacc JefeKHHI0Ba
CeueHHsl Ha 3TOM OpHLHKJE H JeXHT MeX1y A U B, B KpaiiHeM ciyyae
coBnagasi ¢ B. Ecin X He 3aMbIKaeT BTOpPOil KJjacC Ha OpPHLHKJE, TO
Mexay'A u X cyuecTByeT Touka Y, TakxkKe NpHHaJIexalasi BTOPOMY
kaaccy. Ochb y OpHUHMKJA u, NPOXOAflAsl yepe3 TOUKY Y, pacmoso-
xena Mexay ocsimd AA’ u X X', nostoMy oHa J0J2KHA mepeceub OTpe-
3ok A’ X’ B Hexoropoii eroTouke Y’. Touka Y’ Ha npsiMoit u’ BXOXHT BO
BTOPOH KJlacc, TAK KaK TOYKa Y MpHHAJJIeXKHT BTOPOMY KJacCy Ha OpH-
unkae u. Ho Bmecte ¢ TeM Y’, o ee mocTpoeHH1o, pacrojioxeHa Ha
npsaMoit u’ GMXKe K TOYKaM IepBOro kKjacca, yeM Touka X’. A 3to He-
BO3MOXHO, Tak Kak X’ ecTb mepBasi Touka BToporo knaacca. ITosy-
yeHHOe NPOTHBOpeUHe I10Ka3bIBaeT, YTo X He06XOAHMO 3aMbkKaeT BTOPOH
kaacc. Ecau 6bl Mbl NIpeanoaoxuiu, yto X' Ha u’' 3aMblKaeT NepBblit
KJIacC, TO aHAJOTHYHBIM MmyTeM Yy6exnsnch Obl, YTO COOTBETCTBYIOLLAS
el Touka X 3aMblKaeT NepBblfi KJacc CeueHusl Ha OpHIHKIIe.

Hrak, kakoBo OBl HH ObLIO JEJEKHHIOBO CEeYeHHe Ha OpHLHKIe,
OIHH M3 KJACCOB 3TOr0 CeueHHs HeoOXOAHMMO HMeeT 3aMblKaIOUHiL
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-a/ieMedT. TeM caMbIM Mbl MOKa3a/H, YTO B TeOMETPUH OpHC(Epbl HMeeT
mecto npunuun enekunna. M3 teopemnl 41 .§ 23 Torna caenyer, uto
Ha opucdepe cnpaBejIuBbl YTBEPKAEHHS aKCHOM HeNpepbIBHOCTU
IvV,1 u [V,2.

IlpoBeeHHO® HAMH HCC/eI0BaHUE MO3BOMSIET 3aKJ/IOYUTH, YTO Ha
-opucdepe BepHbI BCe NpeJioKeHHs abCoMOTHOH reomerpuu. [eficTBu-
“TeJIbHO, BCE OHU MOTYT ObITh MOJIyYeHbl JIOTHYECKHM ITyTeM H3 aKCHOM
I—IV, crnpaBenMBoCTb KOTOPBIX YCTaHOBJEHa.

Tenepb HaM HaNJIeKUT BhICHUTH BOMPOC: Kakasl e Teopus napai-
JIeIbHBEIX  OCYLIECTBJISIETCS B TeOMETPHUECKOH cHcTeme opHcdepbl —
Eskauga unu JloGaueBckoro?

OtBeT Ha 3TOT BONPOC TPy/la HE NPeNCTaBUT.

BosbMeM Ha opucdepe Q KakoH-HHOYyAb OPHUMKA @, MJIOCKOCThb
Kortoporo o6o3HauuM OykBoi o. Ilyctb 6yner P — npousBosibHas
~rouka opuctepsl Q, He Jexaias Ha opuuukie a. [Iposenem yepes Tou-
Ky P ocb p opucdepnl. M3.teopempr X1I § 35 caenyer, uro npsmas p
napajJiesbHa IJIOCKOCTH Q.

IlpencraBum ceGe Tenepb, YTO uepe3 TOUKY P npoBeleH NpoH3BOJIb-
#plil opundka b. Ero miockocts P npoiiner uepes npsamyio p. Opu-
UMK b He GyneTr uMeTb O6LIEH TOUKH C OPULMKJ/IOM @ TOJbKO B TOM CJY-
yae, KOrja IIOCKOCTb f§ He mepecekaeT miockocTd . Ho Tak kak mps-
Mas p MmapajjeibHa TIUIOCKOCTH @, TO, fio Teopeme XIV § 35,
'yepe3 Hee MPOXOJMT TOYHO OjHA IUIOCKOCThb B, He mepecekarouias mnJo-
«CKOCTH . A

CnegoBatenbHo, uepe3 Touky P Ha opucdepe €2 NMPOXOAHUT TOYHO
-OMH OpPUUHMKJ, He BCTpevawmoUuii opuuuk/aa a. TakuMm obpasom, Ha
opucghepe umeerm mecmo e8Kaudos nocmyaam 0 NAPAIIeAbHbIX.

Mbl MOXKeM BBICKa3aTh Tenepb Cjefyioliiee YTBepKIEHHE: 3emen-
AMAapHas eeomempusn opucgepst ecmy eeomempus Eexauda.

ITo 3ameuaresbHOe OOCTOATE/NLCTBO MIPaeT BaXKHYIO poJb B pas-
BepThiBaHUH reometrpuu Jlo6aueBckoro. Ho u HeszaBucumo ot ero uc-
[0/1Ib30BaHUsI OHO CaMo MO cebe NpeicTaBAsieT HCKIIOUYHTEbHBIN HH-
vepec. OKasblBaercsi, yto orBepras V nocry/at EBk/uaa B AByMepHOi
reoOMeTpUH KaxI0# NMJIOCKOCTH, Mbl BCe-TaKH HAaXOLHM €ro B JBYMepHOH
reoMeTpuH HEKOTOPOH APYro# noBepXHOCTH.

MutepecHO cOMOCTaBUTb eOMETPUM HA SKBUAMCTAHTHOH MOBEpX-
“HOCTH, Ha opuctepe 1 Ha OObIKHOBEHHOf cdepe, paccMaTpuBas B 3THX
reoMeTpUAX MpeioKeHe O CyMMe YIVIOB TPeyroJibHUKa.

Tak kKak Ha 5KBMAHCTAHTHOH MOBEPXHOCTH HMEET MECTO reoMeTpus
Jlo6ayeBCcKoro, To BCSIKMH TpeyrosbHHK, COCTaBJIEHHBI NyraMH reo-
_JIe3HYECKHX JIHHAUIT (T. €. JyraMy 3KBUJUCTAHT), UMEET CyMMY BHYTpeH-
HUX YIJIOB, MEHbLIUYIO ABYX MpPSMbIX.

Ha opucdepe, mockonbKy Ha Helt ocyuiecTB/isieTcsi reomerpusi Es-
KAUIa, TEONE3HMYeCKHil TPeyroNbHUK (COCTaB/IEHHbIH AyraMH OpHLHK-
JI0B) MMeeT CyMMy YIVIOB, PaBHYIO [BYM MPSAMbIM,
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Coeprueckuit TPEYTObHUK, CTOPOHbI KOTOPOTO SB/SIOTCA AyTaMiL
OONbUINX KPYIOB (T. €. Treofe3MueCKUX JHHUK cdepbl), UMEET CYMMY
yraos, 60ablIylo AByX npsmbix. Ha cdepe cyuwectByer naxe reope-
SHYECKHH TPEYTOJNBHUK C TPeMsi NPSAMBbIMH YIVIaMHU.

Takum obpasom, B chepuueckoit reoMETpHH CNPaBeIJINBO KaK pas.
TO NpeJJaokenHe, JIOXKHOCTb KOTOPOro B abGCOJIOTHON reoMeTpHH ycTa-
HaB/IMBaJH MHOrHe reometpnl (Jlexxannp, Cakkepu, Jlambepr; nocaea-
HUe — MO BHJOM THIIOTe3bl TYIOro yrJja).

Kouneuno, 310 ofbsicHsieTcs TeM, 4TO reoMeTpusi cdepsl eile MeHee-
CX0JHa C reomeTpHeHd eBKJMJIOBOH NJIOCKOCTH, 4e€M TEOMEeTPHs IJIOC-
xocti JlobGaueBckoro.

JlefictBUTEIEHO, B reoMeTpun cdephl HERepHA He TOJbKO eBKJHIOBA
aKCHOMa NapaJyie/bHbIX, HO HEBEPHO H GOJBILIHHCTBO aKCHOM aBCoioT-
HOH TeoMeTpUH (Hampumep, JBe reoje3uuyeckue JHHUM cdepbl BCerna.
NePeCceKarTcsl B ABYX TOUKaX; K TOUKAM Ieojie3UYeCKOH JHUHUH He-
NPUMEHHMO TOHSITHE «MeXAy» H T. 1.).

B saxisiouenne 3aMerdM, yTo npocTpaHcTEo JI0GaUeBCKOTO B OJHOM
OTHOWIeHUN 6oraue, yeM mnpocTpaHcTBo EBKJAHAA; HMEHHO, B TO
BpeMsi KaK B €BKJHJIOBOM IIPOCTPAHCTBE CYIIECTBYIOT TOJbKO JBe
3/1eMEHTapHble TeoMeTPHHM JABYMEpHBIX MHOroo6pasuii — chepuueckas
U €BKJMIO0Ba, B NPOCTPAHCTBe JI06aueBCKOro Ha pa3MyHBIX MOBEPX-
HOCTSIX OCYILECTBJSIIOTCSI BCE€ TPHU H3BECTHble HAM T€OMETPHYECKHE CH--
CTeMbI. .

8. Nuomwans TpeyrosbHUka

§ 48. B nmpezeinyiueM pasiesnie Mbl DacCMATPHBAlH TOJIbKO yIJOBLE H JMHeHHbiC
BennunHbL. Tenepb Mbl 3aiiMeMcst 3afauedi ompejieNenHs noWan! ¢duryp Ha naockocTH
Jlo6auesckoro.

Onpenensist NJOU1aAb, Mbl HCIOJb3yeM IOHSTHE PaBHOCOCTABIEHHOCTH GUIYP:
IBe (GUIyphl Ha3bIBAIOTCS PABHOCOCHIABACHHbIMIL, €CIM MX MOXKHO PasNOXHTb Ha OJil-
HaKoBOe YHCJIO TOMapHO KOHIPYSHTHBIX TpeyroibHukoB. Hekotopoe Bpemsi Mbl Gynem
OFP2aHHYHBATBLCA PACCMOTPEHHEM TOJNBKO TPEYTONbHUKOB.

ViMeeT MecTO calenylolliee NMpeJIoKeHHe: HEOOXOOUMbIM 1L QOCIMAMOUYHOIM  YCAOBUEM
PABHOCOCMABACHHOCMU  J8YX MPeY20AbHUKO8 ABAAEMCS PABEHCME0 ux Oegexmos,

HanomnuM, uyto nedekToM TpeyrojbHHKa A HashBIOT PasHOCTb

D (A)=n—S (4),

rze S (A) — cyMMa BHYTpeHHHX YIJIOB TpeYTo/bHHKa; MO Teopeme .Hemarmpa (npen-
noxenne 111 § 8) B HeeBkaHnOBOH reomerpuu S ¢A) < u D (A) > 0

Jloka3aTesIbCTBO HeOGXOZMMOCTH BHICKa3aHHOTO TNDU3HaKa OﬂﬂpaeTCﬂ Ha cJae~
AylollMe JBe JIEMMEL,

Jlemma 1. - ITycms dano pasbuenue Hexomopoid 00HOCEs3HOU o00aacmu, 02pa--
HU4erHoU 3aMKHYmMOL NOMAHOU AUHUE, HA MPeY2OAbHUKL MAK, MO NpU MOM 6biN0A~
HAIOMcs credyroujue ycaosus: Kaxcloie 0sa mpeyzoavruxka pasbuenus aubo coscem He
umerom obugux movex, aubo umerom oOnYy obwyro eepuiury, aubo obwyro cmopony.
Tozda, ecau a? 0603HA4aEM HUCAO BCEX MPEY20AHUKOS PA3BLEHUR, OLF — HUCAD 6EDULUA
BIMUX MPEY20AbHIIKOS, ACHAUAUX 6HyMPU OBACMU, 1L OLY — HUCAO EPUIUN HA 2PAHINE,
mo umeem MeCmo pageHcmeo

— %] —af =—2. (A}
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(Ha puc. 62 a2=10, af =3, a2=6.) ;
Ilpu pokasatenncrBe M GyfeM npennojarars .u3secTHoft dopmyny Ditnepa

at—alial=l,
€ne al— 9uC/I0 BCeX CTOPOH TPEYrONbHHKOB pa3GHenus, o®— YMCJIO BceX BepliMH *),
IepenymepyeM Kak-HHGYAB BepIUHHBI TPEYTOJbHUKOB

pa3bueHuss H 0003Ha4HM Yepes pIn UHCTO TPEYTONBHUKOB,
HMEIOLHX OOILYI0 BHYTPEHHIOO BepLIHHY C HOMepoM &,

uepes pir — UMC/IO TPEYTONBHHKOB C oGlle BepuiMHOM Ha
VA rpanuue, nomeuenHolt HomepoM r. Ilycts ple u ph, — umcio
CTOPOH, HCXOAALIUX H3 TeX e BepWMH. 1Oria, OYEBUAHO,
4 g J 2 1
Pik == Piky }

Puc. 62. pE=pl—1.

(B)

€ Apyro#i CTOpPOHBI, CyMMHpYS 110 BCeM BHYTPEHHHM M BHEILUHHM BepLUMHAM, HaijeMmi
Q
% phe+ X plr =302,
r
g pli+ 2 por =201,
r

BoluTeM H3 HUXKHETO paBeHCTBA BepXHee; Ha ocHoBaHHH (B) 6yxeM uMmeThbs
ad = 201 -— 302,

Vickniouass oTCiofa M H3 ToXJecTBa Diisepa
' o?—altad=1
BeJMuHHY G, MBI NOMyYMM:
a?—200 4-af =—2.
Ho a'=al+al; BHOCA 3T0 BhpaxeHHe BMecTo 0’ B MpeXbAyllee PAaBeHCTBO, HafgeM

2KeJlaeMblil pe3ynbTar:
a2—2a) —ol=—2.
Pas6uenus o6Gnacre Ha TpeyroabHHKH, NMOAYMHEHHBIE YCJIOBHAM, BBICKa3aHHBIM

8 (GOpMYJIHPOBKe JieMMbl I, B TOIOJOTHH Ha3bIBAIOTCA MPUAHEYAAYUMUL.
Jlemma II. Ecau mpeyeoavrux A cocmasaen us mpeyeorsruxos Ay, A,, ..., Ap,

mo
D(A)=D(A))+...+D(Ap).

Jra JeMMa, OYeBHIHO, siBJsieTcsl o6obLieHueM JeMmut I § 8, corsiacHo Kotopoit npu
pasbuennu TpeyronbHuka ABC Tpancsepcannio BD Ha gBa Tpeyronbhuka ABD
# BDC uMeeT MeCTO PaBeHCTBO

D (ABC) =D (ABD)+ D (BDC).

Bmecte ¢ Tem us snemmel I § 8 cienyer, uto npu nokasarenabcrse semmbl 1T MoxHO
CBECTH JIeI0 K PacCMOTPeHHIO CJyyasi, KOrZa pas36ueHHe TpeyroJbHHKa A sBJsCTCA
TpHaHryJasumed.

*) Cm., Hanpumep, I. C. Anexkcauapos u B. A, Eppemosuuy,
Ouepk ocroBHbiX noHATH# Tomosorud, OHTH, 1936.
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B camom nene, mpuMBIKaHHe TPeyroabHHKOB A, A,, ..., Ay, APYr K Jpyry
He YIOBJIETBOPSIET YCJOBHAIM TPHAHTYJSILMH, €CJAH BepLIMHEI HEKOTOPHIX TPeyrosb-
HHKOB A; COBNAJAIOT ¢ BHYTPEHHUMH TOYKaMH CTOPOH HEKOTOPHIX APYTHX TpPeyroJb-
HUKOB A;. Ho Torzma, coenuusis noouepeiHo BepLUHHBI TPEYFOJBHHKOB Ay, Jiexallne
Ha CTOPOHAX COCEJHHX TPEYTOJbHHKOB, € NMPOTHBOMOJIOXKHEIMA STHM CTODOHaM Bep-

IWUHHAMU NOCENHHMX, MH TOJYYHM HOBYIO CHCTEMY TPeYTOJILHHKOB Agy ey Ame
Pa36uenne TpeyroAbHHKa A Ha TpeyrosbHHUKH Al, . A,,. 6yfeT Yyxe TpHaHIy-

asinneil. Ho npn sToM cymMa fiedheKTOB TpeyroJbHHKOB Ay, e, Apy paBHA CyMMe
JedeK TOB TPEYroJbHUKOB Ay, ..., Ap, TaK KaK KaXAbill pas npH pasfelleHHH Tpe-
yroibHHKa A; TpPaHCBepCaJbl0 TNOJMYYAlOTCS ABA HOBLIX TPEYTOJbHHKA, CyMMa Je-
(ekTOB KOTOpBIX Mo JiemMe 1 § 8 paBua nedekry TpeyroibHHka A;.

TakuM 06pa3oM, IJIS JOKA3aTe/lbCTBA Halled JIeMMbl JOCTATOYHO YCTaHOBHTh
PaBeHCTBO

D(A})+...4+D(Am)=D(A).

’ . ’
OG6o3HnaunM yepe3 | YHC/IO BepIUHH TPEYTOJbHHKOB Aj, ..., Am, JA€XKamuX
BHYTPH A, H 4Yepe3 p — YHCJIO BepLIHH, PACNOJIOKEHHBIX HA CTOPOHAX TPeyrosbe
HHKa A (‘l‘pH BEpLUHHB TPeYroJbHHKAa A He YYHTHIBAIOTCS). Torna HMeeT MecTo Co-

OTHOLUEHHEe
m—2l—pu=1, (B)

D10 COOTHOIEHHe TNOJyyaeTcss He3HaYHTeNbHOft mepefeskoft ms pasencrsa (A)
npenbinyimedi nemmbl. JleficTBUTE/ILHO, NMpHMeHss JemMy I K pasGueHMIO Tpeyrois-

HHKAa A Ha TPEYTONbHHKH Aj, ..., Ap, Mbi JOMKHBI [IOAYYHTB
ot=m, of=l, aS=p+3.
BHocst sTH BhIpaXKeHHS B paBeHcTBO (A), moayuum (B).
Paccmorpum Tenepb cymmy D (Ay) + ...+ D (Am). OueBupto,
D (A1) +...+D (Am)=ma—[S (A1) + ...+ S (am)]-

’ ’
CyMMa YIJIOB TPeYrOJbHHKOB Ay, ..., Ay, NPHMBIKAIOUMX K KaxiIof ux obuiefl
BepllKHe, Jexalled BHYTPH A, paBHa 27T; yIVibl, NPUMBIKAIOLIHE K KaXOH BepluKHe,
pacrnoJIo:KeHHOH Ha CTOPOHe TpeyroJbHHKa A, B CyMMe COCTaBJSIOT JU; HaKOHel,
’ ’

CyMMa YIVIOB TPEyroJbHHKOB Ay, ..., Ap NpPH TeX BepIIHHAX, KOTOpble COBNAJaloT
¢ BeplLUMHAMH TpeyronbHHka A, paBHa S (A). ITostomy

S(A1)+ ... +S(Am) =2n+prtS (A).
Orciona
D(AD)+...4+D(Ap)=(m—2l—p) n—S (A)
4 coraacHo (B)
D(A1)+...4+D(Am)=n—S(A)=D (A).
Ho Tak Kak

D(A))+...4+D(Am)=D (A)+...+D(A,),

D(A)+...+D(A,)=D(A).

Jlemma II poka3sama.
Cuenyiomas TeopeMa BbIpaXaeT HEOGXOAMMOCTb YKa3aHHOro Bhillle INpPU3HAKAE
PABHOCOCTABJIEHHOCTH TPeYTro/bHHKOB.
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Teopema 1. Pasnococmasaennvie mpeyzorvruxu umetom paeuole Oegexmed,

[NycTs TpeyronsBukd A M A’ pasjoxkenbl a OJHHAKOBOE YUCJIO NONAPHO KCH-
TPYSHTHHIX .TPEYTONLHHKOB A, A,, ..., Ay u Aj, A}, ..., A, Hymepaunio Tpe-
YIOJBHHKOB MBI NPEANOJIOKHM YCTAHOBJCHHON TaK, YTO TPEYrGIALHUKH A; H A}
C O/ HAaKOBbIMM HOMepaMH KOHIpPYysHTHbL. Ilo nemme 11, -

D(A)=D(A)+...+D(4,)

D(A)=D(A1)+...+D(An).
Ho Tak kak RourpysnTHble TPeYrOJbHHKH, OUEBHIHO, MMEWT pasubie JAedeKTH, To
D(A)=D (a)-
Orciopa ¥ H3 NpelLAyIUX paBeHcTB
D(A)=D(A").

JocratoyHocTh NpH3HaKa pPaBHOCOCTABIEHHOCTH TpPeyroJbHHKOB — BbIpaXaer

Teopewma ll. Ecau mpeyeorvruxu umeom pasHoie Oeghexmol, mo OHU PABHO-
cocmasaerbt.

JloKasaTeJbCTBO STOR TeopeMBI MBI CBeleM K YCTAaHOBJIEHHIO Psiia JICMM *).

Jlemma o, Jee gueyper, pasrococmasaennvie ¢ Hexkomopod mpembvetl, pusHo-
cocmasaenst 0pya ¢ Opyeom.

Iycte ¢urypert A n B paBHococTasienst ¢ ¢urypolt C. Ilpexcrasum ceGe, uTo
Ha Kaxnoft us ¢uryp A, B HaHeceHbl Te npsiMbie, KOTOpLIC Pa3GUBAIOT ee HA YacTH,
KOHrpy3HTHbie YacTaM ¢urypu C. Haueptum Ha ¢urype C npsimble, pasGuBaiouive ee
Ha YaCTH, COOTBETCTBEHHO KOHIDYSHTHbIE HYacTsM (HUryphl A, H NOTOM — MpsIMble,
pa36uBalolHe ee Ha YaCTH, COOTBETCTBEHHO KOHTPYSHTHble yacTsiM ¢urypu B. Toraa,
OYeBHJHO, H Te H ApPYTHe NMpsMble BMecTe Pa3oGbioT ¢urypy C Ha 4acTH, M3 KOTOPbIX
MOXHO COCTaBHTh Kak ¢urypy A, tak u ourypy B.

Jlemma P. Ecau E u F — ocHosanuA nepnenOuKyaapos, ONYUEHHbIX U3 6ep-
wun B u C mpeyeorvruka ABC na npamyro, coedunsawowyro cepedunot P u Q ezo cmo-
por AB u AC, mo BCFE ecmo vemoipexyeonvriux Caxkepu u mpeyeorvrux ABC pasro-
cocmaeaen ¢ semoipexyeorsrukom BCFE.

Ipexxne Bcero pokaxem, 4to BCFE ecTb yeThipexyroibHHK Cakkepu. Onycrum
n3 Touku A nepnenjiukynsp AD Ha npsmyo P Q: oueBHIHO, UMEIOT MECTO PaBelCTBa
TpeyronbHukoB: ABEP=AADP n ACFQ=AADQ, orkyga BE=AD n CF=AD.
CnenoBatenbHo, BE=CF, u TakuM o6pa3om, BCFE feliCTBHTE/NBHO sIBJISIETCS YeTbIpeX-
yronbHHkoM Cakkepd. UToGbl yCTAHOBUTB PABHOCOCTaBJNEHHOCTb TpeyronbHuka ABC
¢ yeTblpexyroybHukoM BCFE, npuXomutcs paccMaTpHBaTb ABa cCayuas.

1) Otpesox P Q siBasteTcst yactbio orpeska EF (puc. 63a u 6).

B stom cayyae paBHococTaBsenHocTh ¢uryp ABC n BCFE ycmaTpuBaercs He-
TIOCPeACTBEHHO M3 pHC. 63a M 6, rjae paBHble TPEYTONbHHKH IOMeYeHbl OfHHAKOBLIMH
uudpamu (purypa, msobpaxeHHas Ha puc. 636, COOTBeTCTBYyeT TOMY CJyvalo, KOTA&
F u Q cosnanaior).

2) Orpesok P Q nexut, no Kpaiineli Mepe yactuyHo, BHe EF (puc. 64). B stom

: |
cyyae 3aMeTHM npexje Bcero, uTo PQ = 5 EF. B camoM jene, B3 OYeBHJHbIX

PaBEHCTB TPEYroJbHUKOB
ABEP=AADP n ACFQ=A ADQ

*) Huxenpupoaumple JeMMbl YaCTHYHO SaMMCTBOBaHbl M3 Knuru: Bansaye,
«HeeBKkauaopa reometpusi», M.— JI., 1933,



§ 48] 8. nAoMALbL TPEYTOJbHHUKA 151

cnepyer EP=PD w FQ=QD, otkyaa EP — FQ=PD — QD uwau EF — PQ=PQ,
T. e. 2PQ=EF u PQ:%EF‘.

Hanee, coegurum Touky C ¢ Toukol P M OTIOKHM Ha coesHusiouiell npsiMoRt
orpe3ok PA’=PC. Bcnen 3a tem coeguum Touky A’ ¢ Toukoit B. Ilycts P'—
Touka, B Kortopoit npsivas EF mnepecekaer ¢TopoHy BA’ rtpeyromeunka A'BC,

N a 7
\\\
~,
Y VARV 7
/AN - gr a ) 2
7 4 /
g 4 v PA
Puc. 63a. Puc. 636.

Herpyano ycTaHoBHTb, uTO P’ ectb cepepuna ctopoust A’B. HefictuTennio,

eciu A’'D' — mepnenpukyasp, onyuweHusii u3 A’ wa EF, To A’D'’=CF=BE,

nostomy AP'A’'D’ = AP'BE, otkyna

BpP’ = P’A’. Kpome TOro, Tpeyrob- Yy ;
’ 4,

nuk A’BC  paBHOCOCTaBJeH € TPeyrojb-

nukoM ABC, Tak KaK STH TpPeyroJbHHKH

HMelOT B KauecTBe OOuleil vacTH Tpe-

yroneuuk BPC, a Tpeyroabnuku BPA’

¥ CPA paBHBI, TOCKOJbKY OHH COZep- ”»

AT  paBHble YINJbl  MEXAY COOTBETCT- £y

BEHHO  PaBHbIMH cropoamu,  Hraxk,

ucxofss U3 TpeyroibHuka ABC, Mbl Mo-

eM MOCTPOHTb TaK, KaK cefiuac G6buIO

yKasaHo, TpeyroabHHk A’BC; ananoruu-

HO, Hcxoms M3 Tpeyronbnuka A'BC,— /

4,

AT

HOBbIH TpeyrombHuk A"BC, w T. L 7 7
{puc. 64).

Bce Tpeyrombuuxkn ABC, A'BC, Puc. 64
A"BC, ... HMeIOT OGLLYIO CPEIHIONn JIHHHIO T

H 10 TNpelbiiylleMy, a TaKike BCJAeICT-
BUe JIeMMBI G, PaBHOCOCTaBJIeHbl APYr ¢ ApyroM. Ilpu sTOM HMeEIOT MeCTO paBeHCTBA
OTpe3KoB?

1
2

QP=PP'=P'P"=,..=— EF.

Benenctsue akcHoMbl ApXHMeZa HEKOTODOH M3 3THX TPeyroJbHHKOB pacnos
JIOXKEH TaK, KaK NpelyCMOTPEHO B IepBOM Clyuae AOK43aTeJNbCTBA STOH JieMMb,
CllefloBaTe/IbHO, OH paBHOCOCTaBJeH C ueTbipexyronbHukom Cakkepu BCFE; Tem
€aMbIM  yCTaHaBJIHBAeTCS PaBHOCOCTABNEHHOCTh € ueTbipexyronbHHkom BCFE wuc-
xogHoro TpeyronbHuka ABC. Jlemma nokasana.

JiemMmma vy. Ecau Osa mpeyeonvHuxa umewom paswbie Oepexmot u Hexomopas
£MOPOHA 00HO20 U3 SMUX MPEY20A6HUKOS PABHA KAKOU-HubYOdb cmopone Opyeozo, mo
uemoipexyeonouks  Cakkepi, — COOMELMCMOYIOUUE — SMUM  CIMOPOHAM,  KONZPY=
SHMHV,
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B camom nene, /B n /C uersipexyroneunka BCFE paBHbl Mexay co6oil, H, Kak.
JIETKO YCMOTpeTb M3 puc. 63 unm u3 puc. 64, BelHUHHA KaAOTO W3 HHX paBHa S/2,
rie S—cymma yraoB TpeyrojbHnka ABC. Ho uerbipexyronsHuk Cakkepu BnoJjHe
onpeJieNsieTCst BEPXHHM OCHOBAHMEM H YIVIOM NpPH 8TOM OCHOBAHHH, OTKYZAa CJENYeT
CIIPaBelINBOCTb  JIEMMBI.

U3 nemma, B u y ToTuac BhiTeKaeT

Jlemma 0. Ecau 0sa mpeyzorvHuka umerom paeHele Oehexmer U Hekomopas
CMOPOHA 00H020 U3 HUX PABHA KaKoli-Hubydb cmopoxe Opyao20, Mo SmiL mpeyeosbHUKUL
PABHOCOCMABAEHbL.

Ecnu Ha puc. 63 npogomxum orpesok BE po Touku R Tak, ytro6nt BE=ER,
To cepenna cropousl RC Tpeyroabkuka BRC 6yner sexarb Ha npsimoit EF, uto yc-
MaTpuBacTcs HemocpenctenHo. [lo semme B o6a Tpeyronpuuka BRC u BAC pasho-
cocTaBJientl ¢ YeTeipexyronbiukoM BCEF. CnegoBare/nbHO, 1O JIEMME ¢ OHH PaBHO-.

S
COCTaBJIeHbl APYT € APYTOM. Yo EBC=7. Mer  pokasand, TakuM 06GpasoM,

ele CJAenyIolULylo JeMMY.

Jlemma e. Ecau cynma yeaos mpeyzorsruxa ABC pasna S, mo moxcro
nocmpoums PagHOCOCMABAEHHbUL € HUM MpeyeoabHuk, 00un u3 yea08 komopozo Gydem
umems - eausury S/2.

PaccMoTpuM Tenepb [iBa TPEYTONbHHKA, HMEIOUMX paBHble JAedeKTel, a CJjc-
JIOBaTelbHO, M paBHbie CyMMbl YriioB S. COrsacHO JleMMe € Mbl MOXeM [OCTPOHTh
JiBa HOBBIX TpeyroJbHHKA, COOTBETCTBEHHO paBHO-
COCTaBj€HHHIX C JIaHHBIMH TpeyroJNbHHKaMH, TMpH-
YeM KaXIblil M3 HOBBIX TPEYTOJbHHKOB HMEET OAMH
yrona, paBueii  S/2. Hanoxum sTH  TpeyroJbHHKH
Jpyr Ha 1pyra Tak, 4To6bl MX PpaBHBIE YIJIBI COB-
naau (puc. 65). Ecau npu srom Bepumbn C u Cy
' COBNIAAYT, TO JO/KHBI GYIYyT COBNACTb M BepLUHHbL
A u A;, TaKk Kak B NPOTHBHOM CJyyae OIMH Tpe-
¢ YrOJbHHK OKaXeTcsl YacThlo ADYroro H MO Jemme

1 §8 on Gymer uMeTb MeHbLUMI HedeKT, YTO NpPOTH-
I Puc. 65. BODEUHT HalleMy IpeAnoJoxenuto. B sToM cnyuae

BCe BEpLIHHbl TPEYTOJbHHKOB COBNMAagyT H TPeyroJb-
HUKH GYIyT KOHIpy3HTibl. Ec/u Takoe coBNajieHHe He HMeeT MecTa, TO TO ‘TOH Xe
TpHUMHE OIMH M3 TPEYrOJbHUKOB He MOMET HaXOIHMThCSI MOJHOCTbIO BHYTPH APYToOro;
W TPeYrosbHHKH Ppacnosiokarcs TaK, KaK MO0Ka3aHO Ha pHcC. 65.

Iposenss sunuio AC;, y6enuMcss Ha OCHOBaHHH JemMmbl I § 8, uro Tpeyrosb-
Hukn ACyA; m AC,C uMeoT pasuble fedeKTHl M, CJlef0BaTeJbHO, Mo JemMe O,
paBHococTaByieHbl. Ilostomy u Tpeyroabhuku ABC u A,BC,; paBHOCOCTaBJIEHbL.

Tem cambiM Teopema II mosnocThIO HOKa3aHa.

PaccMoTpuM  Temepb npousBosibHEIN TpeyrombHHK ABC. Bo3abmeém Ha ero
cropore BC Touky D w nomoxuMm BC = a, BD = x. Iedekr Tpeyronvnuka BAD,
OUEBMIIO, SBJISIETC HEKOTOpPoit GyHKHHed oT x:

D (ABD)=D (x).

Ecan Mpt ycsioBuMmest cuprats D (0) = 0, To dynkuust D (x) Gymer onpenesena npH
BCeX 3HaueHusx x, 0<<x<a.

Mbi nokaxkeM, uto D (x) HempepelBHA NpH Beex X, 0<<x<<a.

O6o3nauum Bennunny /BAD wuepes a (x), Bennunny /BDA — uepes B (x).
HaM nmocraTouno 6yaer JoKasaTh HenmpephIBHOCTb (yHKUMH @ (x) u B (x). Tak kax
ofe STH (YHKUHMH MOHOTOHHEI, TO HelpepLIBHOCTb HX GyleT AOKas3aHa, KOJab CKOPO
Mbl YCTaHOBHM, YTO BMeCT€ € KaXK[biMH ABYMsl CBOHMH 3HAYeHHSIMH OHH NPHHUMAIOT
TaKxKe BCe IIPOMEXYTOUHbIE,

Hnst ¢yHKuMM o () STO OueBHIHO, TaK Kak mpsmylo AD wMoxHO mnpose-
€TH Iiof MoGLIM YyIJioM HakaoHa K npsmoi AB. Jlerko ycMorperb TaKXe, H4TO
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H yron HaknoHa npamoit AD k npsamoit BC npuHuMaeT BCe BO3MOMKHLIE 3HAUEHUS
(Mexxny O M T, ecqiM He OrpaHHYHMBaTh mosoxexHe Toukw D Ha mpsiMoit BC). B ca-
MoM jene, BosbMeM /MON c nmpousposbHON BeanuuHot P, M W3 mepeMeHHOI
Toukd M* Ha ctopose OM sTOrOo yrja ONyCTHM nepneHAukyasp M*N* na
cropony ON, Ilonoxum OM* = z*, M*N* = y*, B cuny nemmsl II § 30

y*=F (x*)

— HenpepbiBHast Ge3rpaHMYHO BoO3pacTawolias MoHoToHnasi ¢yHkuusg. Orcioga cie~
e
JyeT, 4YTO CYIIECTBYyeT ee 3SHauyeHHe Yo, pPaBHOe -AJHHe BBHICOTHl TpPEYrOJbHHKA
ABC, onymenHolti Ha cropoHy BC. O6o3HauuM COOTBETCTBYIOLLHE MONOKEHUS
. * s w* »
Touek M* w N* uyepea My u. N,. Pacnosoxum Tenepn TtpeyronbHuk OMg Ng
w* . o e
TaK, yto6el Touka M, coBmama c¢ Toukoii A, a cropoHa MyNy pacnonoxu-
Jlachb Ha BBICOTe, ONYyLIeHHOH u3 BepwinHel A Ha cropoHy BC tpeyronbuuka ABC,
Ouepuano, npu sToM ToukH O M N, okaxyrcs Ha mpsimoit BC. OGO3HaunM TOu-
Ky, C KOTopoi coBmectuTcst Touka O, G6ykBoil D, u jpauny BD, — Gyksoit x,. Ila
nocTpoekuo, P (x,) HMeeT Hamepes Ha3HaueHHYIO BEJHUMHY f,; TeM CaMbiM Haule yT-
BepXKJeHHe JloKa3aHo: QyHKuMA D (x) HempepbiBHa npH O0<<x<Ca.
INocne Toro kKak JpokasaHa HenpepblBHOCTB fedekta D (x), MOXKHO BhICKa3aTh
CJIeIYIOILYI0 TeopeMy.
Teopema III. Kakoso 6ot wu Goro uucro o, yOosremeopatouee Hepar

scHemeam 0 < a<%D (ABC), na cmopore BC mpeyeorsnuka ABC cywecmeyem

cucmema mouex Dy, Dy, ..., D, makas, umo kaxdud uz mpeyeorsrukos BAD,,

D\ADs,, ..., D, _,AD,, umeem degpexm, pasHouii o..
JloKa3aTe/NbCTBO BbiTeKaeT M3 TOJNbKO YTO YCTAHOBJEHHOH HENpepbIBHOCTH Je-
dexTa.

[Toce Bcero M3/0XKEHHOTO OKa3blBaeTCsi BO3MOXKHLIM OMpPeNe/UThb MOHSITHE MJIO-
LIaaH TpeyrolbHHKA.

B eBK/MMIOBOII reoMeTpUM MJIOUIAb TPEYroNbHUKA ONpeAeNsieTcss Tak, YTO NpH
STOM BBIOJMHSAIOTCS CJeAyIolUlHe 1Ba YCIOBHS: -

1) KOHrpysHTHble TPeyroJLHMKM HMEIOT paBHble IUIOLIANH;

2) ecnid TPeyroMbHHK A COCTaBJIeH H3 TPeyrOMbHUKOB A;, A, ..., Ap, TO
nowaib TPeyrolbHHKa A paBHa cymme ILIOWlafiel TPEYFOJbHHKOB Aj, Ay, ..., A,.

. OTH JIBa YCJIOBHSI MBI IOJIOXKHM B OCHOBY OMNpejeJieHHs MJIOWAAU TPeyroabHHKa
B HeeBKJIMIOBOH TIeOMeTPHH.

Himenno, mpeacraBuM  cefe, YTO KaJAOMY TPeyrolbHHKY A mJIOCKOCTA
Jlo6aueBcKOro TNOCTaBJEHO B COOTBETCTBHE HEKOTOpPOE IIOJIOKHTENbHOE YHCI®
f (A); HHaye MOXHO cKas3aTh, YTO 3ajflaHa HeKortopasi Qyukuus f (A), obnacrbio
onpejleJieHHst KOTOPOH $IBJISIETCS MHOXECTBO BCeX TPeYrOJbHHKOB M BCe 3HaueHHst
KOTOpOi nonoxuTesnbHbl, [lpd ®TOM mycTh OyAyT BBIIONHEHbl CJeAylOLiHe JBa
YCJIOBHS:

1) ecnu TpeyroJabHHK A; paBeH TPeyroabHUKY A,, To f (A;) = [ (Ay);

€) ecid TPeyroJbHHK A COCTaBJeH H3 TPEYTOJAbHHUKOB Aj, A,, ..., A,, TO

FA)=FA)+FA)+eeetFBD

Toraa uwucno f(A) M HasoBeM IUVIOIAABIO TPEYToJbHHKa A.

Hast Toro 4toGbl STOMY ONpefeNeHHIO MNPHAATh CMbICJ, HYXKHO MOKa3arh, yrg
cyuwectByer ¢yHkuusa f(A), obnapaomas csoiictaMu 1 ¥ 2. Mbl gokaxem, 4To
Takast QyHKnus f(A) cyluecTByeT, M NMDHTOM «eIHHCTBEHHAas», B TOM CMBbIC/Ie, 4TO
OHa BIOJIHE ONpeJesisieTCA 8aldaHHeM ee SHAYeHHs AJIST KAKOrO-HMGYIb TPeyrofb-
HHMKa; HHaye COBOpPS, €CJHH OQHOMY TPEYTONbHHKY IMpHIHCAHA ONpeAe/NeHHas I1J10e
Wagb, TO OJOLAAb KaXJAOrO TPeYroJbHMKA BIOJINE ONpeAeeHa.
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Urto Kacaercs BoOnmpoca CYLIECTBOBaHMsI, TO OH paspellieH BCEM NpeIbAYLIHM
H3nOXeHHeM: JedeKT TpeyronbHuka D (A) o6nanaer csodctBamM 1 m 2. Bompoc
O €IMHCTBEHHOCTH 8HAYeHMS MJIOLIAAM pelaeT cCiedyloulasi TeopeMma:

Teopema V. Bceakas ¢ynxyus f (A), ydosaremsopawowas ycrosuam 1 u 2,

umeem e6ud
[ (8)=kD(4), *)

e0e k — noioKcumenvHan NOCMOSHHARA, M.. 6. NOAONHUMEAbHOe HUCAO, He Basucsuee
om A.

B camoMm nene, etiu sta Teopema cnpaBeisiHBa, TO, QHKCHpYs 3HaueHHe (YHK-
uuH f (A) ans Kakoro-HMGYAb TpeyroJbHHKa Ag, MBI TeM CaMbiM BIIOJHE ONpelensem
®TY (QYHKUHIO, TaK KaK paBeHCTBOM

I (Ag) =kD(Ao)

3HayeHHe mocTosiHnoft Rk BrodHe onpejie/ieHo.

Moxuo ckasatb, 4TO BHGOp oxHOil M3 ¢ynkuut f (A) B KauecTBe TUIOWIALH Tpe-
YyrosibHHKa, HJH, YTO TO )XXe camoe, BHIOOP KOHCTAHTHl & B paBeHCTBe (*), COOTBeT-
CTBYeT Ha3HaueHHIO onpefiesleHHOR Mepn mowanei. HyxHo TonbkO HMeTh
B BHIY, 4YTO ecJH BuGpaTh ¢yHkuuio f(A) B KauecTBe IUIOWAAH  NPOH3-
BOJBHO, TO MOXeET He OKa3aTbCs TPeyrolbHHKAa ¢ NJOWaiblo, DaBHOH eIHHHLe.

TO /I BCEX TPeyroJbHUKOB OyneT f (A)<1, Tak Kak

1
Tak, ecan B3aATh kR < o

BedeKT KaXIOTo TPEeyroJbHHKA MEHbIUE .
IlepefineM k nokasatenbcTBY Teopembl IV.

JlocTaTouno JoKasaTh, 4TO IS MOGHIX IBYX TPEYTOJALHWKOB A M A Gyger

f@) _D@)
13 () 3
DefcTBuTenbHO, TOraa, GUKCHPYS TPeyTONBHMK A M monaras Ig ((%))=k. NoNyYuM

‘ypaBHenne (*).

3ajaguM Lesoe NOJNOXKHUTeJbHOE YHCJIO 7 B TPaHCBepCaNsiMH, BHIXOASILHMH
M3 KaKof-HHOYAb BePLUHHBI TPeYroJbHHKA A, pasofbeM ero Ha TPEYTONBHEKH Aj,
Agy oeey A,l TaK, YTGObl Je(eKThl BCeX STHX TPeyTroJbIIMKOB OLWIM paBHLI MCRAY CO-
6oll; Toraa
' D(Ai)=-—- (i=],2,...‘fl).'
OGo3HaunM Tenepb BePIUHHE TpeyronbHHka A GykBamu A, B, C m mocTpouM na
cropore AC cucreMy Touek A,, A,, ..., A, nonuHHss ee BHGOp Cleayio-
weMy ycaoBuio: ecau A, — Tpeyroabhnk  ABA,," Ay — tpeyronpnuk A BA,
H T. A, TO

1) ne¢ekTH ECeX TpeYroNbHHKOB A;, Ay, ..., Ay JONKBH ObiTh  PaBlibi
D(4),

n ’
2) nn6o Touka A,, coBnanaer c¢ Toukofi C, nuGo

D (A, BC)<D(A)

Bosmomnocn TaKoro mnocTpoeHus ofecneunBaercsi Teopemont III,
B camoM néne, nycTh m — HauGosbluee HaTypajibHOE YHC/AO, YAOBJETBOPSIIO~
mee HepaBEHCTBY _
mD (A) < nD (A).
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Torpa, ecnn Mbl IONOXKHM

- oD @)
. n
0
D (A)

<—
Ilo 'reopeme IIl, wa cropoue AC Tpeyronbhuka ABC onpegensitcsi TOYKH
A, A,, ..., A,,, KOTOpbIM OyAyT COOTBETCTBOBAaTh TpEYrOJbHHUKH A;, Ag, .( AAm

)

¢ pedexramu, paBHbiMH . Ilpu eTOoM Toyka A, cosmagaer ¢ C, ecin G=— =

( )

TpeyronbHuka A,, BC 6yner Menblue o, 1460 HHaue Mbl uMedH 6ol (m—+1) D (A)g nD(4), -
BONPEKH YCJIOBHIO,
OueBHAHO, HMMEIOT MECTO COOTHOLUEHHS

%D(K\<D(A)<m+lD(A)

H 6yuer npeawecTsoBaTh C ecan o <

; OUEBHHO, B MOCJIeNHeM Cayyae AedekT

i
__"igD(__) m-++1 ,
n D (A) n
OTKYyna
lim ﬂ:?.@. (A)
n-» N D(A)
3aMeTM Jfianee, UTO TAaK KA4K TPEYTOMBHHKH Ap, Agy oooy Apy Agy Agy veey An

HMelOT paBHble Je(eKThl, TO coryacHo TeopeMe 11 oMM Bce paBHOCOCTaB/IeHBl C KaKuM-
nubyab.ofnuum u3 Hux. Orciona ¥ u3 ycnaoBuit 1 U 2 clepyoT paBencTBa

[A)=...=[A)=F@)="..=[(An)

“in

f(A) = f(A) (=1,2 ..., 1),

f(A)= f(A) (=1, 2 ..., m). -

Hanee, Ha OCHOBaHUH YCNOBHA 2
mf(Ay) <[ (8) < (m+-1) f (4)).
Orcioga ¥ u3 paBeHCTB (**) MMeeM COOTHOLIEHHA

HJIu
m f@)  m+1
n () n ?
61'Kyna
lim M _f(8)
naw A i@)" (B)
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CpasuuBas (A) u (B), noayuaem:

[@ _D(@)

f@) D@’
Teopema IV mokasana.
HTak, MH MOKa3ajH, 4To ycioBus 1 u 2 onpene.nmo'r naomans f (A) ¢ TOUHOCTBIO
JIO TIOCTOSIHHOTO MHOMXHTeJA!
1(8)=kD (4). )

Toannee (B § 182) Mbl ycTaHOBHM 8aBHCHMOCTB MeXJAY BEIGOPOM MepH IUIowaiu o
BHIGOPOM MepLl AMHILL (B eBKJIHIOBOH reOMeTPHH TaKasl 8aBHCHMOCTb YCTaHaBJH-
BaeTcsl TeM, YTO 8a eAMHHIY IJowlagH Gepercsl IJIOIAaib KBaapaTa, CTOPOHA KOTO-
poro paBHa efMHHLe AJuHBHY). TeM caMbiM nocTosiHHast B GyfeT QHKCHpOBaHA BMeCTe
¢ BHIOOpOM JIHHeliHOro MaciuTa6a.

ITocne TOro Kak oOnpelesieHa IUIOMAAb TPeyrojlbHHKA, ONpejeleHne MJo-
Ilaid NpPOH3BOJIBHOTO MHOTOYTOJIBHHKA NOJCKAa3bIBaeTCsl COBEPLIEHHO eCTeCTBeH-
HBIMH COOOpa&XKeHHSIMH: MoJsiarasi NpPOM3BOJIbHBIH MHOrOYroNbHHK P paspeleH-
HbIM Ha TPeyroNbHUKH A,, A, .., Ap, Mbl 6yleM Ha3bBaTh IVIOWaAbI0 P yucao
O, paBHOe CyMMe ILIOlIaJefl TPeYTroJbHHKOB A;, Aj, ..., Aj.

UnTaTtenb caM JIerKo HNOKa){eT, 9TO YHCJIO O He 8aBHUCHT OT cmocoGa pa3GHeHHs
MIIOTOYTONbHHKA Ha COCTaBJSIOIINE TPeYTOJbHHKH,

Ilo noBopy H3/I0XKEHAOro CYIIECTBEHHO CHeJaTh HEKOTOpble B8aMeyaHHs.

Tak kak fedekT TpeyroibHHKa, MO CaMOMY CMbICIY €rO ONpejeseHus, MeHblie I,
TO IUIOILAfb KaXOro TpeyroJbHHKAa MeHblle kRf.. TakuM o06pa3oM, MOKHO'
BbLICKa3aTh TeopeMy: B 8GCOJIOTHOH TIeOMETPHH JONMyIUEeHHe CYIUeCTBOBAHHS Tpe-
yrolbHHKa CKOJIb YTOAHO OGOJbILOH MUIOWAAH SKBMBaJeHTHO V mnoctynary EB-
Kauna. B caMoM jene, Kak BHAHO M3 TIpeNbAYLEro, Takoe JRONYLUEHH8 HO
MOXeT BBINOJHATLCS B eucTeMe JloGaueBCKOro.

C npyroii ctoponbl, TaK KaK CYLIECTBYIOT MHOI'OYTOJbHHKH, MNOKDHIBAIOLIHE
NPOU3BOJILHO G6OJIbIICE 9UCJAO ONHHAKOBBIX TPEYrONbHHKOB, TO IVIOUIAAH MHOTrO-
YTrOJbHHKOB MOIYT GhLITb KaK YroIHO BeNMHKH. KpoMe TOro, H3 HeNpepbIBHOCTH
JedeKkTa CJeIyeT, Yro CYLIECTBYeT MHOrOYrOJbHHK, IVIOWAAb KOTOPOro paBHA
M1060My Hanepel YKasaHHOMY MOJIOKHTeNbHOMY WHCIY. B uyacTHOCTH,- cyulecTsyeT
MHOTOYTOIBHHK € INVIOLIAfblo, PaBHOH eIMHHIE.

B saxJsioueHHe cpaBHMM HM3MepeHHe ILIollazedl B reoMerphH Jlo6aueBCKOro ¢ u3-
MepeHHeM mJoulaneil Ha coepe. MapecTHo, uTO muIoaab CepHYECKOrO TPeyrodbHHKA
BLIpaxKaeTcs: (opMmyJioit

0 (8)=R?(a+P+v—m), 0
rie R — panuyc cdepsl, a o, B, ¥ — yrist Tpeyroneuuka. Ho dopmyay (I) MoxHo
sanucaTb B BHJe

‘ o (A)=k(@—a—pf—y). 1)

Mui Buanm, uto dopmyna (1) nonyuaercs u3 (1I) ecau paamyc cpepst R sa-
(]
MEHWTb_ MHHMMOI BeJNMYHHOH 1§ Vk Sro OGCTOSTENBCTBO  ObLIO  3aMeueHO  elle

JlamGepTom.

9. Jl0Ka3aTeAbCTBO JIOTHYECKOH HeNpOTHBOPEYHBOCTH
reomeTpuu JloGaueBckoro

§ 49. Mbl NO3HAKOMHJIMCh € OCHOBHBIMH (aKTaMH TeOpHM mapaJ-
Jle/ibHbIX reomeTpun Jlo6ayeBckoro. XoTsi MHOTME H3 3THX (pakToB pe-
IUMTENBHO POTHBOPEYAT: HALIMM NPUBLIYHEIM NPEACTaBJAEHUsIM O CBOIi-
CTBaX NPSIMBIX, HO NPH CaMOM BHHMAaTe/]bHOM aHa/lu3e Mbl HEe CMOIVIH
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661 OGHAPYXHTb B TOM, UTO OBIIO 110 CHX IIOP H3JI0XEHO, KaKHX-TH6O
Joruuyeckux omubok. HaoGopor, HeeBk/IHMEOBa reomeTpus,
no KpaiHei Mepe B TOH YacTH, KOTOpasl HaM 3HaKoMa, HMeeT BHI Teo-
puH, BeCbMa CTPOMHOH B JIOTHUECKOM OTHOILIEHUH.

OnHako, KakoBa rapaHTHsi, YTO HEEeBKJMJOBa I'eOMETPHSI He. NpH-
BelleT K JIOTMYECKHM MpPOTHBOPEYHsIM NDH HEOrPaHHMUYEHHOM ee Pa3BU-
Tiu? CaM Jlo6aueBCKHH OTJIMYHO IOHHMAJ, YTO AJIsl NOKAa3aTesbCTBa
He3aBucuMocTH V mocrynara EBKanza oT Apyrux reoMeTpHuyecKuXx
NOCTYJIaTOB HENOCTATOYHO TOJbKO MPOAEMOHCTPHPOBATh TIPYIIY Teo-
peM, NMOJTYUeHHHX B MPEANOJIOXKeHUH, YTO NMocTyjaT EBKAuLa HeBepeH,
W COCJIaThCSl HA OTCYTCTBHE JIOTHUECKHX NPOTHBOPEYHH B 8mou TpyImie.
EMy 6bU10 ICHO, YTO 8flech TPeOyeTCsl KaKOoe-TO paccyKJIeHHe, MOKasbl-
Balolllee, YTO MPHHATEIE UM IOCBUIKH HUK020@ He TMPHUBEAYT K MPOTH-
BOpEYHIO, T. €. UTO J0KAa3aTeJbCTBO €BK/IHAOBA IOCTYJaTa METONOM
OT NPOTHBHOTO HEBO3MOXKHO.

IlonyuynB OCHOBHble YpaBHeHHsI CBoeii reomeTpuH, JlobaueBCKHit
Iiajl el aHaJHTHYEeCKOe HCTOJIKOBaHME M TeM CaMbIM B NPHHLHIE JOKa-
3a71 ee HenpoTHBopeunBocTh. Bnocnexcrsuu (k kKoHuy XIX crose-
THS), KOIZJa CJOXKHJHMCH JAOCTATOYHO ILIMPOKHE B3IVISALI Ha TeOMeTpH-
yeckne OGBEKTbl H TIeOMeTPHYECKHE aKCHOMBI, HEeNpPOTHBOPEUHBOCTh.
reomeTpun Jlo6aueBckoro Gbisia JOKAa3aHa MEeJaHTHYECKH TOYHO U BeCh-
ma npocro. OfHO M3 TakMX A0Ka3aTeqNbCTB, NpHHamjexauee A. IlyaH-
Kape, Mbl- BOCIpou3BefieM Ha OJMKAHIIMX CTPaHHLAX.

Yro6bl He 3aTEMHSIThb M3JI0XKEHHE TPYAHOCTSIMH TEXHUYECKOTO Xa-
paktepa, Mbl GyIeM pacCMaTpUBaTb TOJNBKO ABYMEPHYIO T'eOMETPHIO.

Torna nocraBieHHYIO 3a7ayy MOXHO CHOPMYJIHPOBATh CJIENYIOLIM
o6pa3oM: J0Ka3aTtb, yto TpeGoBaHus akcuoMm I,1—I1,3, II, III, IV n
HEEeBKJIMIO0BOA aKCHOMBI O NMapaJ/iesbHbIX JOTHYECKH COBMECTHMSI, T. €.
YTO U3 3THX aKCHOM HeJb3sl BBIBECTH JABYX YTBEpXKAEHHH, M3 KOTO-
pPbIX OJHO OTPHIIAET ApYroe.

O6lias unes peuleHHst 5TOH 8alaud TONCKAa3blBAaeTCsi COBPEMEHHBIM
TIOHUMaHHeM reoMeTpuyeckux akcuoM. Bepruemes k § 11, rne BBopsTcs
B paccCMOTpeHHe reoMeTpuuyeckue OOBEKTHl. TaM HeT HH MaJeiliero
HaMeKa Ha ONHMCaHHe IeOMEeTPHYECKHX 3JeMEHTOB: TOYEK, NpPSMBIX U -
IJIOCKOCTeH; MpeAnosaraercsi JHUIUb Cyu4ecneosare HEKOTOPhIX OGbeK-
TOB, KOTOpBIE Ha3bIBAIOTCS TAKUMHU cjoBaMH. [lanee roopurcsi, uro
MEeXIY 3JleMeHTaMH CYLIeCTBYIOT M3BECTHble OTHOLIEHHS, BblpaXKaemble
CNIOBAMH: «JIEXMUT Ha...», (MEXIY», CKOHTpYsHTHb». OnucaHue 3THX
OTHOLIEHHH TaKXKe He NaeTcs; MpeANoJiaraeTcsi TOJAbKO, YTO OHH o6na-
Ial0T HEKOTOPBIMH, Be€CbMa HEMHOTOYHC/JEHHBIMH CBOHCTBAaMH, KOTOpDbl@
nepeynceHsl B aKCHOMAax.

[NosroMy, H3yuasi, HanpuMep, NMIaHuMeTpuio EBKanAa, Mbl MOXeM
C70BaMH «TOYKa» H «npsiMasi» HasBaTb KaKHe YrOAHO KOHKPETHHIE
OOBEKTBl M CJ0BAaMH &JIEXHT Ha...», «MEXKJY», KOHTPYIHTHBI» 0603-
HayaTb KaKHe YroAHO HX B3aWMHble OTHOIIEHHSA MPH OAHOM JIHLIb
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YCJIOBHU, UTO OHH COr/acoBaHbl ¢ TpeGoBanusimu akcuom I,1—I1,3, II,
I1, 1V, V. Kaxnoe npeaioxenne, IOrHYECKH BhiITeKalollee U3 aKCHOM
I,l—I,3, [I—V, Bolpaxaer Torga HM3BecTHbIt (aKT, OTHOCALIMECS K
‘BoI6paHHbIM 06’beKTaM. IToHSITHO, YTO KOHKPETHBIH CMBICJ KaXKAOTro
-aGCTPaKTHOI'O TreOMeTPUYECKOro MpeJJIOKeHHUs] 3aBUCHT OT TOTO, Kakasi
'cHcTeMa OGBEKTOB TIPH STOM BhlGHpaercsi. Bribupast omnpejeseHHble
OOBEKTHl, OTHOLIEHHH KOTODBIX YHOBJIETBOPSIIOT TPeGOBaHHAM JaHHOMH
CUCTEMBl aKCHOM, Mbl NOJyYyaeM M O [ e J b TOH abCTpakTHOi CXeMbI,
KOTOpafl STHMH aKCHOMAMH OTIpe/le/isieTCs.

ITpumMeprl pasauyHbIX MOZAe/1eH OXHOH U TOH e a6CTPAKTHOH CXeMBI
niaHumMeTpun Jlo6aueBcKOro Mel HMeNH B NpelpliylieM pasjene, rie
‘paccCMaTpUBANH 5JEMEHTAPHYI0O T[EeOMETPHI0 Ha SKBHAHUCTAHTHBIX IMO-
‘BepxHOCTsiX. [lefCTBUTENbHO, KaK HaM M3BECTHO, OTHOLIEHHS MEXNY
TOYKAMH U SKBUAUCTAHTAMH Ha JIIO6OI SKBHIMCTAHTHOH TOBEPXHOCTH U
OTHOLUEHHS MEXAY TOYKAMH M TPSMBbIMH Ha KaXIOH IJIOCKOCTH IIpPOCT-
pancrBa Jlo6ayeBCKOro B OJHHAKOBOH Mepe COOTBETCTBYIOT aKCHO-
MaM HeeBKJHAOBON nyaHumerpuu. [lpaBja, moka euie Mbl He 3Haem,
CYLIECTBYIOT JH OOBEKTbl, O KOTOPbIX HIET peub, TaK KakK BONPOC O
CYIIeCTBOBAaHHH npocTpaHcTBa JIo6aueBCKOro Kak pa3 M SBJASETCH
npelMeToM Hallero o6CyKAeHUS.

B nocmpoeruu Konkpemroti moOeau aozuveckoll cxemvt Jlobades-
CKO20 U 3aKA4aemCs OOKA3AMEAbCNBO ee N02U4eCKOld Henpomusopedu-
eocmu.

[IpuHUMI TaKoOro poia JHOKasaTeabCTBa YAOOHO NOSICHUTL, pac-
cMaTpuBasi 3ajauy, NMPOTHBONOJIOXKHYIO TOM, Kakasi mnepej HaMd CTOMT.
Boo6pa3um cebe, 4TO KaKHM-TO COCOOOM Mbl YOeAHUJIHCb B HEMPOTHBO-
pPeunBOCTH reoMeTpHu Jlo6aueBCKCro, HO CTaBUM BOIPOC O HENpOTH-
BOPEYHBOCTH NuaHuMeTpuu EBKauga. JToT BONpoC Mbl JIETKO MOTIVIM
Obl pelnThb. JloctaTouHo ObLIO OBl paccMoTpeTb opucdepy. [leficTBu-
TeJIbHO, Ha opuchepe TOUKH W OPHLHKJAbl HAaXOAATCH MMEHHO B TaKHUX
B3aUMHBIX OTHOIUEHHSIX, KaKHe TpeOYIOTCS aKCHMOMAaMU €eBKJHUAOBOMH
nnanumeTpud (cMm. § 47). Ilostomy, ecnu Obl aKCHOMBI IUJIAHMMETPHH
EBk/sHaa MOIVIM NMPHUBECTH K JBYM B3aHMHO HCKAMOYAIOLWIUM CJEeJCTBH-
$iM, TO TeM CaMbIM NOJYYHJIOCH Gbl MPOTHBOpPEUHE U B 3JIeMEHTAPHOM re-
oMerpuu opucdepsl, T. e. B reomerpun Jlob6aueBckoro, Tak Kak opu-
cdepa ecTb OOKEKT STOH reOMeTPHH.

Takum o6pa3oM, MOCKOJbKY B NpocTpaHcTBe JIoGaweBCKOrO MOXKeT
ObiTh IOCTpPOEHa Mojenb TNJaHuMeTpuu EBKaujga, u3 HempoTHBOpe-
YUBOCTH reoMerpud JIo6aueBCKOro BbITeKaeT HeNMpPOTHBOPEYHBOCTh
niaHumeTpud EBkaupa.

Hawa nenb — JokasaTth HenpoTHBOpeuHBOCTh reoMerpun Jlo6a-
YeBCKOro. YCJOBMMCS, pewiasi 3Ty 3ajauy, [pejanosaraTb e€BK/JIHAOBY
reOMETPHIO HENMPOTHBOPeYHBOH (BOMPOC O HEMPOTHBOPEYUBOCTH €BKJIH-
JOBOIl reomeTpun OyJeT paccMOTpeH B ciefyiouleil riaee). XoTs B
€BKJIMJOBOM IPOCTPAHCTBE HET [OBEDPXHOCTEH, 9SJeMeHTapHas reo-
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MeTpHsl KOTODBIX COBMajaeT ¢ mnaaHuMerpueil JloGaueBCKoro, HO Bce
TaKH Mbl CyMeeM M3 OOBEKTOB €BKJHAOBAa NPOCTPAHCTBA MOCTPOUTH-
MOJle/1b HEeBKJIMA0BOH MNJIaHUMETPHH. Mpl TonbKO 6yleM BbIHYXK/EHbI,
roBopsi 0 TOUKax MU NPAMBbIX, elle 6ojee OTBJAEKATbC OT TeX HArasn-
HbIX NPEeACTaBJeHUil, KOTOpble Y HAC BBI3bIBAIOT 3TH CJIOBA, YeM B TOM
cayvae, KOrJla Mbl pPacCMaTpHBaeM 3/1EMEHTApHYI0 FeOMETPHIO HeKo-
TOPO#l MOBEPXHOCTH.

Bosnee Toro, moctpoenne Monesqu HeeBKJAUAOBOH MJaHHMETPUH
MOXKHO MpOBECTH Ha €eBKJWIOBOH TMJOCKOCTH M, TakKHM 06pasoMm, H3
HEMPOTHBOPEUHBOCTH €BKJMAOBOH MNJaHUMETPHH BbIBECTH HENPOTHBO-
peunBoCTb mJaHumeTpuu Jlo6aueBckoro.

TouHO pe3yabTaT, K KOTOPOMY Mbl npujieM, GOpMYJHPYeETCs Tak:.
€C/l¥ HenpoTHBOPEYHMBA CHCTEMa AKCHOM €BKJMIOBOH NJAaHHUMETPHU
I,1—1,3, 11, 111, IV, V, To cucrema, cocrasnennasn akcuomamu 1,1—1I,3,
I1, III, IV u axkcuomoii o napannenbHbix JloGaueBCKOro, TaKxe He
MOJKET MPHUBECTH K JOTHYECKUM TPOTHBOPEUHSIM.

Bumecte ¢ Tem 6yner poKa3aHO, UTO €BKJHMIOBAa aKCHOMa O mMapas-
JIeJIbHBIX HE sBASETCA HeoOXONMMbIM cieactBuem akcuom I,1—I1,3,
1, III, IV.

Huxe wusnaraercss noctpoeHne Momend M/, Kak eule TOBOPAT,”
UHTEPNpeTalu HeeBKJIHAOBON MJaHWMETPUH Ha njockocTH EBkauna,
npunamiexauiee A. Ilyankape.

§ 50. PaccMoTpHM B €BKJIHAOBOH MJIOCKOCTH HEKOTOPYIO MPAMYIO X,
KOTOpYIO I/ ylno6cTBa BooOpasum ceGe ropusonTanbhoil. [Ipsimas
X ompelensieT IBE TNOJYIJIOCKOCTH; OAHY M3 HHX Mbl YCJOBHO Haso-
BEM «BepXHeily. DyneM HasbIBaTh Hee8KAUO08bIMU MOYKAMU TOYKH BEPX-
Hell MONYMJIOCKOCTH (He NMPHUHUCAAS K HHM TOYKH NMPAMON X) U Heesxau-
008bLMU NPAMbIMIL — €BKJHAOBBI MOJYOKPYKHOCTH, Jexallye B Bepx-
Hell MOJYMJIOCKOCTH W OpPTOrOHaJbHble K NPAMOH X (T. €. MMeKLllne
LLeHTPBl Ha NMPSIMOA X), a TaKXKe eBKJH0BBI NIOJYNpsAMble BepXHeil moay-
IJIOCKOCTH, OMMpaloulyecs Ha NMpAMYIO X U COCTaBJ/siollHe C Hel npsa-
Mol yroa. YTo6bl ynpoCTHTb HeOOXOAHMble B HajibHeilleM (GopMmy-
JIMPOBKH, YC/JAOBHUMCS 3TH NOJYNPAMblE Ha3blBaTh [0JYOKPYKHOCTSIMH
6eckolieuHo 60JBLIOTO paauyca.

Mexny HeeBK/JHMIOBLIMH TOUKAMH M NPAMBIMH MBI YCTAHOBHM OIlpe-
JeJeHHble OTHOLIEHHs, corylacys uX ¢ TpeGosaHuamu akciom I,1—1,3,
I1, II1, IV, T.e. ¢ TpeGOBaHHAAIMH aKCHOM aGCOJIIOTHOH TeOMeTPHH.
A nocse sToro Mbl y6enumcsi, 4To B cHCTeMe OGBEKTOB, KOTOPYIO MbI
TakuM 00pa3oM MNOCTPOMM, OCYIIECTBJISETC aKCHOMa napajjenb-
nbix Jlo6auesckoro.

Ornoluenus mexay oObekTamu OyAyT YCTaHABJHBATLCA OLHO 32
JIPYTHM, 1O Mepe TOro Kak OHHM noTpebylOTCA NPH NOCAEL0BATENbHOM
paccMOTpPeHNH aKCHOM.

O6pamaemcs K akcuomam rpynnst I. I'pynne akcnom [ npenuwe-
CTByeT JOMNYyLIEHHe, COIJIACHO KOTOPOMY TEOMETPHYECKHE OOBeKThI
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HAaXOAATCS B H3BECTHHIX COMNOCTAaBJIEHHSIX JAPYr C IPYroM, BhIpaXKkae-
MbIX CJOBAMH: «TOYKA JIEKHT Ha NPSIMOH», «NpsiMasi MPOXOAHT uyepe3
“TOYKY» H T. A. ,

Ham Haj1exKuT yCTaHOBUTH, KaK Mbl Gy/eM MOHMMATh 3TH BhIpaXe-
HUSA 151 HEeBKJIHJOBBIX TOYEK M MpPSIMBIX.

Ilyctb A — HeeBKIHJOBA TOYKAa M @ — HEEBKJHIOBA mpsMas,
IpeicTaB/sieMass HEKOTOPOH IOJYOKPYXKHOCTbIO (0003HaYUM MoOC/e]-
HIOI0, TakXke OYyKBOi a). Mel Gyaem nosararb, YTo Toyka A Haxomutcs
Ha (HeeBKJIUJOBOIl) MPSAMO @, €C/IM 5Ta TOUKA PACIIO/IOKEHAa Ha eBKJIH-
JOBOH MONYOKPYXKHOCTH @, B CMBbICJIE TeX OTHOIUEHHIl, KaKHE HMEIOT
MECTO B €eBKJHJOBOH IeOMeTpHH. .

To, uTo A/ HEeBK/JMIOBBIX TOYEK H NPSMBIX CHPAaBELIHBBI aKCH-
omel 1,1—1,3, nerko npoBepsieTcst CpeACTBaMH €BKJIHAOBOH T'eOMETPHH,

B camom pene, akcuoma I,1 cobiioneHa, Tak Kak uepe3 JBe TOUKH
A u B — BepxHe#l NOJYIJIOCKOCTH BCErJAa MOXKHO IpPOBECTH TOJY-
‘OKPYXHOCTb, OPTOTOHAJIbHYIO K TNPSIMOH X.

Axcnoma 1,2 cobawozeHa, Tak Kak JABe NOJYOKPYXKHOCTH, H300pa-
JKaiolle HeeBKJHMIOBHl MpsIMble, MOT'YT MMeTh He Gosiee OQHOH oOulei
“TOYKH.

Axkcuoma 1,3 cobnionena, Tak Kak Ha IOJYOKPYKHOCTH CYLIECTByeT
OECKOHEYHO MHOrO TOYEK W B BepXHelH MOJIyN/IOCKOCTH HMeeTCsi GecKo-
HEYHO MHOI'O TOYeK, He JIeXAlUUX Ha OJHOH MOJYOKPYMKHOCTH.
~ Tlepeiinem K paccmorpeHuio akcHoMm nopsinka rpynmel 11, CHayana
Mbl JIO/KHBI TOYHO YCJOBHUTHCSI, KAKOH CMBICT TNPHAAETCA CJ0BaM
WIENKHT MEXKAY...» 110 OTHOLIEHHI0 K HEeeBKJHJOBBIM TOYKAM Ha Hees-
KJHJIOBOH NpsAMOH.

INycre A, B, C — Tpu TOYKH HeeBKJMIOBOH NpsiIMOH, H3obpakae-
MOH NOMTYOKPY2kKHOCTbIO @. Mbl Gyjer roBopuThb, UTo ToYKa B (B Hees-
KJIHJOBOM CMbICJIe) JiexHUT MexXAy A u C, eciH Ha NONYyOKPYKHOCTH @
‘Touxa B pacnosioxkeHa mexnay A u C B TOM CMBIC/]€E, KAaK 3TO IOHHMAaeT-
cs1 B eBKJIMJ0BON reomerpuu. MHaue roBopsi, mopsloK TOYEK Ha HeeB-
KJIMJIOBOH NPSAMOI COBMajiaeT ¢ MOPSAKOM TOYEK Ha eBKJIHAOBOM Mojy-
OKPY2KHOCTH, H300paxaloumeil 3Ty NpsMylo B BepXHefl [ONYNJI0CKOCTH.

Bonee mnoapo6HO omnpejeneHHe TMNOPSIAKA TOYEK HEEBKJIHMJOBOM
npsiMOM B cJyvae, KOrja n3obpaxarouas ee noJyoKpyKHOCTb He BbIPO-
JKIAeTCsl B €BKJHJAOBY MOJYMNPSIMYIO, MOXHO BBICKA3aTh CJeNyHOLUM
obpasom. Ilyctb HeKoTOpasi HeeBK/IHAOBA NpsiMas U306pazKaeTcs moJjy-
OKPYKHOCTBIO @, LEHTp KOTOpoil o6o3HaueH GykBoii O (Trouka O He
siBsieTcss OOBEKTOM Haiell cuctembl). PaccMoTpuM Kakylo-HHOynb
€BKJIMJOBY NpSAMYIO U, mapajjenbHyio npsamoil x. Kaxnas eBkaujgoBa
npsimasi, npoxoxsias uepes O, 3a HCK/OUEHHEM NpsMOil x, mepece-
KaeT NOJYOKPYKHOCTb @ B OfHOH Touke M U NpsIMylo u B OJHOH TOY-
ke M’, xoTopyio Mbl GyieM Ha3biBaTb COOTBETCTBYIOLIEH TOUKe M.

Torna, eciu A, B, C — TpH TOUKH HEEBKJIHMJOBOH MNpSMOH, mpe-
CTaB/IsIeMOH TNOJYOKPYXKHOCTbIO @, TO B, Kak 00BEKT HeeBK/HI0BOH
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TEeOMEeTPHH, pacnosoxena Mexky A u C B TOM clyyae, KOTAAa B CHCTEM@
Touek A’, B’, C’, KoTopble Ha €BKJIMIOBOH NpSMOil 4 COOTBETCTBYIOT
Toukam A, B, C, Touka B’ nexur mexny A u C'.

Orclona Totyac csefyer, yTo AJsl HeeBKJIMAOBOH mpsiMofi cripasen-
qusbl akcuomsl 11,1—I1,3, mockosmbky 2TH akCHOMBI cCripaBenJHBbE
1151 KaXKA0H eBKJIHWAOBOH NpsIMOH.

OTrMeTHM [OMyTHO OZHO BaKHOE O0CTOSATE/NbCTBO, HUMEHHO: 8 ynops-
JOUCHHOM MHOXMCECMBe IMO4EK HEee8KAUO080L NPAMOLL  OCyLiecmBasemcs
npunyun [edexunoa.

B camom jgene, npuHuunm JereKUHAa MMEET MECTO B eBKJMIOBOH
reoxerpud. Ho, Kak Mbl BHAEIH, MEKAY TOUKAMU €BKJIHIOBOH MPSIMOIL
H TOYKaMH HEEBKJIMAOBOI MpPAMO MOMKHO YCTAHOBHTH TaKOe B3aHMHO
0JHO3HAuUHOEe COOTBETCTBIE, -UTO COOTBETCTBYIOLIHUE TOUKH Haxondarca
B OJMHAKOBBIX OTHOILLIEHHSX
nopsAnka. A 3THM, co6CTBeH-
HO, W JOKa3bIBaeTCsl BLICKA-
3ailHoe yTBep2KIAEHHE.

Kpome akcuomlIl,1—I1,3,
CrpaBejIMBOCTb  KOTOPBIX
VK€  yCTaHOB/JEHa HaMH,
rpynna I1 cozepxut eue ak- Puc. 66.
cromy Tlama 11,4, YroGel
ybenuThbed, uTo npeanoxetue [ama umeer Mecto B Haulell cxeme, HYKHO
JI0Ka3aTh CJeAYyIOWYl0 eBKAUAOBY Teopemy: nyctb ABC — KpuBOJH-
yeliHblii TpeyronbHHK (puc. 66), coctaBneHHbII U3 AYr MOJYOKDYXK-
HOCTeH, H @ — MOJNYOKPYKHOCTb, HE NPOXOAsiNasi HH uepe3 ORHY H3
Touek A, B, C; Toria, ec/M @ NMPOXOAHT uepe3 KaKyIo-HHOYAb TOUKY
suyTpu nyru AC, TO OHAa NPOXOAMT JINGO uepes Touky Ayru AB, aubo
yepe3 TouKy ayra BC. JlokasarennLcTBO 9TOH TeOpeMbl, ¢ HAIVISIHOM
TOUKH 3peHus BIOJHe OYeBHAHOM, He MpeCTaB/sieT HUKAKOro HHTEpe-
€a, U Mbl TNPUBOAHTH €ro He GyHeM.

[TpoBepka akcMOM NE€PBEIX ABYX TPYNIN CBOAMJIACh K YCTAaHOBJE-
0 psAla TPUBHAMBHBIX NpeyoxeHHH reomerpuu EBkauna. CnoxHee
oGcToHT Aeso ¢ akchomaMu kourpysurtHoctu I11,1—I11,5, k uccneposa-
HUIO KOTOPLIX MBI CKOPO NPHCTYNuM. B Hapnexarmem onpeneneHuy KoH-
rpY3HTIIBIX 06Pa30B KaK pa3 H COCTOMT CMBIC/ YIOTPe6JIsieMoro npuema.

§ 51. OcHOBHBIM HHCTPYMEHTOM B HAIIMX JaJbHENIIHX INOCTpOe-
HHAX OYyleT fBJATbCA OLHO ClelHaNbHOe OTOOpaXKeHHe eBKJIHJOBOH
IJIOCKOCTH 1a camoe cefs, XOpPOLIO U3BECTHOS B 3/1e€MEHTapHOH reoMer-
pPHH, B TEOPHH AHAJHTHUYECKHX (PYHKUUH M B MaTeMaTHYECKOH (pH3H-
K€ MO0J Ha3BaHHEM UHBEePCUU.

IlycTb naHa HeKOTOpas OKPYKHOCTb R ¢ 1leHTpoM B Touke A (puc. 67),
uMmelowas pajguyc r. O6o3HaunmM yepes M NpPOM3BONBHYIO TOUKY ILJIO-
ckoct. [lo sanannoit Touke M, ecau oHa He coBmajaer ¢ A, Bcerna
¥ OJIIO3HAYHO MOMXKHO IIOCTPOMTh HOBYIO Touky M’, ompeneisemyio
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Ha ayue AM ycaoBueM
AM' -AM =r? (*)

(moctpoenue nokasano Ha puc. 67). Touka M’ mnaspiBaercsi o6pasom
mouku M 1O HWHBEPCHH OTHOCHTEJLHO OKPYMKHOCTH K, MM TPOCTG
ungepcuedl mouku M.
« Kpome Toro, mbl ycnosumcst HasbiBaTh Touky M’ umeepcueii mouku
M omnocumenbro npsamod u, ecnin Touka M’ cummerpuuHa Touke M
. N0 OTHOIIEHHIO K mpsMoil u. B mo-
K cienyromux (opMyJaHpPOBKax  Mbl,
KaK IpaBujo, He GygeM pasjnyarh
M __ VWHBEPCHIO OTHOCHTEJIbHO  OKPYK-
HOCTH M WHBEPCHIO OTHOCHTENbHO
OpsAMOH, cuuTafg NPAMYI0 OKDPYXK-
HOCTBIO  OeckOHeYHO GOJBbLIOTO pa-
Juyca. JlokasatenncTBa Teopem,
Puc. 67. OTHOCALIUXCA K HHBEpCHSIM, MBI Gy-
' JieM BeCTH 4acTO B IpPeANOJIOXKEeHUH,
UYTO OKPYXHOCTh HHBEPCHH — OObIKHOBEHHas. ToT ocobulil cJjyuai,
KOTZa OKPYKHOCTb HHBEPCHH HMeeT OeCKOHeUHO GOJbIIoH pajHyc
(T. e. sBAsieTcs NpsAMOli), TpeOyeT HHOTAA AOMOJHHUTENbHBIX, HO COBep-
IIEHHO TPUBHAJNBHBIX paccyxJeduil. Mx Jerko Bocmpousseser cam
YHTATENb.

Brosise oueBHAHE! c/eyroine CBOACTBA MHBEDPCHH:

1, Ecau M’ ecmb unsepcus mouku M, mo M ecme unsepcus
mouxu M’. Taxum obpasom, umgepcus cosnadaem ¢ obpamusim cede
ormobpascenuem.

2. llpu uneepcdu 6HeWIHAS NO OMHOWEHUIO K OKpYscHocmu k 00-
AaCMb NAOCKOCMU 0mMobpascaemes HQ 6HYMPEHHION, & 8HYMPEHHAS 00-
AQCMb =~ HA  BHEULHION *),

3. Kascdas mouxka oxpyxcrocmu k cognadaem co ceoell uHsepcueti.

Hexkoroprie apyrue cBOHCTBA MHBePCHH Mbl YCTAHOBHM [pU IO-
MOLH HeGOJIbUINX BHIYHUCJAEHHH. BBeleM Ha IMJIOCKOCTH IeKapToBy Op-
TOTOHAJIbHYI0 CHCTEMY KOOPAHMHAT M COMOCTaBUM C KaxJoH Toukoi M
KOMIIJIEKCHOE YHCJIO0 2 = X - iy, TAe X U iy — KOOpJAHHAThl Touku M.
Kak o6biuno, uepTtoii cBepxy OyleM 0603HauaTb YHCAO, KOMILIEKCHG

conpsiKeHHOe K JaHHOMY: Z = x — iy. OueBUAHO, 3afaHue J0OOro H3

JABYX UHCeJ zZ HJIM Z ompejenseT Touky M.
IloMecTHM LEHTP OKPYXKHOCTH, OTHOCHTEJNBLHO KOTOPOH ompefese-
Ha HHBepcHus, B Hauajo KoopauHar. Torna, eciu IBe TOYKH, Ompeje-

*) Tlpu 3TOM, €ecu OKPYIKHOCTb k HMeeT GeCKOHeuHO GOJNbLWON panuyc, T. €. siB-
aisieTcst NpAMOH, TO JO6YI0 M3 ABYX HOJYNJIOCKOCTEHl, ONpejessieMblX 3TOH MPAMOI,
MOXHO paccMaTpuBaTh KaK BHYTPEHHIOI 00J1acTb, H TOIZa APYIYI0 — KaK BHELIHIOW.
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JisieMble YHCAaMu 2 M 2° SIBJISIOTCS HHBEPCHSIMM APYT Apyra, TO BCIeA-
cTBHe ycJ10BUS (*) MeXAY 2 H 2' ¥IMeeT MecTO COOTHOLIeHUe

22 =,
Orciona mosyyaeM aHANMTHYECKOE NPEICTABJICHHE MHBEPCHH:

r2
’

Z=7
WIH B KOOpJAHHATaX:
re—pr 2
Y=
rgr Y
V=g

Tlonb3ysicb sTUMH (OopMyJaMH, JIeTKO AOKa3aThb TaK Ha3biBaeMoe Kpy-
TOBOE CBOCTBO HHBEPCHH: €C/JIH TOYKA 2 ONHCHIBAET OKPYXKHOCTb HJH
IpsSIMyI0, TO €e HHBEpPCHs 2  ONHCHIBAeT JHGO OKPYMKHOCThb, JUGO
npsiMyio.

Cuyrass npaMyl0 OKPYKHOCTBIO GecKoHeyHO Oo/bLIOro paauyca,
fipefbilyiiiee CBOMCTBO MOXHO BBIPA3HTb 0osee KOPOTKO:

4. HHeepcus OKPYNCHOCIMIUL eCMb OKPYNCHOCHb.

Haa  nokasaTenbcTBa pPAacCMOTPHM IIPOM3BOJIBHYIO OKPY2KHOCTb;
[IyCTb OHA MMeeT ypaBHeHHe

A4+ y) 4+ Bx+ Cy+ D = 0.

JaMeHsAd B 3TOM YpaBHEHHH TEKyLIHE€ KOOPAHHATHI X, Y BbIpAXKCHUAMH

x'

— 2
X= xlz+y12’
—yr_ Y
y—r x'2+y;2 ’

TIO/YYHM:
Art + Brx' 4+ Cry’ + D (x"* + y'?) = 0.

TaxuM o6pa3oM, .KOODIUHATHL TOUEK, SIBJSIOMUXCH HHBEPCHSAMH TOYEK
OKPY>KHOCTH, TaKxXe YJOBJETBOPSIOT YPABHEHHIO OKPYXKHOCTH (WJH
npamoit, ecnin D = (). TeMm caMbIM yTBepxkIeHHe J0Ka3aHo.

Oco6yi0 poib y Hac GYAyT HUrpath QTOGpaXKeHHsi, MPENCTaBAsIO-
inve co6of MpOM3BeJeHHE HEKOTOPOro UYHC/a II0C/eA0BaTeNbHO I1POo-
BeJIeHHBIX ‘MHBEPCHUH.

Ilycte naHO 0nHO M3 Takux OTOOpaxkeHHH, nepeBojsilee POU3BOJIb-
HYIO TOUKY z B TouKy 2’. HerpyaHno mokasarb, 4To ec/iH 3TO OTOGpa-
JKeHHe eCTb NPOM3BeJeHNe YETKOI'o YHC/Ia MHBEPCHH, TO 2' Belpaxaercs
yepe3 z ¢GopmyJIoH

zr=ali—6ﬁ. (I)

§
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rrea, B, ¥, 6 — KoMmIekcHble noctosiHHble. Ecu ke naHHoe oTOOpa-
KeHue COCTaB/JEHO M3 HEUeTHOro uHc/ia WHBEPCHil, To 3aBHCHMOCTH
2’ or z umeer BUI

<

, az+f5 ,
s (IT)

CHauasia MOKaXeM, YTO HHBEPCHs OTHOCHTEJILHO OKPYXKHOCTH C I p O-
MW3BOJbHBEM UEHTPOM @ WU PAAMyCOM r- aHAJIUTHYECKH NpeACTa-
Basiercs 3aBucuMocTbio Buaa (I11). Jlsis aToro BBeseM BcnoMoraTesabHYIo
CHCTEMY KOOpJHMHAT C HayajoM B TOUKe d, OCH KOTOpOH napaJliefb-
Hbl OCSIM IepBOHauajbHOH cucTembl. [lyctb M u M’ — pBe TOukH,
COOTBETCTBYIOUIHE APYT APYTy N0 HHBEPCHH OTHOCHTENLHO JNaHHOM OK-

PY2KHOCTH. Ecau Z n 7' — onpejessdroliue uX KOMIJIEKCHBIE YHCaAa BO
BCIIOMOraTe/IbHOH CHCTeMe KoopaHHar, TO
=L ‘
VA

O603HauuM yepe3 z U 2° KOMILIEKCHbIE UMC/Ia, ONMpPee/sIomie 3TH XKe
TOYKH B crapoii cucreme, OueBuino, uto z = Z + au 2z’ = Z' + a. 3a-
MeHsIl B mpefblAylleM COOTHOWEHHH Z ¥ Z' HX BHIPAXKCHHSIMH uyepes
zu 2/, nonyyum:

,-2

g — =,
z—a
OTKy1a
o= az+(r~—an)
Z‘—‘(l
WIH €CAH TIONOXKHTh a=a, t* —aa=f, 1=17, —a=©§
R
vz+5

Mpb1 Ben cefiuac BBIK/JIAAKH B MPEANOJNONKEHHH, UTO OKPYMKHOCTE
HHBepCHH—O6bIKHOBeHHaﬂ HerpyaHo mosyunTb 3aBHCHMOCTb  Me-
W1y 2 H 2 1Jsi MHBEPCHH OTHOCHTENBHO NpsiMoil. B camoMm gaese, uu-
BepcHs OTHOCHTENIBHO BELIECTBEHHOH OCH XapaKTepH3yercs ypashe-

HHeM Zz' = 2z, C/IeJIOBATe/IbHO, WHBEPCHS OTHOCHTEJLHO MPSIMOi, mpo-
XOisilel yepe3 HYJEBYIO TOUKY, AaHANHTHUECKH ONpENeJIsieTCsi paBet-
cTBOM €i%2' = (¢f%2) nnu 2’ =e” ¥z orcioma, NpH NOMOUIU CABHMIa,
HalileM 8aBHCHMOCTb MEXY Z H 2’ B TOM Cjly4ae, KOrja npsimMasi, OTHO-
CHTE/IbHO KOTOPOH COBEpIIAeTCss HHBEPCHS, MMeET J000e MOJIOKeHHe;
HMEHHO: ' ‘

2’ =e~ %%z 4 const.

Sra 3aBucumoctb nosyyaercss u3z (II) nmpu y = 0.
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Taxum o6pasoM, cooTHOIeHHeM 2’ :_tg, NpH MOAXOAAUIEM
BIGOpe MOCTOSIHHBIX o, B, v, O, MoxeT ObIThb onpeneneHa Jobas HH-
BepCHSl KaK OTHOCHTENbHO OOBIKHOBEHHOH OKPYXKHOCTH, TaK H OTHO-
CHTEJIbHO OKPYKHOCTH 6ecKoHeuHO GO/bILOro paauyca.

ITycTh Tenepb moc/efoBaTeqbHO COBEPLIAIOTCH [1BEé HHBEPCHH OTHO-
CHTEJIbHO IPOU3BOJIbHBIX OKpy:HOCTed. Ecau nepsas M3 HUX orobGpa-

Kaer z B 2’, a BTopas oT06paxaer ' B 2", TO COIMACHO -NpeibilyuemMy

2 = 0‘1_;‘}‘ By
viz2+ 6,
H
2 = 0‘22 s Bz
o2’ + 8,

13 nepBoro paBencrBa umeem:

7 ____EIZ"'— By

Y12+ 8
Ecan noacraBuTh 3TO BLIpa)KeHHe BO BTOPOe paBeHCTBO, TO Mocje
HeGoMbIIMX NpeoOpa3oBaHuil M BBEACHHUS HaJlJjexalnx 0603Haqeﬂuﬁ

110JTYUHM:

w_ ozt P
T yz4-8"
T. e. 3aBucumMocTb BHAA (I). OueBHAHO, ec/ii MBI ellle pa3 MPOH3BEAEM
HHBepcHuIo, nepepoisulylo z” B 2/, To 3aBHCHMOCTb 2’’’ OT 2z Gymer
uMerb Bua (II); npu caenyowed uHBepcnu Ans ¢’ onaTb MOAYYUM
(D) u . 4.
Jlokaxem Tenepb  HYXHble IS lIaJIbHEHLUGI‘O CBOMCTBA TMPOH3-
BeleHHU m—mepcnu
5. Ecau omoopawcenue, npedcmasasouiee coboll  npoussederue
HeMHO20 YUCAQ UHBEPCULl, OCMABASACM HEeNOOBUNCHbIMU MPU  MOUKU
NAOCKOCMU, MO 6Ce MOYKU NAOCKOCHUL Npu 3Mom -0mobpaxceruu ocma-
fomesi HQ ceoux Mecmax, W omobpaxcenue, CACO0BAMEAbHO, ABASENICS.
MONCOECMBEHHLIM.
Kal( HaM KU3BECTHO, OTOOpaKeHWe yKa3aHHOrO BHJA, nepeso;mtuee
Z B Z', XapaKTepuayeTcs paBeHCTBOM

,__oz+4p
=75

Bce HenojBHKHbIE TOUKH 3TOrO OTOGPA’KeHUs OMPENeJsIoTCs ypaB-
HeliHeM 2° = 2, T. €.

az +f

z:yz—l—é’
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HIH .
v22+ (6 —a)z—p =0.

CorylacHO YCJOBHIO MOJyYeHHOE ypaBHEHHe JOXKHO MMETb TPH pelue-
HHS, YTO BO3MOXKHO TOJbKO B TOM CJyyae, KOrZa OHO ofpalaercs
B TOXKJECTBO, T. €. KOTLa

=0, 8—a=0, p=0.
CnenoBaTenbHO,
=2
=3z

slcHo, uto @ = 0 (ecniu o = 0, TO J0Gasi TOouka 2 orobpakaercs
B OJHY H Ty Xe Touky 2z = 0, a 3TO i NpouU3BeIeHUs] UHBEPCHi He-
BO3MOXKHO, TaK KaK Ka)XJasi HHBEPCHSl pasHble TOUKH NEePEBOAHUT B pas-
Hele ToukH). BenencrBue paBenctBa § — a = 0 npu o 5= 0 HaxoguMm
2 = z. OTHM Haie yTBepX/IeHHe J0Ka3aHo.

6. Ecau omobpascerue, npedcmasirsrowiee coboll npoussederue He-
YEMHO20 UUCAQ UHEepCUll, OCMagAsem HeNnOOBUNCHBIMU MPU MOYKU
NAOCKOCMU, MO OHO ABAREMCS UHBepCUell OMHOCUNENbHO OKPYICHOCTUL,
npoxoaﬂmeu “epes smu modKU.

Mycrs 2' = f(2) — nanHoe 0T06pa)Kean Ecnn 2" = ¢(2') — uu-
Bepcusi OTHOCHTEJNIbHO YKa3aHHOH OKPYXKHOCTH, To 2" = ¢(f(2)) ecrtb
oToOpa)keHue, COCTABJEHHOE YXKe UYEeTHbIM YHCJIOM HHBEpPCHil, MpHuem
OHO OCTaBJIsIET HEMOABHKHLIMH T€ XK€ CaMble TPH TOYKH, YTO H JAHHOE
orobpaxenue z' = f(z). CoruiacHo npembiayiwemy 2" = ¢(f(2)) Toraa
JIOJIXKHO OBITh TOXKAECTBEHHBIM OTOGpaXKeHueM, T. €. z” = 2. TakuM 06-
pasoM, ¢(2) = 2, u, CJIeloBaTe/IbHO, Z U 2’ COOTBETCTBYIOT APYT APYTY
TI0 MHBEPCHH OTHOCHTEJbHO TOH OKPYXKHOCTH, KOTOpasi MpPOXOIHUT ye-
pe3 TpH paccMaTpHBaeMble TOUKH. DTO U HYKHO GbUIO 110Ka3aThb.

Hakowuery, Mel chopmysnpyem 6e3 J10KasaTesbCTBA €Ll OJHO Mpea-
JIO}KeHHe 10 MOBOAY HHBEPCHH. .

7. Ecau 0se oKkpyscHocmu nepecekaromcs, mo npu 060t uxeepcul
yeon, Komopeul oKW cocmagasirom 6 obuieli mouke, pasex yeay, KOMopoLil
COCIMABARIOM OKPYICHOCILL, NOAYHEHHbLE 8 PE3YAbIMAMme UX OmobpaXceHus.

VlHBapHaHTHOCTh YIVia OTHOCHTEJIbHO HHBEPCHH AOKa3blBAETCs B
S/1EMEHTaPHO TEOPHH KOHPOPMHBIX OTOOpaKeHUui *).

Tenepb Mbl MOXEM BEPHYTbCS K IMOCTPOEHHIO MOJENH HEEBKJIH-
JOBOH IreoMeTpHH.

§ 52. CorsacHo omnpejesieHHI0, KOTopoe Mbl gaju B § 50 noHsATHIO
«MEXKIY», TIOPAJOK TOYEK HAa HeeBK/MIIOBOH NPsSMOi COBMajaer C Io-
PSAAKOM TOYEK Ha €BKJHMAOBOH MNOJYOKPYXKHOCTH, H300paxaromeii Ty
NpsAMYI0 B BepXHel nosymnjaockocTd. [Toaromy HeeBK/IMAOB oTpe3ok AB

*) Cwm., manpumep, A. U. Mapxrymesnn 4,” DJIeMEHTHl TEOPUH aHAJIHTHU-
veckux ¢yHkuuii, Yunearus, 1941.
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n300paxaercss JAyrod IOJYOKPYXKHOCTH € KoHuamu A, B; HeeBK/H-
AOBa MOJynpsMas, HCXOLAWAA H3 TOUKH 0, usoépax{aeTCﬂ ayroii
0X, xoueu koropo#t X Haxonurcsi Ha mpsmoit x (puc. 68a). Koueuno,
Touka X IpPH 5TOM He JOJ2KHA NMPUUUCAATBCS K TOYKAM HeeBKIHLOBOH
NOJNYNPSIMOH.

Heesxaudosoim yeaom, ecrecTBeHHO, Mbl GyJeM Has3blBaTb COBOKYII-
HOCTb JIBYX HEEBKJIMIOBBLIX IOJYNpPSIMBIX, HCXOASILIMX U3 OLAHOH TOUKH
(puc. 686).

Jlagum Tenephb ompenesieHHe KOHTPYSHTHOCTH OTPE3KOB H yIJI08
B Hauleldl MOJAEIH HeeBKJHIOBOH FeOMETPHH.

B0 «
///\ ;
Ve
. z i

P.uc.‘68a-. Puc. 686.

3j1ech HaM CYyIIECTBEHHO IPHJAETCA IONB30BAThCS  HHBEPCHIMH.
YcnoBuMcst paccMaTpPHBATh TONBKO TaKHe HHBEPCHH, KOTOpPblE MPOM3-
BOAATCA OTHOCHTE/IbHO OKDYXKHOCTeH, OpPTOroHa/lbHbIX K MPSIMOH X.
OueByuiHO, NpH BCAKOH Takoil HHBEPCHH TOYKH, paCHO/I0XKEHHbIe
B BepXHeHl NOJYMJIOCKOCTH, OTOOPaKalTCH B TOYKH 3TOH JKe MOsy-
miockoctd. TakuM o0pa3oM, NPOU3BOAS HHBEPCHH (UIYP BepxHel
OJYIVIOCKOCTH, Mbl He GyJeM BBIXOLUTb 33 ee Mpelesbl.

HasoBeM HeeBK/IHAOB OTPE30K AB KOHIPYSHTHBIM HEEBKJHIOBY
otpesky A’B’, eciu cyuiecTByer Takas NOC/ELOBATENbHOCTb HHBEP-
CHil, YTO X MPOH3BE/leHHe 0TOGParKaeT eBKJIHMIOBY KPyrosyio ayry AB
Ha KpyroByio ayry A'B’.

Amnanoruuno Ha3oBeM HeeBK/IUAOB £ (h, k) KOHTPYSHTHBIM HEeBKJ/IH~
noBy £ (K, k'), ecin cymecTBYeT Takas IOC/EAOBATEJbHOCTb HHBEP-
CHil, YTO HX INpOHU3BeleHue 0TOOpaxKaer CTOPOHBI NEPBOrO yIia Ha
CTOPOHBI BTOpOro*).

B cuny npennoxenuss 7 § 51 yruiel, KOHI'pYSHTHbIE B CMBIC/IE 3TOrO
onpejeseHns, paBHb MeXIy co0Ol0 TakKe M B TOM CMbIC/Ie, KaK 3TO
TIOHUMAEeTCs! B €BKJ/IHAOBOI I'€OMETPUH MO OTHOLIEHHIO K KPHBOJMHEII-
HeiM yriam. Hanporus, kpyroeele nyru, n3ofpa<aiollHe KOHIPYEeHT-
Hble HEEeBKJ/HJOBbl OTPE3KH, BOBCE He GYAYT KOHI'PYSHTHBIMH C €BKJIH-
AOBOH TOYKH 3DEHHH, TAK KaK HHBEDCHH, COXPAHsf BEHYUHE! YIVIOB,
HCKaXXaloT JIMHeHHble pasMepbl (HUTYp.

*) YcranoBsieHHe OTHOIIEHHS KOHTPYIHTHOCTH OTPE3KOB M YIIoB ofsnanaer
CBO/CTBOM B3aHMHOCTH. DTO CJIeflyeT U3 TOro, YTo OTOGpaxeHHe, OGPATHOE K HHBEPCHH,
€CTb TaluKe HHBEPCHd,
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B nauueit mMonesn HeeBKJHMIOBOI FeOMETPHH HHBEPCHH OTHOCHTEJIb-
HO OKPYXHOCTeH, OPTOrOHAJbHBIX .K MNPAMOH X, NMpPEeACTaBJsAlT coGOH
HEKOTOpble KOHrpysntHble nepemeileHus. IlosHakommcsi nobiuxe c
HX OCOOEHHOCTSIMH.

Paccmorpum — Kakyio-HHOYXb MO/YOKDYXKIIOCTb BepXHeil mosymno-
CKOCTH, OPTOTOHA/IbHYIO K TIIpsAMOil X. IIpM MHBEpCHHM paccMaTpuBae-
Masi TOJNYOKPY2KHOCTb COrJlacHO npejnoxenuio 4 § b1 npeobpasyercs
B KPYTOBYIO YTy (TaKzKe pacrosoXeHHYI0 B BepXHeH MoJyNI0CKOCTH).
Cama npsimasi x mpH 3TOH HMHBepcHu oToOpasuTcs Ha cebs. Tak Kak
HHBEPCHA COXpaHseT BeJHYHHBI YIVIOB, TO Kpyrosas Ayra, IoJyyeH-
Has HHBEPCHel paccMaTpHBaeMOH MNOJYOKPYKHOCTH, HOJKHA ObITh
OPTOTOHAa/IbHA K NpPSMOH X H, CJeIOoBaTeNbHO, TaKke ROJHHA ObIThb
NoJIyoKpyxHocTblo. TakuM o0Gpa3oM, HMHBEPCHS HOMNYCKaeMOro HaMu
BHJa Bcerja npeobpasyeT NOJYOKPYX(HOCTH BepXHeil MOJyNIOCKOCTH,
opTOroHasbHble K TNpPSIMOHA X, B TaKue K€ MNOJYOKPYKHOCTH. D10 —
oueHb BaxkHoe OOCTOSITEIbCTBO, TAaK KaK IOJYOKDYXKHOCTH BepXiie
NOJYMJOCKOCTH, OPTOrOHa/NbHBIE K NPSIMOH X, H306pax<aioT NpsMble
Hauleli MOJeJH HeeBKJULOBOH reoMeTpHull.

[lyctb Tenepp AB — kpyroBas ayra, n3o0paxaiomasi HeeBKJ/JIHI0B
orpe3ok (puc. 69). OGo3Hauum yepes S TOYKY IepeceyeHHs eBKJH-
J0BO# npsimoil AB ¢ npsiMOi X
(npennosnaras, 4to 3TH mnps-
Mble IlepecekaloTcsi) H IpoBe-
geM u3 S KacaTe/LHyIo SC k
ayre AB. Ilo usBectHol Teope-
Me  eBKJMIOBOH TIeOMeTpHH,
nMeer MeCTO PaBeHCTBO

Puc. 69. SA-SB = SC>. Tlostomy ecnu
Mbl O0O3HAUUM Uepes u MoJy-
OKPVIKHOCTb ¢ 1entpoM S n pasuycom SC, TO HHBEpPCHs OTHOCH-
TeJbHO ¢ O0TOGpasuT TOuKy A B Touky B, a Touky B B Touky A.
Touxa C npu 310l MHBepcHH ocraHercsl Ha Mecte. OTciona cienyer,
yto ayra AB orobpaxaercs Ha cebs, npuueM uactb’ ee AC
oro6paxaerca Ha BC, a BC — na AC. lyru AC u CB, ncCKOMbKY
Ka)Xk[as W3 HHX €CTb HHBEPCHS APYroil, M300parKalT KOHIPY3HTHBIC
HeeBK/IMIOBBIM OTpe3kH; Touka C, c/ejloBaTeqbHO, $BJIIETCA HEeB-
KJu10BOK cepenunoii pyru AB. 3amerum eme, uro ayra AB oprtoro-
HaJbHAa K TNONYOKPYXKHOCTH u. Takum 006pasoM, MOMYOKPYKHOCTb i
H300paXkaeT MNEPNeHIMKYJAP K cepeluHe HEeBKAUIOBa orpe3ka AB.
Mnaue rosopsi, ToukH A M B B HEeBK/IHIOBOM CMBICJE CHMMETPUUHBI
OTHOCHTEJIHO HEEBKJIHIAOBOH IpsAMOH, H306paxaeMoll NONYOKpYX-
HOCTBIO U.

Mpbl MOXKeM OTCIOAA 3aKJMIOUUTDb, UTO UHBEPCUS, eCAl ee PACCMAmpPU-
eambv ¢ HeeBKAUGOBOL MOYKU 3PeHUs, eCcimb He 1Mo uMoe, KAK cummemn-
pUs OMHOCUMEAbHO NPAMOL,
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Bce 3t0 nocrpoeHue npoBOAMJIOCH B NPEANONONKEHHH, YTO TOYKa S
cymectByer. Ecan ke eBkaunoBa npsimas AB He mepecekaeT mpsiMyio
X, TO TOTAA TOUKY S caelyeT BooGpa)kaTh Haxoasuielcs B GeCKOHeuHo-
CTH, KacaTesbHyIO K Ayre AB BeCTH napaJjejbHo NpsMOH ¥, a noay-
OKPY2KHOCTb 4 W 3aMeHHTb NosynpsMoid. B 3Tom ciyuae uHBepcus npe-
Bpamiaercs: B OOLIUHYI0 CHMMETPHIO OTHOCHTETLHO eBKJ/IMI0Ba MepreH-
JUKyJaspa K NpsAMOH X, NPOBEIEHHOrO- U3 €BKJIUJOBOH cepeauHsl C
ayru AB. .

[Tocie 3Toro CTaHoBHTCS MNMOHATHO, 4YTO O3HAyaer BhICKAa3aHHOE
BbllLIE OMpejenenne KOHIPYSHTHOCTH 0o0pa3oB B Hauwei cxeme: o6pa3 A
KOHI'Py3HTeH o6pady A’, ecin A’ Moxer GbiTh noayueH u3 A npu no-
MOUIY HEKOTOPOro YWCJAa 3ePKajibHbIX OTpaKeHWH, MOHHMaeMblX B
OITMCAHHOM ceﬁqvac yCJIOBI-IOM (HQQBKJII/I}.[OBOM) CMBICJIE.

Hama 6aunxaiiiras uejp — MoKas3aTb, YTO BBEIEHHOE HaMH OTHO-
IleHHe KOHTPYIHTHOCTH YROBJAETBOPseT TpPeOOBAHHAM BCEX AaKCHOM
I1I,1—I11,5.

Bynem paccmaTpuBaTh 3TH aKCHOMEI OfHY 3a Jpyro#. AxcHoma
IT1,1 TpeGyer, uToOB Ha KaJoil NpsIMOH OT KaXKIOH ee TOYKU IO Jio-
6yl0 CTOPOHY MOXHO OBLIO OT/JOXHTb OTPE30K, KOTOPOMY KOHIDY-
31ITEH NPOM3BONBLHO JAHHBIH OTPE30K KAKOH-HUOYAb NPAMOH.

Puc. 70.

Sro TpefoBaune B mauleil cxeme yloBaersopsiercs. B camon nene,
PacCMOTPHM [IBE HEEBKJMIOBH [1PsIMBIE @ H a*; Ha NEPBOH U3 HHX BO3b-
mem oTpesox AB, wa sropoit — Touky A* (puc. 70). Kpome Toro, or-
METHM OAHY M3 JBYX TOJYMPSIMBIX, ONpeleasieMbiX Ha NPAMO# a* Tou-
koit A*, [TocTpouM, Kak GbLIO MOKA3aHO BbIlE, (HEEBKJIMIOB) MEpIieH-
IUKyasp n K cepeaune orpeska AA*. Tlpn nomoumnu (HEeBKANI0BA)
BEPKATLHOTO  OTPAXKEHHS OTHOCHTEILHO 3TOTO MEPNEHAUKYJSpa  Mb
MOXKeM MpAMYI0O @ OTOOPa3uTh Ha HEKOTOPYIO NpsAMylo a’; NpH 3ToM
touka A oro6pasutcs B Touky A*, a OTpe3OoK AB npsMoit «
6yneT uMmeTb cBouM oOpasoMm orpesok A*B’ mpsawmoit .a’. [lposerem
Tenepb (HeeBKJHMAOBY) OGHCCEKTpHCY b yIzia, COCTaB/EHHOrO ABYMsl
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(HeeBKJIMIOBLIMH) MOJNYNPSIMBEIMH, M3 KOTODBIX ONHA HAET U3 TOYKU A*
K Touke B’, a 1pyras ecTb OTMEueHHasi HaMu NOJyNpsiMasi OPsIMOK a*.
3epKkajsbHOe OTpa)KEHHe OTHOCHUTEJBHO b ([IOHHMaeMoe B HEeeBKJ/IH0BOM
CMEBIC/Ie) TepPEeBOAUT (HEEeBKIHIOBY) MpsiMylo a’ B (HEeBKJIHIOBY) mps-
‘Mylo a*, a orpesok A*B’ mpsmoii.a’ — B HeKkoTOpHIH oTpe3ok A*B*.
Takum o6pa3om, Ha (HeeBKJMIOBOH) NPSMOH a* M0 AaHHYIO CTOPOHY
oT ee Toukn A* cywecrByer Takas Touka B*, uro orpésox A*B* no-
JlyuyaeTcsl NPH TOMOILH JABYX (HEEBK/IMIOBBLIX) 3€PKa/JIbHBIX OTpaKeHui
u3 orpeska AB u, cnenosarenvHo, AB = A*B* B NpHHSITOM BHILIE
cMbIcTie. A 3TO M HYKHO ObLIO TIOKa3aTh.

Axeunoma III,1 TpeGyer eine, utoGrl cpenu Touek mpsmMoit a*, Je-
XKallHX MO NaHHYIO CTOPOHY oT A*, TOJbKO OfHA Ompefensijia BMe-
cre ¢ A* oTpe3ok, KOTOpOMY KOHrpysHTen orpe3ox AB. [lokaxem,
uTO 3TO TpeGOBaHHWe MpH HAlIeM ONpeJeJeHHH KOHTPYIHTHOCTH YAOB-
JIETBOPEHO.

IlycTb Ha (HeeBKJIMIOBOH) MpsiMOil a* MO JaHHYIO CTOPOHY OT TOUKH
A* uMeloTcsl JBe pasauyHble Touku B u Bj, Takue, uTo COOJIOAI0TCS
ycnoBust AB = A*B] u AB = A*B;. 210 03HauaeT, YTO CYLIECTBYET
HeKoTOpasl MOCJef0BaTe/bHOCTh MHBEPCHH, NPOU3BENEHHE KOTOPHIX
oro6paxaer kpyroeyw ayry AB Ha kpyrosylo ayry A*Bj, u HekoTo-
past Jpyrasi MOCJIeJOBaTeJIbHOCTb HHBEDPCHH, IPOH3BELEHHE KOTOPBIX
oro6paxaer pyry AB na nyry A*B;. O6osHauum uepes X, TOuKy,
B KOTOpOI mpojo/keHne ayru AB B HanpaBjeHun ot A K B Bcrpeuaer
npsMylo X, uepes X; — TOUKY BCTpeuu ¢ mpsAMoH x xyru AB, nponon-
KeHHOH B NPOTHBOMNOJIOXKHOM HampasjaeHud. Uepes X; u X oGo3na-
YUM aHaJOTHYHO OINpelesisieMble KOHLBI NOJYOKPYXKHOCTH, H300paxa-
I0lell HeeBKIHIOBY npsaMylo a*. OueBULHO, NPON3BEEHNS KaxIOH H3
JIBYX YNOMSIHYTBIX BhbIlLe [OC/AeI0BaTe bHOCTEH HHBepcHil oToOpaKa-
toT X, Ha X] u X, na Xj. IlpencraBum ceGe, 4TO HHBEPCHHU MEPBOH 10-
CJIe[IOBAaTeIbHOCTH OCYLIECTBJSIIOTCA B OOPATHOM MNOpsiAKe, a BCJed 3a
TeM pPeau3yIOTCsl HHBEPCHH BTOPOH IOC/Ie0BaTeJbHOCTH. B pesysbraTe
TI0/y4aeTcsi HeKOTopoe oToOpaxeHHe, KOTopoe Mbl 0003HAauUM OYKBOH
f. OueBuzHo, B mpouecce orofpaxkeHus [ Touka X] cHauasia COB-
meigaercss ¢ X,, a NOTOM CHOBa BO3Bpailaercss B mosoxeHue Xj.
Taxum oGpasoM, Xi ecTb HenoaBMKHas Touka orobpaxenus f. Tou-
HO TaK e HeloiBHKHbI npu orobpaxenuu f touku A* u X;. Uro xe
Kacaercsi TOUKH Bi, TO OHA NpH TNOMOIIH [ MEpPEeBOAUTCS B TOUKY Bj.
Uraxk, f umeer Tpu HenompuxkHeie Touku X3i, A* u X;. B cuny npen-
JoxeHull 5 u 6 § 51 orciona cienyer, uro f ecTb JH6GO TOXIECTBEHHOE
orobpakeHHe, JH60 HHBEPCHS OTHOCHTENbBHO OKPYXKHOCTH, NMPOXOAf-
wei uepes touku X3i, A*, X3, B} u B;. U B ToM, U B Jipyrom cayuae
BCE TOUKH 3TOH OKPYKHOCTH JOJIKHBI GBHITh HENOABHXKHBIMH TOYKaMH
oro6paxenus f. CnemoBarenbHo, B} u Bj He MOryT 6bITh Pas/HYHbI.
TeMm caMbIM efMHCTBEHHOCTb OIlepald¥ KOHI'PYSHTHOIO OT/IOXKEHHSA
oTpe3ka JoKasaHa,
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Haxkonen, akcuoma III,1 TpeGyer, uTo6el orpe3ok AB OblT KOH-
rpysuteH orpe3ky BA. Uto6bl mpoBepuTb BHIINOJHEHHE 3TOro Tpebo-
BaHUSl B paccMaTpUBaeMONd HaMH MOJeJNH HEEeBKJIHJOBOH TIeOMeTpHuH,
JOCTaTOYHO COBEPIIHTb HEEeBK/IHIOBO 3epKajJbHOe OTpaXKeHHe OTHO-
CHTEJbHO cepeluHBl oTpe3ka AB.

Hrak, Bce TpeGoBanusa akcuomel III,1 yIlOBJIeTBoleOTCﬂ.

O6pamtaeMcss K akcuome [II,2, cormacHo KOTOpOii, eCid OTpPe3KH
A'B" u A"B” xoHrpysutHe oTpe3ky AB, To orpe3ok A'B’ pomxen
ObITb KOHTDY3HTEH oTpe3ky A"B”.

10 TpefoBaHMEe B Halllell MOIeJH HEeBKJMIOBOH reOMETPHH C oue-
BUAHOCTbIO BBINOJIHsieTCsi. B camom nene, coorHowenus A'B’ = AB
H A"B”" = AB o03HauaoT, uTO CYIUECTBYeT CepHsl HEeBKJHIOBBIX
3epKaJbHbIX OTPaXKEHHIl, B pesyJbrTaTe KoTopeix A’B’ Hanaraercs
Ha AB, u cyumecTByer Apyrasi cepusi HeeBKJIMIOBBIX 3epKalbHBIX OT-
paxKeHHii, B peayAbTaTe KOTOpLIX Takxke U A”B” Hanaraercs Ha AB.
IlpousBeneM 3epkajibHble OTPaXceHUsl NEPBOH CEpHH WU BCJEX 32 TeM —
3epKaJjiblible OTpakeHUsi BTOpOHl cepuu B obGparHoM -mnopsizke. B pe-
sysabrate A’B’ orobpasurcs Ha A"B”, u3 yero W OyleT CJel0BaTh
KOHTPYIHTHOCTb 3THX OTPE3KOB.

Paccmorpum teneps akcuomy II1,3.

Ilycte AB n A’B’ — HeeBKIMIOBH OTpe3kd, C — TOYKAa BHYTPH
orpeska AB u C’ — Touka BHyTpH oTpe3ka A’B’. Mbl JO/KHBI T0Ka3aTh,
UTO NpH HaueM onpeneﬂelmu KoHrpysutHoctd u3 AC= A!C' u CB =
== C'B’ ciepyer AB= A'B

Taxk kak AC= A'C’, 10 IlOJI)KI{a CYLIECTBOBATb CepHsl HEEeBKJIHLO-
BHIX 3epKaJIbHBIX OTpayKeHHH, NpPOH3BeleHHe KOTOPbIX OToOpaKaer
AC nra A’C’. OmoBpemenHo Touka B oro6pasutcs B TOUKy B* Ha mps-
moit A'B’C’, npuueM B* pacrnosioXuTcs ¢ TOH cTopoHbl oT C’, ¢ KaKoit
aexut B, Orpesku C'B’ u C'B* sexat no oy CTopoHy ot Touku C’
H, Oyayud KOHIpYSHTHbIMH Ofpe3ky CB (C’'B’ — no ycnosuio, C'B*—
IO IOCTPOEHHIO), MOJ/IKHBL ObITb KOHIPYIHTHBI MEXAy co0oif (o ak-
cuome I11,2, xoropas yxe mposepena). Ho torma, mo akcuome III,1,
TOuKH B* u B’ He MoryT ObiTb pasnuuHbiMu, CliefoBaTe/ibHO, MPOH3-
BelleHHe YNOMSIHYTHIX HEEeBKJMJOBBLIX 3epKa/bHbIX OTpaKeHHil orofpa-
xkaer AB uHa A'B’, otkyna AB= A'B’.

He mnpencraBnsier Tpyza Takxke mnpoBepka akcuomel [I1,4. Dra
axcuoma TpebGyeT, YTOObl K KaxK[OH NOJYNpsIMOH C 000N CTOPOHEE
MOKHO ObIO NPUJIOXKHUTB YIOJl, KOTODOMY KOHTPYIHTEH IPOH3BONLHO
JAHHBIA yrosJ, U 4TOObl 3TO IIOCTPOEHHE BLIMOJIHANOCh ONHO3HAYHO.

B03MOXXHOCTb H OJHO3HAYHOCTb TaKOrO IOCTPOEHHSl YCTaHaBJH-
BAIOTCA IIPH MOMOIUM PACCykKAEHHUH, aHAJOrMYHLIX TeM, KaKHe Mbl IPO-
BoxauiH, nposepsis akcuomy III,1. HMwmenno, mycrs £ (h, k) — He-
eBKJIHI0B yrol C BepiunHO# O M K’ — HeeBK/AMAOBA MNOJYNpsAMas G
Hauanom O'. Tlpexkne Bcero, NMpPH MOMOLIM HEEBKJIMIOBA 3epKa/IbHOTO
OTpaKeHHsl OTHOCHTENbHO NEPNeHAuKyJapa K cepepune orpeska 00,
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Mbl oTo6pasum Z (h, k) na £ (h”, k"), Bepiimna KOTOpOro CoBMelIeHa ¢
O’. Tlocie 3TOr0 HEEBKJIMAOBO 3€PKANLHOE OTPAKEHHE OTHOCHTEIbHO
ouceexrpucsl £ (h', h") npeBpamaer £ (h", k") B £ (W', k’); 310T yron
10 NOCTPOEHHIO KOHrPYy3HTeH £ (h, k) U NpUJOKEH C HEKOTOPOH CTO-
poHbl K noaynpsimoii h'. Teneps HYJKHO JIOKA3aTh OJHO3IAUHOCTD Orle-
pauuu MpUJIOKeHHs Yria K AaHHOl MOMYNPSAMON ¢ AAHHOM CTOPOHBI.
[Mycrs £ (K, k) noJlyyeH NpH MOMOUIH CEPHH HEEeBK/INIOBLIX 3epKaJib-
HBIX OTpaxeHuil £ (h, k) u £ (W', k;) nojayueH npu nomowd Apyrod
CepuH HeeBKJHJOBBIX 3epKasbHbIX oTpaxenuit £ (h, k). [1ycts f — npo-
U3BeJielie 3epKajlbHbIX OTpaXKeHHiHl NepBoll cepHH, MPOBOIHMLIX B 00-
paTHOM NOpsiiKe, W 3ePKaJbHbIX OTPa)KeHul BTopoil cepuu. OueBuino,
[ orobpamaer £ (W', k;) na £ (#', k,). Ho, npunusaa Bo BHHMaHHe,
YTO HEeBKJIUJOBBI 3€pKajbHble OTPAXKEHHA CYyTb HHBEPCHH, U HCMOJbB3YS
npepjoxennsi 5 u 6 § 51 B ToyHoCTH TaK, KaK 310 GbLI0 CAEJAHO HAaMH
npu nposepke akcuomul 11,1, MOXKHO HOKasaTh, 4To f ecThb 16O TOXK-
JlecTBeHHoe oToOpaxeHue, JIHGO HEEBK/HIOBO 3epKajbHoe OTpaKe-
HHe OTHocHTeNbHO nosynpsimo#i h'. Cnenosarenbio, Z. (A, k) u
£ (W, k;) nu6o coBnagaror, Au60 B3aUMHO 3€pKa/bHbl (B HEEBKJMIO-
BOM CMbIC/Je) OTHOCHTeNBbHO A'. A 9T0O W HykHO OBLIO YCTaHO-
BHUTb.

Aicnoma I11,4 Tpebyer ewe, urobel Besikuil £ (A, k) Obl1 KOHTPY3IH-
TeH caM cebe, T. e. urodbl £ (h, B) = £ (h, k)yu £L (h, k) = £ (k, h)
Ho nepeoe coorHoulenne oueBHAHO*), a B TOM, UYTO. BTOPO@ COOTHOILIE
HUe BBIMOJIHAETCS, MOXHO yGeIHThbCs, COBepluast HeeBKANIOBO 3ep-
KaJbHOEe OTpaM{€HHe yIja OTHOCHTEJIbHO ero GHCCEeKTPHCHI.

Haxonen, TpeGoBanusa akcuombl II1,5 B Haweil mMogenn ynosJser-
BODSIIOTCA, B UeM JIeTKO YOeNUThCS, €cJi NPOBECTH PacCyXKIeHHs, KO-
TOPBLIMH B IUKOJIbHBIX yueGHHKAX 3JeMeHTapHOH reoMeTplill JOKasblBa-
€TCsi NlepBasi TeOpeMa O PaBEHCTBE TPEYroNbHHKOB, MOHHMAs NPH 3TOM
JIBHKEHHE KaK pe3yJsbTaT HEeKOTOPOH CEepPUH HEeEeBK/HIOBLIX 3€pKajb-
HbIX OTpPaXKeHHuH.

Mpl BHAMM, YTO B TOCTPOEHHOH cHCTeMe OOBEKTOB OTHOLUIeHUe
KOHI'PYIHTHOCTH YJOBJIETBOPSieT YCJOBHSIM BCeX AKCHOM TpeTbei
rpynnel,

[Tocne sToro cpasy MOXKHO 3aK/IOUMTb, YTO B 3TOH cHCTeMe OOBEK-
TOB BLINOJHEHH TpeGoBaHHA aKkcHoM HempepbiBHocTd 1V,1 u 1V,2.
B camom jene, kax Oblio 3ameueHo B § 50, HA HEEBKJIHAOBBIX NMPSIMBIX
ocywecrBaserca npuHuun eneknHia. A coriacHo Teopeme 41 § 23,
us axcumoM I—IIl npu wHanuumm npuHuuna [eaeknHaa BbITEKAIOT
oba npepnoxenus: IV,1 n 1V,2.

Taxkum ofpasoM, Hawa cucreMa OOBEKTOB YIOBJETBOPSET Tpebo-
BaHHSAM BCeX akcHoM abcostoriiofi nimanumerpuu I[,1-—3, II, III, 1V,

*) Tak Kak TOXAeCTBEHHOe OTOGpa)eHHe MOXHO paccMaTpHBATh KaK ABYKpaTHO®
DOBTOpEHHEe HHBEPCHH,
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Ho Ttorna B Helt o/mkHa oCyIIECTBASTECA JMOO TEOPHS NapaJsiiesbHbiX
EBkaunna, nu6e teopus napanienbHeix Jlo6aueBckoro. Kak el cefi--
yac NoKa)KeM, HMeeT MeCTO HUMEHHO BTOpOH ciyuai.

Bo3bmeM KaKyo-HHOYIb INONYOKPYXKHOCTb 4 BepXHeHd momymn/io-
CKOCTH, OpPTOTOHa/bHYl0 K mpsimodl x. Ilyctb A — HekoTopasi Touka
BepXHell NOJNYMJIOCKOCTH, He HpHHAJJeXKalas 3TOH MNOJTYyOKpYXKHO-
ctu (puc. 71). Jlerko npoBeputh, uTO uepes Touky A npoxomut Gecko-
HEeyHo MHOTO Pa3/IMYHBbIX MOJYOKPYXHOCTel, OpPTOrOHa/JbHBLIX K Ipsi-
MOHl X ¥ He HUMeoWUX OOMIUX TOUEK C MOJYOKPYXKHOCThIO a. B Tepmu-
Hax, KOTOpPble Mbl C CaMOIo Hauala COIVIACUJIHCh YHOTpeOJasTh, STOT
(baxT MOKHC BBIPA3UTb TAKUMH CJO-
BaMH: yepe3 IIPOU3BOJIBHYIO HeeB-
KJIHAOBY TOUKY, Jl€xKallyo BHE paii-
HOH HeeBKJHIOBOH MNpSMOH, MPOXO-
JUT 6GECKOHEUHO MHOTO pPas/HUBIX
HEEBKJHUJOBBIX MpPSMBIX, He BCTpe-
AKX AAHHYHO.

A 370 u o03Hayaer, YyTO B pac-
CMOTPEHHOI cHCTeMe O6BEKTOB HMeeT
MecTo noctynat JloGaueBCKOro; 3Ta CHCTeMa, CJeJoBaTe/NbHO, IMped-
CTaBjsieT co6of Moienb reoMeTpuu JloGaueBCKOro, MOCTPOEHHE KOTO-
poii MBI MMesaH cBoeil wenabio. Mcnonb3ysi aTy Mopenb, MOXHO Kaik-
JOMYy NPeAJIOKEeHHIO NIaHUMeTPUH JI06aueBCKOTO JaTh BIIOJIHE Onpeje-
JIeHHYIO HHTepIpeTaL o Ha eBKANLOBOH MIOCKOCTH. s sToro cienyer
CJI0BA «TOUKA», «IpsIMAsi», KOHTPYSHTHBI» H T. A., BCTPeUYaloLIHecs
B (OpMYJIHDOBKe MNpEOXKEeHHst, MOHHMAThb B TOM CMbIC/IE, KaK Mbl
YCJIOBHJIUCh 3TO Jenaartb, T.e€. ITOJ CJ0BOM «TOUKa» IOApa3yMeBarth
€BK/JHJ0BY TOUKY BepXHeH IOJNYIJIOCKOCTH, MOA CJOBOM «IpsiMasy —
€BKJINJOBY MNOJYOKPYXKHOCTb HJIH IOJNYNPSMYIO, OPTOTOHANBHYIO K
IPaHule MOJYIJIOCKOCTH; KOHIPY3HTHBIMH Ha3blBaThb TaKHe 06pashl,
KOTOpHle MOTYT ObITb OTOOpaKeHbl APYr HA Apyra B pe3yJjibTare Io-
CJIe[lOBaTeIbHOTO IIPOBefleHUs] HHBepcHil, M T. 4. Takum obpasowm,
Kaxao# teopeMe JIo6aueBCKOTO COOTBETCTBYET BIOJIHE OMNpejesieHHast
eBkJHa0Ba Teopema. CjeloBaTe/bHO, MPOTHBOpEuHs, ecau Obl OHH
OblIH B T€OMETPHH J‘oﬁaqucxoro HernpeMeHHO UMeNUCh Obl U B €BKJIH-
JIOBOi1 T€OMETPHH.

Mbl  BUAMM, uTO Henpomusopeiugocme ~ceomempuu Jlobauesckozo
goimeraem u3 Henpomugopedusocmu eeomempuu Eexauda.

BMecre ¢ TeM, Mbl IOKa3ajH, YTO nocmyiam O naparteivhyix Es-
Kauda He moxcen Obumb 6bl8e0eH U3  NOCLIAOK  QOCOAOMHMHOL  2eo-
Mempuu.

He#icrButenbHo, B mMozean A. Ilyankape ocymecm.nmorca BCE aK-
CHOMBI a6COJTIOTHO! TeOMeTPUH, HO BMECTO MOCTyJaTa O napaselb-
HuIX EBKnnna umeer mMecto nocrynat JIo6aueBCKOro. 3HauuT, MOCTYAAT
Epxnuna He AB/AAETCA JIOTHUECKHM CJEACTBHEM 3THX AKCHOM.

Puc. 71.
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§ 53. MuTepecHo mpencraBuTh cebe, Kak Te WJIH HWHble KOHKpeT-
Hble (GakThl reomeTpuu Jlo6aueBCKOro HMHTEPNPETHPYIOTCS Ha IMOJdy-
naockoctd EBkauna.

O6patumcst k puc. 71. Ha stom ueprexke m3oGpakeHbl HeeBKIHUIOBa
npsimasi B BHJE MNOJYOKPYXKHOCTH @, OPTOTOHAJbHOH K NpsMoi X,
u Touka A. HeeBka1IOBEI MpsiMble, KOTOPblE MPOXOAAT yepe3 Touky A
H He [epecekamT HAHHYIO TNPAMYIO, H300paXKaloTcsi IMOJNYOKPYKHO-
CTSIMH, TIPOXOASILIUMYU yepe3 TOuKy A, OPTOrOHaJIbHBIMU K X M HE mepe-
CEeKaIOUUMH MOJNYOKPYKHOCTh @. Cpean 3THX :1eeBKJHIOBHIX MPSIMBIX,
KaK HW3BEeCTHO, NOJIXKHBI CYIIEeCTBOBAaTh [Be I'PaHHUYHBIE, KOTOPble U Ha-
3bLIBAIOTCS MapaJj/eNbHBIMH JaHHOH NMpAMOH B JBYX €€ HQNpaBJeHHsX.
ITapannenpHble npsMble H306paxeHbl Ha puC. 71 B BHIE MOJAYOKpYXK-
Hocrelt b, 1 b,, KacaluXCs NONYOKPYXKHOCTH @ B ee KoHuax X, u X,
JeXalux Ha npsMoii x. Tak Kak eBKJIUJOBbl TOUKH NPSIMOH X He
ABJSAIOTCS HEeBKJHMIOBHIMH OObEKTAMU, TO HEEBK/IUAOBHI NIPSIMble, N300~
pa)kaeMble MOJIYOKPYKHOCTAMH by U b,, cilefyeT paccMaTpHBaTh Kak
He BCTpeuaromuecss ¢ npamoit a. To, 4TO' OHM — rpaHUyHbIE, YCMaT-
puBaeTcsl HemocpenCTBeHHO. '

[TpoBeneM uepes TouKy A MOMYyOKPY:KHOCTb OPTOTOHANBHYIO K
NpsiMOil X M TepeceKaloulylo MoJyoKPYXKHOCTb @ B TOUKe P TakkKe Mox
NpSIMBIM YTJIOM. : -

Hyra AP, oueBuIHO, H300pakaeT, HEEBKJHIOB IEPINEHAUKYJIADP
K HeeBKJIMJOBOH MpPSIMOH @; yros, KOTOPbIH OH COCTaBaseT ¢ Ayrod b,
€CTb He YTO HHOe, KaK yroJ mnapajjenbHOCTH AJs orpe3ka AP.

CoBepileHHO TpPHBHANbHBIM (AaKTOM TreoMeTpHH JloGaueBCKOra
ABJseTC TO, YTO nepneHaukynasp AP mpexcraBisieT co6oio Guccek-
TPUCY yrJjia MEXAY HeeBKJHIOBBIMH NpAMbIMH b, U b,. B eBkaunosoit
reOMETPUH PaBEHCTBO YIVIOB, KOTODEE cocTaBisieT Ayra AP c jyramu
b, u b,, orHionb He oueBuAHO. Ho noKka3bBaTh Takyio eBKIHAOBY TeO-
peMy HeT HeoGXOZMMOCTH. J[leACTBHTENBHO, IIOCKOJbKY B CHCTEME
o0bekToB Monenn [lyaHkape ocyuiecTB/siloTCA BCe akcHOMbl JloOa-
YeBCKOT0, NOJIKHBI OCYIECTBAATHCS U BCE HX CJAEICTBHS, B TOM uHc/Ie
W "BbICKa3aHHOe yTBep:KieHue, OrTciofa, B 4aCTHOCTH, BLITEKAeT CBOe-
0o0pa3HbIl MEeTO NOKa3aTeJbCTBA HEKOTOPBHIX E€BKJMIAOBBLIX TEOPEM MpH
MOMOIILY HEeeBKJIUA0BOIA reOMeTpHH.

YKaxeM JJsi mpUMepa CJIeLYIOUYIO eBKJIHIOBY TEOpeMy, CripaBel-
JINBOCTh KOTOPOH MBI MOXKE€M YyTBepxKJaTh 6e3 CIelHaJibHOTO AOKa3a-
TEeJbCTBA: €CJAM TPEYTOJbHHK COCTABJEH KPYrOBBIMH IYyramu, NpPOXOJ-
JKEHHs KOTOPHIX MepeceKaloT HEKOTOPYI NMPSIMYIO MO MPSIMBIM YIJIOM,
TO CyMMa .BHYTPEHHHX YIVIOB 3TOrO TPEYroJbHHKA MeHblle JABYX
npaMbix. OueBUAHO, 3Ta TeopeMa MONYUaeTCsl U3 COOTBETCTBYIOLIEH
TeopeMbl reoMeTpud Jlo6aueBCKOro MNpU TOMOLIM HHTEpIpeTaliu
[lyankape.

[TocmorpuM eme, Kak BHIVISAAT Ha mofenu [lyaHkape HeeBKJIH-
JOBbI OKPYXHOCTH, SKBHIAMCTAHTBI M OPHUMK/BL, IJTH JIMHHH CYTh
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ODPTOrOHa/bHBIE TPAEKTODHUH  SJIJIMINTHYECKUX, TUNEepOONHUECKHX H
napabo/IHYeCKHX Ty4YKOB, COCTABJEHHBIX HEEBKIHIOBLIMU IPSAMBLIMH
(cM. xoHen § 39).

Ha puc. 72 usobpaxeHn nyyox €BK/JHAOBBIX OKPYXKHOCTEH C ABY-
Msl y3noBbiMH Toukamu A H A’, M3 KOTOpHIX Touka A Haxoautca B
BepXHeil MOJYMJIOCKOCTH, a Touka A’ pacnosioxeHa CUMMETPHYHO €l
B Hkuefl. OpPTOroHaNbHBIMH TPAEKTOPHSIMH 3TOTO NyuKa SIBJSIOTCA
TaKXKe OKPYXKHOCTH, KOTOPHIE COCTaBJASAIOT MYYOK Ge3 Y3JOBLIX TOUEK,
HO C mpejenbHbIMH ToukaMd A U A’ (Z10Ka3aTeNbCTBO He NPHBOIMM).

Puc. 72. Puc. 73.

QOueBHIHO, BepXHHE TMOJOBHHBHI OKDPYXKHOCTell mepBoro nyuka usob-
paaioT HEEeBKJIMJOBBI NpsiMble, MPOXoisuiue yepe3 TOukKy A u cocra-
BJSHOILNE,; CJIeI0BATEJIbHO, 3JJUNTHYECKUH NYYOK, 8 OPTOrOHA/NbHbIA
K HHUM OKPY2KHOCTH BTOPOrO IyuykKa, JeXallHe B BepXHefl Nojymio-
CKOCTH, M306paKaroT HeeBKJIHAOBBHI OKPYXKHOCTH C OOLIMM LeHTpoM A.

Ha puc. 73 usobpakeHbl OpTOroHalbHAs K NPAMOH X MOJTYOK-
PY2KHOCTb @ M NyYOK OPTOrOHAJBHBIX K Hell OKPYXKHOCTeHl ¢ mpejesb-
HbIMH TOYKaMH X, 1 X,. BepXxHue NOJOBHHBL 3THX OKPYy2KHOCTel H300-
paXKaloT HEeBKJIHUJIOBLI INpsiMble C OOLIMM NEepneHJUKYy/JISpOM @; COBO-
KYMHOCTh TaKUX NpPSAMBIX €CTh THIepOOJHYeCKHH Nyuok c 6asoil a.
Bcsikas okpy:KHOCTh, mpoxofsiiasi yepe3 TOYkH X, M X,, NmpeAacras-
JisieT co0o0il OpTOroHaJbHYIO TPAEKTOPUIO 3TOrO Iyyka H, CJeloBa-
TeJbHO, BEPXHAS Jyra TAKOH OKPYKHOCTH H300paxaeT 3KBHIHMCTaH-
Ty, IJs KOTOPOH HeeBK/MAOBAa NpsMas a cayxkurt 6asoil. Kpyrosbie
pyru A,B,, A.B,, A;3B;,... ¥ T.]. u300paxkaioT KOHI'DY3HTHbIC B
HEEBKJUJIOBOM CMbIC/IE BLICOTHI SKBHAUCTAHTHL b.

Ha puc. 74 mokasaH nyyox OKPY:KHOCTE[l CO CJAHMBIIMMHCH Y3J10-
BbIMH TOUKAMH; BEepXHHE IOJIOBHHBI STHX OKpYXKHOCTell M3o0paxa-
JOT 1ICCBKJIMJAOBBl NpsiMble, MapaJsJesbHble APYT APYTy B OJHOM Ha-
npaBjeNHH [ COCTaBJsIoOlMe,  CJIeJOBaTe]bHO,  HEEBKJHJOB
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NpsIMONIMHeRHbI mapabonuyecknii nydox. OpToroHanbHele TPaekTo-
pHHM €ro, paccMaTpuBaeMble C HEEBK/HIOBOH TOUKH 3peHus, CyTh
OPHLHKJLI, a8 KaK OOBEKTHl €BKJIMIOBOH IJIOCKOCTH — 3TO OKPYX-
HOCTH, Kacawomuecs APYr Apyra # mpsiMOH X B Y3J10BOil TOUKe.

Takum obpasom, Kpyroeas Iyra, Jexaiiass B BepxHell Moaym.io-
CKOCTH, H300pa){aeT HEEeBK/JHIOBY NpPSMYIO, €C/IH OHAa ONMHPAETcsi Ha
NPSAMYIO X U COCTaBJISI€T C HE Npsi-
MOii yroJi; 3KBHAHCTAHTY, €C/IH OHa,
onupasch Ha NpAMY0 X, COCTaBJseT
C Helo yroJ, OTJIHYHLIA OT MPAMOro;
OPHUKKJ, €CJId HMeeT coeJHHeHHble
KOHLBl H B TOUKE HX COCIMHEHHS Ka-
caeTcsi MPSIMON X; HAaKOHeL|, HeeBKJU-
LOBY OKDYXHOCTb, €C/M OHa npei-
cTaBjseT co00l TOJNHYI0 €BKJHIO0-
By OKDYXKHOCTb BepxXHe#l mosaymnJjo-
CKOCTH.

§ 54.° PaccmorpennHas  Hamm
HWHTEPIPETANUs HEeBKJIHIOBOH Treo-
METPUH — OTHIOAb HE  €IHHCTBEH-
Ho Bo3MoxHas, Kpowme-’ sTofi HH-

Puc. 74. 1eplpeTalny  CyMeCcTByeT  6ecKo-
HeYHoe MHOXKECTBO JIpyrux.

Mebl MOXKEM HEEBKJIMIOBY MeOMETPHIO HHTEPIPETHPOBATh HA MJIOCKO-
crn EBknupa, Hanpumep, ewie cCjaCHYIOUIHM 0GpasoM.

Bo3bMeM B €BKIHAOBOH MJIOCKOCTH KaKylo-HHGYIb OKpYKHOCTh K.
HasoBeM HeeBK/IMIOBLIMH TOUKAMH TOYKH €BKJIHJIOBOH [JIOCKOCTH,
Jiexkauine BHYyTpu K, HeeBKIHAOBbIMH NPSAMBIMU — JleKalie BHyTpu I
YacTH OPTOTOHAJIbHBIX K HEH eBKJHAOBBIX OKpyaHocTei (BKaAOuas u
nuamerpbl). IToHATUAM B3aUMHOH NPHHAAJIEKHOCTH TEOMETPHUYECKHX
9/1EMEHTOB ¥ MOPSAAKA Mbl OCTABUM HX €BKJHIOB CMBICJ.

HeepkaunoBbl o6pasbl OyseM HasblBaTh B3aMMHO 3epKasbHBIMH
B HEEBKJMJOBOM CMbIC/IE, €C/IH HX €BKJIUIOBBI H300paxKeHus BHYTpH K
MOTYT GHITb OTOGPAaKEHbI APVT HA IPYra BPH MOMOILH HHBEPCHH OTHO-
CUTEJIBHO KaKOH-HHOYAb OKPYXKHOCTH, OpPTOrOHaNbHOH K OKpYHK-
Hoctd K. KoHrpysautHeiMu OyieM Ha3blBaTb HEEBKJIMAOBbl 00pashi
B TOM cJyuae, KOrZa OHH MOryT ObITb OTOOpakelbl APYT HA' ApyTra
NpU TOMOLUIM HEKOTOPOH CepHH HEeeBKJIUJIOBBIX 3epPKajbHBIX  OT-
pakeHui.

[lpoBoms paccy:kieHusi, aHaJOTHYHLIE TE€M, KaKHe Mbl IIPOBeJIk
B §§ 50—52, MOXKHO mOKa3aThb, YTO NPH TAKOM ONpeAesNeHHH reoMerT-
PHUECKHX SJIEMEHTOB M OTHoelfii MexJIy HUMH YJIOBJETBOpeHbl BCe
Tpe6oBaHHA aKCUOM abcoatoTHOfi reomerpuu. Ilocie storo He npen-
CTaBHT TPYyJa pelieHHe BOIpOCa O TOM, KakKas TeopHsl mnapajiesb-
HBIX OCYLIECTBJISIETCS B CHCTEMe HEeBKJIHJOBBLIX NPFAMBIX BHYTPH KDy-
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ra K. Ilyctb @ — kpyroBasi myra, OpTOrOHaJbHasi K OKpy»Hoc H K,
A — Touka BHyTpH K, He Jexawas Ha 3toii ayre (puc. 75). Cpen-
CTBAMH €BKJHAOBOH 3JIeMEHTapHOIl TeoMeTPUH JIerKO IOKas3aTh, YTG:
uepe3 TouKky A NPOXoauT GECKOHEYHO MHOTO KPYrOBBIX AYT, OPTOIO-
HaNbHBIX K OKPYXKHOCTH K M He nepeceKaiollux AYrTH a. A 3T0 o3Ha-
YaeT, YTO B CMBbICJE TeX OTHOLUCHHH, KOTOpble YCTaHOBJEHBI AJs Heep-
KJIMIOBbIX 06pa3oB BHYTPH K, B cHCTeMe 3THX 06pa3oB OCYIIECTBISIETCSE
nocTyjaT o napanjenbHbiX Jlo6aueBckoro. Mbl mosyumsH, cieno-
BaTeJbHO, HOBYIO HMHTEpNpeTalHuI0 IJIaHH-
metpuu Jlo6aueBckoro Ha miaockoctH Es-
KJHJa.

Kaknoe mnpennoxkeHue reomerpun JloGa-
YeBCKOT0, BLICKAa3aHHoe B aGCTPakTHOH ¢op-
Me, MOxeT OBITb HHTEPNPETHPOBAHO Ha
eBKJULOBOH TOJYNJOCKOCTH HWJIM BHYTPH
€BKJIMJIOBA Kpyra; OpH 3TOM MOJYYHUTCH He-
KOTOpasi TeopeMa eBKJUAOBOH TeOMeTpHuH,
KOHKPETHBI{l CMBIC/I KOTOpOii OyAeT 3aBHCEThb
OT H36MpaeMOro Crnocoda HHTepIpeTaluu. Puc.. 75.
Bo3MOXHOCTE NQJIydYeHUS TaKUM NyTeM
eBKJIHJOBLIX TeopeM H3 aGCTPaKkTHO Jornueckol cxemsl JlofaueBcKo-
ro HaxomuT cebe NpHUMeHeHHe B TeOMeTPHUYECKOH TEOpHH GYHKLMH
KOMIJIEKCHOTO TMEePEeMEHHOT0, B KOTOPOi TaKMe yCTaHaB/HMBaeTca Tec-
Hasi GAM30CTb JBYX ONMHCAHHLIX BbIlIE WHTepOpeTalnii reomMeTpun Jlo-
6ayeBCKOrO M YyKasbiBaloTcs OOUlHe MPHIILUIBL [OCTPOCHHS 6ecKo-
HEYHOTO0 MHOXKECTBa JIPYTUX WHTepnperalui *).

ah

10. OcHOBHbIE MeTpHueCKHe COOTHOLleHHs1 B reomeTpun JloGaueBckoro

§ 55. CroroGpasue reoMeTpuu Jlo6aueBCKOro OCOGEHHO fPKO IPO-
AIBJSIETCA NPH 3HAKOMCTBE C €€ MeTPHUECKHMH COOTHOILEHHAMH, T. e.
COOTHOIIEHHSIMH M1y Pas3juyYHbIMH TeOMETPHUECKHMH BeJHUYHMHAMH.
ONHO W3 TaKHX COOTHOLIEHHH, MMEHHO, BblpaXK€HHe NJIOoaAu Tpey-
rojbHHUKa yepe3 CyMMy ero BHYTPEHHHX YIVIOB, AaHO Hami B § 48.
B sToM pasjesne Mbl yCTAHOBMM OCHOBHYIO ¢opmynay JloGauescKoro,
KOTOpasl Bblpa)kaeT yrojl NapaJijleIbHOCTH 4Yepe3 COOTBETCTBYIOLIU T
eMy OTpe3OK, H (opMyJbl TpUIOHOMEeTpUH JI0GaueBOKOro (KOTOpble
YCTaHAaBJHBAIOT 3aBHCHMOCTH MeXKJAy CTOPOHAMH M yIJaMH TPeyrofb-
Huka). Ilpu BhIBose 3THX dopMyn Mbl GyleM mpeanosaraTb, YTo ILIOC-
kKocTb JloGaueBckoro peanu3oBaHa B Bule Mojenu llyaHkape, T. e.
CJI0Ba «TOYKay, «IPAMAsiy, «JIEKHUT Ha», KMEXKIY», KKOHTPYIHTHBI» Oy-
JleM [IOHUMaTh OmnpelejeHHbIM o00pa3oM Tak, KaK YCJOBJIEHO B

*) Cu., Hanpumep, A. M©. M ap xy 1 e B i u, DeMeHTEl TEODHH AHATHTHIECKHX
¢Gynxuuii.
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§§ 50—52. Taxoil BEIBOA OCHOBHBIX (opmy.t JloGaueBckoro IOCTaTOuHO
NPOCT M HAIVISAEH, KPOME TOTO, OH XOPOLIO BHISIBJISIET CBSI3H T€OMET-
pun JloGaueBCKOro ¢ Teopueil (YHKUHMII KOMIIEKCHOH NepeMeHHON;
HO, KOHEUHO, TaKOH BHIBOJ He JlaeT IpaBa yTBEPXKAATh, YTO NOJYyUEHHbIE
€ ero nomomtio ¢GopMyJibl CIpaBefJHBE B reomerpun JlobGaueBcKoro
BOOOIIE, T. €. HMEIOT MeCT® IPH HCTOJKOBAHHHM €e Ha JIoGoi MOAEJH.

B rnaBe VII Mbl nafguM BBIBOA Tex ke GOpMyJ, HCXOAsl U3 aKCHOM
M He cudTas MX DeajH30BaHHBIMH Ha KakoH Obl TO HH ObLIO MOJENH.
Tem cambiM OyZeT 1OKa3aHO, YTO 3TH (OPMY.bl CIPaBEIIMBHL IJ
J06oft mMofenu reomerpuu Jlo6aueBckoro. BBIBOA OCHOBHBIX (POPMYJI
reovmerpun JloGayeBckoro, coxepxautuiics B riaBe VII, Toxe oueHb
NPOCT, HO OCHOBaH Ha HEKOTOPHIX MNpEIJIOMEHHUSX IPOEKTHBHOH reo-
MEeTpUH. DTH TNpeNJoKeHHs] chopMyJsupoBaHel B rsase VII; mostomy
YpTaTeNb, KOTOPBIH COFJIACHTCA TNPHHATH HX Ha Bepy, MOXKET IpH
JKeJlaHUH TIPONMYCTHUTb IVIABBI, MOCBSlEHHbIE NPOEKTHBHOH I'eOMETPHH,
M Ccpa3y O3HAaKOMHTbCA € abCTPAaKTHBIM BBIBOAOM ¢opmyn JlobGaues-
ckoro (cMm. §§ 216—221, 229—232).

§56. Cnayana HaM NpPHIETCA COOGUIHTb HEKOTOpPLIE MPEIIOXKEHH
06 WHBAapHaHTaX JpOOHO-JIHHEHHBIX INpeoOpa3’oBaHMil KOMIJIEKCHOH
nepemenHoi. Kak ofbiuno, Mbl 6ygeM uuciao 2= x -+ iy usobpaxarb
TOYKOH C J€KapTOBLIMH NPAMOYroJbHBIMH KOOpAHHATAMHU X, Y; CJ0OBa
«UHCJI0 2» U «TOYKa 2» GyneM ynorpeG/isTh Ha PaBHbIX MpaBax.

Paccmorpum npeo6pasoBaHye
r_az+p

2= 1)

rje 2z — KOMIJIeKCHasl nepemeHHas, o, B, vy, 6 — nocrosiHuble (BOOG-
1e roBops, KoMIlIeKCHbIe). IlpeoOpasoBanue nepemenHoil 2z B nepe-
MeHHYIO 2, onpenensieMoe qopmyJsoit Buga (1), naspiBaercsi Opo6HO-
AUHELHbLM (Mb[ yXKe BCTpeuajuch ¢ JAPOGHO-THHEHHBIMH npeoGpaso-
pauusimn B § 51). Camo coboit pasymeercsi, yto B ¢opmyae (1) xors
661 O1HO W3 uucesa Y, § clenyer IpeAnosiaraTh OTJHUYHBIM OT HYyJs.

"Yucyio A = a8 — By HasbiBaeTcs onpedesumenrem APOGHO-NTHHEHHOTO
npeoGpasoBanus. Jlerko y6emutbcsi, urto ecaiu A = 0, To BCeM TOU-
KaM 2 (BblOMpaeMmblM, KOHEUHo, npu ycaoBuu 2 -+ 6 5= 0) no dop-
myJie (1) cooTBeTCTBYeT ofHAa M Ta ke Touka z'. B camom jene, ecin
A = 0, 10 uyucna o, f nmponopunoHaJbHLL uKcaaM Y, O, T. e. o = kY,
P = k8 u, cnenoBatesibHO,

2 az+ﬁ _k@z+8)

. YZ+OS yz+o
Hanporus, eciu A == 0, To pasubiM TOUKaM 2;, 2z, 1m0 opumyae (1)
COOTBETCTBYIOT TaKxKe pasHble TOUKH 2, Z,. B camoM Jeie, Mbl MMeeM:

0z 4B azntp . ab—Py (2—2)
<1 2 Ysz Y2+ 90 (')’21‘1"6)(?22‘{"6) 1 2)»
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T. €.

DY S S— (z,—2,) (2)
! 2T (2 0) (v +6) TR

Taxum o6pasoM, npu A 5= 0, eCiH 2, 5= 2,, TO H 2, 5= 2.

B ciayuae A = 0 ppoGHO-nHHeiiHOe npeoOpa3oBaHHe Ha3LIBaeTcs
8bLPONCOeHKbIM, B caydae A 5= 0 — HesbiposcOerroin. COrIacHO mpemsl-
AYLeMy BbIPOXAEHHOe npeoOpa3oBaHne oToOpa)KaeT BCe TOYKH IJIO-
CKOCTH B OJHY; HeBbIDOXIEHHOe npeoOpasoBaHHe pas3Hble TOUKH OTO-
6pakaer B pazuble. M B TOM U B APYyroMm cjyuae TOYKA 2, IJsi KOTOPOi
vz + 6 = 0, nomkna G.Tb HCKJIOUEHAa H3 pPacCMOTpeHHs: IJs Hee
COOTBETCTBYIOIEH TOUKH HET COBCEM,

B nmanbueiiieM Mol GyleM paccMaTpHBaTh TOJNBKO HEBBIPOXKIEH-
Hble JpoOHO-/uHelible npeobpasoBanus. [l1si Hac cyllecTBEHHO, YTO
KaXKJ0e HeBBIPOX<IeHHOe IPOOHO-HHelHoe npeoGpasoBaHue Buga (1)
uMeeT obpaTHoe npeoOpasoBaHue

82" — '
Z=j?z,—_f—a" (3)

KOTOpOe, OUYEBHIHO, TaKXKe SBJseTcss JNPOGHO-JNHEHHBIM M HEeBBIPO-
KIeHHBIM (npeoOpas3oBaHue (3) HEBLIPOXKIEHO, TaK KaK €ro ompeze-
autesb A" = ad — By = A = 0).

Hanuune uck/ouuTebHON TOUKH 2 = —O/y, I/ KOTOpOii hopmy-
aa (1) TepseT CMBIC/, OCJNOKHSIET (OPMYJHUPOBKY NpPENIOKEHHHA O
JNpoOHO-MuHeHBIX npeobpazoBanHusnx. [aa ynpoberBa Takux ¢opmy-
JINPOBOK JIONOJIHMM IJIOCKOCTh KOMIIJIEKCHOH IepeMeHHOH HOBBIM
OOBEKTOM, KOTOPBLIH OyleM Has3bBaTb OeCKOHedHO yoareHHol moukott
u 0003HayaTh CHMBOJIOM ©O; YCJOBHMCSI CUMTaTh, YTO B HEBBIPOXKJEH-
HoM npeoGpasoBaHuu Buna (1) Touka z = — §/y umeer cBouM 0Gpasom
GeCKOHEYHO yJajleHHyl0o Touky. DeckoHeuHo yjaneHHass Todka Cco-
nocTaB/sieTcss B KauecTBe o0pas3a C HCKJIOYHUTENbHOH TOUKOH KaXKAOTO
HEBLIPOXKIEHHOr0 APOOHO-IMuelHoro npeobpasosanus. B uacrHocr,
OTHOCHTEJIbHO TIpeoOpa3oBanus (3) OeCKOHEUHO yjajeHHas TodKa
ABasiercss cOpasoM Toukd 2 = a/y. Tak Kak npeoGpasoBanus (1) u
(3) B3anMuO OOpaTHHI, TO MO OTHOLIEHHIO K npeoOpasopanuio (1) Gec-
KOHEUHO yJaleHHYI0 TOUKY c/ellyeT cUuTaTb 1 p oo 6 p a3 0 M TOYKH
2 = a/y. Urak, corsacHO HalueMy YCJOBHIO HEBHIPOXAEHHOE Mpeos-
pasoBanue (1) mEPeBOAUT TOUKy 2z = —§&/y B TOUKY 2’ = 0o H TOUKY
Zz = 00 B TOUKy 2 = a/y.

3ameTuM, HakoHen, uro ecad y = 0, TO HCKJIIOUHTELHOH TOUKH
HeT, Ka)ias TouKa IIJIOCKOCTH HMeeT (oGbIKHOBeHHEBI) obpas. Ilo
OTHOLLEHHIO K TaKHM Npeo0pa3oBaHMSIM YCJIOBHMCS CUUTAThb, 4UTO OO~
pasoM GecKOHeullo YAaNeHHOH TOUKM SIBJSETCS OHAa cama.

Ilycts u, v, s, { — ueTblpe pas3/nnyHble TOYKH. [Ipennomnoxum, yTO
BCE S5TH TOYKHM — OObLIKHOBEHHBlE (T. €. CPefH HHX HeT OeCKOHEYHOQ
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-yaanennoit). Toraa uucno, oGosHayaemoe CHMBOJIOM (4Usf) M ompene-
JIfIEMOE PaBeHCTBOM '
u—s v—s ,
(uvst) RrETE T 3’)
'HA3LIBAETCS CAONCHOIM OMHOWIEHUEM TOYeK U, U, S, f, 3ajaHHbIX B IIO-
panke ux sanucu. CI0XKHOE OTHOLIEHHE TeX e ToueK, HO 3aJaHHBIX
B JApYyroM IOpfAKe, MOXKET HMeThb yXKe JApyroe 3HauyeHue; Hampumep,
ecau (uvst) = A, To

(oust) =, (uvts) = . (4)

Ecan cpein 3ajaHHbIX TOUEK HMEETCH OeCKOHEYHO yaajennast, CJI02K-
3HO€ OTHOLLIEeHHE ONpeae daeTCs OIHOH U3 C/eAYyWNAX (bOpMy.HZ

- UUso0o :u———s, (quot :U——f',
v—s u—t

/ __u—s t_v—t (5)
(uoos)——u_t, (oovs)—v——__s.

3amernM, uTO nepBas u3 5TUX (GopPMyJa MoJayuyaercs NpelebHBIM Ie-
pexopoM B dopmyae (3') npu f— oo, Bropag — npu S—> 00 H T. [.

CAO0XCHOE OMHOWERUE Hemblpex MOUeK ABAAENICA UHBAPUAHMOM He-
BbLPOINCOEHHBLX  OPOOHO-AUHelHbLX  npeobpa3osanull; 3TO 31ayuT, 4YTO
€CJIA TIPY HEKOTODOM HEBBIPOXKIEHHOM APOGHO-NHHEAHOM Npeobpaso-.
BAHUM YeThipe TOYKH &, U, S, [ mepexousiT B Touku u', v', §', ¢, 10

(W' v's'ty = (uvst).

TpoBeseM [OKa3aTeNbCTBO CHayana s Caydast, KOTAA Cpemi
J2HHBIX TOYEK M CPEelIH HX 06pa3oB HET GECKOHEUHO yIaJeHHOH TOYKH.
Ilycts npeoGpasoBanue, nepesojsliee u, v, s, ¢ B u!, v', s', t', 3a1aHo
<opmysait (1); cornacHo gopmy.e (2) unmeem:

A

W e us), Wt = A (u—t),
e+ 06) (ys=£96) (vu+9) (vi-96)
OTKYy1a
. u'—s'__u—s'vH—d

w—t'T u—t ys+08°

Ananoruyto
v'—s" uv—s 7yt|8
v—t' v—it ys+o°

‘CrieloBaTesIbHO,

W—s v'—s" u-—s v—s
u—t"v—t' T u—t'v—1t’

T, 8. (Wo's't) = (uvust).
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[Npeanonoxum Tenepb, 4TO BCE TOYKH i, U, S, ! — OOBIKHOBEHHbIE,
a onna us Touek u’, v', §’, ¢’ siBnsiercsi 6ECKOHEYHO YAA/NEeHHOM, HaNpH-
Mep t' = oo. I10 3Haywr, uto Yyt 4+ & = 0. Torna

w—s"_u—s yo{8
v—s" v—s yut6
_u—s ov-+@/y) u—s v—t u—s v—s__
’_u—s'u—‘r—(ﬁ/y)_v—-s°u—t~u—t'm_(uv‘gt)'

(u/vls/t/)‘ — (ulvlslw)z

N

‘Cnyuali, KOrjia OfHa M3 TOYEK U, U, S, ! GECKOHEUHO yjaJelHas,
a Bce Toukd u', v', §’, ' — OGBIKHOBeHHBIE, CBOAUTCS K MOPEIbIAY-
wemy. B camom Jjene, paccmatpuBas npeoGpa3oBaHue, o6parHoe
JaHHOMYy, Ha OCHOBaHWH MNpeiblayllero HaiaeMm (uuvst) = (W'v's’t’).-

Ocraercsi paccMOTpeTb cjydaii, Korga oiHa W3 Todek u, o, s, ¢
ABJAeTcs OGECKOHEUHO YJIaNeHHOH M ¥MeeT OECKOHEUHO yJajieHHbIH
obpas; ecau npeo6pasoBaHHe 3ajaHo ¢opmynaoi (1), To 31OT Cayuai
uMeer Mecto npu y = 0.

[lyctb, Hanpumep, ¢ = oo u ¢ = oo, Toraa

.__S'

—5’

u—s y4+8 u—s & u—s

To—s yu+d v—s & v—s
= (uvs o0) = (uvst).

(Wo's't') = (u'v's'00) =5

Hrak, Bo Bcex cayuasix (u'v's’t’) = (uvust); yTBepxkieHHe [A0KA3aHO.
§ 57. Ham npugercss uMeTb jeo eile ¢ npeoGpasoBaHHeM mnepe-
MEHHOIl 2 B mepeMeHHylo 2', KOTOpoe onpefe/siercs GopMyJaoi

z’:aijﬁ, (6)
yz+§8
U HasplBaeTcsi JpOOHO-JMHEHHBLIM mnpeo6pa3oBaHUeM BTOPOro poja
(HanOMHUM YMTaTeII0, YTQ 2 0603HAYaeT YHCJO, CONpSIKEHHOE YHCJy
2). Taknre npeobpa3oBaHus yxKe BCTpeyasuch HaM B § 51.
[lpcobpasoBanue BHaa (6) Has3bLIBAETCsT BbLPONCOEHHbIM, €Cin A =
= ad — Py = 0, nesoipoxcOerroim, ecma A 5= Q; BBIPOXKIEHHOE Mpe-
oOpa3oBaHue BCe TOYKH OTOOpa)kaeT B OAHY, HEBBIPOXKIEHHOE Ipe-
ofpa3oBaHue pasHple TOYKH OTOOpa)kaeT B pasHble (1OKa3blBaerca
TaK “Ke, KaK aHaJOrHyHOe YTBepxKIeHue Iisi npeoGpasoBanuii - lep-
BOro poja). B panbHefiiem cpeny npeobpasoBaHuil Buia (6) Mbl Oyaem
paccMaTpuBaTh TOJNBKO HEBBLIPOXKIEHHbLIE.
IMycmo u, v, s, t — kakue yeodHo pasauurole mouku u', v', s', t' —
ux 06pasbl OMHOCUMIEAbHO He8bLpOX#COeHH020 npeobpasosarus euda (6);
moz2da caoxcHoe omuoweHue mouek u', v', s', t' ecmo uucao, conpsa-
HCEHHOE CAONCHOMY OMHOWEHUIO moteK u, U, S, -{. CHMBOJIHYECKH 3TO
YTBEpKJCHHE BbIPAXKAETCA PaBEHCTBOM

W' v's't’)y = (uvsi).
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Jlns Jokas3aTelbcTBA NpefcTaBMM npeobpasoBanue (6) B Buie
npou3BelieHUs1 AByX NpeoOpa3oBaHHii:

r_oz"+B
=5t g
“ —
' =" , - ®

Tlo orHouwrenuto K npeobpasoBanuio (8) GymeM cuuTarh, uto obpa-
BOM GECKOHEYHO YJajeHHOH TOUKH SIBJSIETCS OHAa caMma.

3ameTHM Ternepb, UYTO €CJM BCE UYHC/IA, COCTABJSIONIHE CJ0XKHOe
OTHOLUEHHE, Mbl 3aMEHHM CONMPSKEHHBIMH YACIAMH, TO H CaMO CJIOXK-
HOE 'OTHOUICHHE 3AMEHUTCA CONPSKEHHBIM €My YHCJOM. [TosTowmy,
o6o3Hayas yepe3 u”, v”, s”, t” obpasbl TOYEK U, U, S, ! OTHOCHTENLHO
npeobpasoBaHus (8), HaiizeM:

(uIIUII Ilt”) — (uvst)

Jlanee, Tak kak npeoGpasoBaHue: (7) sABAsETCH APOGHO-JHHEHHBIM
npeoGpasosaHuem l-ro poxa, To
(lt’v's’l,) I (ullvll Iltll)
W3 3THX ABYX paBeHCTB MOJiy4aem
Wv's'ty = (uvsi),
uTo U Tpe6oBanoCh.

§ 58. Tenepb Mbl MpHUCTYNaeM K H3/J0XKEHHUIO OCHOBHOH TEMBI 3TOTG:
pasnena. Ilpexne Bcero Mbl ycraHoBUM (OpMyJsy, KOTOpasi BeIpaKaer
HeeBKJIMJOBO pAaCCTOSIHHE MeXIy JABYMs ToukaMu Mojenan Ilyankape
(cm. §§ 50—52).

Ilycrs u, v — ABe TOUKH BepxHeil mosymiockoctd. HeeBkiuzosa
npsiMasi, NPOXOAsUIAs Yepe3 TOYKU U, U, H306parKaercsi eBKJ/IHJIOBOH
NONYOKPYKHOCTLIO, KOTOPAst MPOXOAUT yepe3 3T TOYKH H OpPTOro-
HaibHa K ocd x. O603HaunM yepe3 s U { TOUKH, B KOTOPHIX 3Ta MOy~
OKPY2KHOCTb ONHPAaeTcsl Ha ocb X (pUC. 76; HAIIOMHHUM YHTaTeJ0, UTO
TOUKM OCH X, B TOM 4ucje S U £, He BXOAAT B cocraB mojaenu IlyaH-
kape). Ecau oproroHajbHas K OCH X IOJYOKPYXKHOCTb, NPOXOAS-
11asi yepe3 TOYKH U, U, BbIPOXKIaeTcsi B (eBKJUAOBY) NPAMYIO, TO GyK-
BOH S Mbl O00O3HauUUM TOUKY, B KOTOPOH 3Ta MNpsiMasi ONMPAaEeTc Ha
ocb X, GykBOH [ — GeCKOHeUHO yJaleHHYIO TOuRy (puc. 77). Pac-
CMOTPUM CJIOXHOe OTHoweHue (uvst). Jlerko mokasarb, uto (4vst)
€CTh YMCJ/IO BeleCTBEHHOe M MojoXKuTenbHoe. IlpoBeneM cHayajna
AOKa3aTe/bCTBO JUIfl C/yyas, KOTOPBIA COOTBETCTBYET pUC. 76 (TOUKY 8
npeanoJgaraem Jjesee f). 0603PLal{HM yepe3 r U ry, MOAYJH YHCEN U — §
Hu— ¢, uepes 0, u 0, — nx aprymentsl. Tak Kak £ (suf) npsmoii, To

'—61—' /2v
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€J1eJI0BaTeIbHO,
t
LS _ 11 pr0,-00 S1p7' T,
u—t 7y
AnaJsiornuno
-t
U—-S_ﬂ‘e 2
v—1I ry ’
rie ra = |v— s|, ry = |v— {|. Orcrona
r r
(nost) =-~:-2>0, )
ry Iy

B cayuae, COOTBETCTBYIOLIEM pHC. 77, YHCJIA U — SH U — S BELIECTBEHHH
4 KMEIOT OJHHAKOBblE 3HaKM; CJeJ0BATEJIbHO, B 3TOM Cllyuae

u—s r
e > 0. (10)
Hrak, (uvst) > 0. BBuay sToro o6CTOATENBCTBA MBI MOXKEM OpaTh

Jorapum uucaa (1usf), NMOHUMAas JIOTapHPM B CMbICJAE 3JaeMEHTap-
HO#1 ‘a/re6pHhl.

(uvst) = (uvsoo) =

(=

1

8

S
Puc. 76. Puc. 77.

Mgl oKaxKeM, UTO Hee8KAUO080 PACCIMOAHUE MeX0Y NpPOUSBOAbHOIMY

mouxamu w u v molfeau Ilyarkape soipascaemcs opmyroti

p (4, ©) = RlIn (uos), (11)
20e R — Hexomopas noaAoXCumeavHas nocmoaxHas (BBIOOD IOCTOSIH-
HOi R paBHocujed BbI6Opy Maciiraba).

J1s nokasaresbCTBa Mbl JOMKHEI YCTAHOBHTD, YTO O (4, U) YIOBJET-
BOpSieT TpeM YCJOBHSM OIpejeseHHs JIMHBI OTpPe3Ka (CM. omnpejene-
Hue 12 § 20). Y6eaumcss B 3TOM.

1. Ilycts u’, v — mapa Touek BepxHeH IONYIVIOCKOCTH, Ompe-
Iensouas HeeBK/JIMAOB OTPE30K, KOHIDYSHTHHIH HEEBK/IMAOBY OTpe3-
Ky, KOTOPBIH onpejensier napa Touek u, v. Ilyers §', ¢ — Toukw, KoTo-
Hble HAXOASTCS MO TOYKaM u’, v TaKHUM Ke NOCTPOEHHEM, KAKHM TOY-
K4 8, ! HaxonsaTcsi Mo ToukaMm u, v. COIVIacHO ONpeJesNeHHIO KOHIpy-
SHTHOCTH HEEeBKAHJOBHIX OTpeskoB moaead Ilyankape (cm. § 52),
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€CJH HEeeBKJHAOB OTPE30K UV KOHTPYIHTEH HEEeBKJIHAOBY OTPE3Ky
u'v', TO CylieCTBYeT IMOC/eI0BaTeNbHOCTE HHBEPCHIl, NpPOM3BeLEeHUE
KOTOPBIX TNEPEBOAHUT TOUKH 4, U, S, ¢ B Touku u’, v’, &', t'. Kak noka-
3aHo B § 51, mpousBemeHue JOOOr0 uuc/ia HHBEPCUH MpPEACTABJSET
cofoii npoOHO-IMHeliHoe mnpeobpa3oBaHue JUGO MEPBOro, JHOO BTO-
poro posa; ¥ B TOM H B JPYroM c/yyae npeofpa3oBaHue He BHIPOXKIAEHO,
TaK Kak Kakias MHBEepCHs pasHble TOUKH OTOOpAaXKaeT B Pa3Hble TOYKH.
B nepsom ciiyuae Ml umeeM (u'v's't’) = (uvst) (cm. § 65), Bo Bropom —
(w'v's't’) = (uvst) (M. § 56).. Ho Bbitue B 5TOM naparpace Mbl nokasasni,
yTO (1tUS!) €cTh YKMCJIO BElLeCTBEHHOE; CJeA0BaTeNbHO, (Lust) = (uvst).
Taxum o6pasom, U B TOM H B IpyroM ciiyyae (u'v's't’) = (uvsf). Orcioga
1 no ¢opmyJae (11) noayyaem p(u'v’) = p(uv). 3amMeTuM, HaKOHelL, UTO
(uvst) %= 1 (310 cpasy BeiTekaeT H3 opmya (9) u (10), cnenoBaresbHO
In (uvst) = Onp(uv) > 0. Hrak, no popmysne (11), c KaxKALIM HEEBKIH-
JOBBIM OTPE3KOM COMOCTABJIEHO MOJIOKHTEJ]bHOE YHCJIO, TpHYeM KOH-
TPYSHTHBIM OTPe3KaM COOTBETCTBYIOT paBHble yucsia. Tem cambIM mep-
Boe TpeGoBaHHe ompefesnenusi 12 § 20 ynosseTBopeHo.

2. Ilycte @w — mpousBosibHAasi TOYKA, Jexalulas BHYTPU HEEBKJH-
JoBa orpeska uv (puc. 76, 77). HecnoxXHbIM BbluMCIeHHEM JlerKo y6e-
JHUTBCS, 4TO '

(uvst) = (uwsl) (wvst)

u uro uucna (uwsf) u (wuvsf) aubo oba Gosblle eIUHHUUBI, JHOO 06a
MeHblUe eIMHHIbI (IJA 5TOi LeNH Mpolle BCero BOCHOb30BaThes (op-
mysamu (9) u (10)). Orciona caenyer, yto

In (uvst) = In (uwst) 4+ 1n (wosi),

npuyeM B TNpaBoil 4acTH JH60o oba Jjorapudma NOMONKHTEIbHBI, JHOO
o6a JjiorapugmMa oTpuLAaTeNbHbl. TakuM obpa3om,

| In (uvst) | = | In (uws?) | + | In (wosi) |

n no dopmysae (11) umeem:
p(uv) = p(uw) + p(wv).

Tem cambiM, BTopoe TpeGoBanue onpenenenusi 12 § 20 yrosnaerso-
peHo.

3. Ecay Touka v Mo HEeeBK/JIMIOBOH MPAMO CTPEMHTCSl K TOYkKe u,
To (uvst) — 1; eciv TOUKA U CTPeMUTCH K Touke £, To (uvsf) — O (cM.
puc. 76 u dopmyay (9), rae ry, ra 3, Iy 03HaYAIOT €BKJAHIAOBLI pac-
CTOSIHMSI MEX/y TouKaMu u ¥ S, u U ¢, vu s, v u f). B nepsom ciyuae
In (uvst) — 0, Bo BTOpoM In (1vsf) — — oo; COOTBETCTBEHHO B MEPBOM
cayyae p(uv) — 0, Bo Bropom p(uv) — -+ oo.

M3 ¢opmyast (11) Buano, uto o(¢v) HENPEPLIBHO 3aBUCHT OT TOUKH U.
Orciona ¥ M3 NpebliyIero pacCyXieHus caepyer, 4ro p(uv) npu-
HilMaeT Bce 3HaueHus Mexxay 0 m oo, B 4aCTHOCTH, Haijerca mapa
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‘TOuek u, v, Aas Koropoil p (uv) = 1. 3Hauut, u Tperhe TpeGoBaHHE
onpejenerus 12 § 20 ynoBneTBopeHo.

TeMm caMmbiM MbI JIOKa3ajH, YTO YHCAO P(4U), COMNOCTaBJEHHOE IO
topmyae (11) ¢ nponsBonbHOil Napol TOYEK u, U, €CTh AJHHA HEEeBKJIH-
JioBa oTpeska uv (B HEKOTOPOM Maciurabe), HJIM, HHAye roBopsi, HeeBK-
JIUI0BO PAcCTOSTHHE MeXIY TOYKaMH U H 0.

Ecan maciutaGHbIfi OTPe30K uU; Ha3HaueH 3apaHee, TO IOCTOSH-
Hass R B ¢opwmyne (11) nomxHa ObITh onpejejeHa COOTBETCTBEHHO
pasenctBy p(u,v,) = 1.

§ 59. 3xech MBI MOJY4YMM 3HaMeHHTYIO ¢opmyay Jlo6auesckoro,
ebipaxalomyto ¢yHkuno II(x) uepes siemeHtapHble QyHKUMH apry-
MeHTa x. Hanomuum untartemo, uyro o =-1I(x) o3Havaer yron napasn-
JIeILHOCTH, COOTBETCTBYIOUIMH OTpe3Ky MIHHBI X (cM. §.33 u puc. 46).
Tak kak B 3ToM pasfese GyKBOH# X Mbl 00O3Haya/aM abGCLHCCHL. TOUEK
monenu Ilyankape, To Bo usbexkaHume HelopasyMeHHH OyzneMm cefiuac
apryment ¢yHkuuu JlodaueBckoro ofosHayarb 6ykBO# [.

YroJ ‘napassiesbHOCTH, COOTBETCTBYIOUWIMH HEKOTODOMY OTpesKy,
onpejensiercs JUIHHOA 3TOTO OTpe3Ka W He 3aBHCHT OT €ro pacrnoJo-
2KCHMSA; .IO3TOMY Mbl MOXEM IIPH BEIBOLE HCKOMOH (DOPMYJbI B3AThb

t=
N
1

(o]

Ve \Fe
e \
/// ; A
//
ol ! 3
r S q &

Puc. 78.

HEEeRBKJHA0B OTpe3ok.Ha mojenu IlyaHkape Tak, yToObl MocCJaefyloOLIHe
BbIKJI&/KH OKaszajuch naudosee npocteiMd. Maes B Buay 3To o6CTOSI-
TeNLCTBO, Mbl OyJeM pacCMaTPUBATh HEEBKJMJAOB OTPE30K, KOTOPbIH Ha
monean Ilyaukape wu3oGpaxaercss OTPE3KOM €BKJHIOBOH NpSIMOH,
nepneHauKyasapHoil k ocu x. Ilycte 4 M U — KOHLBI paccMmarpubae-
MOro OTpesKa, § — TOUKa MepeceueHnst npsiMoil uov ¢ ockbio x (puc. 78);
OyJeM CUHTaTh, YTO TOYKA 4 HA MOAEJH JIEKHT Bblle U, KpPOMe TOTo,
MLl MOXKEM MpeAnosaraTb, UTO €BKJHJIOBO pAacCTOAHHE TOYKH U OT
ocH x paBHO eguuulie. OcranbHble HYXKHble HaM OOBEKTHl IMOACHS-
loTcst uepT. 78. 3aeck OYKBOH a mnoMeuyeHa NOJYOKPYXKHOCTb, KOTO-
past  u300paKaeT HeEBKJIHMAOBY NpPAMYIO, MNEPIEHAMKYJAAPHYIO K
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OTPE3Ky uU B €ro KoHue U, OGYKBaMH 4; U @y — NONYOKPYHKHOCTH,.
KOTOpble H300paKaloT HeeBKJIHAOBLHI TpsIMble, NPOXOASLIME Yepe3:
TOUKY 4 Tapajiie/ibHO HeeBKIWAOBOH NPSAMOH @; p — LEeHTP IOJYyOK-
PYKHOCTH @, g — OOWHMI (npaBbli) KOHEl MOJYOKPYKHOCTEH a H ay;
uepe3 o, 006O3HAueH KaxK[Ablil H3 YIVIOB, KOTODbIE COCT@BJIAIOT MOJMY-
OKPYXHOCTH a; U d, C OTPE3KOM uU; Tak Kak Ha mopenu [lyankape
HEeBKJIM/IOBA BeJIHUMHA YIVIa COBNAJAeT C ero eBKJIHAOBOH BeJHYHHOH,
TO 0 €CTb YroJ MNapajeIbHOCTH, COOTBETCTBYIOUIMH OTPe3Ky uu.
Ilycts | — HeeBK/IWIOBa AJIHHA OTpe3Ka wv. Hama unenb — BBIPa3UTh:
a uepes /. _

OGo3HaunM uepe3 h "eBKJIHJOBO pAacCTOSIHUE MeXAY TOYKaAMH W
H s, Torga y — s = h, v— 8 =1 u MBl uMeeM 1o opmyse (11)

I=R|ln(uvs:oo)|=R|1n =R|Inh|.

Taxk xax h>1; to In h > 0, ciegoBaTe/blo,
l=RInh. (12)

3ameTuM Tenepb, yTo £ upq = o (4ToObl yOEAUTHCA B 3TOM, JOCTa-
TOYHO YYE€CTb, YTO G, €CThb YroJl MeXAY OTPe3KOM WU H HONYyOKpYX-
HOCTBIO @y, T. €, YI'OJ MEXZIYy OTPE3KOM 4V W KacaTeJbHOH uk K noay-
OKPYXKHOCTH @,; fICHO, YT0 £ upq = Z. suk, Tak Kak 3TH YIJbl OCT-
pole U us | pqg, uk | up). Hanee, Tak Kak TpPeyroJibHHK upq paB?

u—s
U—s

HoGeapeHHbIH, T0 /ugp =0 = “;a . PaccmanHBaﬂ' TPeyroJbHUK
usq, Hanzem:
h=tgB=ctg 3. (13)
W3 ¢popmya (12) u (13) cnenyer
I=RIn ctgo—; ,

SHAUWUT, _
a=2arctge l/R,

Ho a = II(l), cnegoBarenbHo,
I (l)=2arctge~#R, (14)

dro u ectb ¢opmyna JloGaueBCKOro, BHIBOJA KOTOPOH Mbl CTaBHJIK
cBoeil nenbio. Popmyaa (14) urpaer B reomerpun JloGaueBckoro ¢yH-
JlaMeHTaNbHYI0 POJb, MOCKONBKY OHA JaeT TOYHOE BhIpaXKeHHe yIJa
napaJ/JieJbHOCTH, COOTBETCTBYIOLIETO OTPe3KY IJIMHHI [.

§ 60. Bynem paccMaTpuBaTb OTPe3KH IUIOCKOCTH JloGaueBckoro,
JJIMHA KOTOPhIX He IIPEeBBIILAET HeKOTOPOTO MOJIONKHTeJbHOro yucnaa L,
Ionoxum

o, =2 arctg e~L/R,
Toraa npu ! << L umeem:
a, < I (1) < mj2.
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BeniuunHa o, MoxeT ObITb CKOJb YropHO OJH3KOH K mi/2, ecau
R jocrartouHo Besnko no cpaBHeHHIO ¢ L. COOTBETCTBEHHO 3TOMY
18 BceX OTpe3KoB JuHbL [ <\l yroa napainensHocts II({) Gyner
6au30k k m/2. Mnaue ropops, npu HaGMONeHHH KakoH-HHOYAb 4acTH
NJIOCKOCTH JIoGaueBCKOro, Ha KOTOPOHl pAacCTOSTHUSI MeXIYy BCEBO3-
MOXKHBIMH TOUKaMu He GoJsiblle L, HEeBKIHIOB XapakTep NJIOCKOCTH
Jlo6aueBCKOro mposiBAdercss TeM MeHblue, yeM GoJbite R mno cpae-
HeHuio ¢ L. Beuay storo o6CTosTeNbCTBA YHCAO R MOXHO paccMaTpH-
BaTb B KauecTBe «Mepbl HEEeBKJIHAOBOCTH» IIOCKOCTH JlobGaueBCKOro;
‘OTPe30K JJIMHBL R Ha3blBalOT pajinlycoM KPHBU3HBI miaockoctu JloGa-
yeBckoro. Yucno R, KOHeyHo, 3aBHCHUT OT Bribopa Maciuraba; npu
COOTBETCTBYIOIEM. BEIGOpe MaciiTaba MOXKHO MNMOJYYHTb, B 4aCTHOCTH,
R = 1. OnHako caM no cefe paauyC KPHUBH3HBI JJIs1 KaXAOH KOH-
KPeTHOH Mojienu reoMerpuu Jlo6aueBCKOro eCTh OTPE30K, BIOJIHE Ompe-
JeNeHHBIH ¢ TOYHOCTBIO JO KOHIPY3IHTHBIX nepemelnénuil. Hanpu-
Mep, ans monenu IlyaHkape paiHyC KPHBU3HBI €CTh OTPE30K LU IpPH
yeaoBun In (uwsf) = 1. O6iee onucanue pajMyca KpPHBHU3HH, T. €.
onyucaHWe, He 3aBucAllee OT BhIGopa Mofenu reomerpun JloGaues-
cxoro, naerca B § 216.

§ 61. B stom naparpade Mbl YCTAHOBHM OCHOBHBIE COOTHOLUEHUS
TpuroHomerpuu JlobaueBckoro, mnpejanosarasi, Kak M paHbile, 4YTO
naockocth JloGaueBckor o n3obpaxena B Buie Mofeau I[lyankape.

I/ 2/
Puc. 79.

Ilycte ABC — npousBosbHEIl TpeyroibHuk, OG03HAaYUM uepes
o, B, v BeIMYUHBL €ro yIJoB npu BepuHax A, B, C, uepes a, b, ¢ —
HEeeBKJIUAOBHL JIuHKl cTopod BC, AC, AB.

INonb3ysicb KOHIPYSHTHBIM IepeMelleHHeM, PacloNoxKHM 3TOT Tpe-
YTOJbHHK MO OTHOWIEHHI0 K AEKAPTOBBLIM OCSAM MOJENH TaK, YTOOHI He-
eBKIunoBa npsiMasd BC wusobpasuiach €BKJIMIOBOH INOJYNPSMOIi,
neprnenaukyaspHoi Kk ocu Ox. Touky, rie sta nmosynpsiMasi onupa-
ercst Ha ock Ox, ofosnauuM OykBo#i H (puc. 79). HeeBknuzuoBbl mnpsi-
mete AB uw AC OyayT u300paxarhCs HEKOTODPHIMH  €BK/IHIOBBIMH
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NOJTYOKPYXKHOCTAMH C LEHTPAaMH Ha OCH Ox; 0603HauUM HX LEHTPLE
6yksamu O u O'. He orpannumBas OGWIHOCTH, Mbl MOXEM CUHMTaTh,
uyto B nexur mexnay H u C. .Torna

a—RlnHB, (1

rie HC w HB — eBK/IMIOBH I/IHHBI OTPe3KOB (hopmy.sa (1) nokassl-
BaeTcs Tak e, kak gopmyna (12) §60). Hdanbueitmye BBIBOABI OCHO-
BaHbl Ha ¢opmyae (1).
[Tpexkiie Bcero MNOAYUHUM 66LPANCEHUA CMIOPOH IMPLYLOAbHUKA Hepes:
eco yeror*). Y3 dopmyanl (1) nmeem
2 12
1 (HC HB) __HB*+HC @)

a
¢h == \75tme) = smBHC

HanwuiueM oueBHAHbIE €BKJIHAOBBI coomomeﬁun:
HB? = OB* — OH? = 0A®* — OH?,
C:=0C*— O'H: = 0'A* — O'H>,

Orcrona '
HB*+HC*=(0A2+0'A?)—(OH*+0'HY)=
=(00"2+20A-0'Acos(£.0A0") ) — [(OH — O’'H)*+20H-0'H]=

=20B-0'Ccos(£.0A0"Y—20H-0'H; (3}
JJIS TIPOCTOTHI BBIKJAJKH IPOBOUSATCS NDUMEHHTENBHO K puc. 79, rie

o aexut Mexay O u H. U3 pasencts (2) n (3) nonyuaem

0B 07 OH O'H
ch & =753 " fic 08 (L OAC) =g+ e+ (4)

3aMmeTHM Tenepb, UTO

0B _ 1 1 _ 1 1
HB ™ sin(/ BON) sinp’ HB ~sin(ZCO'H) siny’

LOAO" =, U1 —ctg (£ BOH)=ctgp,

O/

Q
D)

=ctg (L CO'H) == ctg (n—y) = —ctg y.

M3 paBencrBa (4) u M3 rocieHUX Bbipa)KeHHiHl HafineM, HaKOHel:

a  cosa+tcosfcosy _
c¢h = sinBsiny- ° (Iy

*) IlpuBonumblii nanee BHIBOA (GOPMYJ TPHTOHOMETPHH J106aueBCKOTO COOGLLNIE
BTOPY JJISl YETBEPTOrO M3JaHHMs KHMIH BbeTuaMckuil matematuk Hryew Kan Toan.
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JBe npyrue QopmyJibl, BblpaxKawllie HEeBK/IHIOBBHl JJIMHLI CTOPOH:
b u ¢, nonyuum u3 (I) KpyroBoli mnepecTaHOBKOH CHMBOJIOB a, f, 7.

@opmyna (I) BelpakaeT CTOPOHY TpeyrosbHHKA Yepe3 ero YIJIbl.
Hanuuue Taxoii ¢opmysbl o3Hauaer, yTe B reomerpuu JlobaueBckore
TPEYTOJIbHUK ONpeJe/sieTcss CBOMMM YIJaMH; BMecTe C TeM, OTCIoAa
cjenyer, uto B reoMerpuy JloGaueBckoro Her nogobus ¢uryp. Ectect-
BEHHO INO3TOMY, UYTO B €BKJHJOBOH IeOMeTPHH HeT (POpMYJbI, aHajo-
ruuHoit gopayae (I).

N3 dopmyast (1) serko BLIBECTH COOMHOWEHUA MexOy CMOPOHAMU:
U YeraMu HeesKau008a MpPeyeorbHUKA, KOMOPble COOMBENICHIBYIOM e8KALL-
dosoti meopeme curycos. B camom sede,

sh -2 ‘ ﬁch“ 4
R V R _ V/(cos a-cos B cos y)2—sin®fsin® y (5}
sina sin o - sin asin B sin y :
[lonaraa

Q=(cosa-+cosf cos y)2—sin?p sin?y=
—cos%n—i—cos‘ﬁ—kcos y—{—Qcosa cosP cosy—1,

BHHM, YTO 3TO BhIpaKegHe CHMMETPHUHO OTHOCHTENBHO e, B, y. Cie-
JIOBaTeJbHO, M NpaBas yacTb (5) obsajaeT TakoH CHMMETPHEH; TAKHM
obpasoM, nogayuyaeM

s sh b sh —
"R-TR_TR . YaQ
.sina  sinf T siny ~ sinasinfsiny’

(11

U3 dopmyasl (I) MOXKHO TNMOJYUHTb TAKKE BbLPANCCHUSA Y2208 Mmpe-
y20abHUKa 4cpe3 cmoporsl. C 3TOH LeJbl0 HaNULIeM pPaBeHCTBA:

o b c (cos P cos y cos @) (cos y -+ cos @ cos B)
h-2ch—4 = €08 &) (o ,
sin? c sin P sity.

Q cosa

sh 2 sh -5 cosopes — 2052
R R °7 sinZasinfsiny *

Orciozna .

b b
ch——ch i—s,h —sh —C-cosa=

(l—cosza)cosa+(l—cos a) cosBcosy cos o+ cos f§ cos y —ch
sin? o sin P siny smﬁsmy R °

Taxkum ofpasom, HMeeT MeCTO GopmMysa

cosa=<ch%ch%—ch-§,—)-(sb —‘g—sh %>_1. (111)
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Cpasuusas (1) u (I1I), moxHo OGHapy»XHTb, 4TO B reomerpuu JIoGaues-
CKOTO MEX1y CTOPOHAMHM H YIJIaMH TPEYToJbHHKA CYIIECTBYeT ompe-
JieJieHHasl B3aUMHOCTb.

Haiinem Tenepb COOTHOIIEHHS MeXXy CTODOHAMH H yIJIaMH IIPsIMO-
YTOJILHOrO TpeyrojbHuKa. [l1s 3TOro JocratoyHo B (opMyJsax Bujaa
(1), (11), (I1I) nonoxure, Hanpumep, y = /2. Tak nonyuum

1) 3asucumocmes mexcdy Kamemom, 2unomery3ol U OOHUM U3 OCIPOLIX
4Jenoe;

sh —;—ssh —;—sinoc, th —-th & o3 B;

2) sasucumocmb mexcdy 08yma Kamemamu U OOHUM OCHIPLIM YeA0ML

th = =sh p-tg o

. 8) sasucumocms mexcdy eunomenysold u kamemamu (aHAJOr TeO-
pewmsbl ITugaropa):

c a b
OTMeTuM elie JBa COOTHOILEHHA!
c a COS &%
ch ?—CthLCtg[i Ch.?:Sin B -

OHM BHIPAXaIOT CTOPOHY NPSMOYrOJLHOrO TPeyroNbHHKA uepe3
YIVIbl U TIO3TOMY He HMEIOT aHajlora B €BKJIMAOBOH IeOMETPHH.
§ 62. I3mensis sanuch ¢opmyast (I1I), nonyyum

ch%zch%ch%—sh %sh %coso&; (A)

8 TakoM Buje 5Ta ¢opMyJia BbIPAXKAeT CTOPOHY INPOH3BOJBLHOIO HeeB-
KJIHJ0BA TPEYroJbHUKA Yepe3 JBe APyrue CTOPOHBl U KOCHHYC NPOTHBO-
JIiexKallero yrija. '

CpaBHUM MoOC/eRHee COOTHOLIEHHE C H3BECTHOH QopMyJoli chepu-
YyecKOH TPUIOHOMETDPHH: )

a b c ..b . ¢
C0S = COS - COS & -+ sin | Sin g cosa, (b)
rie R — panuyc cdepnl. M3 sToit dopmyJsibl BMecTe ¢ ABYMs IpPYTHMH,
nosnyyaeMbIMH LHKJIHYECKOH I€PECTAHOBKOH CTOPOH YIJOB, BLIBO-
JAATCS1 OCTajbHble GOPMYJBI ChepUYeCKOi TPHUTOHOMETPHH.

®opmyna (B) nepexoaur B dopmyny (A) nyrem 3ameHsl R Ha R

(=1 =1).
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Mves B BULY 3TO OBGCTOSITENBCTBO, TOBODPST, UTO MPUSOHOMEMPUID:
J106a4e8cK020 MONCHO paccmampusams Kak. MpucoHOMempuro Ha cpepe
MHUMO20 paduyca. . _

Iny6okue ucTOUHHKH CBsiI3H reomerpuu JI0GaueBCKOro ¢ reoMer-
pueil Ha cdepe (a Takke ¢ reomerpueil Pumana, koropasi ussnaraetcs
B cjefywooumeM pasfene) GyAyT CO BCeil NOAPOOHOCTHIO BbISICHEHBI B
rnase VIII.

11. Kpatkue cBegeHusi o reomeTpud Pumana

§ 63. B npegpinymux pasgenax Mbl HEOJHOKDPATHO YIIOMHHAJH
chepHUeCKyl0 TreoMeTpHui0 Hapsioy c reomerpusmd EBkinpa u Jlo6Ga-
ueBckoro. CorocTaBjieHne 5THX T[eOMETPHil, eCTeCTBEHHO, HalpalluBa-
JIOCh, KOTJa Mbl OGHAPYXKHUBAJ/IH Y HUX 3JIeMeHTHI cX0oAcTBa (Kak B §§ 48,
62), niu paccMaTpUBAIM HX C HEKOTOPOH OOleH TOUKW 3penus (kak
B §§45—47). Ho cefiuac HaM HyXHO OGpaTHTh BHMUMaHue YuTaTes”
Ha ONHY BecbMa CYIUECTBEHHYIO UepTy pas3/uuus MEXIY chepuueckoi
reoMeTpHcii, ¢ ONHOH CTOPOHBI, M rcoMerpusimu Jlobauesckoro u EB-
xkauaa — ¢ gpyroi. MMenHo, Ha nnockoctn EBkanza, kak u Ha mioc-
koctu Jlo6ayeBCKOro, /iBe MpsiMble MOTYT HMETb He 6 oJiee OL HO i1
oflIell TOYUKH; HaNpOTHB, B reoMeTpuH Ha cdepe, Ie Poib MNPSIMBIX
urpaior 6osbne Kpyru cdepbl (cM. § 45), nBe «mpsmMble» (T. e. ABa
6GONBLINX Kpyra) BCerga NepecekartTCss B JABYX JUaMETPAbHO IIpo-
THBOIOJNOXKHBIX TOuKax cdepbl. Takum obpas3oMm, B chepuyeckoil reo-
METPHH He HMeeT MeCTa OJHO M3 CaMblX OCHOBHBIX TIOJIOXKEHWH Treo-
metpuil EBkanna u Jlo6ayeBckoro o ToM, uTo yepes3 JiBe pasHble TOUKH
NPOXOJUT TOJBKO OfHA TpsMas. X

CyliecTByeT reoMeTpuuecKasi CHCTeMa, KOTopasi BO MHOXKECTBE OTHO-
LWIEHHI CXOAHA €O CdepHyecKOH reoMeTpHeld, HO B KOTOPOH TOJbKO
YTO YKa3aHHOE OCHOBHOE MOJIOXKEHHE 3/JEeMEHTapHOH TeOMETPUH HMeeT
‘MecTO. IJra reomMerpuuyeckas CHCTeMa HasbiBaercs eeomempueli Pu-
maxa (oHa yxe ynomuHanack B § 10). TI'eomerpuss Pumana siBisercs
HeoOXOAMMBIM JONOJHeHHeM K reomerpusam EBkaupa u Jlo6aueBckoro.
CoBMecTHOe HCCJeJOBaHHE 3THX TpeX TIeoMeTpUil II03BOJNIKJIO JAaTh
NoJIHOe peluelve Haubosee NPHHIUNHAABHBIX TEOMETPHUYECKHX Npod-
nem XIX cronerusi (em. ra. VI—IX). CymnocTs reomerpun Pumana
u3jaraercss B OnmKaiwux naparpadax.

§ 64. PaccyoTpuM B eBKJIHAOBOM IPOCTPAHCTBE INPOHM3BOJILHYIO
cdepy k. YCJIOBUMCA «OTOMAECTBJSATHY JHAMETPaJbHO IPOTHBONONOXK-
Hble TOYKH 5TOH cdepbl, T. €. KOXKAYIO Napy AUaMeTpasbHO NPOTHBO-
NOJIOKHBIX TOUEK cdepbl k£ paccMaTpHBaTh Kak eIuHbI 00beKT; 6yaeM
5TOT OOBEKT HA3bIBATh «TOYKOH» HEKOTOPOH OCOCOH reOMeTpHH, O KO-
TOPOH cefiuac rnofger peub. Kax bl 60/1b1110i KPYT chepbl 2 ycaoBUMCSA
Ha3blBaTh «IIPAMOI».

Bynem roBopuTh, uTO «TOYKa» A JeXKHUT Ha «IIPSIMOH» ‘a (WM, YTO
«IIpsiMasiy @ NPOXOAHT uepes «TOouKy» A), €Cciu OObIKHOBEHIbIE TOUKH
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<depsl k, cocrasisiolye «Touky» A, Jexar Ha GosbLIOM Kpyre, KOTO-
pblit n3o6paxaer «npsamyio» a. OueBHIHO, YTO

1) uepe3 Kaxzple JBe TOYKH» MPOXOAHUT «IpsiMasi»,

2) uepe3 KaxIple JBe TOYKH» IPOXOAHT TOJbBKO OJNHa «Ipsi-
Masi»,

3) Ha KaxIoH «IpsAMOf» JeXaT 1o MeHbliefl Mepe JBe «TOYKHY»
{naxe GeCKOHEUHO MHOIO «TOUEK»); MOXHO YKa3aTb TPH «TQUKH», He
JIexKallne Ha OIHOH «IpSIMOiy.

TakuMm 06pa3oM, [IJsi PaccMaTpPUBAENOrO MHOMXECTBA <TOUEK» H
«IPSIMBIX» COOJIIONEHBL BCE @ KCHOMBI CBSI3H 3JeMEHTapHOM
naanuMerpud (eMm. § 12 akcuwomsr 1,1, 1,2, 1,3). Hanporus, a KC u-
OMB MOPSAKa BTOM BUIE, KK OHH CHOPMYTUPOBAHBL IS dJe-
MEHTApHOH IeOMETpHH, 3/1ech HempuMeHuMbl. Jleo B TOM, UTO B 3THUX

o
S ]

4
2L e
PRAS

\
N,

NN
-

o
&

Puc. 80. Puc. 81.

AKCHOMAX XapaKTepusyercs NOHSITHE O PACIOJIOMKEHHH OObIKHOBEHHO
TOUKH MEKLY ABYMsI APYTHMH OOBIKHOBEHHBIMH TOYKaMU Ha OCBIKIIO-
BeHHO mpsAMoil. Ho Aisl HAIIKX YCJOBHBIX «TOUEK» HA YC/IOBHOH «Mpsi-
MOil» TIOHSITHE «MEXKIy» He HMeeT cMbic/ia. JIeACTBUTENbHO, paccMarpH-
Basi TPH NpOU3BOJILHBIE «TOuKH» A, B, C Ha «1psAMOi» (T. e. Tpu napst
JIMaMeTPaJIbHO TPOTHBONOIOMKHBEIX TOUEK OKPYXKHOCTH; pHC. 80), Mbi
e cMOXKeM B HX B3aHMHOM PACMOJIOMNEHHH OTJIHUHTb KaKylo-HHOyib
OJlHy CPAaBHUTENLHO C JPYTHMH.

UroGhl M3yuaTh MOPSAAOK HALIMX YC/IOBHBIX «TOYEK» Ha «NpsiMofi,
HYXHO HMCXOJMTb M3 PACCMOTDEHUs 4 € T bl p e X «rouek». Ilyers A,
B, C, D — yetbipe «TOUKH» 1EKOTOPOIl «NpPsAMOi»; OyieM CUUTaTh HX
3aHYMEPOBAaHHBIMM B NOPSIIKe 3aMHCH (HE3aBHCHMO OT TOrO, KaK OHH
JIeXKaT Ha «IpsMOi»). BO3MOXKIILI ABa CYLIECTBEHHO Pas/JHUHBIX CJYy-
yas pacnooxenus «rouek» A, B, C, D ¢ yueroM uX HymepauLHi:
1) nepsuie aBe «touku» A B B pasuensior 1Be nocjefHre «roukm» C
#u D (toraa C u D paspensior A u B; puc. 81, a); 2) nepssie 1Be «TOUKH»
A u B ge pasnensior ase nociepnue «roukw» C n D (rorna C u D ne
pasneasior A u B; puc. 81, 6). AHaJIOrHYHO, eC/lH @, b, ¢, d — yetripe
«psAMbIE», NPOXOAAILIHE Yepe3 OAHY «TOUKY» H 3aHyMeDOBAHHbIG
B HOPSKe B3aNUCH, TO BO3MOXKHBL JBA Cjydas HMX pacrosomxe-
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uus: 1) «npsimble» a, b pasgensior «mpsiMbie» ¢, d (toraa ¢, d
pasaeasiot a, b; puc. 82, a); 2) «npsiMble» a, b He pasgensiOT npsMble
¢, d (Toraa ¢, d ue pasnensitor a, b; puc. 82, 6). [lonsaTue o pasaeneH-
HOCTH «TOYEK» M «IPAMbIX» Mbl IIPHMEM B KauecTBE OCHOBHOIO, OCTaJb-
Hble MOHATHS, OTHOCSAUIMECH K MOPSIIKY PacroNOXKeHHsi «TOYeK» Ha
«IIPAMOI» M «IIPSINBIX», MPOXOAAMIMX Yepe3 «TOUKY», GyAeM CBOAHTH
K 9TOMY OCHOBHOMY MOHSITHIO.

]
Puc. 82.

Tycte A 1 B — nBe npou3BOJbHbIE «TOUKHY KaKOIi-HHOYIb «IIpsi-
MOW» u; TOTIA BCE «TOUKH» Ha «NpsMOi» u, Hckawuas A u B, moryr
OLITb €IMHCTBEHHbIM 00pa3oM pa3GuThl Ha JABa KJjaacca Tak, 4TO JIo-
Oble JIBE€ «TOUKH» M3 ONHOro KJjacca He pasiensitotr A u B, Jwolbe Ise
«TOYKH» U3 pasHbIX KJaccoB pasaensiioT A u B. CooTBeTCTBEHHO STOMY
YCJIOBHMCS TOBOPHTb, UYTO «TOuKH» A, B OnpeiensioT Ha «npsMoiy «
J B a «OTpe3Ka», BHYTPEHHHMH TOYKAMH OJHOTO «OTpe3Ka» Oylaem CuH-
TaTb «TOYKH» OJHOIO H3 JBYX TO/NbKO YTO YKa3aHHBIX KJACCOB, BHYT-
PEHHHMH TOUKaMH JAPYroro «oTpe3ka» OyneM CUMTATb TOYKH» APYTOro
knacca (Ha puc. 81, a), 61, 6) ogHH K3 ABYX OTPe3KOB, ONpeaeseMblX
«toukamu» A, B, npeacraBseH ABYMS JyTraMH, KOTOPble H300paKeHbl
B BHAE KUPHLIX JuHUMH; Ha puc. 81, a) Touka C siBAseTCA BHYTpPEHHed
TOYKOIi 3TOro «oTpe3ka», Touka D — BHYTPeHHEH «TOUKOH» APYroro
«oTpe3ka»; Ha puc. 82, 6) obe «touku» C U D sIBASIOTCA BHYTPEHHHMH
«TOYKaMH» OJHOTO «OTPe3Kan).

AHaJlOTHUHblE TIOHSTHSI MOXHO BbICKA3aTh IO OTHOLIEHHIO K «Mpsi-
MbIM», [IPOXOAALIMM yepe3 OLHY «Touky». KmenHo, ecin @ u b — 1Be
«TpsiMbie», MPOXOAsiliHe yepe3 HeKOTopyio «rTouky» U, To Bce «mps-
Mble», npoxonsiuke yepes U, ucxiiouds a U b, MOXKHO eIHHCTBEHHbIM
.06pa3oM pasGHTb Ha ABAa KJaacca Tak, YTO KaXKible [Be «IpsiMbie» M3
OJIHOTO KJjacca He paslefsiioT a M b, Kaxible JBe «NpsiMble» H3 pas-
HbIX KnaccoB pasfenstoT @ M b, COOTBETCTBEHHO 3TOMY YC/AOBHMCA
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FOBOPHTb, UTO «IIpsIMble» @ W b ONpelensiioT 4 B a «yIrya» C Bepluu-
Holt U, BHYTpEHHHMH «IIPSIMBIMH» OJHOTO «yIJa» OyleM CUuTaTh «Ipsi-
Mble» OJHOTrO M3 [BYX TOJIbKO YTO yKa3aHHBIX KJacCOB, BHYTPEHHHMH
«MpSAMBIMH»  pyroro «yrsia» O6yneM CYUTaTh «IpsIMble» JpYyroro
KJacca.

[Tocne Bcero ckasaHHOro ecTecTBEeHHbIM 00pa3oM OMpelessieTcCs
TpeyroJbHUK, BHYTPEeHHHE YIJIbl TPeyroJbHUKa, BHYTPEHHsIA 00JacThb
TpeyrojibHuKa, MHOrOyrojibHHKa, TPOCTOH MHOrOYrolbHUK (Ge3 ca-
MonepeceyeHHEt), BHYTPEHHHE YIVIBI IPOCTOI'0 MHOTOYTOJNIbHHKA H PAfL
JPYTHX NOHATHH, NPUHATBIX B 3JEMEHTAPHON [EOMETPHH.

YcnoBuMcs, HaKOHell, Ha3blBaThb [JBa «OTPE3Ka» KOHIPYIHTHBIMH,
€C/IM CYLIECTBYET ABHXKeHHe chepbl R Mo camoil cebe, WM 3epKajbHOe
oTpaxKeHue 3TOH c(epbl OTHOCHTENBHO KaKOH-HHGYIb ee AHaMeTpalib-
HOl [IOCKOCTH, B pe3yJibTare KOTOPOro OAMH M3 3THX «OTPE3KOB»
Hajaraercss Ha Apyrofi (T. e. KpaiiHue W BHYTPeHHHE TOUKH OJHOrO
OTpe3Ka Ha/araimTcs COOTBETCTBEHHO Ha KpaiHHUe W BHYTPEHHHE TOu-
KM Jpyroro). AHaJOTHYHO OINpeNeIdM KOHTPYSHTHOCTb <YIJIOB» H
KOHTDYIHTHOCTb NPOU3BONbHBIX (Uryp (purypa M Kak MHOMKECTBO
«TOYEK» U «TPSMBIX» CYUTAETC KOHIPYIHTHOH durype M’, ecin mexay
«TOUKAMH» 3THX (QUryp, a TaKKe MeXAy HX «IIPSIMbIMH» MOXHO YCTa-
HOBUTb B3aUMHO OJHO3HAYHOE COOTBETCTBHE TaK, YTO B pe3yJjbTare
HEKOTOPOro JBHKeHHsI cdepbl £ No camoil ce6e WM B pe3ynbTare ee
3epKa/JIbHOrO OTPa)KeHUs OTHOCHTEJBHO JHAMETPaJbHOH TJIOCKOCTH
BCE TOYKH» W «TpsiMble» GUIYpbl M HamoXKaTcs Ha COOTBETCTBYIOLIHE
HM «TOYKH» U «npsmble» ¢urypol M’).

Hrak, mul paccMaTpuBaeM: l) OTHOLIEHHSA CBSI3H TOYEK» M «Mpsl-
MbIX», 2) OTHOILIEHHS MOPSAAKA «TOUEK» Ha NPOU3BOJBLHOH «IPSIMOi» K
«NPSIMBIX», MPOXOASALIUX Yepe3 NMPOU3BOJILHYIO «TOUKY», 3) OTHOLUEHHS
KOHTPY3HTHOCTH «OTPE3KOB», «yIJIOB» K Apyrux ¢uryp. Cucrema Teopem
00 3THX OTHOLIEHHMSIX Ha3blBaeTcsl eeomempueli Pumara; MHOXeCTBO
«TOUEK» U «NPSMBbIX», [OHUMAaeMbIX B YCTAHOBJIEHHOM BBbIIIE CMBIC/]e
M HaxoNsLIMXCA B YKa3aHHbIX OTHOWIEHHSIX, Ha3blBaeTcsi nAoC-'
kocmoro Pumana. Bece Teopembl reomerpuu PuMaHa npencraBnsiior co6oit
HaJ/eXKalumM o0pa3oM HCTOJKOBAHHBIE TEOpeMbl eBKJUAOBOH reoMeT-
PUH, MOCKOJNBKY «TOYKH» H «IIpAMBIe» MJIOCKOCTH PuMaHa cyTb eBK./u-
1OBbI OOBEKTHI.

§ 65. OTMeTHM . HeKOTOpble NpeNIOXKeHHd reoMeTpuu Pumana.
[lpexxne Bcero, Kaxk y»ke yKasbiBa/aoCh Bblllle, B 3TOH F€OMETPHH OCY-
LIECTBJISIOTC BCE TPH AKCHOMbI CBSI3H €BKJM/JOBOH IJIaHUMETPHHU;
B YaCTHOCTH, JioOble ABE TOYKH ONpeNessioT OfHY H TOJNBKO OAHY
npoxoasiyio yepes Hux npamyio. C Opyroit CTOpOHb, B TeOMETPHH
PumaHa uMeeT MecTO NpefjoKeHHe, KOTOPOrO HET HU B T'eOMETPHII
EBkauga, Hu B reomerpuu JloGaueBckoro, MMEHHO: Kaxjble JBe Npsi-
Mble HMeloT (0/1HY) OOGLLYIO TOUKY (3TO SICHO, TaK KakK Kax[ble ABa 6O/ib-
LWHX Kpyra cgepsl UMEOT napy AxaMeTpadblOo [POTHBONO/IOMKHLIX
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Touyek mnepeceuenus). Mnaue rosops,, Ha PHMaHOBOH NJOCKOCTH HET
napajsiefbHbeIX NpsiMbiX. TakuMm o6pa3oM, B TO BpPeMsl KAk B €BKJHIO-
BOIl TreoMeTDPHH HMeeT MeCTO NOCTyJaT O eIHHCTBEHHOCTH IPsAMOi,
npoxojisulell yepe3 JaHHYI0 TOYKY H He Mepecekalomel AaHHYKO npsa-
Mylo, a B reoMeTpun Jlo6aueBCKOro NPHHHMAeTCs ONHO U3 OTPHLAHUI
9TOrO NOCTYyJATa: JOMYCKaeTcs, YTO TaKUX
TpPAMBIX CYLIECTBYeT 6eCKOHEYHO MHOTO,—
B reomerpun Pumana ocyuectsasercs
Jpyroe OTpHLAHHe: B 3TOH reoMeTpuu
BCSIKasi NpsAMas nepecekaer Apyryio.

PacnojioxeHue npsiMbIX Ha_IJOCKOCTH
Pumana euie B OIHOM OTHOIIEHWH MPHH-
UMNUaNBLHO OTJHMYAeTcsi OT pacrhosoxe-
HHs NpsAMBIX HAa mJockocTH EBkauna, uiu
Ha njockocTd Jlo6aueBckoro, HMeHHO:
npsaMas He pasfgesifieT NNOCKOCTh Pumana
Ha JBe YacTH. DTO 3HAYMT, YTO, KAKOBHI
OBl 114 ObLTY TpsAiMasi a U ABe Toukn A u B, - Puc. 83.

He Jeauine Ha 3TOH npamoil, Bceraa
MOXKHO COeRMHHTb TOUKH A u B OTpe3koM Tak, 4TO 3TOT OTPE30K He
mlepeceyeT npsaMol a (puc. 83).

B reomerpun Pumana ecrecTBeHHbIM 00pa3soM ompenesisieTcss Cpas-
HeHHe OTPE3KOB (MeXKAy co00il) H yrjoB (Mexay coboili), a Takxke H3-
MepeHHe OTpe3koB W yrjoB (cm. §§ 18, 20, 21, rae st nonsTus ycra-
HaBNAUBAJHCbL 1S €BKJIMAOBOHA reometrpuu). Bmecre ¢ Tem nosiBisercs
BO3MOXHOCTb CHOPMYJNHUPOBATL H J1I0KA3aTh TEOPEMbl O COOTHOMIEHHSIX
MeK1y reoMeTPHYECKHMH BeNHUYHIIAMH, B TOH WK MHO{ Mepe aHaJorKny-
Hble HM3BeCTHbIM Teopemam EBksnga u JloGaueBckoro.

Murepecno cpasuute B reomerpusx Esknupa, JloGaueBckoro u
Pumana npejanoxeHns 0 CyMMe BHYTPEHHHX YTJIOB TPEyro/bHHKa: B
reomeTpun EBkinga cymMma BHYTPEHHHX YTJIOB TpPeyrofbHHKa paBHa
JABYM NPSAMBIM, B reOMETPHUH Jlo6aueBckoro oHa MeéHbllI€ IBYX NpaMbiX,
B reomerpun Pumana — Goablue ABYX npsiMbiXx. YUToObl yGeaMTHCS
B 1noc/ieiHeM, T. €. 4YTO HA MJOCKOCTH PHMaHa cyMMa BHYTPEHHHX
YIJIOB TPEYrojibHMKa Gosblile ABYX HPSAMBIX, NOCTATOUHO 3aMETHTb,
YTO INIpsMBIE PHMAHOBOH IJIOCKOCTH CyThb GOJbIIME KPYTH HEKOTOPOIl
cephl, a TaK Kak CpepUuecKHi TPeyroJbHHK HMEET CYMMY BHYTpeH-
HUX YT.10B, GOJbLIYIO ABYX NPAMBIX, TO ITHM 2Ke CBOACTBOM 06./1a1aeT u
TpeyrosibHHK Ha maockoctd Pumana.

YKaxeM, HaKoHell, YTO MeTPHUYECKHE COOTHOLIEHHS B TEOMETPHH
Pumana BbipaxkaloTcs Haj/exalyM o6pasoM HCTOJKOBAHHBIMH ¢op-
Mynam# cepHuecKoil reomMeTpuH (3TO MOHATHO, Belb Kaxnas ¢ury-
pa M niockoctu Pumana npencrasiser coboil mapy ¢uryp M, u M,
HeKOTOpOIl ctepn!, CHMMETPHUHO pPAacCOJOXKEHHBIX OTHOCHTE/NbHO IeH-
‘Tpa 3TOi cgepbl, MPHYEM Ka)Kiad napa AWaMETPaJbHO MPOTHBONQ-
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JOXKHBIX Touek ¢uryp M, n M, paccmaTpuBaeTcsi Kak OJHA TOYKa
durypet M; TeM camblM Ka)K10e MEeTPHYECKOe COOTHOLUEHHEe Mexny
SJIeMeHTaMH Cblfll‘ypbl M coBnagaer ¢ METPpHYECKHM COOTHOWIEHHEA!
MEXJAY COOTBETCTBYIOIUMH 3jaeMeHTaMu ¢urypsl My, uau Gurypst
M,). Tak, HampuMep, Ha PHMaHOBOH IJIOCKOCTH CTOPOHA TpeyroJb-
HHKa a BBIPa)KaeTcs Yepe3 1Be Apyrue.ero CTOPOHH b, ¢ ¥ NPOTHBO-
Jexcamui yroa o ¢popmyoi

a b . C ..b . ¢
cos = cos —R—c0> N -+ sin -R—sm 'l cosa,
TNIOCKONIbKY Takasi pOpMyJia BbIpaxaeT CTOPOHY TpeyroibHHKa Ha chepe
paanyca R (cm. § 62). Ilpu sToM umeercss B BHAY, UTO PUMaHOBA HJO-
CKOCTb [OJNIy4eHa MyTeM OTOMXKIECTBJEHHS NHAMETPaJbHO HPOTHUBO-
NOJIOXKHBIX ‘TOYeK 3 TO i x e cdepn (paruyca R). Jlerko nouars,
yTo yucJo R MOMKHO yuacTBOBaTb M B APYTHX MeTPHYeCKHX ¢opmy-
Jlax, OTHOCSILIMXCA K Tako# puManosoél miockocTH. OueBHUIHO, YTO 3T
yuc/a0 (MPH 3aJaHHOM MacluTabe) XapakTepusyeT PHUMAHOBY TLIOC-
KOCTb, KaK U Ty cdepy, ¢ NOMCLLbIO KOTOPOH Ta PUMAHOBA MJIOCKOCTH
onpenesneHa. OueBHIHO Takxe, UTO uyeM Gosblie R 10 CpaBHEHHIO C
pasMepaMH Kakofi-HHOYAb 4acTH PUMAHOBOH MJOCKOCTH, TEM. MEHbllie
OT/NHYAIOTCA N0 CBOHM CBOHCTBAM JieXkaillie B 3TOH YacTu ¢UTypbl OT
eBkJHAoBbIX (uryp. [lostomy uuciao R MOXKHO paccMatpuBaTh B Ka-
YyeCTBE «MEphl  HeeBKJAM/I0BOCTH» PHUMAHOBOI MJOCKOCTH. OTpe3ok
Aautbl R, Jjexauwuii B 9TOH PUMAHOBOH MJOCKOCTH (T. €. OTPe3oK,
NMOHWUMAeMblil B CMbIC/e PUMAHOBCH reoMeTpuH), HA3bIBaeTcs ee paduy-
COM KPUBUIHbL.

§ 66. Kak wmbl yXe oTmeuanu Bhllle, Bce TeopeMbl reomerpuu Pu-
MaHa MpeAcTaBafAloT coboil Hamle:KkaulHM o6pa3oM HCTOJKOBaHHbIE
Teopembl €BKJAHAOBON reomeTpuy. COOTBETCTBEHHO 3TOMY TEOPEML
reoverpud Pumana BeiBOASiITC H3 akcuoM reomerpun Exkaupa. Ko-
HEUYHO, He BCe TeOopeMbl eBK/JHIOBOH reOMETPHH [OMYCKaiOT HUCTO.-
KOBaHNe B BHIE TeopeM pUMallOBOH reoMeTpHH; OONbIUHHCTBO €BKJIK-
JIOBbIX TeopeM BooOlle He HWMeeT HHKAKOro OTHOLIEHHS K TeM o0bek-
TaM, KOTOpble Mbl Ha3blBaJH TOYKAMH M NPAMbIMH PHMAHOBOH MJO-
CKOCTH. '

Takum obpasom, 4TOOLI NOJYYMTb TeOPEeMbl PHMaHOBOH TeOMETpHIE
H3 aKCHOM eBKJIMN0BOH IeOMeTpHH, HYXHO AeJ]aTb HEKOTOphle O C O-
6 bl ¢ BBIBOJBI U3 3THX AKCHOM.

Bosaoxho, oanako, B OCHOBY reomeTpud PumaHa nonoxuts cre-
ILHaJIbHVIO CHCTEMY aKCHOM, T. €. pPAA NPeNJOXXKeHHH (OTHOCSLIUXCH
K NOHATUSIM CBS3U, [OPAAKA W KOULPYSHTHOCTH MNpPEAMETOB pHMa-
HOBO# MJIOCKOCTH), M3 KOTOPBbIX BCE OCTAJbLHBIE MPENJOMEHHS reoMeT-
pun  Pumana MOryT ObiITb BbIBefelibl JIOTHUECKHM NyTeM, TNpu-
yeM KaxKAblfl BbIBOJL OYAeT {IPHBOAMTbL K HEKOTOPOi Teopeme 3TOH re-
OMETPLH.
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B Takom cnyuae mpH jpokasaresnbcTBe TeopeM -TeoMeTpHH Prmana
cTaHoBATCA Ge3pa3/MuHbBIMH BCE CBOHCTBA €€ OOBEKTOB, KpOMe CBOMHCTB,
o0yc/IOBJIEHHBIX aKkcHoMamHu. TeM cambiM aKCHOMaTHUeCKoe ofoc-
HoBaHHe reoMeTpud PumaHa npespainaeT ee B aGCTPAKTHYIO F€OMETPH-
yeckyto cuctemy. HasbiBasi cjoBaMH «TOYKa» M «npsiMasi» Kakue yrof-
HO OOBEKTHI, CJOBAMH «IEXaT Ha», «Pa3nessioT», (KOHTDYIHTHBI»
KaKhe YrOAHO HX B3aHMHBIe OTHOLIEHHS, yIOBJAETBOpsioulHe TpeGoBa-
HUSIM aKCHOM, Mbl OyJeM MoaydaTb pasHOOOpa3Hble KOHKPETHhiE M O-
A ey n abcrpakTHOi reomeTpuH Pumana. Kaxaas cucrema o6beKToB,
OTHOLIEHHSI KOTOPHIX YAOBJETBOPAIOT TpeGOBaHHSIM aKCHMOM reOMeTpHU
Pumana, Moxer ObITb HasBaHa pumanosoll naockocmoeto. Takum obpa-
30M, cdepa C OTOXKAECTBJACHHHIMH AHAMETPANBHO NMPOTHBONOMOXKHBIMH
TOUKaMU SIBJAAETCA JHLIb OJHOA H3 MHOXKeCTBa PAa3HOOOPA3HBIX pHMa-
HOBBIX IJIOCKOCTEH.

§ 67. Akcuomel reomerpun Pumana mMbl mpuBomuTh He Gynem *).
OnHako BO3MOXKHOCTH Pa3HOOGPAa3sHbIX HCTOJKOBAHHA TeOMETPHH
Pumana Mbl Jlerko MOMKeM MNOSICHHTb UYHMTaTeNi0 NOCTPOEHHEM HOBOM
mozesin 310i reomeTpHH. OOBEKTHI HOBOIT Monesn GyAyT HaXOLHTLCHA
B OMpEJe/JEeHHBIX COMOCTABJCHUAX € OOBEKTAaMH y2Ke H3BECTHOH HaMm
Mmoneny Ha cdepe, Grarofaps uemy 6e3 ofpauleHnss K akciomaMm Gyer
BHJIHO, YTO 3TH JiB€ MOJEJH Peasu3yIoT OAHY M Ty e FeOMEeTpHIO.

HoByio monesb Mbl [OCTPOMM, TakH2 NOJAb3YACh €BKJAHAOBBLIM
NPOCTPAHCTBOM. -

[Ipexkne Bcero NOMOJHUM MHOXKECTBO 3JIEMEHTOB €BKJIMJO0BA MNPO-
CTpaHCTBA HOBEIMH 3JieMEHTaMH, KOTOpbie GyneM Ha3blBaTb 6ECKOHEHHO
yoareHHomu mouxkamu. Ilpupona aTHX HOBBIX /ieMeHTOB AJsi Hac 6e3-
pas/juuHa, HO, BBOAA HOBble 3J€MEeHTHl, Mpl Gyaem npejanosaraTb ux
HaXOASIMMHCA B M3BECTHBLIX COMOCTABJAEHHAX € MNEPBOHAUANbHO Aali-
HbIMH 3JleMEeHTaMH; HMEHHO, Mbl [0J1araeM, 4To:

1) ¢ Kaxnoi mpsaMoil @ cOnocTaB/eH 00uH HOBLIA 3J€MEeHT, Hasbl-
BaeMblil GECKONEUHO yllaJleHHO!H TOYKOH MpsIMOi a;

2) napaJjJejibHble MPAMBIE HMEOT O6UIYI0 GeCKOHEUHO YIaJeHHYIo
TOUKY; :

3) GeckOHEUHO yna/leHHble TOUKH HemapasielbHbIX MPAMbIX pas-
JIHYHBL.

MuoxecTBo Bcex O6eCKOHEUHO ylaleHHbIX TOUEK MPOH3BOJbLHOH
TUIOCKOCTH (T. €. MHOXeCTBO GeCKOHEUHO ylaJ/ieHHbIX TOYeK Bcex mpse-
MBIX 3TOH NuOCKOCTH) OyJeM _paccMaTpuBaTh Kak -Jexaulyio Ha Hed
HOBYI0 GECKOHEUHO ylaneHHYlo npamy. MHoxecTBO Bcex GeCKOHEUHO
yIaneHHBIX TOYEK IpocTpaHcTBa OyneM paccMaTpHBATh Kak HOBYIO
GecKCHeuHO yJlaseHHyio mi1ockocTb. C cobaojeHneM yKasaHHbBIX YCno-
BUl 0eCKOHEYHO Yja/leHHble 3/aeMEeHTbl BBOASITCS B MPOEKTHBHOH

*) OfiHy 43 BO3MOKHBIX CHCTEM aKCHOM yuTaTens Haiiner B kuure C. A, Boromo-
noBa «BBeneHne B HeeBKAMAOBY reoMeTpuio PumaHay,
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reoMeTpUH; MO3TOMY MPOCTPAHCTBO, NONOJHEHHOe MPH YKAa3aHHBIX yCJ/10-
BHAX OECKOHEeYHO YAaJeHHBIMHM 3/leMeHTaMH, HAa3blBaeTCS MPOEKTHB-
HbIM [POCTPAHCTBOM, MNJIOCKOCTb, JOMOJHeHHAass OECKOHeYHO yna-
JIEHHBIMH 3JIeMEHTaMH [P TeX Ke YCJOBHAX, Ha3blBaeTCs MNpoek-
TUBHOI IJIOCKOCTbIO (cM. §§ 80—82).
Bynem paccmaTpuBaTh B KauecTBe 3/€MeHTOB HOBOH MOJENH TOYKH
H NpAMble KakoH-HUOYIb MJIOCKOCTH O (B TOM YHCJe — €e GeCKOHeUHOo
yAaJieHHble TOYKH W 6eCKOHEUHO yaa-
jJeHHyto npamywoo). CnoBa «rouka
JIEXKUT Ha mpsAMOi» 6yleM MOHUMaThb
B OOblYHOM cMbice. [Ipu atom:
1) cobaioneHbl Bce TPH aKCHOMBI
CBSA3H 3JIEMEHTAapHOH NJaHHMETPHH;
2) niobble ABe MpsiMble nepece-
KaloTcsl (MOXeT ObiTb B GECKOHEYHO
yAaJeHHOH TOUKe).
CnepoBate/ibHO, A5l TOYEK H
NPSAMBIX HOBOH MOJAEH OTHOLIEHUS
CBA3U YIOB/IETBOPSIOT TEM K€ OCHOB-
Puc. 84. HbIM  YCJOBHSIM, KaKHe OCYLIeCT-
BJISIIOTCA [/l paHee pacCMOTpeH-
_ HOH Mmozenu Ha cdepe. Tenepb Ml
onpele]HM B HOBOH MOJEJH OTHOLIEHHS MOPSIIKA H KOHTPYSHTHOCTH.
C 3TOoli 1e/bl0 BO3bMEM KakKyio-HHOYIb cepy; 0G03HauuM 3Ty cdepy
O6yKkBOH k, ueHTp ee — GykBoii O (puc. 84). IlpenmnosioxkumM, 4TO TOY-
ka O He jexur Ha mjockoctu o. IlpoBesem uepe3 O nPOU3BOMLHYIO
NPAMYIO; OHa NEpeceyeT MJOCKOCTb o B HEKOTOPOil, MOXeT ObiTb, 6ec-
KOHEYHO ynajeHHOH Touke A’, a cdepy k — B nape AHAMETPAbHO
NPOTHBONOJIOKHBIX Touek A, A,. Paccmarpusas mapy A,, A, kak
OIHY TOYKY MOJENH PHMAHOBOH reomeTpuu Ha cdepe k, 00603HAUUM
3Ty napy ofHo# OykBoil A. Yc/aoBUMCS TroBopHTb, 4To A’ ecTb mpoek-
uug A (umm uto A ectb mpoekuus A’). Ilyctb @ — kKakoii-HUGY AL
OonbIIOH KpPYr cdepbl k; O4eBHAHO, YTO BCE Mapbl €ro RHameTpasibHO
NPOTHBOMNOJ/OKHBIX TOUEK HMEIT B KayeCcTBe CBOHX IIPOCKUMH Ha
IVIOCKOCTH @ TOYKHM OJHOIl ompeleneHHod mpsiMoii a’ (mpsimas @’ Mo-
JKET OKa3aTbCsi OECKOHEUHO yJaNeHHOH). YC/NOBUMCSH TOBOPHTb, UTO
a’ ecTb npoekuHs a (WM YTO a ecTb npoekuus a’). ConocTaBum ¢ Kax-
JOd nmapol AuameTpajbHO TIPOTHBOMOMOXKHBIX ToueK cdepbl 2, T.e.
C KaXIoi TOUKOH MoAenM PUMaHOBOH reomeTpuu Ha 3Toil cdepe, ee
MpoeKnuio Ha nuaockocTH a. CornocTaBUM C KaKAbIM OOJBLUHM KpYy-
rom ctepbl k£ ero NpoeKuUIo Ha MJOCKOCTH &; HHAue roBops, ¢ Kaxnioil
IIPAMOH MOjle/lH PHMAHOBOfI reOMeTpUH Ha cgepe k Mbl COMOCTABJ/IsieM
CTpefiesIeHHyI0 NPAMYIO MJOCKOCTH . JIerko yGeauTbcs, yTo KaxKioe
M3 3THX COOTBETCTBHI $SIBJIsieTCs] B3aHMHO OJHO3HayHbIM. flcHO Takxke,
4TO €C/H TOuKa A MoJenH PUMaHOBOH reoMeTpHH Ha chepe k JeXHUT Ha
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NpsiMOii @ TOH Ke MofeJIH, TO B MJIOCKOCTH & Toyka A’, COOTBETCTBYIO-
was A, JexuT Ha npsiMOi @', COOTBETCTBYIOILEH a.

[Tycts tenepp A’, B’, C’, D' — yerbipe TOYKH.IJIOCKOCTH @, Jie-
XKamue Ha omHoil mpsamoill u’ atollt miockoctu, A, B, C, D — coor-
BETCTBYIOIME MM TOYKHM MOJEJH PHMAHOBOH reomeTpuu Ha cdepe k&,
JieXalue Ha ONHOI MPSIMOM u 3TOH Mojie/H (4 M 4’ COOTBETCTBYIOT APYT
JApyry). Yc/aOBHMCSI roBOpuThb, uTO 1) Touku A’, B’ pasnensiiorT TOYKH
C’, D" ua npawmoit u’ miockoctu o, ecau A, B pasgensgor C, D Ha
npsamMoit u; 2) toukn A’, B’ ue paspmeasior toukd C’, D’ ua npamoi
u’ mIockocTH o, ecnn A, B He pasgeasitor C, D Ha npsiMoii u. AnaJo-
rHuHO, ecnu a’, b’, ¢, d' — ueThipe npsiMble MJIOCKOCTH O, POXOAALIHE
yepes oaHy Touxky U’, a, b, ¢, d — coOTBeTCTBYIOIHE UM MPSIMbIE MO-
Iean Ha cdepe k, npoxoxsiue yepes Touky U 3Tofi MofesnH, TO Mbl
6yneM roBoputb, uto: 1) mnpsmbie a’, b’ pasgensior mnpsMbie ¢,
d’ wa miockoctd o, ecau a, b paspensior ¢, d; 2) npsamee a’, b’ nHe
pasnesiior npsimele ¢, d’° Ha MJIOCKOCTH o, eclH a, b He pasge-
as10t ¢,.d. TeM caMbiM Mbl OIpefeJMM OTHOLIEHHE NOPsiAKa TOYEeK Ha
NPOU3BOJILHOH TpSIMOH IJIOCKOCTH o M OTHOLUEHHE nopsjiKa mnps-
MBbIX TIOCKOCTH o, NPOXOASIMX uYepe3 HEKOTOPYI TOYKY 3TOil
IUVIOCKOCTH,

HakoHel, ycnoBHMCS TOBOpUTb, YTO JABe (UIYpPbl MJIOCKOCTH G
KOHTPYSHTHBI, €CJH KOHPPY3HTHBI MPOEKLUHH 3THX ¢Uryp Ha cdepe k.

Hrak, ans o6bheKToB HOBOH MOAeNM Mbl ONpPeleau/d OTHOLIEHHS
CBSI3H, NMOPAJKA M KOHIPYSHTHOCTH; NPH 3TOM OOBEKTHI HOBOH MOAENH
HaXONATCS B TAKHUX KC B3aUMHBIX OTHOLUEHHSIX, B KaKHX HaXOLATCS
COOTBETCTBYIOLIHE MM OOBEKThl MQJENH PHMAHOBOH TI'eOMETPHH Ha
cthepe k. OTcioga c/lelyer, YTO KaxKloe MpelsioKeHHe O CBsI3H, IO-
PSiIKE U KOHTPYSHTHOCTH OOBEKTOB MOJIeNH PHMAHOBOH TeOMETpHH
Ha ctepe k GyneTr cnpaBelaHBO AJisi OOBEKTOB HOBOH MOJeNH Ha Npo-
eKTHBHOH TIJIOCKOCTH; 06GpaTHO, KaxJaoe NpelioXKeHHe O CBf3H,
MOpsilKE U KOHTPYIHTHOCTH OGLEKTOB HOBOH Mozend Oyjer crpa-
BEIJIMBO AJsl MOJEJNH pHMaHoBoii reomerpuu Ha cdepe k. Takum 06-
pasom, obe Mojie/H I[0-Pa3HOMY peayu3yloT OJHY H Ty XKe PHMaHOBY
FEOMETPHIO.

C HarasgHo# TOYKH 3peHHA MOAeJb DHMAHOBO TreoMeTpPUH Ha
IIPOEKTHBHOMN MJOCKOCTH HMeeT NMpeHMYLIECTBO Nepel MOJENbI0 B BHIE
cepbl C OTOMIAECTBIEHHBIMH  JIHAMETPAJbHO  TPOTHUBOIOJOXKHBIMI
TOYKaMH BO BCEX CJyuasiX, KOLAa peyb MIET O CBA3H H MNOpsijiKe 06b-
€KTOB, MOCKO/JbKY Ha NPOEKTUBHOH MJOCKOCTH TOUKH H MPsSMblE H30-
6paxaloTcs NPUBbIUHLIM [Jisi HAC Crnoco6oM. 3aTo MOAeNb Ha MpOek-
THBHOH MJIOCKOCTH MMPOUTPLIBAE€T BO BCEX CIAyuasX, KOrila peub uier
O KOHIPYSHTHOCTH (HUIYp, MOCKOJABKY (HTVDPLI MOJAEIH HAa NPOEKTHB-
HOM MJIOCKOCTH, KOHTPYIHTHbIE B CMhIC.1€ PHMAIOBOI FEOMETPHM, He
SIBJISIIOTCA  KOHTPYSHTHBIMH B 0ObIulioM cMblcae  (cM. puc. 85, rne
n3o6paxeHsl KOHIpy3HTHble Tpeyroibiuku ABC u PQR wmogmenn
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PHMAHOBOH TreOMETPHH B BHJIE Cdepbl C OTOXKIECTBJIEHHBIMH IHaMeT-
PajibHO MPOTHBOMOJIOXKHEIMM TOYKAMU M COOTBETCTBYIOLLHE UM, TaKXKe
KOHIpy3HTHble, TpeyroibHuku A'B'C’ u P’ Q'R’ mozean pHMaHOBOI
reOMETpPUH Ha NMPOEKTHBHOH MJIOCKOCTH).

-
-
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Puc. 85.

§ 68. Bce npeabinyuiee H3JOMEHHE OTHOCHJIOCH K ABYMEPHOH reo-
merpuu Pumana. Mopenp TpexmepHoit reomerpuu PumaHa MoOXx-
HO TMOJYYHTb MYTeM OTOXKJAECTBJIEHHH JHAMETPajJbHO MPOTHBO-
NOJIOKHBIX TOYEK TPEXMEePHOH cdepbl B UeTbIpEXMEPHOM MPOCTPAHCTBE
EBknuga*). :

He ofpawasch K ueTbipexMepHOMY IIPOCTPAHCTBY, MOJeNb TpeX-
MepHOii reoMerpuu PumaHa MOMKHO NOCTPOMTb MPH TNOMOLUM TPOEK-
THBHOH reoMerpud (cM. 1. VI, rie M3/0XeHO MOCTPOSHHE NpPOEKTHB-
HbIX MOJeseil IByMepHOil reoMeTpud JloGaueBCKOro U JBYyMEpHOIi reo-
MeTpuu Prmana. T nocTpoeHusi HeMocpelcTBEHHO 000OILalTCs Ha
TpeXMepHBIi cayuail).

*) IlonsiTHe MHOrOMepHOro €BKJ/WAOBA MPOCTPaHcTBa H3nokKeHo B ra. VII; cm.
TaKKe NepBoe u3janue 3Tofl KHUrH. Msnoxenue reomerpin Pumana KoopaHuATHBIM
MeTofoM uuTartenb naitaer B Kuure ®. Kaeiina «HeesknnzioBa reomerpus».



FTrTABA IV
UCCNENOBAHUE AKCHOM 3JIEMEHTAPHOW TEOMETPHH

1. TpH ccHOBHbie 3aja4¥ AKCHGMAaTHKH

§ 69. B npeavinymeit rnase Mbl J0Ka3ajaH, YTO M3 HENpPOTHBOpe-
YHBOCTH €BKJ/MJOBOH TreOMeTPHH CJelyeT HelpOTHBOPEUHBOCTb Ie€0-
meTpuu Jlo6aueBckoro. Ternepb YMEeCTHO CNpOCHTh ce0si: KakoBa ra-
pPaHTHA HenpoTHBoOpeuuBOoCcTH reomerpuu EBkaupa? Tax Kak eBKau-
JI0OBA reOMCTPHSI paccMaTpUBaercsl HaMH KaK cuUcTeMa MpejJoXxeHui,
NOJNyYaIOIHUXCH JIOTHYeCKHM nyTeM M3 akcuom I—V ra. I, mo, eo-
80pA 0 Henpomusopedusocmu e8KAU0080LL eeOMempuu, Mbl umeem 8 6udy
Henpomugopeuusocms cucmemst axcuom [—V.

Ha 6amxkaliuux crpaHuuax ™Mbl 10KaxeM, uto reometpus EBkiauna
HenpoTHBOpeYUBa, ecJad HempoTHBopeunBa apudmernka. Bonpoc o
Henpomusope1usocmy apupMemuKy 8 OCHOBAHUAX eeOMeMPUU He pac-
cmampusaemcs.

3aHuMasch HCCAENOBaHHEM aKCHOM 3JIEMEHTAapHOH TeOMeTPUH, Mbl
6yneM uMeTb mepea co0Oi c/eayloulHe TPH NpPoG/EMbL:

1) npobsnemy HenpoOTHBOPEUHBOCTH,

2) npobseMy MHHHMaJbHOCTH,

3) npobJieMy MOJIHOTHI.

Taxk kak 3TH Tpu mpoGJieMbl BO3HMKAIOT MPU HCCJAENOBAHUH JI000iT

CHCTEMbl aKCHOM — OYAb TO aKCHOMbl reoMeTpud EBknnga uau reo-
merpun Jlo6aueBCKOro, MJH KakHe YrogHO elle, TO HMeeT CMBICI NOo-
CTAHOBKY YyKa3aHHBIX npo0/eM M MEeTOAbl HX pelleHHsl BbICKa3aTb B
obuieir popme.
- Tlyetp nama cucTemMa akcuoM, YyCTaHaB/HBawllas ONpenesen-
Hble CBOHCTBAa B3AHMHBIX OTHOLUEHHI HEKOTOpHIX 00beKTOB. M3 mpu-
HSATBIX aKCHOM MOXHO JeJaTb JIOTHYeCKHe BBLIBOAB! 00 3THX CBOHCTBaX
00BEKTOB, COBEPIIEHHO He NMPHHHUMas BO BHUMaHHe JPYrHe BO3MOXHLIE
HX CBOHCTBA, €CJIM OHH He YNOMSAHYTHl B aKCHOMAaX.

[losToMy o00beKkTamu [NAHHOI CHCTEMbl AKCHOM MOXKHO CUHMTAThb
rnpeaMeThl J1060H NMPUPOIBI, W OTHOLIEHUAM MeXJY HHUMH, O KOTOPhIX
MIeT pedb B aKCHOMax, MOXHO MPHAATb JOOOH KOHKPETHBIH CMbIC.T,
€C/H TOJbKO MpH 3TOM OYAYT YAOBJETBOPEHbI TPeGOBAaHUA NPHUHATLIX



202 IV. HCCIENOBAHHE AKCHOM SJEMEHTAPHOH TEOMETPHH [§ 69

akcuoM. Torja Kaxnas Teopema, JIOTHYECKH BblBeleHHAs H3 aKCHOM,
6yJleT BbIpa)KaTh Onpejie/ieHHbH (aKT, OTHOCAIIMACA K paccMaTpuBae-
MBIM TIpeJMeTaM, TOYHee, K TeM HX CBOHCTBAM, KOTOpble YNOMHHAIOTCSH
B aKCHOMaXx.

Besikuit KOHKpeTHbI# BBHIGOD IpeMeTOB, KOTOPBIM NpPUMHCHIBAETCS
ponb OOBEKTOB AAHHOH CHCTEMBI aKCHOM, Mbl GylleM HasblBaThb peaau-
sayuell WU uHmepnpemayueti 3TUX aKCHOM.

CaMO MHOXKeCTBO OOBEKTOB, DeaiH3yIOMIHX NAaHHYIO CHCTEMY aK-
CHOM, MBI, KaK ye JeJaji paHbllle, HA30BeM «MOJeJbl0» TOH Joruue-
CKOH CXeMbl, KOTOpas onpejeseHa aKCHOMAaMH.

Ecin akcuomMsl MOTY T OB T b KakHUM-THOO Croco6oM peasnnzo-
BaHBI Ha MOJENH, TO U3 HUX He/b3d TNPaBHJIBHBIMH PacCyKIEeHHSIMH
BbIBECTH [Ba CJIEACTBHS, JIOTHYECKM HCKJIOYAIOWUX ApPYyr Apyra,—
CKa)eM, YyTBepXKIEHHEe M OTPULAHHE ONHOrO W Toro ke (axta. Ilo-
3TOMY, umobsl 00KA3aMb HEnpPOMuUBOPeUsoCms OQHHOL cucmembl aK-
cuom, 0ocmamouHo Hatumu 00HYy u3 803moxcHblx. ee pearusayuii. (Ecan
JKe CHCTeMa IPOTHBOPEYHBA, TO 3TO OOBIYHO OGHAPYKHUBAETCSI COOTBET-
CTBYIOIIUM pacCyKJeHrneM, MPUBOLSAILIUM K NPOTHBOPEUHIO.)

Jloka3aTenbCTBO HENMPOTHBOPEUHMBOCTH NAHHOH CHCTEMBI aKCHOM
MOXeT ObITh YCJIOBHBIM.

Hanpumep, HenpoTHBOpeunBOCTL nuaHUMeTpUH  JloGaueBCcKOro
Obla J0Ka3aHa B mpeablayllell ryiaBe nocrpoeHuem mogenu Ilyankape,
npeaMeTbl KOTOpO#l u30Hpa/such B eBKJAUAOBOIH mnjockoctd. CooTBer-
CTBEHHO 3TOMY IOJNYYeHHbI pe3ysbTar Obll cHOpPMYyJIHPOBAH YCJAOBHO:
nIaHuMeTpuss JIoGaueBCKOro HeNpOTHBOpeYNBa, €CJAH HeNpoTHBOpe-
yuBa mJaHumerpusi EBknuza.

Bropasi npobGsema 3ak/iouaercsi B YCTaHOBNEHMH HEOOXOXHMOCTH
BCeX Tpe6oBaHUH, cOPMY/IHPOBAHHBIX B aKCHOMAaX, T. €. YTO IPHHS-
Tasi CUCTEMa aKCHOM He JOMYCKAeT MCKJIOUYCHUS KaKHX-JTHGO ee Tpelo-
BaHHI C COXpaHeHHEeM TOTO Ke o0beMa CJeJCTBUH M3 Hee B I1eJIOM
(siBnsteTcst MUHUMaUbHOM) *). Pelntb 3Ty npo6seMy B MoJHOM oGbeMe —
3HAUUT J0Ka3aTh, UTO KaxKIOe MOJIOXKEeHHe CHCTEMbl aKCHOM He 3aBHCHT
OT OCTaJbHBIX [MOJOXEHH, T.e. He MOKeT ObITb IMOJYYEHO M3 HHUX
JIOTHYECKHM IyTeM.

O6o3Haunm OyKBO# A OJHY M3 akCHOM paccMaTpHBaeMoi (Hempo-
TUBODEUHBOKH) CHCTEMBI.

Ecnaun akcuoma A He BbITeKaeT M3 JPYTHX aKCHOM CHCTEMbI, TO, 3a-
MeHsisl B 3TOf cucreme akcuoMy A HoBoil akcuomoill A*, koTopyo ¢op-
MyJHpyeM Tak: «yTBepxleHue A HeBepHO», Mbl HOJIKHBI IOJYYHTh
HenpoTUBOpeyuByto cucremy. Iloatomy umober Ookazamo, umo axcuoma

*) Tak Kak B OCHOBY OXHOIl H TOIl JKe reOMeTPHH MOXHO KJaCTb Pa3NHYHbE CHC-
TeMbl aKCHOM, TO, HCKJIOYasi M3 STHX CHCTEM aKCHOM JIMIIHHe TpeGoBaHHS (ecH TaKo-
Bbie OKa)KyTCﬂ), MOXXHO HpHi’lTH, BOO6LLle roBops, K pasJIMYHBIM MMHHMAJILHbIM CHCTE-
MmaM. Taknm o6pasoM, MUHMMa/lbHasi CHCTEMa OTHIOAb He SIBJISIETCS €NUHCTBElHOI.
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A He moxcem OGvimo sbise0eHa U3 OCMAAbHbLX AKCUOM — pACCMAMpusae-
MO cucmemol, OOCMAMOUHO PeaAU308AMb HA HEKOMOPOM MHOMCECTSBe
00eKmos 6ce aKcuombl, 3a uckatoueHuem A, maxkum obpasom, 4mobo. 6
amoti peasusayuu axcuoma A He umesa mecma.

B uyacTHocTH, TaKHM myTeM Mbl YCTAHOBUJIHM He3aBHCHMOCTb V mo-
crynata EBKauZa OT oCTadbiblX IMOCTYJaTOB 3/€MEHTapHOH reoMeT-
pun. VimMenHo, B mozenu [lyankape Ha eBKJHIOBOH MOJYIJIOCKOCTH
OCYIUECTBJSIOTOS BCe aKCHOMbI aCOMIOTHOH I'eOMeTPHUH, H He OCYLIeCT-
BJseTCS aKcuoMa o napasgenbHblx EBkaupa. CrenoBaTenbHO, OHa
He sBJSETCS JIOIHYECKHM CJeNCTBHEM OcCTanbHbIX akcuom. (B pan-
HOM c/lyyae OfHA W Ta Xe HMHTepnpeTalusi reOMeTPUYECKHX OOBEKTOB
o0HapyKHBaeT HE3aBUCHMOCTb MoCTyjaTa EBK/IUAa W HempoTHBOpe-
YHBOCTb reoMeTpuH JloGaueBCKOro.)

[Tosayee wmbl mposenem nofo6HBIA aHalu3 MO OTHOMIEHHWID K APY-
FHM Ba)KHeHIIHM aKCHOMaM 3JieMeHTAapHOH T[eOMEeTpPUH, HO, KOHEYHOo,
pewiatb npobseMy MHHHMA/JbHOCTH B ee MoJHOM o0beMe He Oy-
neM.

[locraHoBKY TpeTbeil mpobJeMbl aKCHOMATHKH — NPOGJieMbl [MOJ-
HOTLI CUCTE€MBl AaKCHOM — Mbl OTJIOXKUM [0 KOHUA [J1aBbl.

§ 70. Mbl yXke uMesNM MpHMEpP NPUMEHEHHS NPENNOKEHHBIX MeTo-
noB — noctpoenue Monenu [lyankape. OJHaKO MHOTOUHCJAEHHBIE [€-
Tajqd TOH MojesH MOLM 3aTeMHHUTb CYUIHOCThL JieJia, KOTOPYIO Ioses-
HO BBISIBUTb [IPUMEPOM Kak MOXKHO GoJiee NpPOCTBIM.

Mbl nocTpoum ceifiuac monenb AR OULHOH TOJABKO MEpPBOH TPYMNIb
akcdom [uab6GepTa, paccMaTpuBasi 3Ty TPYNNy Kak OTHAEIbHYIO aK-
CHOMATHUYECKYIO CUCTEMY.

Bo3sbmeM KaKoii-HHOYAb TETPas4ip M yCJAOBUMCS Ha3blBaTb «TOY-
KaMu» BepLIMHBbI %TOr0 TeTpa’ipa, «IpsiMbiMU» — ero pebpa, «mjio-
CKOCTSIMM» — TI'pdHHU.

Takum 06pa’oMm, MHOMKECTBO TeOMETDHUECKHX SJIGMEHTOB B HaLuei
peaju3allyh COCTOMT BCErO U3 YETbIPeX TOWEK, WeECTH NPSIMbIX M YeThi-
pex MJIoCKoCTell.

[IpsiMple 4 MJOCKOCTH HAaXOASTCH B H3BECTHbIX .COMOCTABJEHHUS X
C TOUKaMH, OpUYeM, ecsad, Hanpumep, npsiMas a COMOCTaB/jeHa € TOY-
Koii A, TO TOBOPSIT, YTO «@ NPOXOAMT depes A» WK «A NEKHT Ha a»
v T. 4. B Hawell peanusannu, Kak 80 sciaxold onpedereHHod peasusayuu,
amu conocmasrenHun 00ANCHoL Bbims mouro onucarst. Y CJOBUMCSH KaxJaoil
TOYKe, KOHKPETHO MpeACTaB/AE€HHO!N ONHOH W3 BepUIHH TeTpasnpa, co-
NOCTaBAATbL B KauecTBe MPOXOMSILUIMX uyepe3 Hee NPAMBIX H MJOCKOCTE#
Te npsMble U MJIOCKOCTH, KOTOPbLIE MpeicTaBjaeHbl pebpamy U rpaHsiMu,
CORep’KALIMMKU JAHHYIO BEpLIHHY.

Jlerko Bujerb, yto BCe TpeGoBanus akcuom 1,1—I1,8 npu srom Gynyr
ynosJersopenbl. [TpocMoTpuM akcuoMbl mnoc/iefoBaTeNbHO.

Akcnoma I,1. KakoBbl 66l HH Oblnk aBe ToukH A w B, cyulecTByeT
npsamasi a, NpoxoAsmas 4Yepes Kaxayw u3 touek A, B,



204 IV. HCCJEINOBAHHE AKCHOM 3JIEMEHTAPHOH TEOMETPHH [§ 70

Tpe6GoBaHue 3Toii aKCHOMBI YIOBJETBOPEHO, TaK Kak Jiobble JBe
BepLUMHbI TE€Tpa’Apa COCAHUHSAIOTCST pPeOGpoM.

Axcrnoma 1,2. KakoBbl 66 Hu Gblin 1Be Touku A, B, cyuiecrTByer
He Gosnee OfiHOH NPsAMOi, Npoxonsuieil yepe3 Kaxaywo u3 Touek A, B.

Tpe6oBaHue 3TOHl aKCHOMBI YAOBJIETBOPEHO, TaK KaK JBe BepLIHHBI
TeTpasApa COeIHHSIOTCS TOJbKO OLHHM peGpoM.

Akcnoma 1,3. Ha kaxnodi npsiMofl CymecTBYIOT MO MeHbLieH
Mepe JBe TOYKH; CYLIeCTBYIOT IO KpafiHeHl Mepe TDH TOUKH, He Jiexa-
uie Ha OJHOH mpsMOH.

TpeGoBanusi 3TOil aKCHOMBI YJIOBJIETBOPEHBI, TaK KaK Ha KaxIQM
peGpe CYLIECTBYIOT JBe BepLUMHbl H CYIIECTBYIOT TPHM BEpILMHBI, He
Jexauiue Ha ofHOM pebGpe (maxe ueToipe!).

. Axcuoma 1,4, KakoBsl 6ol Hu Gblin TpH TOuKH A, B, C, He Jexaiine
Ha OJIHON NMPSIMOH, CYLIECTBYeT IJIOCKOCTb ¢!, IIPOXOAAIIAs Yepe3 Kax-
ayio u3 tpex Touek A, B, C; Ha Ka)A0H IUIOCKOCTH HMeeTCs XOTsi Obl
OJlHa TOYKA.

Tpeb6oBaHus 3TOH aKCHOMBI YZOBJIETBOPEHbI, TaK KaK uepe3 Kaxk-
Ible TPU BepPUIMHBI MPOXOINMUT TpaHb M KaxkAasi rpaHb COXEPXKUT Bep-
uHy (1axke Tpul).

Axcnoma 1,5. KaxoBbl 661 Hu GOblin Tpu Toukd A, B, C, He nexa-
1ye Ha OAHOH NpPAMOH, cyllecTByeT He Oojiee OXHOH IJIOCKOCTH, IPO-
XOAsieli uepes KaxIylo U3 Touek A, B, C.

TpeGoBanne 5TO/ aKCHOMbI YJIOB/IETBOPEHO, TaK KaK Yepes Kax-
Able TPH BePLIHHbI NPOXOIHT TOJBLKO OIHA IPAHE.

Akcuoma 1,6. Ecnu aBe Touku A, B npsiMoil a Jiexar Ha IJIOCKOCTH
o, TO KaXKJ1asi TOUKa NPAMON @ JIEXKHT Ha MJIOCKOCTH O.

TpeboBaHue 3TOH aKCHOMbl yAOBJETBOPEHO; AEHCTBHTEJIBHO, €CIH
IlBe BepUIHHBI ONHOTO pebpa JieKaT Ha HeKOTOPOH I'paHH, TO Kaxjaas
BepIlMHA 3TOro pe0pa JIeXHUT Ha TOH JXe IpaHu, Tak Kak pe6po couep-
JKHT BCETrO JBE BEpLUIHHBI.

Axcuoma 1,7. Ecau e nsockoctd o, § uMeror oburyio Touky A,
TO OHHM HMEIOT ellle, Mo KpaliHeil Mepe, OJHY COLLYIO TOUKY B.

TpeGoBanne 3TOH aKCHOMbI yNOBJETBOPEHO, TaK KaK Kaxkible MBe
rpaHd MMelT JBe OOlHe BepLIHHBI.

Axcuoma 1,8. CyuwecrByior, no Kpaiinefi mepe, ueTblpe TOUYKH, He
JexKamye B OLHOM MJIOCKOCTH.

TpeGoBaHue 3Toil mOC/TelHell aKCHOMBI TaKXkKe YAOBJETBOPEHO,
TaK KaK YETbIpe BEPILHHBI TETPAd/pa He JiexKaT Ha OJHOH I'PaHH.

Takum oOpa3om, Mbl y6eauJHCh, YTO Halla peaiu3auusi YAOBJeT-
BOpsieT TpeGOBaHUSM BCEX AKCHOM NeEpBOH Ipymnmnbl. 3aMeTuM, MEXAY
NpPOYHM, YTO 3Ta peanusauus akciom I,1—I,8 sBnsercs MHHUMaIbHOK
K3 BCeX BO3MOXKHBIX B TOM CMbIC/IE, YTO Ha KaxJOH NMpPSIMOH HMMeeTcs
TOJIbKO Mapa TouekK, BCeX TOUEeK TOJbKO ueTbipe U T. A. MIMeHHO cTo/bKO
seMeHTOB M TpeGylorT akcuombl. IlpaBna, akcuoma 1,4 Tpebyer, yTOOB!
Ha KaxJoi INJOCKOCTH Obuia XoT#A Obl OjHAa TOYKa, a B HaweHd peanu-



§ 71] 2. HENPOTHBOPEYMBOCTb AKCHOM EBK/AHAOBOH TFEOMETPHH 205
3alMK Ha KaxJofl IJIOCKOCTH CyllecTBYOT Tpu Toukd. OpHako, Kak
noxasbiBaeT TeopeMa 3 § 12, ¥ 3TO YHCIO SBJSIETCA MUHMMAaJbHBIM..

Tak kak mias akcuom I,1—I,8 ykasana koHkpeTHasi peajm3anus,
TO MOXHO YTBepXJaTh, 4TO AaKCHOMBI HEpBOfi TPYNNBI COCTaBJAOT
1IeNPOTHBOPEUUBYIO CHCTEMY.

B npeabinymem naparpage Obl M3/10XKeH OOLTHIA NPUHUMI YCTaHO-
BJIEHHS1 He3aBHCHUMOCTH mpeijoxenuil apyr ot apyra. Ceiiuac serxo
J4Th [POCTYIO HAJIOCTpPauuio storo npunuuna. IlocraBum, Hanpnmep,
CJIeqYyIoUMi BONpPOC: MOXHO JIM JOKasaTh ¢ nomoribio akcuoMm I,1—1,8,
YTO MHOMKECTEO 3JIEMEHTOB I'eOMeTpUH GeCKOHeuHO? ,

OueBHJHO, Ha 3TOT BONPOC CJEAYyeT OTBETUTb OTPHLATENbHO, TaK
KaK HaMH YyKas3aHa peanu3aunsi akcuoM [,1—8 Ha KoHeuHOM
MHOXKecTBe oObekToB. FHaye roBopsi: npensoxkeHue o OecKOHed-
HOCTH MIIO2KeCTBA 3JE€MEHTOB, reOMETPIHU He 33aBUCHT OT aKCHOM nepBoﬁ
TPYNNBL.

2. HenpoTHBOpeuHBOCTb aKCHOM €BKJHMAOBOI1 reoMeTpHH

§ 71. Tlepeiinem Temepb K J10Ka3aTeNbCTBY HENMPOTUBOPEUHBOCTH
BCEX MNATH I'pynn akcuom reomerpuun EBkimna.

Mbl NpUBLIKAH MBICJHTL 3TH aKCHOMbl peaji30BaHHBIMH Ha HeKo-
TOPOM MHOXKECTBE OOBEKTOB, KOTOpLIE MpelcTaB/sieM cebe HaIVISIIHO
U KOTOpble BO3HHMKAIOT B HaulleM BOOOpa)ieHHH KaK abCTpakuus Ha-
6JII0JaeMbIX  HAMH NpeIMeTOB peanbHoro Mupa. OpHaxko TOUKH, Ops-
Mble H MJIOCKOCTH KaK o0pa3bl Halllero reoMeTPHUYECKOro BOOGPaXKeHHs
He MOQAAIOTCA MareMaTHYeCKOMy omucaHuio. [losTroMy ansa npokasa-
TeJbCTBA HENMpPOTHBOPEUMBOCTH aKCHOM reoMeTpur EBK/IHAa HYXHO
pasbiCKaTbh TaKYyl MOJesib, KOTOpas HMeeT CMbICJ NMOMHMO HallWX Ha-
FUISIAHBIX TeOMETPHYeCKUX npenctaBaeHnil. C 31O 1€J1b10 MBI IIOCTPOUNM
peanusanuio akcuoM I—V, xorpylo OGynem HasbiBaTb apH(METHYECKOH,
NOTOMY 4YTO OGBEKTHl ee SIBJAITCA COUeTaHUSIMH yucesd. TeM cambIM
©yneT yCTaHOBJIEHA HEeNPOTHBOPEUUBOCTb €BKJHJO0BOH TeOMETPHH MNpH
YCJIOBHH HENPOTHBOPEUUBOCTH apH(PMETHKH. _

YUrobpl He 3aTeMHATb CYUIECTBA BOMpPOCA JIHWHHMH NMOAPOGHOCTAMH
BBIYHC/IMTENbHOTO XapaKTepa, Mbl OrpPaHHUYUMCS PacCMOTPEHHEM CJy-
4as nNAaHHMETPHH, T.e. OyAeM MpPHHHUMATb BO BHHUMaHUE TOJbLKO
axkcuomsl I,1—1,3 u 11—V.

B apudmernueckoli peasnusanuu Ha30BeM <«TOYKOH» JoOylo napy
BEILECTBEHHBIX YHCeT (X, Y), «NPAMOI» — OTHOUIEHHE TpeX BelleCTBeH-
HbIX YKCea (4 : U :w) NPH YCJIOBHH, YTO XOTA Obl OAHO M3 ABYX YHCEJ
U, U He PaBHO HyJ0*),

*) OTHoLIeHHeM TpeX YHcesa U, U, @ MOXHO Ha3BaTh COBOKYNHOCTb YHCEJ U, U, W
npH YCIOBHH, YTO COBOKYNHOCTH i, U, w H Au, A, Aw, rae A — J060e 4HCHO, HE PaB-
’ ’ 1]
noe 0, paccMaTPHBAIOTCA KakK TOMXIAECTBEHHbIE,
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YcnoBumes roBopuTh: «TOUKA (X, y) JIEKHUT HA OPAMOA (U : v : w)»
AN «npsamasi (4 : U :w) NPOXOAMT uepe3 TOuky (X, y)», €CJH HMeeT
MeCTO PAaBEHCTBO '

ux + vy +'w=0.

TpeGosanun awcuom 1,1—I,3 npu arom GyayT ynoBneTBOpeHHl, B
YeM MOXKHO yOeauThCH TMOC/AeA0BaTeJbHOH TNPOBEPKOH.
"~ B camom mene, nyctb (x4, Y1) ¥ (Xs, Y5) — ABE pasjuuHbIE TOUKH;
TOTAA OTHOIIEHHE TPeX UHCEN U=l 1—Y,, U=Xq—Xy, W=X1Yfs—X,l,
ecTh nmpsmas [4ncna y,—y, H X;—X, He MOT'YT ObITh OHOBPEMEHHO paB-
HBIMH HYJIIO, TOCKONBbKY TOYKH (X1, 41) U (X4, Y2) pasauuseil, npoxo-
Asillasi yepe3 KaXKIylo U3 ToUeK (X, y.) U (Xo, Y.), TAK KaK

ux; + oy, + 0= (1 — Y%, + (s — x)y + (X2 — x541) =0,
Uxy + Uyg + w = (y| —_ yz)xe + (xg -_— xl)yg + (xlya‘— x2y1) 0.

CrnenoBatenbHo, TpeGoBaHne akcuomul 1,1 ynoBaeTEOpeHO.
Jlanee, u3 ypaBHeHui
ux, + vy, +w =20,
uxs + vy, +w =20

BBITEKAET, UTO
w:v:w= (Y, — Y3): (Xg — X1) : (X1 — Xa21)).

Takum ofipasom, TOUKAMU (Xy, Y1) H (X, Y,) ONpENeNsieTCS TONLKO
ogHa mnpsmas (4 : U:w); 3HAYUT, YIOBJETBOPeHO TpeGoBaHue
akcuomnl 1,2.
Taxxe ynoBnerBopennl TpeGoBaHua akcuombl 1,3. HelictBuTtensHo,
TaK KaK ypaBHeHUe
ux+ oy +w=0

BCcerna HMeeT GecuHc/eHHOe MHOMKECTBO PA3JHUHLIX peleHuil, To Ha
KaM /0l NpsAMOH CyWeCTBYeT He TOJNbKO IBe, HO OECYKOHEYHO MHOro
ToueK. B KauecTBe TpexX TOYeK, He JleXKallUX HA OAHOH MPAMOI, MOXKHO
yxasatb, Hanpumep: (0, 0), (I, 0) u (0, 1); Her npsamoii, conep:Kauleil
®TH TPHU TOUYKH, TAK Kak, OUEBHIHO, He CYLIECTBYeT TpeX Yyucen u, v, W,
He paBHBIX OIHOBPEMEHHO HYJIO H YIOBJETBOPSIOUIHX paBelicTBAM

w0+ v-0+w=0,
u-l + 0v-0+4+w=0,
u-0+4+ vl +w=0.

Teneps onpenenum otHoulenne «mexay». [lycTe nannl npamas
(¢ : v:w) ¥ Ha Hel TP TOUKH (X1, Y1), (X3, Ya), (X3, Ys). [1peanononum
cHauana, 4To v 7= 0. Byaem roBopuTh, 4TO TOUKA (X4, Y2) JEKHT MEKAY
TOYKaMUA (X1, Y1) H (X3, Ys), €Cau

Xy << Xy << X3 WK Xy > X3 > Xg.
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Ecan ke v = 0, To s Touek, JeXamux Ha 3TOH NpAMOH, HeO6XOIHMO
X1 = Xy == X3 = —W/u ¥ npegbIyLIKe YCIOBUS HENPHUrofHel. B sToM
c/lyyae YCNOBHUMCSI CUMTATh TOUKY (X,, 4,) PAacCIOJOXKEHHOH MeXAy
(%1, Y1) ¥ (X3, Ys), e

Y1 <Yy <Yz HIH Y>> Y, > Y.

OnpenenenHoe yKa3aHHBIM O0pa3oM OTHOLUIEHHE «MeXAy» YIOBJET-
BOpsieT TpeboBaHMAM Bcex axkcuoM nopsaaka II,1—I1,4.

To, uto ynoBneTBopeHbl TpeGoBaHus JuHedHbIX akcuoMm II,1--11,3,
ycmaTtpuBaercsi HemocpenctBeHHo. ITokaxeM, 4yTo TpefoBaHHE aKCHOMBI
ITawa II,4 Takxke ynOBJETBOPEHO.

OTmeTHM mnpexjie BCero ciefymwllee OOGCTOSTENLCTBO: €ClU (X3, Y;)
M (Xs, Y») — KOHIBI OTPe3Ka, TO BCe BHYTPEHHHE TOUKH 3TOrO OTpe3Ka
nwyeror Bup (Ax,+(1—A)x,, Ay,+(1—A)y,), roe A — moGoe umucIO,
nopurHeHHoe HepaBeHcTBaM 0<ZA<C1. [lanee, ecnu HeKoTopasi npsmas
{1 : v :w) NPOXOMHUT Yepe3 TOUKY OTPE3Ka C KOHUAMH (X1, 41) H (X2, Y2),
TO 4HCIa UX;+ vy,+10 ¥ ux,+ vy,+w umMeloT pasHble 3HaKH. B camom
Jiesie, €CJM BHYTPEHHssl TOUKa OTpe3Ka, uepe3 KOTOPYIO MPOXOAUT
npsiMasi, COOTBETCTBYeT UYHCAy A, TO

wlde, + (1 —A) x4+ vlry, + 1 —A4A)y.)l +w=0.
Orcroga
A (uxy + vy +w) = — (1 — M(uxe + vy, + w),

a Tak Kak A U | — A [OJIOKHUTENbHDL, TO uX,+ vy, +wu ux,+ vy, +w
CyTb YHC/IA PA3HBIX 3HAKOB.

[ycrte Teneps A (x4, Y1), B (x4, y2) 1 C (x5, ys) — TPU TOUKH, He Je-
JKaulpe Ha OAHOH npsAMOH, W (4 : v :w) — npsiMasi, He NPOXoAsulad
HHY uepe3 OJHY M3 3THX ToueK. MBI JO/MKHBI NOKas3aTb, YTO €CJAH Mpsi-
Masi (4 : U:w) NPOXOIUT uepe3 HEKOTOPYyl TOuKy orpe3ka AB, To
‘OHa MpPOXOAMT JH60 yepe3 TOUKY oTpeska AC, nubO yepes TOUKY OT-
peska BC.

Tak kak npsmas (¢ : U:®) He CONEPXUT HHU OfHOH H3 Touek A,
B, C, 10 uncaa

oy =ux,+oy,+w, o =ux,+oy,+w, ay=uxs+vy;+w

OTJIMYHBI OT HYJIl, IPHYEM H3 NpelblAyILero cjienyeT, YTo o H O, HMe-
10T pasHble 3HaKd. [IpeinosoKuM, 4TO O3 HMeeT SHAK, OTJIMYHBII
OT 3HaKa o.,; Toraa npsmMas (4 : v : w) nepecekaer orpesok AC. UroGbl
YCTaHOBHTb 9TO, BO3bMEM UYHCJO A, ONpee/eHHOE PaBEHCTBOM Ao+
4 (1—A)a;=0, T. e.

A= oay: (g — ay).
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IlpuHsiB BO BHHMAHHUE, UTO &, M O3 — YHC/AA PA3HBIX 3HAKOB, Haijeni:

= |os |
az—oy  |og|+]oy]

Orciona 0 < A < 1. CrnenosatenbHo, Touka (x, y), rae
x=hx,+(1 —A)x;, y=Ay,4+(1 —N)y,,

ectb Touka orpeska AC. C Apyrofi CTOPOHBI, TOUKA (X, y) JEeXUT 13
npamoit (1': v:w), TaK Kak

ux+ vy+w=Mux,+ vy +w)+ (1—A) (uxs+ vy +w)=
=M, + (1—A)a;=0.

Taknm ob6paszoM, mpamMas (4 : v:w) [NeACTBUTEIbHO [epeceKaer
orpe3ok AC. To4HO Tak »e YCTAaHOBHM, YTO B TOM C/yyae, KOTLa Cg
HUMeeT 3HaK, OTJIMUHBIL OT o, nmpamas (i : v :w) nepecekaer orpe-
sok BC. Ho Tak Kak a; ¥ &, UMEIOT pasJjiHuHbie 3HAKH, TO O3 HEOOXO-
JIUMO MMeeT 3HaK, OTIMYHBIA JHOO OT 3HaKa yucaa ¢,, JHOO OT 3HaKa
yucaa o, TeM cambiM TpeGyemoe JOKa3aHo.

Teéneps Mbl 0OPaTHUMCSl K ONpeleseHHI0 MOHATHA KOHIPYIHTHOCTH.
C 37101 Heabl0 PacCMOTPUM HEKOTOPBIH KJjacc npeo6pa3oBaHuil, H3-
BeCTHHIX B asire6pe 0ol Ha3BaHHEeM OPTOrOHaJbHbIX.

[lycTb paHbI COOTHOWIEHUSA:

X'=ax+ by -+ cy, )
Yy = a.x + by + ¢,

l}

C MOMOLILID KOTOPHIX NMpH 3adaHHBIX a4, ..., Cy Kakaas Touka (X, 1y}
npeo6pasyercs B onpenesneHuyto Touky (x’, y'). IlpeoGpasosanue Ha-
8hIBAECTCA OPMOCOHAAbHLIM, €Cad KOdbuuueHThl a,, by, a,, b, ya0Bac-
TBOPSIOT YCAOBHIO

a, b
a, b,

a, a,
b, b,

!10
101

: (*4)

[pexkne BCcero OTMETHM HEKOTOPbIE CBO{ICTBA OPTOTOHAJNBHOIO Mje-
obpasosauusi (*). M3 (**) umeem:

a0 =1)"
a+ b =1, % (1)
a,a. + blbz = 0 J

DTN TPU PaBEHCTBA PaBHOCHJbHEI paBeHCTBY (**) u, cjeJ0BaTeNbHO,
XapaKTepU3yloT OPTOroHa/JbHOCTb IIpeobpasopanusa (*).
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I3 paBencrs (1) npexne Bcero creiyer, uTo Kak a, H @, Tak H
b, u b, He MOryT ObiTb ORXHOBPEMEHHO paBHBI HyJi0. B camom pene,
€CJd, Hanpumep, ay = a, = 0, To u3 Tperbero u3 paseHcts (1) b,0,=0,
YTO BMECTe C MPEINOJMOKEHHBIMH pPaBEeHCTBAMH a;=a.=0 I0/kHO
MPOTHBOPEUHTb OXHOMY H3 nepBbix ABYX paBeHcTB (l1). IHanee, u3 pa-
BeHCTBA a,a,-+b.b,=0 nonyuaem: alai=0b%b: Orciona, yMHOXa:
niousileHHo nepBoe u3 paseHcTB (1) Ha b, Bropoe Ha a} W BblUMTaH,
Haiimem:

po— 2 2
0 = b — a?,

orkyrna b,=6,a,, rae 8i=1. AuajornuHo, mnoayuum, uto b,=8.a,,
rae 62=1. Ho b,by== —a,a,, caegosarenbho, 6,6,= —1, 0 Takum oG-
pazoum, Ju6O '

b, = — a, b, = a,,

Jau6o
bl = ag, bz = -—al.

Mot BuAHM, yTO npeoGpasoBaHuie (*) MOXKHO 3amucaTh B OLHOII H3
c/eaytownx Qopn:

¥ =ax—PBy + cy,
y’=ﬁx+ay+cl-z} 1

uiu _
x'-=oax + By + ¢, \
Yy =Ppx —ay + c;, f (ify

rjae yepes o u r) ofHo3HaueHbl a, 4 a,; 1 B TOM U B IpYyrom cjayuae ycJjo-
BHA OPTOrOHAAbLHOCTU (1) CBOAATCA K OAIIOMY COOTHOUICHHIO

at + B2 = 1.

IpeobpasoBanusa (I) u (IT) amer Gynem HasbiBaTh COOTBETCTBEHHO OpPTO-
roHa/J bHBIMH TIPeoOPa30BAHUAMH Nepsoeo u 6mopo2o pooa.

[lns panpHeiliero oco0eHHO CYLIECTBEHHBIM SABJSETCS ciefyioliee
CBOICTBO OPTOrOHANBHLIX MpPeo6pa3oBaHUil: TOUYKH, pacCroNOXKeHHble
i1a KaKoi-HUOYAb MOJIYNPAMOMH, NMPH J11000M OPTOrOHAJIbHOM Mpeobpa-
30BaHHH OTOOPAXKAIOTCS B TOUKH, TAKXKe PACONOXKeHHbIe Ha HEKOTOPOil
oy npsMofi.

[Tpesxkae yem nokasatb 310, BbiGepeM yAoOHBIH cnocod ompenenaeniis
N0y NP AMBIX.

[Tyctb nana npsivas a (1 : v : w) ¥ Ha Hell Tonka O (X, y,); TaK Kak
Touka O JIeXKUT Ha NPAMOMA a, TO UMCET MeCTO PaBEeHCTBO

ux, + vy +w =0,
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Ecan M (x, y) — npousBoabHAss TOuKka NMPAMOH @, TO AaHAJOTHYHO

ux + vy + w =
Orclona
u(x—x)+ vy—y)=0.
IMonoxum m = Av, n = —Au, rge A — mwo6oe unciao 5= 0. Toraa
Tipeibifylilee ypaBHEHHE MOXHO 3amucath B BHJE
X—Xo __Y—Yo
m n

O003Hayas ‘Kaxnoe U3 3THX [IBYX paBHBIX OTIOWeEHHH OyKBO# I,
Hapaem:

X = x, + mt, N

y =1y + nt } 2
PagenctBa (2) 1 KaxKAOro 3HayeHHs ! ompelessiioT Ha NpsMOil He-
KOTOPYIO TOYKY, IIPHYEM PA3JIHYHbIM YHCJIOBbIM 3HAUEHHAM { OJHOrO
‘3HaKa COOTBETCTBYIOT TOYKH, pPAacIOJIOXKEHHble 110 OAHY CTOPOHY OT
ToukH O (X, Yo), 8 YUC/ICBLIM 3HAYEHUSM ! C pPa3HBIMHM 3HAKaMH COOTBET-
CTBYIOT TOYKH, JIexalllie [0 pasible CTOPOHb OT Toukd O. 310
HENMoCcpeJCTBEHHO YCMaTpUBAaeTCs U3 onpeneneHHoro Bblllle TOHSTHSH
«MEKLYP.

Takum 06pasoM, NOJOXKHTEJNBHBIM YHC/IaM ! COOTBETCTBYIOT TOUKH
OIHOH H3 JABYX TNOJYNPSIMbIX, HAa KOTOpble pasgensiercsi TOUYKOH O
npsiMasi @; OTPHIATEIbHBIM YHC/IaM [ COOTBETCTBYIOT TOYKU APYroH H3
BTHX JBYX NOJYNPSIMBIX. .

Bosee ynoGHO onpenesiaTb TOYKH MNONYMPSIMOA paBeHCcTBaMH (2)
BCerna OpH TOJIOXKHTENbHBIX 3HAUCHHAX f, pas3/juyasi MOJynpsiMble
¢ obwuM Hayaaom O, pacrosoxernble Ha MpPAMOi @, Mo 3HAKAM Be-
JIMYUH M U n: ecId )1 OJHOH U3 MOJYNpSIMBIX M=p U n=4q, TO 115l
JApyroit m= —p, n= —q.

BenuunHbl m ¥ n Mbl GyIeM HasbiBaTb HOPMUPOBAHHbIMU. NAPA-
Mempamy TNOJYTPSIMOH, €CH M HUX HMEeT MECTO COOTHOLIEHHE

‘ m2 4 n?=1;

+1
| AR

OueBuznHO, nosynpsMasi onpeje/nsercs 3afaHHeM Hadala (Xo, )
¥ HOPMHPOBaHHbIX NapameTpoB 1, N.

O6paTHO, KOJb CKOPO 3ajaHa nomynpsmMas, ee Hauvano (x,, Y)
{ HOPMHMPOBAHHbIE MapaMeTphl fm, 7 OJHO3HAYHO OMNpe/eseHbl.

Has o6osnaueHus noJynpsMofl Mbl OyaeMm ynorpeb/fiTb 3amkCh
(X0, Yo; m, n), obsizatenpHO npexnonaras m? -+ n® = 1.

B CJayuae A= 3TO COOTHOILIEHHE COOJIOEHO.
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Tenepp MBI JIEFKO YCTaHOBHM YNOMSIHYTOE BEIIIe CBOHCTBO OPTO-—
rOHaNbHBIX NpeoOpasoBaHuil: JOOBIM OPTOrOHAJBLHBIM IIpeoOpas3oBa-
HHEM TOYKH, COCTAB/SIOUIHE MOJYNPAMYIO, MNEPCBOAATCS B TOHYKH,.
TaKXe COCTaBJISIOUIHE MOJYNPIMYIO.

[Tyctb nana nonynpsmas (Xo, Yo; m, n). Bee Touku 3TOH Hoaynpsi--
MOIl Mbl NOJyYHM, NPHAABAs B ¢opMmyJiax

X = x, + ml,
Yy =1y +nt
BennuuHe [ BCEBO3MOXKHBIE MOJIOXKUTEIbHbIE 3HaueHus. Paccmorpum
Kakoe-HUOYAb OpTOroHasbHoe npeobpasoBaHue | poaa
X =ax — By + ¢,
Y =Bx+ay+ec,

nau 11 pona
X =oax 4+ By + cun

y =Ppx —ay + c..
ITponsBonbnas Touka (x, y) NaHHOH MONYnpsAMOH B MEPBOM Clyuyae
npeobpasyercs B TOYKY
x' = (am—pn)t + (axa — Pyo + ¢,
y = PBm + an)t + Bx, + oy + ¢),
a BO BTOPOM — B TOUKY

X = (am + fn)t + (ox, + Bys + ¢y,
Y = Bm —ant + Pxo — ays + o).
B oGoux ciyyasx 5T BbIpaXieHHsl MOMKHO 3amucaTh B Buge
¥ =m't+ x,
Yy =n't+y,
N, CJIe0BATeNbHO, TOUYKH (X', y'), mosyyaemble TPH PasJHUHBIX MOJO-

JKATe/IbHBIX {, PACHOAraloTCs Ha nosynpsmoil ¢ napamerpamu m’, n',
Tem caMbiM Haile yTBepXAcHHE NOKa3aHo. 3aMeTHM, YTO NapaMeTphi

' =am — fn,
n =fm-+ an

Aan
m' =am - fn,

n =fm—an



212 IV. HCCJEJOBAHHE AKCHOM 3JIEMEHTAPHOH TEOMETPHU [§ 71

SIBJISIIOTCSI HOPMHPOBAHHBIMH. B camom jene,

m"*4-n"t=(amFpn)-t Pm-tan)2=
=(az_l_ﬁz)mz_i_(a2_|_62)nz=m2_:__n2=1'

YcnoBuMCST TOBOPHTBb, 4TO moJaynpsmas (x,, s, m', n') mojydena
OPTOroHaJIbHbIM Npeo6pa3oBaHHEM MOJYNpPSMOH (Xo, Yo; M, n). TakuM
o0pa3oM, HMEEM CJIelylollee YTBEpPKICHHE.

Opmoeonansroe npegbpasosarue 1 poda (1) uau 11 pooa (I1) mouerx
(x, y) '8 mourku (x', y') onpedeasiem opmoeonarbroe npeobpasvéarue
coomsemcemeerno 1 uau 11 poda noaynpamoeix (xe, Yo, m, n) 6 noaynpamvie
(o yg ', 1),

Beauuunot x,, yo; m', n' evpascaromen gopmyramu

x0 = axy — Byo - €1,)

_/o = ﬁxu + Qlfy + ¢, (I*)
m' = am — pn,
n' = Pm -+ an

8 cayuae npeobpasoeanus 1 poda u gopmyramu

Xy ="axo + Pyo + ¢y,
Yo = ﬁxo — QY _l_ Cyy (II*)
m' = am + Bn,

n' = Ppm—an

e~

8 cay4ae npeodpasoearusn 11 poda. Ipu smom ecan mouxu (x, y) sexam
Ha noaynpamot (xo, Yo; M, n), mo ux obpaser (X', y') pacnorvcernor Ha
noaynpamoti (x,, Yo; m', n')

Tenepb Mbl onpefesvM B HalleH peasin3alliyl KOHPPYSHTHOCTb OT-
PE3KOB U YTIJIOB.

Orpe3ok AB HasoBeM KOHTPYSHTHBIM oTpe3ky A’B’, ecan cyure-
CTBYEeT OPTOTrOHaJ/bHOe NpeobpasoBaHye (TOYEK), NepeBoAsLiee TOUKy A
B Touky A’ ¥ Touky B B TOouky B’.

Yroa (h, k) nasosem KOHrpY3HTHbIM yray (A, k'), ecau cyuwecr-
BYeT OpPTOroHa/bHOe npeoSpasopaline (noJIynpsiMBIX), TepeBojsiiee
nonynpﬂmyxoh B [OAYNPSAMYIO K" u noaynmpsimyio B B nosynps-
Mmyto &',

HyxHo nokaszaTb, 4TO 3TH OMNpejeleHHst yIOBJIETBOPSIOT TpedSo-
BaHuam axkcuom III,1—=I11,5

PaccMoTpuM ¢ 3TOH Le/ibio MOC/e]0BaTe/bHO BCE aKCHOMbI TPETbeil
TpyIIIbI.

Axcuoma III,1 7Tpebyer, uTtoGbl AAs1 MOOOro 3apaHee NaHHOTO
orpeska AB Ha Kax10# npsiMoii @’ ¢ Kax[Ioil CTOPOHBI OT JI0J0i 3a-
nantoil Touku A’ aTo#l mpsiMOll cyllecTBoBaJa TOYHO ORHA Touka B,
onpefensiouast Bvecte ¢ A’ orpesok A’'B’, KOTOPOMY KOHIpY3HTEH
orpe3ok AB.
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nyCTb JiaHbl OTPe3oK A(xo, Yo)B(x,y) n Touka A'(x,, y;) Ha He-
xoropoit npsimoit a’ (v : v’ :w’). Bennuunsr

’

r__ o' n' . —Uu
Vu’2+u'2 ’ Vﬁu’z—}—v’é .

SIBJISIIOTC HOPMHPOBAHHBIMH MapaMeTpaMH. OAHOH M3 JByX MoJy-
NpsIMBIX, KOTOPBlE OIpelenstoTcsi Ha mpsiMoil a’ Toukoit A’ (BenyH-
HBl — m’, —n' GyAyT HOPMHPOBAHHBIMH NapameTpamMH APYrod U3
3TUX TOJNYNPSAMBIX).

OGo3HayuM yepe3 m M 1 HOPMHPOBAHHbBIE TapaMeTpPbl IOJyNpsIMOM
AB; Torpa touka B (x, y) onpeneautcs dopmynamu '

- m

X=Xxo+mt,
y=yotnt

Ipy OoNMpeneNeHHOM IONOKUTEIbHOM £
Bynem uckaTb opToroHasnbHOe npeoOpa3oBamie, NepeBojsilee MOo-
JYTNPSMYIO (Xo, Yo; M, 1) B Hoaynpsmyio (x;, y,; m’, n’). B coorser-
cTBuY ¢ (I*) u3 ypaBHeHuil
oam—Pn=m’,

Bm+tan=n’'

TOTHAC HaiijgeM:
a=mm'+nn’,
B=mn'—nm’,
npu4eM - -

o + B2 = (mm' + nn')? + (ma' — nm')? =
=m*(m* + n?) + nm?+n?)=m+n =1

Onpenensisi ¢; U ¢, U3 nepeoit napel ypasueuuit (I*), Mbl 10JyyuM TOUHO
OJIHO OpTOroHanbHOe npeobpasoBanue I poja

x' =°‘x~ﬁ!/ —{— C1y
Yy =PBx+ay+oc, '

KOTOpast TMEePeBOHT NOJYNpAMYIO (xoy Yoy m, n) B mHOIYyIPSIMYIO
(X0 Yo m', 1).

AHATOMMUNO  MOXKHO YCTaHOBHTb, UYTO CYLIECTBYET TOYHO OJHO
npeo6pasosanne Il popa, ¢ nomowpio  KOTOpPOro noJiynpsimas
(X0, Yo; M, N) TaKKe MEPEBOLHTCS B MOJYIPAMYIO (X,, yo; m', n').

O6a npeoépasoaaﬂﬂﬂ orobpaxaior Touky B (x, y) B om-ly Ty Ke
Tcuky B (x', y'):

x = x,+ m't,

"=y, + n't.
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Takum ob6pasom, Ha npsiMoit a’ ¢ JoGof cTOpoHbl OT ToukH A’ cy-
nlecTByeT ofHa Touka B’ Takas, uto AB = A'B’. TeMm cambiM Mbl 1O-
Ka3a/jH, 4to TpeGoBaHHe akcuombl 1I1,1 ymosserBopeHo.

Axkcuoma 111,1 comepxkut eute TpeGoBanue, YTOOb!

AB = BA.

.

Ho u 310 Tpe6oBanue cobmogeno. B camom mese, opToroHa/ibHOe npe-
o0pasoBanue

X =—=x+ (x; + x),

Yy =—y+ W+ 1)

oro6paxaer Touky A (x;, ¢,) B TOuKy B (X,, y.) , Hao6OPOT, TOUKY
B (x5, ys) — B TOuKy A (X1, Y1).

Tem camblM ycTaHOB/eHO, uTO Bce TpeGoBanus akcHoms! 111,1 ynos-
JICTBOPEHBI.

O6patumcsa K caenytoueil akcuome I11,2, corsacHo Kotopo#i 3
COOTHOLUEHUA KOHI'PYSHTHOCTH

A'B"= AB n A”B”"= AB

AOJIZKHO BLITEKATh
A'B' = A"B"

B Hauwefi peanusauuu 310 TpeGoBaHHE YIOBJETBOPEHO BCJSACTBHE
TPYNNOBLIX CBOHCTB OPTOrOHAJbHLIX NpeoGpasoBaHHi.

HmenHo:

1. Kaxnoe. oproroHanbHoe npeoGpa3oBaHHe HMeeT obpartioe cefe,
H 310 oOpaTHoe npeoGpa3oBanve sIBASIETCS TOXe OPTOrOHaJib-
HbIM.

2. Ecan HexoTopoe opToroHanbnoe npeoGpasoBaHye OTOOpPAIKaeT
TOYKH (X, y) B TOUKH (x', y’) U Kakoe-HUOYIb APYroe OpPTOroHalbHOE
npeoGpasoBaHue oro6paxaer Touku (x', y') B Touxku (x”, y”), TO
pes3yJbTHpYIOUiee npeobpasoBaHHe (T. €. MPOU3BENeHHE [MaHHBIX),
oroOpaxatollee TOUKH (¥, y) B TOuKH (X7, y”), siBAsieTcs TOXKe
OpPTOrOHAJIbHBIM.

JeficTBUTENbHO, PacCMOTPHM IIPOW3BOJLHOE OPTOTOHA/NbHOE npe-
ofpa3oBanHe, MaTpHLy Koroporo ofosuaunM Oyksoii D; o6o3HauMB
yepes O’ TPaHCMOHUPOBAaHHYK® MaTpHLy H dYepes [ — elHHHUHYIO,
Mbl CMOXXEM YycJoBHe oproroHanbHocTd (**) (cM. crp. 210) sanucars
B BHJE

oD = [, (N)

Orciona cuenyer, uto onpeieautens matpuil @ pasen =1 u, mno-
CKOJIbKY OH OTJIMYeH OT HyJqsl, KaX[0e OpPTOroHa/JbHOe npeofpasoBanue
umeeT obparHoe. Marpuua oGpaTHOro npeo6pasoBaHus YAOBJAETBOPSET
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YCJIOBHIO OPTOrOHA/IBHOCTH; J€HICTBUTENBHO, 3aMETHM INpefBapUTEJbHO,
uto U3 coorHouweHust (N) caenyer

O 1 =0
HO @ (D'D) = (PD') ® = @; nostomy O'D = [, u
@Yy (@Y = 1.

Taxkum obpasom, npeobpasosanue, 06pamHoe OPMOSOHALLHOMY, eCmp
Nnpeobpasoearue opmoeoHAALHOe.

Hanee, nycts @ u ¥ — MaTpuLb! IBYX OPTOrOHaJbHHIX Npeobpa-
30BaHHii; Tpou3BeJeHHe 3THX NpeoOpPa3OBaHHH €CTb, OUEBHIHO, Mpe-
.obpazoBanne ¢ wmarpuueil X = WO. [lonab3ysicb H3BECTHBIM COOT-

HOlIeHHeM
(YD) = 0'Y’,

Jierko yGexutbesi, uTto MaTtpuua X YIOBJETBOpPSIET YCJOBHIO OPTOro-
HaslbHOCTH. JleficTBUTE/IbHO, HMeeM:

XX' = YOYOD) =YD O'V)=V (@D)¥Y' =YVYIV' =YV = /.
TakuM o6pasoM, INpH IIOC/]eLOBaTEJbHOM MNPOBEJEHHH OPTOTOHAJbHBIX
npeoGpa3oraHyil pe3yJibTHpYIOllee NMpeoOpa3soBaHHe OKa3biBAETCSt TaK-
)K€ OPTOrOHAaJIbHBIM.

Y6enyBIlNCh, YTO OPTOrOHAJ/bHbIE Peo0pa3oBaHus 00MafaloOT Ipyi-
TIOBbIMH CBOACTBAMH, MLl 6€3 TPy/la CMOXKeM NOKa3aTb, YTO TpeOGOBaHHE
axkcuomb! 111,2 B Haweit peanusaluu yLOBJETBOPEHO.

Mycts A'B'=AB u A”B” = AB. Yc/0BHMCsl OPTOTOHAJbHOE TIpe-
ofpasoBaHue, MepeBoisliee NPOH3BOJIbHYIO TOuky M’ B Touky M,
NpEeJCTaB/IsITh CHMBOJNHYECKOH 3alHChIO

M= (M.

Eciu A’'B' = AB, 1o cymecrByer npeobpasosanune M = @ (M’) Takoe,

4yTOo
A=0®(4), B=0(B).
Touno Tax xe, ‘ecin A”B” = AB, 10 cyuecrByer npeoGpasoBaliye
M =¥ (M”) rakoe, 4TO
A=Y 4", B=Y (B).
O60o3nauuB yepes ¥ ~! npeobpasoBanue, obpaTHoe npeobpasoBanuio ¥,
HaiaeM
A= (A) = YDA,
B” = ¥~1(B) = ¥Y~{D(B")).
B cuny rpynnoBbix cBoiicTB npeobpasosanne ¥ TID siBasercs opro-
TOHaJbHbIM; orciona A'B" = A"B”.
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[epeiinem k akcuome 111,3. Ilyctb A, B, C — TpH TOYKH KaKoii-
HHOYb IPsIMOI a H Touka B snexut mexny A u C; nyets A', B, C' —
TPH TOYKH HEKOTOPOH MpsMOIl a’, HaXOMsILIHeCs] B aHAJOrHUHOM pPacrio-
qaoxenun. Axcnoma III,3 TpeGyer, uToObl U3

AB= A'B’, BC= B'C’

CJIel0BaJIO
AC=A'C'.

CorsiacHO paccy»JIeHHsIM, KOTOpble Mbl TPOBOLHJH, UCCAeNys Tpe-
GoBawus axkcuomel III,1, umeercs oproroHasbHoe rnpeo6pasoBatiie,
KoTopoe IiepeBOAMT noaynpsmyio BA B nonynpsimyilo B'A’ u onuo-
BpemenHo noaynpsmyto BC B noaynpamyio B'C’. Tak kak-AB = A'B’
u BC = B'C’, To U3 Tex ke pacCyXIeHHH (HJad M3 caMOH aKCHOMbI
II1,1) caenyer, uTo ykasauHoe npeoGpa3oBaHHE MEPeBOAMT TOYKY A
B Touky A’ u Touky C B Touky C’. Orctona AC= A'C’, 1. e. TpeboBa-
Hue akcuoMbl [II,3 ynoBnerBopeHo.

Tenepp foKaxeM, uTo B apupMeTHUECKOH peau3alli{ yIOBJAETBO-
pstotcst TpeGosanust akcuomsl I11,4: ecam Z (h, k) — npou3BO/bHBLIA
yron ¥ h' — Kakasi-HuOYAb NOAYIPsiMAst, TO C KaKJOHl CTOPOHBI OT
Hee pacroJioXKeHa TOYHO OfiHA foJaynpsiMasi k', COCTaBJ/siIOlas BMeCTe
c Heil £ (W', k'), KOTOPOMY KOHIpYy3HTeH AaHHblit £ (h, k); Kpome TOrO,

L E)=/L (h k), L (hE) =L (b h).

CoGCTBEHHO T'OBOPS, TOJbKO 3JeCh HaM NPHIAETCS CYIECTBEHHO pas-
JIHYaTh OpPTOroHaJbHLIe npeobpasoBanus [ u II popa.
[TycTb naKa HekoTopast noaynpsiMast A; npeicTaBuM cebe 3Ty mo.ay-

NpSIMyIO JOMOJHEHHON 10 NpsaMOH A M pacCMOTPHM JBe MOJYIMJoC-

KOCTH, KOTOpble OTHeJSIIOTCS APYr oT Apyra npsmoit h. Ob6oznaunm
onHYy H3 HHX yepe3 [/, Apyrywo uepe3 [/. Ilycth Takxke h' — Kakas-
HUOyIb Apyras nosaynpsimas, A’ — npsmasi, KoTopas ee CONepKHT,
u I', 11’ — nBe moaynjockocTH, pasjefieHHble npsaMoi A'. )

Ilpennonoxum, uro ®; u @, — opTOroHasbHLlE Npeobpa3oBaiisl
cootBercTBeHHO I u Il pona, Kaxaoe M3 KOTOPHIX NEPEBOAHMT TOJY-
npsiMmyto A B noaynpsmyto h'. Torjga umeer Mecto cienyiouee. Kax-
Joe u3 npeo6pasoBaHuil @, u @, nepeBOAUT TOYKH MNOJYMJIOCKOCTH [
B TOYKH OJHOH M3 ABYX moJynJockocteit /' u I/’, a Touku mosymJjoc-
KoctH [/ — B ToukH apyroii u3 mnoaymniockocrein /I’ w [/', npuuem
ecau @, nepeBoauT nosynaockocts / B nosymiaockocts I, 1o O, nepe-
Bogutr [ B 11,

Yrobel yGeintbcss B 3TOM, NpeXAe BCETO 3aMeTHM, YTO TOYKAM
(¥, y1) W (X2, Y.), PacnoNOXKeHHBIM MO pa3Hble CTOPOHBI OT NPSIMOf
(¢ :v:w), COOTBETCTBYIOT UHCAA UX; + Oy + @ W ux, + vy, + w
pasHbIX 3HAKOB, Kak OblO NOKa3aHO paHee, B CBA3H C HCCJELOBalHeM
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akcumoMbl ITama. Takum obpasoM, Aas Touek (X, y) OAHOHM MOJYMJOC-
KOCTH JIOJDKHO ObITb™ ux + vy + w >0, naasg ToueKk JApyroi
ux + vy + w << 0.

Ecau (x,, yo) — Hauaso noaynpsimofi A u m, 1 — ee HOPMHPOBaH-
Hble TapaMeTpbl, TO YCJOBHSI NPHHANJIEXKHOCTH TOYKH (X, y) K TOM
HAH APYroil MOJYIMJIOCKOCTH, OrPaHHYeHHOH npsAMOil A, MOXHO 3aliu-
catb B ¢opme )

n(x — xo) — m (y — yo) >0,

COOTBEETCTBEHHO

n(x— x) —m{y — y,) <O.

’

[lycte (x), ¢,) — nasano u m’, n' — HOPMHpOBAHHbLIE NapaMCTPbi

o

noaynpsamoit A'. Ecau

¥ =ox— Py + ¢,
Y =Bx+oy+o
— oproroHaabHoe npeoGpasoBanue | poma, mepesonsiee £ B h', TO
X —xg=a(x—x)—Pp Y —y)
Y —yo =P (x — x) + &y — yo)
m' = am — PBn,
n' = Bm + an,
OTKYJa
W —x)—m Y —y)=nx—x)=my—y) (@
Ecan e h nepeBoaurcs B h' ¢ nomoubio npeoGpasopatniisi 11 popa
x'=ax+ fy+c, '

y = Bx— oy +
TO

' —x) —m (Y —y) =—nx—x)+mly—y) B

V3 paBenctB (o) u (B) HemocpeacTBEHHO BHITEKAET YKa3aHHOE BhIILE
CBOWCTBO OPTOrOHa/NbHBIX TNpeoOpa3oBaHuil. BmecTe ¢ Tem cpasy xe
npoeepsiercsi nepsoe Tpe6oBaHue akcuombl 111,4 B paccmarpuBaemoit
peanu3aumH.

B camom gene, Kak Mbl yxKe 3HaeM, CYLIECTBYeT OJHO OPTOrOHAJb-
Hoe npeob6pasoBanne I poma u oxgno Il popma, nepeBoasiiee CTOpoHY
h yrna £ (h, k) B noaynpsmyio h’. M3 stux aByx npeoGpasoBaHuii
TOJIBKO OJHO MEepPeBOAHUT MOJYNPAMYIO £ B moJynpsiMyto k', Jexamyio 8
3apanee Ha3HAUYEHHOH NOMNYMJOGCKOCTH, OrpaHMYeHHOH mpsmoil /',
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Hraxk, ¢ Kaxno# CTOpPOHBI OT NpsiMOil A’ JEXHT TOYHO OAHA MOJY-
npsimasi k', xoropas Bmecre ¢ A’ onpenenser £ (h', k') Takoi, uto
L (h, Ry= L (W, k).

OcranbHble gBa TpeGoBaHHsi axcuoMbl I111,4 mnpoBepsiorcs eine
GoJiee MpoOCTO. .

CootHowenue £ (h, k) = £ (h, k) iMeeT MecTO, TaK KaK CYLIECTBYET
OPTOroHa/IbHOe Npeobpa3oBaHue, OCTaBJsdoLlee A H & Ha CBOHX MecTax.
TaxoBbIM- siBJIsIeTCS] TOXKJECTBEHHOe NpeoOpa3oBaHue

’

x' = x,
Yy =y.
Coornowenne £ (h, k) = £ (k, h) nMeer mMecTO, TaK KaK CYILECTBYET
OpTOroHa/bHOe NpeoGpasoBaHKe, NepeBofsiniee A B & 0 k B h.
VimenHo, ecan (xo, y,) — BepilMHA yTJa, a my, Wy H My, Ny — HOP-
MHUPOBalHble NapaMeTphl NOJYNPAMBIX A U k2, TO TaKuM npeoGpa3oBa-
Huem (11 popa) sBasercs

X = (mum, — mny)x 4+ (nymy -+ myuny)y 4
+ [xo — (mumy — nyng)xe — (mimy + myns)y,l,

Y = (mmy + miny)x — (mumy — niny)y +
-+ [yo — (mamy + mung)xe -+ (mym, — mnz)yol.

JleficTBUTEJIbHO, MO 3THUM (OPMyJaM [OIYyYaeM X, = Xo, Yo = Yo,
a no ¢opmysam (11*) npu naHHbIX 3HayeHUsX o U P umeeM m; = m,,
n, = Ny, U My = Ny, N, = n,.

Tem caMbiM npoBepeHbl Bce TpeGoBaHus akcuoMbl 111;4.

PaccmorpuM, Hakowell, TpeGoBanus akcuombl 111,5: ecnn ABC u
A'B'C' — pBa TpeyroibHHMKa, TO H3 COOTHouweHHiA AB = A'B’,
AC= A'C', LBAC= £ B'A’C' ponxubl BbiTeKaTb COOTHOLIEHHS
/L ABC= £LA'B'C' v LACB= A'C'B'.

Otu TpeboBaHHS B Hauleil peanusalHyu YHOBJAeTBOpeHH. B camom
JieJle, Ha OCHOBAaHHH H3JI0XEHHOrO paHblle Mbl MOXEM YTBEepXkAaTb,
yro npu ycaosun AB = A'B’ cyuectByiOT JBa OpPTOrOHaJIbHLIX Mpe-
obpasoBanus (onHo I u onno Il pona), nepesopsiiue Touky A B TOUKY
A’ ntouky B BTouky B’. Benencrsue coorHowenns £ BAC = £ B'A'C’
ONHO U3 HUX nepeBomuT noaynpsimyio AC B noaynpsamyto A’C’, atak
kak AC = A’C’, 10 3TO Ke npeoGpaszoBaHiie nepeBoguT Touky C B
touky C’. CienoBaTesqbHO, CYLIECTBYeT OpPTOrOHa/bHOE npeobpa3o-
BaHue, nepesopsiiee Touku A, B, C coorBercTBeHHO-B Touku A’, B’, C’;
orciona LABC= £ A'B'C’ u LACB= LA'C'B’.

Mbl y6enusinch, TakuM o06pa3oM, 4TO AAaHHOE HaMH OMNpefeneHue
KOHTPY3HTHOCTH OTPE3KOB M YIVIOB YJIOBJIETBOPSieT TPeOOBaHHSAM BCex
8KCHOM TpeTbell rpymnmul.
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[lepefinem Kk akcuomam HenpepoiBHOcTH [V, 1—1V,2. B namenm cnvicke
AKCHOM YeTBEpTYIO TPYMNY COCTaBJASIOT akcuomMa Apxumesa H akcu-
oma Kauropa. Mbl morsnn” 6bl MpoOBepHTb TPeOOBAHUSi 3THX aKCHOM
HEMoOCpeACTBEHHO, KaK 3TO Jfejany IO OTHoweHuwo K rpynmam I, II,
ITI. OaHako mnpole NOCTYNUTb HHBIM cnocoboM. HMenosbayem Teo-
pemy 41 §23, ¢ nomouibio KOTOPOH YCTAHAB/IMBAETCS 3SKBHBAJIEHT-
HOCTb (Mpu BbinonHeHun akcuom rpynm I — III) akcuom IV,1 u IV,2
npunwiny JlegekuHaa. B cuay sToil Téopembl A/ HawMX Ueneit 10-
CTaTOYHO YCTAHOBHTb, YTO B apHPMETHUYECKOH peasusauud B MHO-
JKeCTBe TOYEK KaXk[OH MpPsIMOH ocyluecTB/sieTcss MpuHUun lenexkuupa.
Ho 310 ofcrositenncTBo oyeBHAHO. B camoMm nene, mycth (4 : 0 @ w) —
Kakas-HubyAb MNpsiMasi, npvyeMm, Hanpumep, v = 0; OyleM CUMTaThb,
YTO Ha 3TOM MpPsIMOH TOuke (X, Y) MPEALWECTBYET TOUKe (X5, Ys), €C/IH
X<x,. B Takom cayuae, npousBoas Jwo00e AeNeKHHIOBO CeueHHe
B MHOXeCTBe Touek (x, y) npsamofi (4 :v:w), Mbl OLHOBPEMEHHO
NpPOH3BOAUM JAeeKMHAOBO CeYyeHHe B MHOXKECTBE BEUIECTBEHHbIX YH-
cen {x}. Tak Kak B MHOXECTBE BEILECTBEHHbIX YHCEJ HMEET MeCcTO
npunnun JefekWHaa, TO CYLIeCTBYyeT 4YHCJO X, NPOM3BOAsllee ceue-
Hue, T. €. 3aMblKalollee OfHH U3 KJaccoB. ITosoxum

l-_ ——u;—w
y=—7-:

OueBHaHO, TOUKA (X, § ) JEKUT HA NPSMOH (4 : U : W) U 3aMBIKAET OJHH
H3 KJ1accoB JefleKHHIOBa ceyeHUst Ha 3ToH mpsimoil. Takum oGpasom,
JAJIST KaX<AO0ro JiefIeKMHA0BA CeyeHHs: B MHOXKECTBe TOYeK JI000H npsamoit
CYUIeCTBYET TOUKa, MpPOM3BOAAulas 3To ceueHue. MHaue roBopsi, Ha
BCEX NpfAMBIX ocyluecTBasierca npuHuun enekuuna. M3 Teopembl 41
§ 23 caeayer rtorma, uro TpeGOBaHHSI aKcHOM HempepbiBHOcTH [V, 1
1 1V,2 B apudmernuyeckoil peasnsaluH yIOBJETBOPEHbI.

Hawm ocraercst paccMoTpeTh akCHOMY napadsesnbHocTH V.

[Myctb (u : v :w) — npousBosbHasi npsimasi, (X, Y,) — TOUKa,
pACTIOJIOXKEHHAs] BHe 3TOI MpPAMOM, T. €. YJIOBJIETBOPSIOILASI YCJAOBHIO

uxy + vy, + w = 0.

Mbl 10M2KHBI BBISICHHTB, CYILECTBYeT JIH TOJAbKO OAHA MNpsMasi, Mpo-
XOAsiLas yepe3 TOUKY (Xy, Yy) M He HMeloias ofilMX TOYEK C IpSAMOi
(¢ :v:w), T. e. napanjenbHas e, HJIM TaKUX NPSIMbIX HMEETCS MHO-
JKeCTBO.

OGosHauuM yepe3 (1’ : v :w’) OgHYy M3 3THX NpPAMbIX. Bennuuumt
4, v, W' NOMKHBL YJOBJETBOPSITD ABYM YC/JOBHSIM: BO-IIEPBBIX, JOJMCHO
HMeTb MeCTO PaBeHCTBO

’

<

u'xe+ vy, + w0 =0, *)
Tak Kak npsiMasi (¢’ : v’ :w’) NPOXOAMT 4Yepe3 TOUKY (Xo, Yo);
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BO-BTOpHIX, CHCTeMa JIBYX ypaBHeHHI

wx+ o'y +w =0, (**)
ux +uoy + w=
JIOJI2KHA GblTb HECOBMECTHMOIl, TaK KaK JBe HNpsMble (u tw') u

{w:v:w)’He umeloT O6WMX Touek. B cayqae HeCOBMeCTHMOCTH CH-
creMbl (¥*) HEOOXOAHMMO NOMKHO ObiTh 4’ : 4 = v’ : v, WM, ecau obo-
3HAYHTh Yepe3 [L Ka){fioe U3 3THX PaBHbIX OTHOLIEHHI:

’

- u = pu, v = po.
Hs (*) ToTuac naiizem:

w' = —p (ux, + vY,).
Orciona

wviw =ucv:— (uxe -+ vy,
M, CJe[loBaTe/1bHO, OTHOLIEHHs 4’ : v’ : w’ BHOJHe onpejeleHsl, T. €.
CyLIeCTBYeT TOYHO OiHA NpsiMasi, NMPOXOAAUlasi uyepe3 (Xo, Yo) H Na-
paJjJiesibHasi MPOHM3BOJIbHO 3aJaHHOK MpsAMOH (U1 : v : w).

Takum. o6pa3oM, B Hailedl peanu3allu CBOHCTBA napaienbHoCTH
YAOBJIETBOPSIIOT YCJOBHIO aKCHOMBI V.

Urak, Hamu yxasona nekomopas KOHKpemHas peani3ayus cucmemot
axcuom 1 — V, caedosamensro, sma cucmema Henpomugopedusa.

Tak Kax 3Ta peajusanMs OCHOBaHA Ha TMOHSITUH BelLEeCTBEHHOro
yyc/a1a, TO YKa3aHHbIH pe3y/bTaT MMeeT YCJOBHBIH XapaKTep H MOXeT
6biTb (GOPMYJIMPOBAH CJENYIOHM 06pa3oM:

Cucmema axcuos 1 — V c60600Ha om npomusopeduil, ecal Henpomi-
80pCHIIBa APUPMEMUKA BELYECIIBEHHbIX YLCer.

JlokasarenbCTBO HENMPOTHBOPEUHBOCTH apH(METHKH BbIXOLHT H3
paMOK OCHOBaHHii reoMeTpUM, H 3TOT BOIPOC Mbl OCTaBHM B CTO-
poHe.

3aMeTHM B 3aKJO4eHHe, YTO BCe COOTHOIUEHHS, KOTOPBLIMH Mbl
No/Nb30Ba/NHCh B 3TOM naparpacde, BO3HHKAOT B aHaJHTHYECKOH reo-
METpDMH TNpPH HCMO/b30BAHHH JE€KapTOBOH OPTOrOHaJNbHOH CHCTEMbl
xoopaHHar. IlosTomy paccMoTpeHHYO peasiM3aluio Mbl 6yAeM HHOTILA
Has3bIBaTh Oexapmogsoil.

[locraBuB cefe 1eabl0 MOCTPOHTb KOHKPETHYIO pCANH3aUU:0 THJb-
6epTOBbIX aKCHOM, Mbl 3aMMCTBOBa/JH OOBEKTH peasn3auud U3 apHd-
MeTHKHM W, LIAr 3a l1aroM nposepsisi TpeGOBaHHsS aKCHOM, YGemH.HChH,
YTO BCe JaHHble HaMH ofpeiesieHHst MONUHHSIOTCS 5THM TpeBGOBaHHSIM.
Tak kak npu 3TOM BCsSKIE CCbUIKH Ha TeOMETPHUYECKY0 HArJsSAHOCTb
Obl1 "HCKJIIOYEeHbl B CHJY YHCTO apudMeTHUeCKOH NPHPOABI BbiOpail-
HbIX OObBEKTOB, TO NPOBEIEHHOE HCCJAeN0BaHHE O0Ka3aioCh AOBOJbIIO
XJIOMOTAHBLIM. Mbl npoBey ero co Beeil M0ApOGHOCTBIO, TAK KaK OO
AIBJSIETCST BecbMa BaX<KHbiM, M03BOJSAA YTBEpPXKAaTb HENPOTHBOpeUH-
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BOCTb T'H/IbOEPTOBOI aKCHOMATHKH (BepHee, CBECTH BONPOC K HEmpo-
THBOPEUHBOCTH apHPMETHKH).

Kpome Toro, Kak yBUAHT yuTareab B OJMXKalwux naparpadax,
HEKOTOphle BHJOH3MEHEHHs apHPMEeTHYeCKOH peasu3alud NO3BOJAT
pewdTh PsAA BOMNPOCOB O B3aHMHOI HesaBHcHMOCTH akchoM [ — V.

3. ﬂoxasa're.nbcmo HEe3aBHCHMOCTH HEKOTOPbIX aKCHOM
E€BKJIHAOBOH reoMeTpHH

§72. B §69 Mbl oTMeTH/IH npobieMy MHHHMAJbHOCTH KaK ONHY
M3 CyleCTBeHHbIX MNpob/eM akcHOMaTHKH. UToObl pewjuth 3Ty npoo-
JieMy MNOJIHOCTBIO, HYXKHO J0Ka3aTh, 4TO Ka)knoe TpeGoBaHHe MNpPUHS-
TbIX AKCHOM SIBJIsSIeTCSl He3aBUCHMBIM OT OCTa/JbHbIX, T. €. YTO YHCIO
TpeGoBaHHiI He MOXeT ObiTb yMeHblleHo. Takoe wucciaenoBaHHe Tpe-
GyeT GOJIBILIOH 3aTpaThl BpeMeHH H OblJI0 Obl B Haulell KHHIe HEYMECTHO.
Mbl  orpaHMYMMCST JIOKa3aTelbCTBOM HE3aBHCHMOCTH HEKOTOPHIX M3
akcuoM I — V oOT ocTanbHBIX aKCHOM 3TOH CHCTEMBI.

[Ipexie Bcero Mbl MOXEM yTBepXK[aTb, YToO akcuoma V o mapad-
JieJbHbIX He siBAsieTcsi caenctBueM akcioMm I — IV. Bonpoc o Hesa-
BHCHMOCTH V aKCHOMbI YK€ pelleH HaMM, H K HeMy Mbl BO3BPallaThCst
Gosbiue He OyneM.

Cefluac Mbl 3aifiMeMcst [0Ka3aTesbCTBOM HE3aBHCHMOCTH aKCHOM
HenpepuiBHOCTH rpynmu IV,

B nepByio ouepenb Rokaxem, uyTo akcuwoma Kauropa IV, 2 He Bh-
TEeKaeT H3 OCTaJbHBIX AKCHOM (BKJIOYasg M akCHOMY Apxumena Iv,1).
Cornacno oO0WEMY nNpUHIHAY M0A08HBIX JoKaszaTenbCTB (§ 69), Mol
JOJKHB MOCTPOHTH HEKOTOpPOe MHOMKECTBO OOBEKTOB H ONpPEASTHUTb
B3alMHbI€ OTHOLIEHHS MEXAY HHUMH TakK, 4TOObI 3TH OTHOLUGHHUST YAOB-
JierBopsiiin  TpeOOBaHHsIM BCceX AaKCHOM, Kpome akchombl IKaHTopa.

Caeays T'nanbGepTy, Mbl HCTO/Ab3YyeM st 3TOH liedu GeckoHeyHoe
MHOXKECTBO €2 uHces, KOTOpble MOMKHO MOJYy4YuThb, MCXOAs H3 paluo-
Ha/JbHbIX, MHOTOKPAaTHbIM IOBTOPHbIM IpPHMEHEHHeM omnepaiHi cJjo-
’KE€HHS, BbIYUTAHHS, YMHOXEHMS, JeJleHHs1 H, KpOMe TOro, msToil ome-
pauni }'T -+ 0, rie ® — 4HC/A0, MOMYYEHHOe yiKe C MOMOULbIO 3T
onepauuii. OueBHIHO, HMEET MECTO CJeayloliee CBOﬁCTBO‘ MHO:KeCTBA
Q: ecniu ®, 1 ®, — Jio0ble 1Ba uuciIa U3 Q, 0 O, + ©,, ©, — O,,

0, % (npu @, #0) # Vol - of=+o, ]/l (0" " eyt
TaK»Ke yHCH U3 MHOXecCTBa Q. _

Tenepnb Ml onpe,rlenHM reoMeTpHuecKHe OOBLEKTbI: TOYKON HazoBem
moByto napy umcen (X, y), TpHHAANEXAaWHX MHOXKeCT-
B'y €, NpsiMOil — OTHOWEHHe (4 : U : W) TPeX YHCEJ ITOrO XKe MHOMC-
ctBa, mpejnosarass XoTs Obl OAHO M3 JABYX YHCEA 4 H U HE DPABHLIM
HYJII0.
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Bce - B3auMHble oOTHOWeHHST OOBEKTOB (NMPHUHAMJIEKHOCTH  TOYEK
NpSIMbIM, KOHTPYSHTHOCTb U T. ].) Mbl ONpENeSHM B TOYHOCTH TaK XKe,
Kak 370 fesaiu B § 71 npu nocTpoeHMH NEKapTOBOH peanu3aluy ak-
cuoM I — V, npuuem, opHako, Ko3(duiHeHTH (OpPMYJ OpPTOrOHaJb-
Horo npeoGpasoBaHus OyJeM 6paTb Tenepb TOIbKO H3 MHOXecTBa €2,
Ilposepsisi TpeGoBanusi akcuom I, 1I, III, V, mbl ynorpeGasiiu Tam
TOJNIbKO CpaBHEHHE 4HCesl 10 BeJHYHHe, apudMeTHUYeCKHe omnepauuu
(cnoxeHus, BHIYHTAHHA, YMHOMEHHSA, NeJNEHHs) M omepaLuio H3Bjeye-
HUSl KBaJpaTHOIO KOPHs W3 CYMMbl KBajpaToB JABYX uuces (mocjef-
Hsis onepauus ynorpeOssiiack IPH  HOPMHPOBAHMH NapaMeTpoOB
nonynpsamoit). Kak 6bl10 3ameuenio Belilie, 3TH Onepauyd B IpUMEHEHHH
K YUC/JaM MHOXeCTBa €2 1alOT CHoBa uucsia MHoxectBa 2. [lostomy
BCe Te 3aKJ/IOueHHf, KOTOpbie Mbl Jesajd TpPU NMpPOBepKe TpeOGOBaHMI
akcuom I, II, III, V B 1nekapToBoii peanusauud, OCTaIOTCS B CHJE
W ceilyac, Korja Mbl OTPaHHuMBAeM BLIGOp ymnoTpeG/sieMblX YHCe] MHO-
xkectBoM Q. CslenoBate/ibHO, MOXKHO YTBEPKJATh, UTO B Halueil HOBOM
peanusaunu tpeGosanua akcuom I, II, 111, V ynosrersopensr.

Huaue meno oberout ¢ akcuomamu rpynnsl IV. I1poBepum otnenbHo
TpeGoBauus akcuombl Apxumena IV,1 u akcuombl Kanrtopa [V,2.
Tlpexne Bcero saMeTHM, YTO C IOMOLIbIO KOHTPYIHTHOrO IepeHeceHHsI
(B Hawe# peasu3auvd — C INOMOLIbIO OPTOrOHAJNBLHOrO mpeo6paso-
BaHMA) KaXKIYIO INOJYNPSIMYIO MOMXHO HAaJOXKHTb Ha JIIOOYI0 NaHHYIO
noaynpsmyio. [losToMy pocTaTouHO NpPOBEpUTH YcaoBHEe Apxumesna
Ha Kakoifi-uubynb onHoit npsimoil. Ilpoute Bcero mns sToro BbIOpaTh
oChb X, T. € MNpPSIMylO, COIEpKallylo TOUuKH Buua (x, 0). OueBuaHo, uto
Touxu Ay(0, 0), A(a,0), A.(2a,0),..., A(na,0), ..., rae a>0, onpene-
JISIIOT CepHIO KOHTPYIHTHEIX APYyr Apyry orpeskoB A4, = A A, =...
.= A,A,.1=... B camom pene, cyuiecTByeT OpTOroHajJbHOE NPevd-
pa3oBaHHe, a UMEHHO:

f

X =x+aq,
Yy =y
oTobparcaioliee KaxkKAblii M3 3THX OTPE3KOB Ha COCeIHHIl CripaBa.
IMyctb B (b, 0) — Kakas YroAHO TOUYKA, YAOBJAETBOPAIOLAS JHLIb YCJ0-
BHio b > a. [lna Toro uroGbl B Hauleil peaju3aluH OCYLIECTBISIACE
akcHoma Apxumesna, JO/KHO CYLIECTBOBATH TAKOE LI€/10€ MOJOXKHTEJb-
Hoe uucao n, uto B jexur mexxay A, u A,. Touku A,, B, A, 6yayt
pacriosiokelbl B yKasaHHOM nopsiike, ecau na > b. Ho B apugpmernke
npesioxende Apxumena CrpaBelJiuBO:  KakoBbl Obl HH  OblaM
yucna a >0, b >0, b > a, cyulectByer Takoe Lesnoe n, uTo na > b.
CnenoBatenibHO, OpeyioXXeHHe Apxumeaa MMeeT MeCTO M B paccMaTpH-
BaeMOil HaMH peaH3alHuH.
Hanporus, tpe6oBaHus akciombl KaHtopa B 3TO peanusanuu
He ynoB/eTBopeHbl. B camoM gene, eciiu B cuCTeMe TOUEK M MPAMBIX,
Hapaay c¢ akcuwomamu I, 11, I1I, IV,1, V, peanusyerca Takxe akcu-

I
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oma Kanrtopa IV,2, To MoxHO JoKasaTh, 4TO B 3TOil cucTeme Bcerja
MOXXHO HaHTH OTpPe30K, AJHHA KOTOPOro paBHa J06OMYy 3apaHee Ha-
BHaueHHOMY uHcay (cM. riaBy I, § 21, Teopema 35). B Haweit peanusa-
UMK, OLHAKO, IJIHHBl BCEX OTPE3KOB BHIPAXKAKWTCH TOJbKO YHCJIAMU
n3 MHOXKecTBa Q.

Mol npuxofuM, TakuM 06pa3oM, K 3aK/AIOUEHHIO: CYLICCTBYET CHCTe-
Ma OGDBEKTOB, B3aHMHbIE OTHOLIEHHS KOTOPHIX YJOBJETBOPSIOT Tpe-
Gosanusim akcuom [ — III, IV,1, V, Ho He ynoBreTBopsIOT TpeGOBaHH-
sim akcuombl Kanropa 1V,2. HMnaue roBops, axcuoma Kanmopa He
ABASEMCSL CAEOCTIBUEM OCHIAAbHOLX AKCUOM IAEMERMAPHOL 2eomempuu..

Ecau npuHATbL BO BHMMaHHE, YTO MHOXeCTBO 2 CUETHO, TO MOJY-
ueHHBI pe3yJbTaT MOXHO BbICKa3aThb ellle B HHOIL dopme: Hecuerri-
HOCIMb MHONCECINBA INCMEHNIO8 CEOMEMPULL He mOxcenm Bbimb YCMAHOBACH:
¢ nomouyvto 00nux auute axcuom 1—I11, IV,1, V 6e3 akcuomer Kanmopa..

§ 73. Tenepp Mbl JOKaxeM, 4YTO W NepBasi AKCHOMa YeTBEpTOH
rpymmbl, T. €. akcHoMa ApxuMela, HE 3aBUCHT OT aKCHOM OCTaJIbHBIX.
rpymn I, II, III, V.

st storo Ham npunercs HaifTH peanusauuto akcuom I, II, I1I, V,
B KOTOpPOH mnpensioxkeHHe ApxuMena He umeeT Mecra. Takas peanu-
3auusi cyuecTByer H OyleT yKasaHa Huxe. Kak ¥ TOJbKO 4TO paccMoT-
peHHasi, OHa GasHpyercs Ha apU(METHKe, TOJIbKO Ha apudMeTHKe
B HEKOTOPOM OGOGIEHHOM CMBIC/JE, OTHOCSLIEHCS K TaK Ha3biBaeMOi
HeapXxuMeJOBOil CHCTEMe YHCeJs.

Uro6bl JanbHeilllee CTaJ0 BIIOJHE OTUETIHMBBIM, MEePEYHCTUM
OCHOBHBIE IPEJJIOKEHHs] O CBOICTBaX BeLIECTBEHHBIX uuces (6ynem
Ha3blBaTb HX aKCHOMaMH apuMETHKH).

1. CymwecTByeT omnepauusi «CJAOXEHHS», TNOCPEICTBOM KOTOPOIi
¥3 ympcaa a ¥ yucaa b nosydaercsi onpeieseHHOe YHCJIO C; B CHMBOJIH-
YeCKOH 3anHcH:

a+b=c

2. CyulectByer Japyrasi oOnepauusi — «yMHOXKEHHS», TOCPEICTBOM

KOTOPOH M3 YHCJAa a ¥ yucjaa b rnosydaercsi onpefeseHHoe uucio d;
B CHUMBOJIMYECKOH 3amucHu:

ab = d.
3. Ecin a, b, ¢ — npousBonbHbBE YMC/la, TO HMEIOT MECTO COOT--

HOIWEHUS:
at+@®+o=(@+b+e

. a+b=10>0+aq,
a(bc) = (ab)c,
a® -+ c)=ab+ ac,

ab

ba.
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4. (Onpenenenue pasHoctH). Ecam a u b — paumsle uucaa, to
CYLIECTBYET OAHO M TOJbKO OJHO YHC/IO X TaKoe, 4to a -+ x = b.

M3 akcnom 3 M 4 ciefgyer, uTo CyuiecTByeT OAHO H TONBKO- OAHO
Yycn0,— OHO Ha3blBaeTcss HysneM H oGo3HayaeTcs uepe3s 0,— Takoe,
uTO JJIsi KaXKAOTO YHC/IA @ UMEET MECTO COOTHOLUEHHE '

a+ 0=a.

5. (Onpeznenenue yactHoro.) Ecnu a u b — nanuple uncna u a = 0,
TO CYLIECTBYET OAHO H TOJbKO ORHO YHCJIO X TaKoe, UyTo ax = b.

- M3 akcuom 3 u 5 caenyer, 4To CYUIECTBYET OJHO H TOJNBKO OAHO
Yuc/10,— OHO Ha3blBaeTCA eAMHULEH W oGo3nauaercs yepes 1,— Takoe,
uTo

a1l =a.

6. (CoilctBo ynopspoueHHocTd.) Ecin a u b — nBa pasiauunbx
yuc/ia, TO Bceraa OfHO W3 HUX Goablue (=) Apyroro, Torjga BTopoe
menbuie (<) nepsoro. B cumBonuyeckoit sanucu: | ‘

Jan60o

a>bub<a, -

anbo
‘b>awna<<hb.-

Mpustomecnua>bnb>c,oa>c. Eciia> 6,100 + ¢ >
> b+ c. Ecnua>buc> 0, 10 ac > bc. Hu ansa oanoro a He nmeer
MecTa COOTHOLUEHHE a => a. ‘

7. (ITpennoxenne Apxumena.) Ecnu a u b — 1Ba npoH3BONbHBIX
TOJA0MKHTENbHBIX yHCesa (@ >> 01 b > 0), To Bceraa MOXKHO B3STh UHCIO d
cnaraeMblM CTOJIBKO pa3, YTO MoOJyuyeHHas cymMma O6yjaer Godbuie
uncaa b:

at+a-t...+a>b

8. lNpeanoxenue Kanrtepa (nam go6oe [pyroe 3KBHBAJCHTHOE
eMy NpelJIoKeHHe).

Bce aTH npeasioeHHs NPHMEHHMBI K MHOXECTBY BeLECTBEHHBIX
unce1 u apudmeTHUeCKUM JeHcTBHAM Haa HuMH. COCTaBJSIIOT JIU nepe-
YHCJIeNHLIE TIPEeRNoKeHHsl 1—8 rosHYI0 CHCTeMYy aKCUOM apU(METHKH,
T. €. MOXHO JIH, HCXOASl M3 HIX, JI0Ka3aTb Jo0yl0 apudMeTHYECKYIo
TeopeMy,— /18 Hac Hecyulectentio. Ho B pesyabrate BHHMaTe/b-
HOrO aHa/jHi3a TeX PacCyXAeHHi M BLIYHCJEHMi, KOTOpble Mbl NPO-
BOIMAH, [IpoBepAsd TpeOOBAHWS TreOMeTPHUECKHX aKCHOM B JeKap-
‘TOBOH peasiu3auiil, MOXKHO Obl10 Obl YyOeAHTbCSH, YTO NPH 3TOM Ml
HCIIO/Ib30BaJH TOJNBKO CBOfiCTBA UHCEN, Bbipax(eHHble NpeIoKeny-
amu” 1—8. BBuay 3toro npeactannsercss BO3MOXHBIM HCXOIMTb M3
AKCHOMATHYeCKOH TOUKHM 3PCHHA.-HA MOHATHC YHCJAA Il TCM CaMbIM Cy-
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IIECTBEIIHO PACIIMPHTB KjJacc OOGBEKTOB apH(dMeTHUeCKOHd peaJu-
sauun. B wWamem HccaenosBanMHM Takas BO3MOXHOCTL ChIFpaeT Bax-
HYIO pOJb.

Boo6pasum cebe HekOTOpoe MHOXeCTBO A, NpHPOAA 3JeMeHTOB
KoToporo st Hac OGe3pasanusa.. [TycTb ¢ Kaxao# nmapoi sjaemMeHTOB
a, b-mHoxectBa A (b MoXer cOBNAgaTh C @) COMOCTABJEH 3JIeMEHT ¢
STOrO )K€ MHOXECTBa. YCJOBHMCS 3TO CONOCTaB/IeHHE HA3bIBaTh CJIOXKe-
HHCM, 3 3IEMEHT ¢ — CYMMOIl 3/1eMeHTOB a U b; 1Ia cfo3HauYeHUst CyMMbI
oysem vnorpeb/saTh OObIUHYy0 3amuce: ¢ =a + O. Ilycrb, nadgee,
C Kaxaoi napoi s;eneHTOB a, b MHOMecTBa A (b MoXxeT coBnaarb
C a) conocTasseH HHEINM Cocobon 3jeMelT d 3Toro MHOXecTBa. Bropoe
CONOCTaB/IeHHe Ha30BeM YMHOXEHHeM, a 3aeMeHT - ¢ — MpousBenc-
DHeM aeMeHTOB a u b u 6yaeM nucatb: d = ab. . .

Haxonen,, npeanosgoxmm, 4TO 3JeMEHTHl MHOXKecTEa A paccmar-
PHBAIOTCS PacCMOJOKEHHBIMH B- M3BECTHOM MNOPSAAKE, T. €. KaKOBHI
Ol Hp GBlIH ABa 3/1eMeliTa a n b, OXHH onpeleeH bl H3 HUX CUHTAETCsl
NPEAUIECTBYIOLHM BTOPOMY; YCJAOBHMCH TOBOPHTb, YTO HPEAIECTBYIO-
LIHA 3JEMEHT «MeHblle» CJAEAYIOWEro 33 HUM.

Ml Oy/feM HasbiBaTh 3JeMelTbl MHOXKeCTBa A 0600LIeHHBIMH
UHCJAMH, €CAHM JeiCTBHA CJOXKEHHA U YMIOXKEHHA, a TakKxke
HOPALOK PACHOJOKEHHUSs] 3JEMEHTOB OINpefe/elbl TaKHA 00pasoM, yro
NPY 3TOM HMEIOT MECTO BCe O0CTOATEIbCTBA, YKasaHHbie B MpELIoKe-
unsix 1—8.

IpeacraBum cebe Tenepb, UTO Mbl OnpejessieM I'€OMETPHUYECKHE
O5LEKTLI ¥ MX B3aHMHble OTHOILENHSA B TOUHOCTH TAK, KaK 3TO Lesanoch
NP NOCTPOSHHU AEKapPTOBOH peadu3allii, HO BMECTO OJBIUHBIX YHce.
Gepem ofbobwienHsle. OueBHARO, MBI HOMYYHM HEKOTOPYIO PCAJH3ALHMIO
reoMeTpruueckux axcrom | — V, kaxkoid 6ul HU Gbia npuposa ynorpes-
JAsieMbiX 0000MWeHHbIX unces. CoBeplUeHHO SICHO, YTO TaKkuM oOpasoM
[OCTPOCHHbIE peani3aluyi HecylecTBelHO OTJIHYAoTCA 'OT JeKapTOBOIl.
JIeHCTBUTEBIIO, XOTS NPH KOHCTPYHPOBAHMH TeOMETPHUECKHX OOBLEK-
TOB MBI paspewiaey ccbe yrnorpedasiTh 3JeMeHTHl NMPOU3BOILHOR NpH-
poabl, HO NelicTBUS C 3THMH 3JeMeHTaMH NOAYMIISeM NpaBujiaM oObld-
Doil apugMEeTHKH. .

"Ojnako BO3MOX(HO JadbHefiniee 0O0OIIEHKE NMOHATHS! YKCJAA, KOTO-
POC OKa3bIBaeTCsA ViKS IOJE3HLIM U INO3BCIAAET PELUHTDL IOCTABJACHHYIO
3a/4auy: J0Ka3aTh HE3aBHCUMOCTb aKCHOMBL ApXHMeda OT aKCHOM
I, 1I, III, V. Ilycrb jaHO HeKOTOpOe MHOXKECTBO A, ISl 3/¢NMEeHTOB
IOTOPOro OrpeeseHbl LCHCTBHA CJOXKEHHA W yMHOMEHHA H ycCTa-
osJsCll  NOPANOKS Mbl I1asoBeM MHoxkectBo A HCﬂpXHMeIlCBOl:'{
crcreMol yncen (0500LeHHBIX), eCAH MO OTHOLUGHHIO K HeMYy OKaXyTcd
CIIPABELIUBLINH fpenokeHuss 1—6, nHo nperdoxenue 7 Apxumesa
OyeT HEBEePHLIM.

Ceflyac Mpl  JajuM  ONHCAHME " OAHOIl M3 HeapXHMEJOEbIX CH-
cTeM,
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PaccMOTpHM MHOXECTBO BCEBO3MOXKHBIX PAallHOHANbHBIX (YyHKUHI
BHJA

o ()= apt*+ayh-14 ... 4a,
T obptm byt 14+ by,

C BellleCTBEHHbIMH KO3hGhHUHEHTaMH a,, 0. K 3TOMy MHOMXKeCTBY
Mbl TNPHCOEIHHHUM eille Bce (YHKIHH, TMNOJNYydYamlLitecss, HCXOAs U3
palHOHaAbHBIX, MHOTOKPATHbIM IOBTOPHBIM TNpPHMEHEHHEM ornepauuil
CJOXKEHHsI, BBHIUMTAHHS, YMHOMEHHS, JeJleHHs M ISTOH onepauuu
V' 1+w2(f), roe o (f) — GyHKUMSA, NONYYeHHAs YyKe C MOMOUIbIO
oTHX onepauuid. IlocrpoeHHOe TakWM nNyTeM MHOXECTBO GyHKUUN
o6osHauuM uepe3 L (f). OueBunHo, Q (f) comepKUT BCe palUOHAaJblible
(yHKUHNH H, B YaCTHOCTH, PYyHKUHMH BHIA w (f) = const., T. e. byHKuUMH,
KOTOpbie NpU H3MeHEeHHH ¢ OCTalOTCs NOCTOSIHHO PaBHBIMH HEKOTOPOMY
yucay.

Mbl kenaeM 3seMeHTHl MHOXecTBa € (f) paccMaTpuBaTh Kak 0606-
uleHHble yKcaa. s 3TOro HaM NpUIETCs] NpexJe BCero onpeaenurh
CMBICJ1 Onepaudii CJOXeHHs W yMHOXeHHs. BosbmeM xakue-HuOyIb
aBe byHKuMH a (f) u b (f) u3 Q (f); ycjoBauBasich CYUTaTh X 0GOOLLEH-
HbIMH YMCJAMH, MBI U3MEHHM BHJ 3anucH U BMecTo a (), b (f) Gyuxenm
nucatb npocro a u b. fcuo, uro a (f) + b () = ¢ (f) ectb pyHKUUA U3
MHoxecTBa Q (f) u anasornuHo a (f) b (f) = d (f). [loatomy ¢ (f) u d (¢)
TOXE BJSIOTCS 0GOOIEHHBIMYE YHCAaMK ¢ U d; IepBOe U3 HUX Mbl OyAeM
HasblBaTb CYMMO# uucesa a ¥ b, BTopoe — NpousBeleHHeM 3THX yuces.
Tak kak mpu KaxaoMm 3HaueHuu ¢ nedctBus a (f) + b (f) u a () b (f)
NPOU3BOAATCS 1O OOBIYHBIM NpaBu/jaM apUPMETHKH, TO ONpele/ieHHbIe
ceifiyac HaMH JefCTBHSI CJIOXKEHHUS U YMHOMEHHS OOOOCILIEHHbIX 4YUCes
VIOBJIETBOPSAIOT TpeGoBanusIM npeinoxenuit 1—5. Ilpu stom Hynem
B paccMaTpuUBaeMOi cHcTeMe OGOGLIEHHBIX YuCeN sBAsfercs (yHK-
UK, TOXIECTBEHHO paBHas OObIKHOBEHHOMY HYJI10, OGOOLIEHHOH exu-
HULeH sBJseTCS (YHKIHSA, TOXIECTBEHHO paBHAs OObIKHOBEHHOI
eNHHHLE,

[TockonbKy B JaHHOH cHCTeMe OGOGLIEHHBIX 4YHCeJ COOJIONAtOTCH
npemioxenus 1—>5, Bce ueThipe apHPMETHUYECKHX JAEHCTBHA OKa-
3LIBAIOTCH ONpeleleHHbIMU. 3aMeTHM, YTO B Halleil cucTeMe ofpeje-
JieHa elue olepauus V a*+-b%; peiicTBUTENBHO, €CIH A () nb (f) — nBe
¢yHkuuy u3 L (f), 10

T T = 1/ 1 (L)
VEDTEO==a) Y 1+ (29
TakxKe ecTb GyHKuUsA 13 Q ({). DTy QyHKUHIO MOKHO PaCCMaTPHBATL KaK

o6o6ienHoe uucao ) a® + b2, KOTOpOE ONpEee/AeTcsl Mo ABYM AaHHbIM

ugcaam a u b. _
Tenepb yC/JIOBUMCS OTHOCHTEJBHO NOpSIfKA B MHOXecTBe R ().

Ilycte @ (f) — npousBosbHas ¢yHKuHa u3 L (f), npejcTaBJISIONast
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B Haiuel cucreMe yucjao ®. Ecin o = 0, T. e. eciin ® (f) He paBHsercs
TOXJAECTBEHHO HYJIO, TO NPH AOCTAaTOYHO OojblioMm (* ajas nwo6oro
t > t* dyHknus o (f) coxpaHseT onpefeneHHb#l 3HaK ¥*). B tom cay-
yae, Korja inisa ¢t > t* 6yaetr o (£) > 0, yciioBHMCS CuHTaTh 06001eHHOe
YHCJIO @ MOJIOKHUTEIBHBIM: © >> (; ec/1u ke /g ¢ > {* UMeeT MeCTO He-
paBeHcTBO ® (f) << 0, To 6ynem cuurate o << 0. Pa36us, TakuMm obpa-
80M, Bce 0000UIEHHbIE YHCAA (KPOMe HYJs) Ha MOJNOMHTEeNbHble U OTpPHU-
naTesibHble, Mbl BBEJEM CPaBHEHHE 4HCeJ] IO BeJMYHHE C [OMOLLLIO
OOLIYHOrO YCJIOBUSA: CcuMTaem a > b,

ecan a — b > 0.
Jlerko mnpoBepuTb, 4TO BCE Tpe- /

6oBaHusl npennoxeHus 6 OyAyT npu /
HSTOM YLOBJIETBOPEHHI. 7
BMecre ¢ TemM B HaweH cucreme /
0606IIEHHBIX YHCe npefoxeHue 7
HEe HMeeT MecTa; CHCTeMa, CJeNoBa-
Te1bHO, SBJSIETCS HeapXHMeIOBOH.
Urobbl ybenurbcst B 3TOM, JYy4Y-
e Bcero (OPMyJHPOBAHHBIN BbILIe
NpU3HaK HepaBeHCTBa @ > b npejcra- Puc. 86.
BUTb B CJeIyIoUleil reoMeTpHYecKOH
topme: @ > b, ecau npu f—-oo rpaduk GyHKuuH a (f) NOAHHUMaeTcCs
Boliie rpaduka ¢pyHkuud b (f). Kak mbl yxe ormeuanu, cpeayd sjeMeH-
TOB MHOXKecTBa &2 (f) uMeroTCs (PYHKIUH, KOTOpPble NPH H3MEeHEeHHH ¢
COXPAaHAIOT MOCTOsIHHOE 3HaueHHue: o (f) = c. ['padukamu Takux QyHk-
LMl ABJSAIOTCA NpAMble, napanjejpHsle och £, Kaxknas ¢yHkuus
o (#) = c npexcrabJ/iseT cobol ¢ Halleli TOUKH 3peHHs1 0600IIeHHOe YHC-
J10; Mbl 6yzieM 0603Ha4aTh €ro NpocTo Yepes ¢, TaK YTO, €CAH MbI MHILIEM
10 uin 20, To uMeeM B BULY ¢yHKUHUIO ® (f), TOxKAECTBeHHO paBHYO 10
unn 20. Bosbmem aBe GyHkuuu a (f) = 1 u b (¢) = ¢, KoTropbie cozep-
3KaTca B MHOxecTBe €2 (/) W, cegoBaTelbHO, MOLYT ObITb paccmar-
pHUBaeMbl KaK 0006LIeHHbIe Yucaa: a H b. Ec/iu UHC/I0 @ CTOXKHUTD C CAaMUM
co6ol0 n pa3, TO MONYy4YeHHAss CyMMa IpeNCTaB/seTcsi B MHOMXECTBe
Q (f). ¢yukuued, rpaduk KOTOpOH eCTb mnpsimasi, Mapaujienb-
Hasi OCH ! M pACNO/NOXKEHHAass B [OJOXKHUTEIbHOH MOJYIJIOCKOCTH
Ha pacCTOSAHUM n oT 3Tofi ocu. I'padukom dyHkuuu b (f) = t sBaserca
fOuccekTpuca nepsoro koopauHarHoro yrja. Ho npu f{—--oco rpaduk
thyHkuuu b (£) = ¢ nogHUMaeTCs Bblille BCSKOH NpPAMOH, NapasebHoil
ocd ¢ (puc. 86). Orcioza cienyer, YTo, CKOJbKO Gbl pa3 Mbl HU CKJa-
JblBall YUCJIO @ C CaMHM €000, AJIA MOJNyYeHHOH CyMMbl Bcerja co-
XpaHsieTcsi HepaBeHCTBO

a+a-+...}Fa<<b.

*) 3ro caenyer u3 anreGpanunocTH QyHKUMHE @(f) (BCskan aareSpauyeckas QGyHga
LHSI HMeeT KOHEYHOe YHCJO MepeMeH 3HaKa).

SN R RS
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TakuMm obOpasoM, B Haueil cHcTeMe OOOOUIEHHBLIX 4YHCET MpPEAIo-
KeHue ApXHUMena He HMeeT MecTa.

Tenepb A/ Hac He COCTABUT TPYyAa NMOCTPOUTb CHCTEMY [eOMeTpH-
uyeCKHX OOBEKTOB, B KOTOPOil ocywectsasitoress akcuomsl I, 11, III, V,
HO B KOTODOH HeBepHa akcHoMa ApxHMmeza.

HasoBeM TOuUKOii napy uucesa (x, y) H3 HeapXHUMEIOBOII
cucteMb 9 (f), npsaMoit — orHoweHHe (4 : U :w) Tpex UHUCCA U,
U, @ W3 cucreMsl Q (f), yIOBIETBOPSIOUHX EIMHCTBEHHOMY YC/JOBHIO,
YTOGBl XOTh ONHO M3 ABYX YHCeJ i, U GbLIIO OTJHULEIM OT Hyas. Bee
B3aHMHble OTHOLUEHHA MeXKAYy TEeOMETPHUYECKHMH OOBEKTaMH ofpe/e-
JIUM B TOYHOCTH TakK, KaK Mbl Jes1aJ/i1 B 1€KAapTOBOI peanM3dlHd T[H.db-
GepToBBIX aKcHOM. B cucreme Q (f) onpenesieHbl AeficTBHS CJIOXKEHHA
H YMHOMXEHHS 3JIEMEHTOB, a TaKMKe COOTHOUIEHHS «50Jbluey U «Metbuler
B COOTBETCTBHH C TpeCOBaHHAMH aKCHOM apHdMeTHkH 1—6. I\'pome_
TOro, Ansa JoCbIX 3JeMeHTOB a W b onpejeseHa onepauus Va* + b2
IloaToMy Bce paccyKjleliHsi M BbIYHCAEHHS, KOTOpPbi€ Mbl ITPOBORHJI,
npoBepsas BeinoJaHenve TpeGoBauuil- akcuom I, 1I, III, V B gmekapro-
BOIl peaH3alliH, MOMHO IOJHOCTbIO [OBTOPHTbL Ceflyac, KOrjd Mal
BMECTO OOBIKHOBEHHBIX uHcesn ynotpebasieM o00SHIeHHbIE uuc/aa H3
cucrembl Q (7). Takum ob6pasoM, B peasH3auuH, KOTOPYIO Mbl Ceiyac
nocrpouau, TpedoBanus akcuom I, 11, I1I, V viosnereoperns. Bmecre
¢ TeMm npensoxenue Apxumena [V,1 B 3Toii peaausaunu He KMeeT mMecTa,
TaKk Kak cucrema ynces € (/) weapxumenoBa. Orcioga cjeayer, 4y1o
akcuoma Apxumena He 3aBucHT oT akcuom I, II, I1I, V.

Pesiomupys uanoxeHHoe, Mbl MOXKEM BBICKA3aTb CJelyiciliee npei-
JIoXKeHue:

Onupasce Ha arxcuomsr 1, 11, IlI, V, Heavss doxasamo aicuoiiy
Apxumeda 1V,]1.

Onupasce Ha axcuomet, 1, 11, 111, IV,1, V, neabss doxasane arcu-
omy Kaunmopa 1V,2. ]

EcrectBenino nocrasuth BOMpOC, He BbITEKACT JH axkcuona Apxi-
MeJla M3 OCTaNbHBIX aKCHOM, BKJIoYasi W akcuomy Kaurtopa? M ua
3TOT BOMPOC HYXKHO OTBETHTL OTPHUATE]IBIO.

Yrobbl YOEAUTHCA B 3TOM, ‘ClIefyeT NOCTPOHTL TAaKyI0 ileapXHie-
JOBY CHCTEMY uHcesa, B KOTOpofl mnpeiioxenne [KaHTopa ocyueet-
BJIsIETCA.

Maioxum npuMep Taxoii cucreMbl *).

Yca10BUMCA Ha3blBaTh YHCJAOM BCAKHII CTeNMcHHON psfl

aotn_l_altn+1__lx_a2tu+z_+ .

rae a, a;, Qs ...— Jio0ble OOBIKHOBEeHHbIC BeleCTBEHHLIE UHC.Ia,
n — mofoe OObIKHOBEHHOE [le]10e YHCI0 (HOJIO)KPITeJ]bHOE, OTpkLLd-

*) Ha sror npumep obparust moe BHHMaHHC A. H. Koawvoropaes.
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TenbHOe WM HyJb). OObIKHOBEHHbIE BeLIECTBEHHbE YHCAA Mbl BKJIO-
YHM B PacCMaTpHBAeMylO CHCTEMYy B KauecTBe pPANOB BHAA

t+0-2+...
Hynem naszosem psp
O-+O-t+0-22+...

Ecau uncao
Aot -a,

— He HyJab, TO Mbl Oyaem nojararb, 4To OObIKHOBEHHOE UHUCJ/IO @, HE
paBHO HyJIO.

JeficTBUA cJaOXKEHH U YMHOXEHHS NMYCTb COBMNAJalT ¢ (opmasb-
HbIMH ONEPALUSIMU  CAOKEHHS H YMHOXEHHS CTENeHHKIX pPSALOB
(T. €. CyMMOIO ABYX uHces Halleli CHCTEeMbl, MPEACTABJEHHBIX KaKHMH-
Jn6o CTeneHHBIMH psjaMd, Ha30BeM CTENeHHOH PAA, MoJyuaenmblii my-
TeM CJ10XeHHs MNOXOOHBIX U/JeHOB PSIOB, MPeICTaB/SIOMNX CJarae-
Mbl€; TIPOHU3BEJEHHEM MABYX 4YHCEN HaieHl CHCTEMbBI, MNPEACTABJACHHBIX
HEKOTOPLIMH CTEMEeHHLIMH PsifaMH, HA30BeM CTENelHOH psii, KOTOpHIil
fionyyaeTcst NyTeM MOYJIEeHHOrO TNMepeMHOXKEHHs DSLOB, MPeNCTaB/slo-
IIHX COMHOXHTEJIH, C TMOCJAENYIOUUM NpUBeleHHeM MOXOOHbIX U/JeHOB
M PAacro/oXKeHHeM MPHBEIeHHbIX 4/1elOB B INOPsAKE BO3PACTaHHs CTe-
NEeHW UX apryMeHTa f).

Herpyano yGenutbes, 4To IIpU 5TOM aKCHOMBI apudmeTurn 1—5
Gyayt ynosieropensl. Kpome Toro, B Haweii crcTeme Gyner ompepe-

JIEHa onepawuus V' 1T+ w2 rae @ — 110608 YHCJAO CHCTEMBI (pawcrxaﬂne
b
YaCTHOrO X=— NpPH YCJOBHU @ 7= 0 npuBoOmMTCH K IOC/NENOBATENLHOMY

YCTAHOBJIEHHIO 3apaHee HEeH3BeCTHBIX KO3(DHUHEHTOB pala x MyTeM
CpaBHeHHs YJCHOB JCBOH H NpaBoH uacTed ypapiienus

ax = b;
pasbiCKanue yuciaa
r=VIiFto?
NPOBOIAHTCA aHAJOTHYHO TMPH MOMOILH ypaBHeHHSs
x2 =14 o?).

Tenepb BBeAeM B MHOXKCCTBO HAlIHX 4YHCEJ MNOPAAOK. YenoBumcs

YHCJ0 .
aft+a "t 4L,

a, %= 0, Ha3bIBaTb TNOJOMKHTEAbHbIM (60MbWHM nYJsA), ecaun a, > 0,
OTpHUATENbHbIM (MeHblle HyJas), ecan a, << 0. Ecam a n b — nBa
uKc/Ia Hallel CHCTeMbl, YCJOBHMCH cyHTaTb @ > b B cnyuae a — b > 0
na<<bscayyae a — b << 0. YcTaHOBNEHHBIH NOPSI0K y10BAETBOPHET
TpeGOBaHHAM aKCHOMbI apH(MeTHKH 6.
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Y6ennmcs, uTo B Hallleli CHCTEME MMeeT MecTo Hpefjoxkenne Kau-
Topa. [lycTh JaHa MOHOTOHHO BO3pacTawllasl I0C/1eJ0BaTe]bHOCTD
yHces Halleil CHCTeMbI

am =qMmirmt, .., m=1.2 ...,
H MOHOTOHHO y6bIBalOHlaﬂ oC/JeJOBATE/IbHOCTh
b(m):b:}m)tq‘m_*_-.., m=l,2, ce oy

npuuem: 1) Jro6oe uKcI0 NOCAEAOBATENbHOCTH '™ MeHbIe JO6OTo
yucaa MocJeoBaTeibHOCTH b'); 2) KakuM Gbl HU ObLIO NOJIOXKHTEJb-
HOE uHCI0 € (M3 Hawed CHCTeMbl), HalileM HOMep m, AJsl KOTOpPOrQ

b(m) — a(m) < e.

JlokaxkeM, YTO CyliecTByeT (eAMHCTBEHHOE) YHCJIO0 Hallel CHUCTEMHI,
Jiexalee BHYTPH Bcex oTpe3koB (a'™, b'™),

[lpexxne Bcero 3aMeruM, YTO OOBIKHOBEHHBIE YHCJIOBBIE IIOC/]ENO-
BaTeNbLHOCTH P, U ¢ (M =1, 2, ...) orpanuyeHsl cHuU3y. B camom
Jlesie, ecJad cpein OOLIKHOBEHHBIX YHUCeI p,, HMEITCS YHucja, pac-
NOJIOXKEHHBIE CKOJb YTOJAHO JaJeKo CJeBa OT HyJsl, TO M3 INocjelo-
BaTENbHOCTH CTelleHell p,, MOXKHO Bbl6paTh MHOANOC/IEN0BATENbHOCTD,
MOHOTOHHO CTPeMALLYIOC K OTPHIaTeNbHOH OGeCKOHEYHOCTH; COOT-
BETCTBYIOLHE Haua/lbHble KO3QOHUHUEHTH JOJKHBEL  ObiTb  I0OJIO-
JKUTENbHBl, HHAye HapYLIMTCA YCJIOBHE MOHOTOHHOI'O poCTa IocJe-
JOBaTeNLHOCTH YHCeJ Haweil cuctembl a‘”. Ho B TaxkoMm ciyuae oiHO
H3 uucean a“? I[IPEBBICUT HEKOTOpoe H3 uucea b, yro neBos-
MOXKHO,

AHaJOTHYHO JOKAa3blBA€TCH OrPAHHUYEHHOCTb CHHU3Y YHCENT. (.
Mbl mMOxeM, cjleloBaTesbHO, (OpMajdbHO CUUTATh, YTO BCE PHAAHI,
npeAcTapasioniue a u '™, HAUMHAIOTCHA C YJIEHOB ONHOH H TOH XKe
cTeneHHu (AONyckas Ha BpeMsl 9TOrO JOKa3aTesNbCTBA HyJIeBble 3HAYeHHUs
AJf HaydaJabHBIX KO3((pHLHEHTOB).

3anuiieM Tenepb 3TH PSAABL TaK:

'™ — at(.m)tn_l_ agm)tn+1 _I__ cees
buny — bf,m)t"—f— bi’n)l"+1+ Ve

Jlerko moHAThb, YTO, HAUMHas C HEKOTOPOTO M = M,, HEOTPHUIATE/b-
Has pasHocTb by™ — a{™ no/KHA clenarbcsi paBHOH Hydo. B camom
Jeje, TaK KakK MOC/AEAOBATENILHOCTL a' $BJsSETCA BO3pacTalollei,
TO IOC/TEL0BaTe]bHOCTb (OOBIKHOBEHHBIX) uHcea af™ no/KHAa ObiTh
HeyGuiBalomel. AHaJOTHYHO, BCJEACTBHE YObIBaHHUSI MOC/ENOBATE/b-
HocTH b, moc/iefloBaTe/bHOCTb (OGLIKHOBEHHbIX) Yucea bY™ no/KHa
6biTh Hepo3pacrawomel. Takum o6pasom, pasHocTb (OGHIKHOBEHHBIX
uncen) by™ — a{™ He MOXKeT BoO3pacTaTb. 3HAYHT, JHOO PasHOCTh
by™ — a™ Bce BpeMsl NOJIOKUTENbHA, JIHGO OHA ANA HEKOTOPOro Ho-
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Meépa paBHaA HYJIIO H TOTJa yXKe OCTaercs paBHOﬁ HyJI0 AJs1 BCeX IIO-
CJaeAyIUHX HOMEPOB. ,U,OHyCTHM, 4YTO BCE BpeMs

bam) —aim > 0;
BO3bMEM B Haulefi cHCTeMe MOJOXHUTENbHOE YUC/IO
N g = nt1 I
Torma pas Jio6oro Homepa Gyner
bim — qtm > e

BOTIPEKH YCJIOBHIO. Takum o6pasom, pasHocTb b'™ — a'™ ocraBarbcs
NOJIOXKUTEILHOH He MOMKeT.
Hrak, HaunHasi ¢ HEKOTOPOTO M = My,

(m) m) —
bim —a{™ =0,

Tak Kak mocJie0BaTe/NLHOCTh OOLIKHOBEHHBIX uHcea ai™ — MoHO-
TOHHO HeyOblBalollas, a MOCAeJOBaTeJbHOCTL OOBIKHOBEHHBIX HHced
b{™ — MOHOTOHHO HeBO3pacrawlluas, To, HauHHas C m = m,, 49Hcja
al™ u by CcTaHOBATCA HEU3MEHHBIMH H OJHHAKOBEIMH; TOJIOMXKHM
a{™) = blm) = d,. Mbl umeem:

a(m) d b(m)

[lpu m > m, aHaJOrHYHbIE pacCyXAeHHS NPUMEHHMH! K IIOC/eN0-
BaTeJbHOCTAM OOLIKHOBEHHBIX uHcea a{™, b{™; TOYHO TaK Ke Mbl
yCTaHOBHM, YTO CYLIECTBYET YHCJO d,, KOTOPOE NpH M = M, yAOBJeET-

BOpSieT HepaBeHCTBaM
) (m)
am <d, <L bm

npuueM, HauWHas C HEKOTOPOro m == m, (m, = m,), HCuYe3aeT pa3—
HOCTb b{™ — a{™ u T. I.

‘Jncno d = dot* + d,t*** . ., JIeXHT BHYTPH BCEX OTpPE3KOB
(@, b'™), TeM caMeiM yTBepKIeHHe akcHoMbl KaHTopa ans Hamei
CHCTEMBl YHCEJ JOKAa3aHO (eJHHCTBEHHOCTb uucja d BHITEKaeT Cpasy
A3 BTOPOTO YyC/OBHA B (OpPMYyJHpOBKe akcHoMbl KauTopa).

B paccMoTpeHHOli cHcTeMe 4HCeJ He HMeeT MecTa NpelJioKeHHe
Apxumena.

B camom jJene, BO3bMeM JBa IOJNOXHTEIbHBIX YHC/A

=¢t+0.24. ..,
b=e+0-84..,;
npu Ja1060M HaTypanLHOM 1 HMeeM:
nb < a,
T. e. TpeGoBanie akCHOMbl ApXHMeAa HapyIUeHO.
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B apugwernueckofi peasusauuu rUAbBOCPTOBBIX aKCHOM, OCHO-
BAHHOH Ha TOJbKO YTO ONMCAHHOH CHCTEMe YHCEes, HMECT MecTO Mpej-
Joxenue Kantopa (1 ocyulectBasilOTCSt Takke Bce awcuomsl I, II,
111, V), Ho He umeer Mecra npefjoxeHue Apxumena.

Mer MoKeM, cle/loBaTe/bHO, YTBEPXKAATh:

Onupasce Ha axcuomer 1, II Ill v, 2 V, Heav3s doxaszame arkcuomy
Apxumeda 1V,1.

Takum of6pa3om, o0e aKCHOMLI, COCTaBJSIOLIME TPYNIY aKCHOM
HenpepbiBHOCTH [V, SIBASIOTCS! CYLIECTBEHHBIMHU.,

['eonerpuyeckas cucrema, Kofopas MOXeT ObITb pa3BUTa Ha OCHOBE
akciom I, I, II1 (uan I, 11, 111, V) u B koTopoit e umeeT Mecta npuH-
uun ApxHMMena, HOCHT Ha3BaHWe Heapxuxmedosoti. B ueapxumeso-
BOH reoMeTpPHH MPOLECC M3MepeHHs MJIHH K [IPOH3BOJILHBIM OTpe3KaM
HENPHMEHUM, KPOME TOTO, MHOTHE TIPEIOKElHs 5TOH reoMeTpHH
CBOEOGPA3HO OTMHYAIOTCH KAK OT MPEeNIOKEH I eBKINA0B0M reoMeTpu,
TaK H OT NpejsoxeHHii reoMeTpun Jlo6aueBCKOro. D10 He YIHBHTENBHO,
TaK Kak akcuomMa ApXHUMeJa HCIOJIb3yeTcsl B J0Ka3aTesabCTBE MHO-
rux TeopeM. B uacTHOCTH, B HeapXHMeNOBOH TeOMETPHH HEBepHH
pesyanbTaThl JlexkaHipa, yCTaHaB/JHBAalOLME 3aBHCHMOCTb  MEMXAY
aKCHOMOH O NapajjebHbIX H IPeNJIOXeHHeM O CyMMe YIJIOB Tpe-
yreabhuka (noapoSuee o6 stoM cM. I T'uabv6epr, Ocnosanus
reOMeTpPHH).

4, Axkcuoma MOJHOTHI

§ 74. B rn. Il cpoiicTBa HenpepbiBHOCTH BBIPAXKEHBl JABYMsl
akcuoMamu: - akcuomoli Apxumena IV,l u akcuomoir Kauropa 1V,2
B «OcHoeanusx reoMerpuu» ['mnbGepra mnepBasi akcHoMa HempepbLIB-
HOCTH, Kak M y Hac B ni. II, ecTb akcuoma Apxumena, BTOpast ak-
CHOMA HenpepblBHOCTH OTJIHYaerca OT akcuomsl KaHTtopa u HasBa-
Ha 'nabGepToM arxcuomold noanomer. 1o npepoxenue Gopmyanpyercs
CIeRYIOUIHM 06pa3oM.

Saemenmot  (mMouxu, npamole, NAOCKOCMU) eeomempuu 0bpasyiom
cucmesty 00DEKMO08, KOMopas Npu YCA08UU COXPAHEHUS 8Cex paree
APUHANILLY QKCUOM He O00NYCKaem HUKAKO20 pPaCULUpeHus, m.e. cuc-
mema mouex, NPAMbIX U NAOCKOCMEL Mmakosa, 4mo K Heil HEB03MONCHO
NPUCOCTUHUMY HOBbIE IMOYKW, NPAMbIE U NAOCKOCHL MAK, 4moGbl 8 HOB0LL,
pacluupenroti cucreme Oviau No-npexcHemy y0o0BACMBOPeHbL mecme 6ce
akcuomor 1 — III, IV,1, V,

CoxpaHenue BCeX aKCHOM, O KOTOPOM HJIET peub B 3TOM IIPEAJIO-
JEHHH, HYXKHO IOHHMaTh TaK, YTO HOC/e paCUIMpPEeHHsI CHCTEMb
TpeOOBAaHUS BCEX AKCHOM YIOBJIETBOPSIOTCA, KaK M paHblle, Tak.
4TO, B YAaCTHOCTH, CYIUECTBYIOLLHE MEXAY 3JCMEHTaMHM OTHOLIEHHSs,
KaK-TO: MOPAJOK HX, KOHI'DYIHTHOCTb OTPE3KOB M YIJIOB H T. X., He
HapylaloTcs; Tak, HampuMmep, TOYKa, KoTopas H0 paclIHpeHusi
JEXUT MEXKIY ABYMs TOUKAMH, JIEXKHT MeXKAy HHMH H [OCJe pac-
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HINPEHHsI; OTPE3KH M YIVIbl, B3AUMHO KOHI'PY3HTHBIE DaHblle, OCTAIOTCSA
TAKOBBIMH H 110C/Ie pacwHpeHHs. UTOGH MOSACHHUTL CMBbICA TpebGoBaHHS
NOJTHOTBL CHCTEMbl 3JIEMEHTOB FeOMETPHH, COMOCTaBUM JBe peasu3aliu
8KCHOM, KOTOpble Mbl paccMaTpuBaiu B §§ 71 u 72,

[lepBasi U3 HUX eCTb JeKapToBa peéasju3alisi, YAOBJIETBOPSAIONIAA
TpeboBaHUSAM BCex akcuoM 6e3 uck/aouyenuns. B aekaproBoit peanusa-
IHH mQuroil Ha3biBaeTcsl napa JIOObIX BeLIeCTBEHHBIX uucea (x, y),
npaAmol — OTHOLIEHHS] TPeX BeLIeCTBEHHBIX YHCEJ (4 : U : W), KOTOpble
BLIOMPAIOTCSI TIPH €JAMHCTBEHHOM YCJIOBHH, YTO XOTS Obl OJHO H3 ABYX
YHCeJ «, U OTJMYHO OT HYyJs. DB3auMHble OTHOLIEHHS] MEXIY
00BEKTaMH BbIPaXKeHbl B apH(PMETHYECKHX COOTHOLIEHHSX, KOTOPblE MbE
3ecb MOBTOPSTL He CTaleM.

Peanusauus, paccmorpenHass B § 72, cTpoutcsi BIOJNHE aHAJOTMYHO
JIeKapToBOH. 3Jech TOuka eCTb TaKXKe Iapa BelleCTBEHHLIX uuces,
npsiMasi — OTHOILEeHHe TpPeX 4YHces; B3aHMHble OTHOILEHHS MEXAY
00bEKTAMH OIpeje/eHsl TOUHO TaKHMMH K€ apH(MEeTHUECKUMH COOTHO-
LIeHHSIMH, Kak U B JlekapToBoil peannsaund. Ho B 3tofi peanusauui,
B OT/IUYHE OT JIeKapToBOi, OOBEKTHl KOHCTPYHPYIOTCA He U3 BCeX Be-
LIeCTBEHHbIX YHCEd, a TOMbKO H3 4uCeJ, NPUHALIEKAUIUX HEKOTOo-
POMY MHOXKECTBY (Q, B CBOe BpeMs MOAPOGHO OMHCAHHOMY HAMH.
Takum o6pa3om, COBOKYMHOCTb OOBEKTOB peajlii3alHH, PACCMOTPEH-
HOW B § 72, cocraBnserT yacTb COBOKYMHOCTH OGLEKTOB JHEKapTOBOM
peasiu3aulid, HO H B TOfl U B JPYIod peanu3alyH YAOBJETBOPEHbI Tpe-
6osanusa akcuom [ — III, IV,1,

[Ipencranum cebe Mii0KeCTBO 0OOBEKTOB, OMpPEACJACHHBIX C NOMOLIBIO
unces U3 2, Kak NeppoHayalbHO JaHHOE, a4 MHOMECTBO OGHEKTOB

HUsl TepBOro MHOXKecTBA. *Tak Kak B3aMMHbIE OTHOIUEHHS OGBHEKTOB
JBYX paccMaTpUBaeMblX peasii3auHil BBIPAXKaloTCsl OAHHAKOBEIMH aphp-
MSTHUYECKHMH 3aBHCHUMOCTAMH (TOJIbKO B OJHOM CJlyyae 3TH 3aBHCH-
MOCTH OTHOCSITCSI KO BCEM BeIleCTBEHHBIM YHCJI2M, 8 B JPYroM —
K BelleCTBeHHBIM YHCJaM M3 HEKOTOPOIO MHOXKECTBA), TO MpPH yKa3aw-
HOM TIONOJIHEHHH BCe B3aHMHbIE OTHOLIEHHS MeK1y -MePBOHaYajbHO
HaHHBIMH OOBEKTAMH COXPAaHSIOTCH. Hanpuwmep, eciu A, B, C, D —.
yeThipe TOYKH M3 II€PBOHAYAJbHO JAaHHOrO MHO:KecTBa H AB = CD,
TO mocsne npuOaBJeHHs HOBBIX 3JIEMEHTOB MO-IIPEKHEMY OCTaeTcs
AB = CD. Kpome TOro, BNO/MHE ONpeleeHbl KaK OTHOLIEHHS MCXKIY
BHOBb BBeJE€HHBIMH OGBLEKTaMH H TIepBOHAUYa/IbHBIMH, TaK WU B3aHM-
Hble OTHOLIEHHS MeXAYy BHOBb BBENEHHBHIMH OODbEKTaMH, TNpHYEM
TaK, 4YTO YJOBJIETBOpPeHbl TPEOOBAHHSA BCEeX MEPBOHAYANbHBIX aKCHOM.

C.neaosa'renbﬂo COBOKYITHOCTb OOBEKTOB, ONpeJe]eHHbLIX OINHCaH-
HBIM HaMH CMOCOGOM C NOMOWIBIO YHCEsJ M3 MHOXKeCTBa 2, JOMyCKaer
KaK pa3 Takoe IOMNo/NHeHHe, HeBO3MOKHOCTh KOTOPOTO Tpe6yeT axKcHoMa
nojHothl. MHaue rosops, 3Ta COBOKYMHOCTb OGBHEKTOB TPeGOBaHMUIO
MOJHOTHl He YAOBJETBOpSeT.
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EcrecTBeHHO, 4TO NMOAOOHBIX CHCTEM OOBHEKTOB MOXHO yKa3aTh Gec-
KOHeuHO MHOro. Jlja 3TOro Jiuiib HY2KHO COOTBETCTBYIOLIHM 00pa3oM
BapbiUpOBaTh KOHCTPYKIUHIO TOTO MHOXKECTBA, M3 KOTOPOro Mbl BbIGH-
paem ynorpe6nsiemble uucaa. Tak, Hanpumep, BMECTO MHOXecTBa €
MOXXHO MOJIOKHTb B OCHOBY IOCTPOEHHSI OOBEKTOB MHOXECTBO YHCe,
BbIPa)KaIOLUIMXCA Yepes pajnKanbl, Wi ele Gosee [LHPOKOe MHOXKECTBO
Bcex anrebpanueckux uuces u T. A. Cpean apudMeTHYeCKHX peasn3a-
LM, KOTOpble MBI NPH 3TOM MOJYYHM, TOJNBKO OJHa JeKaproBa (OCHO-
BaHHAasi Ha MHOXECTBE BCEX BELIECTBEHHBIX YHCEJ) YIOBJAETBOPAET
TpeGOBaHHIO TOJMHOTHL. UTOOGLHI yGeAWThCA B 3TOM, HYXHO 3aMeTHTh,
BO-IIEPBLIX, UTO M3 BCEX apH(pMETHUECKHX peasu3aluli TOJbKO JeKap-
TOBa YJAOBJETBOpSieT TpeGoBaHHIO akcHOMbl KaHTopa (MM yc/0BHIO
JleneknHaa) u, BO-BTOPHIX, YTO M3 akcHoMbl KaHTopa mpH Ha/iuuuu
OCTa/IbHBEX aKCHOM ClleflyeT npejjioxkeHHe noJjHotel. [lepBoe H3 3THX
00CTOATENLCTB HE HYXKNAeTCs B JOKa3aTeJbCTBe; JeHCTBHTENbHO,
B JleKapTOBOH peanu3allu yJOBJeTBOpeHa akcuoMa KaHTopa, Kak
6blJI0 NOKAa3aHO paHee; ¢ JApyroil cropoHsl, akcuoma KaHTopa ynoB-
JIETBOPEHa TOJIbKO B JI€KapTOBOH peaJju3aliMd Cpeid BceX apHdmeTH-
yecKuX, TaK Kak ycaoeue Kanropa (uau [esexuHna) He BBIMOJIHSIETCS
A8 mo0Oro YHCJIOBOTO MHOXKECTBA, He COJepKallero XoTs Gbl
OJIHO YMCJIO.

Bropoe o6cTosiTeIbeTBO Mbl JoKaxeM. IIpu sTOoM Oyjaer nokasaHo
He TOJbKO TO, UTO M3 akcuoMbl KaHTOpa NpH Ha/JHYMM OCTa/bHbIX
aKCHOM BHITEKAET INpeJIoKeHNe NOJHOTH, HO U O6paTHO, YTO yTBEPK-
JleHHe akchoMbl KaHtopa MOXKeT GbiTh JOKa3aHO, €CJH K OCTaJbHbIM
axkcuoMaM NpuGaBHTH ellle YCJIOBHE MNONHOTH. BhICKasaHHble yTBepK-
JleHs Mbl cpOpMyJIIpyeM NOAPOGHO cielyromuM 00pa3oM.

Ecau cucmema 31emenmos ceomempuu yo0o8aemeopsem mpebosarusm
akcuom 1 — V, mo ama cucmema ne moxcem bvimo pacuupera c cobarode-
HUeM Ycaosull npedaoKHeHUs NOAHOMbL, M. €. NPeONONCEHUEe NOAHONIbE
soumexaem u3 axkcuom 1 — V. Ecau cucmema sremenmos ceomempuu yoos-
aemsopsem mpebosarnusam axcuom 1 — 111, IV,1, V u ycaosuro noanomet,
mo 6 amoti cucmeme umeem mecmo npedsoxcerue Kanmopa, m. e. nped-
aoxcenue Kanmopa evimexaem u3 axcuom 1 — 111, 1V,1, V u axcuomot
noAHoOMmbL.

" JlokaxeM CHayaja TNE€pBYI0 4acTb 3TOro mnpegnoxenus. OGo-
BHAYMM Yepe3 X MHOXECTBO 3JEMEHTOB TIeOMETPHM, T. €. CHCTEMY
TOYEK, MPAMBIX H TJIOCKOCTEH, B3aHMHble OTHOLUEHHS KOTOPHIX YJIOB-
JIeTBOPSIOT akcuoMaM 1 — V., JlonycTyM, YTO MHOXKECTBO 2 MOXKET ObITh
paclIMpeHo NyTeM BBELEHHS HOBbIX 3/A€MEHTOB C COOJIONEHHEeM YCJIo-
BHH, YKa3aHHbIX B (POPMYJIHPOBKE MpPEATIOKeHHUs MoJHOTH. [lycth %’
0603Ha4aeT COBOKYNHOCTb 3/IEMEHTOB, MOJYYEHHYIO IOC/e paciiupe-
HHA. BsauMHbIe OTHOWIEHHA 3JIEMEHTOB pPAaCLUMPEHHOH COBOKYMHOCTH
TaKxe YJAOBJIeTBOpsiloT akcuomam I — V. B § 22 mbl pokasanu, uro,
onupasch Ha akcuome! I — III, IV,1, MoXHO ycraHOBuTb apudmerusa-
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10 371eMEHTOB TeOMeTPHH TaK, YTO NP 3TOM KaXKaas TOUKA MOMYUHT
B KayeCTBe CBOMX KOODAHHAT BIOJIHE OINpeleseHHYI0 TPOHKY uHcel
(*, y, 2) 1 HUKaKas Tpoiika unces He GYIET COOTBETCTBOBATh Pa3HLIM
TOukaM. BBeleM KoopiuHaTel B MHOXKeCTBe X', NpHYeM B KauyecTBe
€JMHHUBl H3MepeHHsl NJIMH BeiGepeM OTpe30K, KOHIBI KOTOPOro MHpH-
HajlexkaT MHOXecTBY 2. [Ipeanonoxum, yto 3’ MMeeT TOUKH, He Conep-
Kamuecss B 2., [1yere M’ — onHa U3 TakKuX TOYEK, (X, Y, 2) — ee Koop-
auHatel. [To ycioBHIO, nepBoHaya bHOE MHOXKECTBO 3J€MEHTOB 2 YA0B-
JieTBopsieT TpeGoBaHUsIM akcHoM | — V. BenencTBue 3Toro ¥ B CHIY
TeopeMb! 35 § 21 cpexu Touek MHO}KecTBa X BCerja MOXHO HaHTH Ta-
KYI0, KOTOpast UMeeT Hamepex HasHaueHHble KoopauHatwl. Ilycte M —
TOYKA U3 MHOXECTBA & C KoopAuHartami (x, y, 2). Tak kak M’ He BXOIUT
B X, T0 M’ u M He Moryt coBnagaTh. Takum 06pasoM, TPOHKA UHCEN
(%, y, 2) coorBercTBYeT ABYM pasanunbiM ToukaM M u M’. TloayuenHoe
TNIPOTHBOpeyHe yOexKAaeT Hac B TOM, UTO 2’ He HMEET TOUeK CBEepX TeX,
Kakue cojepkarcsi ye B X,

INpeanonoxkum, u4to 2’ UMeeT NpsMble, HE coxep}Kauuecsi B 3.
ITyctb @’ — oxHa u3 Takux npsmbix. CorsacHo akcHoMme 1,3 mpsimast
a' uMeert, no KpatiHeH mepe, ABe Touku A 1 B. DTH TOUKH MPUHAJJIEKAT
2, rak Kak ' HOBBIX Touek He colepxut. Ho MHOXKecTBO X camo 1o
cebe sBJasieTcs peanusauueil akcuom I — V. Tlostomy mnapa Touek
A u B onpepensier HekoTopyio npsaMylo @, npuHamiexamyio 2. Tax
Kak a’ He BXOMMT B 2, To @' ¥ @ He MOTYyT coBmnaaarb. Takum oGpasom,
ToYkH A W B onpegnensiior ABe pasjMuHble NMPsMbie BOMPEKH aKCHOME
I,2. TTonyyennoe nmporvBOpeyHe MOKa3blBaeT, UTO %’ He MMeeT MpAMEBIX
CBEPX TeX, KOTOpHIe yKe cofepxkatcsi B . TOUHO Tak Ke JOKaXeM, 4TO
2’ He CONEPXKHUT M HOBBIX muockocTeil. TeM caMbiM Mbl JOKa3an, 4TO
2 He JOmycKaeT pacIUMpeHHsi, T.e. YAOBJETBOPsET TpeGOBaHUIO
TIOJTHOTHI.

Tenepb Mbl JOKaxkeM BTOpYIO uacTb mnpepsnoxenus. Ilpu stom
IUIsi TIPOCTOTHl OrPaHUYHMCSl PacCMOTPEHHEM TIeOMEeTPHH TOJNbKO Ha
niockocTH. [TycTs Ha sTOT pas X o6o3HauaeT MHOXKECTBO TOYEK M TPS-
MBIX, IO OTHOIIEHHIO K KOTOPOMY BBINOJIHEHbl TpeGoBaHUA aK-
cuom I — III, IV,1, V. Akcuomy Kautopa 1V,2 mbl 3apaHee He npH-
HUMaeM, HO BMECTO 3TOTO MpeiroJaraeM, YTo MHOXKECTBO X YIOBJET-
BOpPSIET YCJOBHIO MOMHOTHI.

Mbl JO/KHBL TONYyudTb MNpeloxKeHne KaHropa Kak cheicrsue
NPUHATBIX JomyuieHuii. s 5Toro BBegeM B MHOXeCTBe X KOOPIH-
HaTHYIO CHCTEMY TaK, Kak Mbl 3TO nejanu B § 22, BBIOHpass NPOH3BOJMb-
HbIM 00pa3oM JBe B3aMMHO IEPNEeHAHKYJIADHble NPAMBIE H OTPE30K
B KauecTBe eIMHHMIB! MaciuTaba. Torna kaxaoit Touke GyJeT COOTBETCT-
BOBaTh Nnapa KoopiauHar (x, y). Ecim 6bl MbI MOTVIM OMMpaThLCs Ha
akcuomy Kantopa, to B cuny Teopemnl 35 § 21 Ml Morsim Obl Takxke
yTBEPKIATh, YTO KOOPIAMHATHI TOUYEK MHOXKECTBA 2 MCUEPIBIBAIOT BCe
BO3MOXKHbIe napel yuces, He umes B cBoeM pacrnopsikKeHHH aKCHOMbL
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Kantopa, Mbl nmocrapaemcsi, OfHaKO, 10Ka3aTh CIIPaBEeLJIMBOCTb 3TOrO
YTBEPKIEHUs, OCHOBBIBAasiICb Ha akcHoMe mnonaHoThl. [locse srtoro
HenocpejCTBEHHO MOXHO OyJIeT YCTAHOBHTb, YTO B MHOXECTBE 2 HMeeT
mecto npuuuun Kawnropa.

Jlasi Touek M HPAMBIX MHOXECTBa 2 CHpaBEeJIMBbI BCE TEOPEMbI
€BKJAHJAO0BOL TeOMETDHH, 32 MCKJIOYeHHeM, ObiTb MOXET, HeKOTOpBIX
Teopen, OTHOCSILIMXCH K CBOHCTBAM NeNpephiBHOCTH (TaK Kak cpelu
NPHHATBIX akcHoM HeT akchoMmbl 1V,2). Bo BcsikoM ciyuae BoiGpaHHast
HaMH KOOpJHMHAaTHas cuctemMa Oyjaer 06JsafaTb OCHOBHBIMH OCOGEHHO-
CTAIMH JIeKapTOBOH CHCTeMBI KOOPAMHAT. B 3TOi cucTeme npsiMast ompe-
JIETATCS ypaBHEHHEM 11ePBOH CTereHH

ux + vy +w=0

M, Tak¥m o0pa3oM, KaxJoi npsaAMod OyLeT COOTBETCTBOBaTb OTHO-
weHve Tpex uucead (u: v:w). HMcrnonb3dys ofblunblil annapatr aHa-
JIMTHYECKOIl F€OMETPUH, Mbl CMOXKEM BCE, B3aHMHblE OTHOLUEHHS MeXIy
TOYKAaMH M IPAMBIMH MHOXKECTBAa 2, O KOTOPbIX HIET peub B aK-
cuomax I — III, IV,1, V, oxapakrtepu3oBarb apH(METHUECKHMH
3aBHCHMOCTAMH, COJePKAUUMH KOOPAMHATH X, y TO4YeK W Ko3dddu-
LMEHTHI 4, U, W ypaBHeHHU# npsAMbiX. OueBHAHO, UTO (POPMbl 3THX 3aBH-
cHuMoCTeil OYAVT TOX/1€CTBEHHBI TeM, Kakue ynoTpebJsiiCh HaMH MpU
ONHCEHUH JeKapTOBOH pean3aluy TEOMETPHYECKHX aKCHOM.

[peanonoxumM Tenepb, YTO CYLUIECTBYIOT Maphbl uncea (X, y), KOTO-
pble He SABISIOTCH napaMd KOODAHHAT TOYEK M3 X, U OTHOIUEHUs
(4 :v:w), KOTOpble He HABJAITCA OTHOIWEHHAMH Ko3(dHLHEHTOB
ypaBHeHu# npambeix u3 2. B stom ciyyae, Kak Mbl cefiyac nokaxem,
MHOXKECTBO  3JIEMEHTOB TeOMETPUH 2  MOXHO paclIMpHTb, COG-
JIOlasi  YCJOBHSl, - YKa3aHHble B  (OPMYJHDOBKE  NpENIOKEeHHUSI
OJTHOTBI.

[1pu6aBUM K MHOXeCTBY 2 HOBblE TOYKH H NpSIMble, ONpefensis UX
cjejylolMM o0pa3oM: HOBAasi TOYUKA €CTb BCAKAs napa uucea (X, y),
He siBAsIOIAsACH Napoil KOOPAHHAT KaKOH-HMOYAb TOUKH M3 2; HOBasi
npsiMas ecTb OTHOLIEHHe BCAKMX TpexX uyucen (u : v :w), TaKHX, YTO
XO0Ts1 Obl OAHO H3 IBYX YHCeJ U, U He PABHO HYJIO H 3TH YHC/IA U, U, W
He sIBAsI0TCS Ko3dbullMeHTaMH YpaBHeHUs! KaKoH-HHOY b NpsMoil u3 X,
TlosnyyeHHoe nocje paclUIMPEeHUS MHOMXKECTBO TOUEK M MPAMBIX 0003Ha-
yuM yepe3 X’. Touku W mpsiMble MHOXKeCTBa %’ OJHO3HAYHO Ompese-
JISI0TCA COOTBETCTBEHHO MapaMd uucesa (X, y) U OTHOLUGHUSIMH Tpex
ypces (4 : v:w), IpHYEM B KayecTBe 5THX apHdMeTHUeCKHX NpeacTa-
BHTEJEeH 3/eMEeHTOB X BCTPETATCH Y2Ke BCEBO3MOXKHBIE KOMOHMIALHH
BCeX BelleCTBEHHBIX YHCeJ.

Bce B3auMHble OTHOLUEHHMSI 3J€MEHTOB X’ Mbl OMNpPEeeJUM B TOY-
HOCTH TAKHMH apU(PMeTHYeCKHMH 3aBHCHMOCTAMH, KaKHe HaM BCTpe-
4yaJuCh B ONHMCAHHH JNeKapToBoil peasnsauud. OueBuiaHo, TorAa AJA
TOUeK M NPAMBIX MHOXKecTBa X’ OyAyT BhHINOJHEHBI YCIOBHS AKCHOM
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1 — 111, IV,1, V, nocko/bKy 3TH YCJOBHS B JeKapTOBOH peasn3auuiu
BbinoaHsiorea. Kpome Toro, M3 npegsiiyliHX HAawHX 3aMeyaHuil cJe-
JyeT, 4TO B3aMMHble OTHOLIEHHSI MeXAy 3JeMeHTaMH MioxecTBa X',
NPUHANLIEKAILMME MHOXKECTBY 2, He OTJIMYaloTcss OT TeX, KOTOphie
IIepBOHayalbHO HMEJHCh MeXAY dJeMeHTaMH X 0 paciuupenusi. B ca-
MOM Jiene, 3TH B3aHMHble OTHOLLEHHS H JIO M NOcJe pacliMpeHuss Xapak-
TEPU3YIOTCA ONMHAKOBbLIMH apH(PMeTHYECKHMH 3aBHUCHMOCTSIMH. TaKuM
00pa30M, MHOXKECTBO X pacUIMpeHo ¢ cobaiofeHHeM TpeGoBaHUit, yKa-
3aHHbLIX B (OPMYJNHPOBKe NpelsoxKeHHs nojHoThl. Ho Tak Kak mnpex-
JIOXCHHE TOJHOTHI NPHHATO HaMH, a OHO HCKJIIOYaeT BO3MOXKHOCThb
MONOBHOTO PACIIMPEHHst, TO Mbl JOJKHBI 3aKJIOUHTb, UTO B KauecTse
KOOpPAMHAT (X, y) TOUEK NAaHHOTO HAM MHOXXeCTBa X JIOJXKHBI GbITb Bce
BO3MOKHbIe Naphbl BelleCcTBeHHHIX uuced. Ho B Takom ciayuae kaxuyio
npsAMYI0 H3 X MOXHO pacCMaTpHBaTh KakK YHCJIOBYIO OCb, TOUKH KOTO-
poil n3obpaxalor Bce BelllecTBeHHble yncaa. [TockonbKy npuuiun Kau-
TOPa WMEET MeCTO B MHOXKECTBE BELIECTBEHHBIX YHCEJ, OH JOJKEH HMETh
MECTO M B MHOXKECTBE TOUeK KaxKJAOoH MpsMoH u3 X.

IlopBenem uTor Haiero Hcc/jeloBaHHA.

Mur nokasanu, yto npu Haauuuu akcuom I — III, IV,1, V Henpe-
PBIBHOCTH MHOXKECTBA 3/J1€MEHTOB I€OMETPUU MOXKHO 00ecrneyuTb ABYMS
PaBHOCHJIbHBIMU CriocoOaMi: MPHUHSATL B KauecTBe aKCHOMbi MO0 mpen-
Joxenne KaHTopa o crsruBaiolieiics cHcreMe OTPE3KoB, au6O Tpel-
Joxenne I'niapbepra O MOJHOTE CHCTEMbl MEOMETPHYECKHX 3J1eMEHTOB.
Ecau oaHo u3 31HX npemsioxeHuil npuHumaercs 6es JOKa3aTe/bCTBA,
TO BTOPOE MOXeT ObITh JOKA3aHO Kak Teopema.

OtMeTHM ellle 0OHO HHTEpECHOe OGCTOATeNbCTBO, CBSI3aHHOE C aK-
CHOMOH TOJHOTBI. DTy aKCHOMY ‘He/Nb3sl COXPaHHTb B CIIHCKE aKCHOM,
©C.1M MCKJIIOYMTh H3 CNucKa akcuomy Apxumena. [eno B Ttom, uTto,
He cobatonasi TpeGoBaHUs aKCHOMbl ADXHMeZ#a, BCErJga MOXKHO CHCTEMY
371¢MEHTOB T'eOMETPHH MOMOJHUTH HOBBLIMH 3j€MEHTaMH, He Hapyluas
IIPH 3TOM B3aHMHBIX OTHOWIEHHH MEXJAY 3JeMeHTaMH CTapoi CHCTeMbl.
Hoa‘romy 6e3 aKCHOMbI Apxumeﬂa aKcuoMa MNnoJHOTHLI AaeT NMpPOTUBOpE-
uyye. Takum obpason, y ['mabbepra ofe akcHOMbI HeNmpepbIBHOCTH $B-
JISOTCSI OpraHMyecKH CBSI3aHHBIMH: NepBas H3 HUX [OJrOTaBJNBaeT
TpeGoBaHHe HempepblBHOCTH, BTOpas BbIPaXaeT 3TO TpeboBaHUE YCJIO-
BteM I[NOJHOTHI.

5. floiHoTa CHCTEMbI aKCHOM €BKJHAOEON FeOMEeTpPHH

§ 75. B §69 ykasaHel Tpu OCHOBHbIE MNPOOGJEMbl aXCHOMATHKH:
npodiemMa HeNpOTHBOPEUHBOCTH, Npo6aeMa HE3aBUCHMOCTH aKCHOM
4 npofiemMa TOJHOTBl. JTH MpoOJeMbl €CTeCTBEHHO BO3HHKAIOT
NpH MCCJAeOBaHUHM JIOGOR akcuoMaTHueckoli cuctemel. Ilepsble nse
U3 HHMX JJid cjaydasi THAbOepTOBOH CHCTeMbl aKCHOM PaccMOTPEHbL
B npeapltyuiux naparpadax. Tperbefi npobaeMoi Mbl 3aiimemcs ceiiuac,
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Ilpexxne Bcero mnocrapaeMcsi pas3bsCHUTBL ee cMmbica. IlpeacraBum
cebe CHauala TO MOJIOXKEHHe Belleil, K KOTOPOMY MpPHBEJNO pa3BUTHE
reoMeTpud Bo BTopoil mnoJoBuHe XIX cronerus. K atomy BpemeHu
yxKe BIOJHe OQOPMHJIMCHL IJIaBHefillHe reoMeTpPHYeCKHe IUCLHIIHHbL
U Ha ouepejb IHS BCTal BOOPOC 06 HX AKCHOMATHUECKOM OGOCHOBa-
Huu. Ilpy 3TOM OTUETNIHBO BBIACHWJIOCH, YTO, IPEBHSSI CHCTEMAa aKCHOM
EBK/Inja He MOMXeT CJIYXKUTb OCHOBOMH /ISl JIOTHUECKOrO Pa3BepThHIBAHUS
reomerpuu. HyxkHO GBLUIO MOCTPOHTH MOJHYKO CHCTEMY aKCHOM (M Of-
peneseHuii), T. €. COAEPKAILYIO BCe MpPENNOMNKeHHs, NPHUHSIB KOTOpbie
MOXKHO TNPOBOAHTB . 10Ka3aTe/bCTBA TEOPEeM 3JIeMEHTAPHOH TeOMeTPHH
6e3 BCAKHX CCBUIOK Ha O4eBHAHOCTb yeprexka. B riaBe II mbl imesu
BO3MOXHOCTb yGeIHTbCSt, YTO TeOpeMbl, PACCMOTPEHHbBIE HAMH, MCTCYT
OLITh CTPOro JIOrH4e€CKH JOKa3aHbl Ha CCHOBE FHJ’IbéepTOBbIX‘ AKCHOM.

EcrecTBeHHO, OIHAKO, MOCTaBUTb BOMPOC, KaK e CJIeNyeT TOYHO
NOHMMATb MOJHOTY CHCTeMBbI akcioM [uabbepra? KoHeuHo, MoxHO ceGe
NpeicTaBuTh, YTO MOJHOTA THJABOEPTOBOM CHCTeMbl OOHapyxeHa Mnpu
NMOMOLIY AaHa/Mh3a JOKa3aTeJNbCTBA BCEX TEOPEM TIeOMETPHH, KOTOphie
Obl1H U3BeCTHBI, gonyctuM, K 1900 r. Takoit oTBeT MOXeT Hac ynoBJeT-
BOPHTb TOJILKO B TOM CJ/AYyuYae, €CJH Mbl COMVIACHMCsl paccMaTpuBath
37eMEHTapHYI0 FeOMETPHIO KaK 3aBeplueHHyIo aucuuminxy. Ho, xors
HCTOPHYECKH 3a1aya OGOCHOBAHHUS 3J1eMEHTApPHOH IeOMETPUM pelanach
B TO BpeMsi, KOLAa 3JieMEeHTapHasi reoMeTpHusi Ghbuia yKe IOCTATOYHO
odopM/IeHa, C YHCTO MaTEMATHUECKOH TOUKH 3PEHHSI Mbl He MOXeM CTa-
BWTb 9Ty 3aj1a4y, pacCMaTpUBasi F€OMETPUIO B KAKHX-TO YCJOBHBIX PaM-
KaX, TaK KaKk YUCJO BO3MOXKHBIX TEOpEM IEOMETPHHM HEOrpaHHYeHHO.
[loaToMy MbI mocTapaeMcsl ONpelesuTh NOHSTHE MOJHOTHI TaKUM O6pa-
30M, uTOGbl OHO OTHOCHJIOCH K 3aJaHHOH CHCTeMe aKCHOM He3aBUCHMO
OT TOro, B KaKOH Mepe pa3BHUTa T4 TeOMETpHsl, KOTOpPas 3THUMH aKCHO-
MaMH{ JOMKHA GHITb 0GOCHOBaHa.

[peacraBum ceGe, YTO aKCHOMBI JAHHOH CHCTEMBI PEasM30BAHBI ABa
pasa Ha JBYX pas3/IHUHBIX MHOXKeCcTBax o6beKToB. [lBe peasnsauuu ak-
CHOM MbI GyJieM Ha3blBaTb UB0MOPPHOIMU, €CIE MEXKIY OObeKTaMK STUX
peasiu3aluii MOXKHO YCTAaHOBHTb TaKOe B3aNMHO OJJHO3HAYHOE COOTBETCT-
BHE, 4TO COOTBETCTBYIOUIHE OOBEKTHI HAXOASTCS B OJMHAKOBbLIX B3a-
uMHbIX oTHOoweHusX. (Tak, ecnu Touka A u npsimMas a nepeoii peajusa-
LIMH COOTBETCTBYIOT Touke A’ u mpsiMoit @’ BTOpOI#i peannsaunu H eca
TOuKa A JIKHT Ha MPAMOI a, TO TOUKa A’ nexut Ha mpsiMoii a’; ecau
OTPe3KH AB u CD nepBo#i peanusauus COOTBETCTBYIOT orpe3kam A’B’
n C'D’ sropoit u ecniu AB=CD, 1o A’'B’=C’D’, u 7. 0. [lpn stom
OTHOLICHHS! IEIKAT Ha», MEXKY?, <KOHTPYSHTHbI 115l KaXKIOH peau3a-
IIMH NOJXKHBI MOHMMAThCsi B COOTBETCTBYIOLIEM € KORKDETHOM CMbiC/Te. )

[losicHuM 3TO ompele/ieHHe NpHMEpaMH,

B §46 mbl moxasaju, YTO aKCHOMbI TJIAHAMETPHI JloGaueBcKoro
MOryT OHITb peann30BaHBI Ha JI0GON SKBUAUCTAHTHON NOBEPXHOCTH.
PaccMoTpuM crCTeMy 3KBHJIUCTAHTHBIX MOBepXHOCTEH ¢ oflell 0asoii o.
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Ilycte £ u Z'— kakue-HUGYAb JBE SKBHIMCTAHTHBIE [OBEPXHOCTH
U3 3TOi cucTeMbl. ByjeM cuutarh TOUKH moBepxHocrell 2 H 2’ coot-
BETCTBYIOIIMMH, €CIH OHH JieXaT Ha OJHOM Jyye, OPTOTOHAJTLHOM
K Gase 0; OyjleM Takxke CUHTaTb IKBUJUCTAHTHbIE JIMHHHM NOBEPXHOCTeEl
2 u X' COOTBETCTBYIOIUIMMH, €C/AH OHH JIeKAT Ha OJHOH MJIOCKOCTH,
OpPTOroHa/bHOH K 6a3e ¢. TakuM Cmoco6OM Mbl yCTaHABJAHBAEM COOT-
BETCTBUE MexIy oObeKTaMd peanusauuii reomerpuu Jlo6aueBcKOro
Ha 2 u X', DTO COOTBETCTBHE, OUYEBHAHO, SIBJISETCS H30MOP(HLIM.

PaccmorpuM Tenepb nepBble Tpu akcuombl | rpynnbt ['mabGepra
KaK CaMOCTOATeJbHYI0 cHCTeMy. Mbl nosyuyuMm peanusaunuio 3Toi
CHCTEMBI, €C/IH Ha30BeM TOUKAMH TPH BepIUMHBI HEKOTOPOTO TPEYTroJib-
HUKa, NpsAMbIME — ero cropoHul. Tpe6oBanus akcuom I,1—I,3 3gech
YIOBJIETBOPEHBI, XOTSl HMeeTCsl BCEro InecTb 0ObeKTOB (YKa3aHHas ceii-
yac peaju3alUsi HaNOMHHAaeT peasn3aldio, KOTOPYIO Mbl ONHCAJH
B § 70, Ho OHA eule mpolle TOH, YTO U MOHSATHO, TaK KaK ceHuac Mhl
YUUTBIBaeM TOJbKO uacTb akcHoM [ rpynme). C ApPyrod CTOpOHHI,
MPUNOMHHM apudMeTHuyeckde peajH3allid T[HIbOEPTOBLIX aAKCHOM,
usnoxenHole B §§ 71 u 72; ycaoBuMcst paccMaTpuBaTh HX Kak peasiu-
3auuI0 OfHHUX TosbKo akcuom I,1—I,3 (T. e. He GyzeM HHTepeCcOBATbC
TEM, YTO B 5THX peajii3alUsiX HMEIOT MECTO TaK¥Ke H APYyrue akCHOMbI).
‘Bce yka3saHHble peanu3auMd HeH3O0MODP G HB  APYr JpYry.
B camom pesie, B nepBomM ciyuae akcuomel I,1—I,3 peanusoBaHsl JuLib
Ha 1ecTH 00beKTax, TOTAA KaK B § 72 naHa peanusauus akciom, 1,1—I1,3
Ha O0eCKOHeYHOM, HO CUYETHOM MHOXKECTBe OOBEKTOB, MHOXECTBO
e OOBeKTOB peajin3aluH, pacCMOTpeHHOH B § 71, GeckOHEUHO W He-
cuerHo. TakuM o6pasoM, Kakue Obl JBe U3 3THX TpPeX peasu3auuii Mbl
HH B31J11, MeXAY UX OObEKTaMH He TOJbKO H30MOp¢HOro, HO H Boobile
HMKAKOTO B3aWMHO OJHO3HaYHOI'O COOTBETCTBMSI YCTAHOBHTb HeJb3fl.

OueBnaHO, ueM MeHblle TpeOOBAaHUH MOCTABJEHO B AKCUOMax JaH-
HOH cucTeMbl, TeM GoJiee CBOGOJHO MOXHO BLIOMPATb €€ peanu3aluH.
Taxk, cucremy, cocrosilylo TONbKO H3 akcHoMm ['maw6epra I,1—T,3,
MOXKHO peasnu30BaTh JIIOObIM M3 TPEX YKa3aHHBIX BhIlEe CIOCOOOB.
Ho ecnu k akcuomam I,1—I,3 npubasuth eure akcnomsl 11 rpynmsi, TO
nepBblii cnocob oTnafaer, Tak Kak u3 akcuom 1 — Il caepyer, uto MHO-
2KeCTBO reoMeTpHYecKHX 060beKTOB OeckoHeuHo. [lanee, akcnombr I —I111,
IV,1 moryT 6bITb peann30BaHbl TaK, Kak onucaHo B § 71 unu B § 72. Ho
€CJIM K 3THM aKCHOMaM NpHCOeJUHHUTDb elle akcuomy IV,2, To peannsa-
nMsi, yKasaHHas B § 72, CTAaHOBUTCH HeNPUIOAHOH, TaK KaK B Hei
Tpe6GoBaHus akcuoMbl 1V,2 He ynoBieTBOpeHHI.

Takum 06pa3oM, €C/IH Mbl MOMOJIHSEM HEKOTOPYIO CHCTEMY aKCHOM,
NPUCOENHHAST HOBble aKCHOMbI, He 3aBHCSIHE OT CTapblX H, KOHEUYHO,
He NpOTHBOpevallye MM, TO KJacC AOMYCTUMBIX peau3auuil CHCTEMbE
cy:xaercs.

Tenepb Mbl MOMEM TOYHO cOPMYJ/IHPOBAThb MOHATHE IONHOTHI CH-
CTeMbl AKCHQM.
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JlanHaa cucmema akcuom HQA3bIBACMCA NOAHOU, ecau 6ce ee peau-
sayuu U30MOpQHbL pre opyey.

Mgl ycTaHOBMM cefiuac MOJIHOTY CHCTEMbl aKCHOM 1—V*).

[TycTb paccMaTpuBaeTcs Kakasi-HHOYIb peaju3auusi X aKCHOM
1 — V. CorsacHo § 22, B MHOXKecTBe 00bEKTOB, KOTOpble B pea/iHza-
uup 3 Ha3BaHBl TOUKAMH, MOXHO BBECTH KOOPIHMHATHYIO CHCTCAlY
TaK, 4YTO B KaXKJ0i TOuKe 6yeT 0JHO3HAUHO COOTBETCTBOBATD Napa Koop-
JMHaT (x, y) u Jwoboii nape unucen (x; y) 6yneT OXHO3HAUHO COOTBETCTBO-
BaTb TOUKA C KoopauHaTamu (X, y). Kpome Toro, mpu Haauuuu ak-
cioMbl V (aKCHOMBI MapajienbHOCTH) KOOpAMHATHAS CHCTeMa, MOCT-
poeHHass B §22, siBnsiercsi pekaptoBoil. CienoBaTesbHO, KOOPAHHATHI
TOUEK, PACMOJIOKEHHBIX HA KAaKOH-HUOYIb NPSMOH, XapaKkTepu3yrTCH
ypaBHeHHeM

ux +
Takum o6pasom, ToukaMm peanus3auuu 2 B3aHMHO OJHO3HAYHO COGT-
BeTCTBYIOT Hapbl BELIECTBEHHBIX YHCEN (X, Y), NPSMbIM — OTHOUICIILsI
Buna (u: v:w).

Mbl moyyaeM B3aHMHO OHO3HAUHOE COOTBETCTBHE MEXKIY OGBEi-
TaM{ peaju3auMH X U OGBEKTaMH apHPMETHYECKOl peatusauuu,
paccMoTpeHHOH B § 71. TO cOOTBETCTBHE SIBJSETCS H3OMOP(H3IMOM.
Uro6bt y6enuTbcs B 3TOM, HOCTAaTOYHO 3aMETUTh, YTO AKCHOMBI 3.1e-
MeHTapHOH reomeTpuu | — V MO3BOJISIOT BBIBECTH OCHOBHLIE A€Kap-
TOBBI (POPMYJIBI, C MOMOLILIO KOTOPBIX B3aHMHBIE OTHOLIEHHS OGDBEK--
TOB peajiu3auuy X apUPMETHUECKH XapaKTEPHU3YIOTCS B TOUHOCTH TaK
)K€, KaK. B3aUMHble OTHOIIEHHSI COOTBETCTBYIOIIMX OGBEKTOB peaii-
3aunu, ykasaHHoil B §'71.

. Mbl BumuM, YTO Kaxnas peanusauus akcuom | — V usomopdiua
nekaptoBoii. Ho, oueBuiHO, 1Be peanusauuu, H3OMap¢HbIE TPeThei,
M30MOpP(HBl MeXIy coboil. CnelnoBaTeNbHO, BCe peaH3alUd aKCHOM
I — V wusomopdunl apyr npyry. Orciona 3aKJIIOUaeM, UTO CHCTeNa
akcuoM 1 — V mosna.

AHanoruYHEIMH PacCyKAEHHSAMH MOXHO ObLTO Obl YCTAHOBHUTL IO/~
HOTYy CHCTEMbI aKCHOM reoMeTpuu Jlo6aueBCKOro (mpeaBapUTeILHO
JlIOKa3aB, ucx00a u3 aKcuom, ee OCHOBHBIE GopMyJbl; cM. §§ 216—224).

6. AxcHOMATHYeCKHH MeToj B MaTeMaTHKe

§ 76. lo cux mop Mbl HMeJH JEJ0 JHIIb C IBYMSI KOHKPETHBIMH
cUCTeMaMH aKCHOM: C CHCTeMOHl akcHoM reomerpuyu EBkauga u ¢ cu-
cTeMOi aKCHOM reomeTpuu JloGaueBcKoro.

[lpaBna, Ha NPOTHXKEHHH 3TOH TIJIaBbl MBI H3Yy4ajd HEKOTOpbIe
CHCTEMBI, NOJLYHAIOUIHeCs: UCKIOUEHHEM OJHOH UJIH HECKONBbKHUX aKCHOM

*) Mur cHOBa OrpaHH4YuBaeMcsa cjayyaem reoMeTpuM Ha IJIOCKOCTH,
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u3 cnucka luip6epra; HO TaKHe CHCTEMBbl, KaK YacTH THJILGEPTOBOI,
110 CBOEMY COJIepMaHHIO He NpEJCTABJSIOT HHYEro HOBOTO.

Mexnay TeM, Ta ofluasi TOUKAa 3pEHHs] Ha reoMeTPHUYECKHEe OOBEeKTh
H reomMeTpHuecKHe aKCHOMBI, KOTOpas Oblia JOCTHTHYTA IpPH HCCIENo-
BaHMHM OCHOBHBIX 3aJau AKCHOMATHKH 3JIEMEHTApDHOH TIeOoMeTpHH, IIo-
3BOJIMJIA  YCMOTPETh BO3MOXHOCTb MPHMEHEHHS aKCHOMATHYeCKOTO
METOJa B Upe3BbIYaHHO IUIMPOKHX TPAHHLAX.

B Hacrosiuiee BpeMs B MareMaTHKe BeCbMa MHOTME Pasjiesibl MMeoT
B CBOefl OCHOBe HaJliexauuM 06pa3oM COCTABNEHHEIE CHCTEMBI aKCHOM.
TakoBbl, HampuMep, TeOpHA TDPYMM, TEOPETHKO-MHOMXKECTBEHHAsl TO-
nosjorufl, pasHoo6pasHble  BeTBH  (PYHKLUHOHAABHOrO  aHajaHu3a.
B axcuomax, Ha KOTOPBIX OCHOBaHBI TaKHe pasielbl MaTeMaTHKH,
VUHTLIBAIOTCA JIMIIb HEKOTOpble CBOHCTBA H3ydyaeMblX MaTemaTHue-
CKHX ob6bekToB. Kak mnpaBusio, 3TH CBOHCTBA SIBJASIOTCS OOLMMH A/
MHOTOYHC/IEHHLIX KJaCCOB OOBEKTOB, Pa3HOOOPAa3HLIX MO Xapakrepy
oCTasbHbIX CBOHCTB. Tem caMbiM TeOpeMbl, BbIBEICHHbIE W3 MPHHSATHIX
AKCHOM, OTHOCATCH Cpa3y KO BCeM TAKHMM KJjaccaM KOHKDETHBIX MaTte-
MaTHyeckux 06bekToB. OOLIHOCTb MaTeMaTHYeCKHX BLIBOJOB fIBJsieTCS
OJHHM H3 BaXKHEUIHX OOCTOATEJbCTB, CBSI3AHHBIX C MpHMeHelHeM
AKCHOMATHYECKOTO MEeToJa.

CylllecTBEHHO OTMETHTb, YTO B OCHOBE COJIBLIHECTBA MaTemaTtHue-
CKHX TEOPHil JiexKaT HemoJjiHble CHCTeMbl akciHoM. Hampuymep, akcHoMbl
TEOPHUH TPYMI COCTABJASIOT HENOJHYIO CHCTEMY, TaK KaK CYULeCTBYIOT
HensomopdHble rpynmel. IlpocTpaHcTBa, H3yyaemble B TEeOPETHKO-
MHOKECTBEHHOH .TOMOJIOTHH, TaKkKe OOOCHOBAHbI HENOJIHOH CHCTEMOM
akcHoM. To oO6CTOSITeNLCTBO, YTO TOMOJIOLHSI U TEOPHS FPYNN HMET
B CBOeil OCHOBE HEeNOJIHYI0 CHCTeMy aKCHOM, OnpejensieT OOLIHPHOCTb
HX TIPHUJIOKEHHH.

Eciu npHcoeAMHATL K aKCHOMaM TOIOJNOrHH HOBble TpeGOBaHMS,
TO KJIaCC IPOCTPAHCTB, 3/1€MEHTbl KOTOPLIX YJIOBJETBOPSIOT pacuIdpeH-
HOIl TakuM 00pa3oM cHCTeMe aKCHOM, Oyjer Gojee Y3KHM, yeM mep-
BoHaua/nbHO. Tak, [OMOMHSAS aKCHOMaTHKy TOMOJOTMYECKOro IIpo-
CTPAHCTBa BCEe HOBLIMH M HOBBIMH AKCHOMAaMH, MOXKHOC NPHITH K OXHOI
M3 MOJHBIX CHCTEM aKCHOM, OMpefessiiowux npoctpaHcteo EBkauna,
unu Jlo6aueBCcKOro, UIH Kakoe-HHOYAb ewle. 3aMeTuM, uTo yeM GoJlbiue
aKCHOM COIepXKHUT H3bpaHHas cHcTema, TeM (oraue coinepxaHieM OCHO-
BallHas Ha Hell TeopHus, HO M TeM YyxKe 00JaCTb ee HCIOJb30BaHUs,
T. €. TeM MeHbluell OOLHOCTBIO OTIHYAIOTCS €€ TeOPCMbI.



YACTDB 1II
NMPOEKTHUBHAS TEOMETPHUS

FTJTABA V
OCHOBbl NMPOEKTHBHOM T'EOMETPUU

1. IlpeaMeT NpPOEKTHBHOH TreOMeTPHH

§ 77. B nepsule pecatunets XI1X Beka, OXHOBpEMEHHO C yCrell-
HEIM pa3BepPTbIBAHHEM HCCIENOBAHUH 110 OCHOBAHHSAM FEOMETpHH,
BO3HMKJ/I2 ocofas BETBb eOMETPUUYECKUX 3HAHUN — NPOEKTUBHASA reo-
merTpus. McrouHukom ee SBHINMCH NOTPeGHOCTH TpadUKH H apXHTeK-
Typbl. BHauane npoekTuBHAsA reoMeTPHA HMe/a JOBOJbHO OTpaHUYeH-
HBI [uanasoH npunoxenuii. Ho no mepe pocra ona Bce GoJee u Gonee
NpOHMKaJa B pas3juuHble reomerpuueckue objactd, a B KoHue XIX
CTOJIETHSl HCC/Ie[JlOBAaHHS IO IIPOCKTHBHOH TEOMETPHH M IO OCHOBa-
HMAM 3JIEMEHTApHOH# TreoMeTpHH TecHeHIUHM o6pa3oM OGBeLHHUJIHCH.
3aMeuaTte/bHbBIM DE3YJNLTAaTOM 3TOrO0 OOBEAMHEHHS OBLIO MOCTPOeHHa
B paMKax MPOEKTHBHON reOMETPUH IJ1yGOKOR TEOpHH, KOTOPas BKIIO-
ypia B eIUHYI0 cXxeMy reomerpun EBkiuza, JlobaueBckoro
u Pumana.

§ 78. VisBectuniii ¢panuysckuit reomerp [loncene (1788—1867)
BBIICJINJ KAk 00beKT HCCaea0oBaHUA HEKOTOpDbIe ocobrle CBOHACTBA
reoMeTpHUeCKKHX (UTyp, Ha3BaHHbIE MM MPOEKTHBHbLIMH.

Uto 3to 3a cBoiicTBa ¢HUIYp,— Mbl ceHuac OOBSICHHUM.

IMycte A — mpousBoibHAs (UTypa, pacloNoXKeHHash B HEKOTOPOi
IVIOCKOCTH @, P — kakas-HHOyAL JApyras mjaockoctb # O — mpo-
W3BOJIbHAsI TOYKA MNpPOCTPAHCTBA, He COAEP:KAlasics HH B ONHOI M3
aByx nuockocteii o 1 P (puc. 87). Touka O BmecTe ¢ Kaxno#l Toukoit M
¢urypel A onpenensier npsamyio OM; npsmas OM nepecekaer mnio-
CKOCTb § B HEKOTOPOH TOYKe, KOTOpPYI Mbl 0603HauuM yepe3s M’ u Gy-
lleM Ha3sbiBaTh npoexyued moyku M (Ha niockoctb § u3 uentpa O).
ITpoekuun Bcex Touek ¢Urypbt A Ha MIOCKOCTb f COCTaBAT HEKOTOPYIO
¢urypy A’, Koropasi HasblBaercsl npoexyueti ¢ueypor A. Onepauus,
C TMOMOIbIO KOTOpOH moJgyuaercs ¢urypa A’, HOCHT Ha3BaHue
YermparvHo2o npoexmuposarus u3 Touku 0. Bapbupys BbIGOpP TOYKH
O u naockocTd f, Mbl MOXEM MOJYYHTb NPH NOMOLLU LEHTP aAbHOIO
npoekTHpoBaHus ¢urypsl A GeckoHeuHOe MHOXKeCTBO (UI'yp, OTYACTH
NOXOXHX Ha ¢urypy A, HO BO MHOIHX OTHOIUEHHAIX TaKXe M CyLLeCT-
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BEHHO OT Hee oT/MYamomuxcsi. Hampumep, mpoekTHpyst OKDYKHOCTB,
MOXHO TIOJYYHTh SJJIMIC MM mapabony M Jaxe runeponay; mpoek-
THPYSl TIPaBHUJBHBIH TPEYrOJbHHK, MOXHO TMOJNIYYHTh TPEYroJbHUK
npousBosibHO# ¢opmel, U T. X. Takum oOpasoM, MHOrMe CBOICTBa
¢Urypsl He nepeHoOCATCS Ha ee NpoekLHio. Tak, CBOHCTBA MpaBH/Ib-
HOTO TpPEYyroJbHHKAa MOTYT He COXPaHUTbC IMPH TPOEKTHPOBAHHH,
B pe3yJ/ibTaTe KOTOpOro, Booflie roBopsi, He GyNeT Mosy4aThCsi CHOBA
NIPaBU/IbHBIl TPEYTONbHHK; OCHOBHOE CBOHMCTBO OKPYXKHOCTH, BHI-
paxaeMoe OGLIYHBLIM ee ompelesieliHeM, TaKike MOXKET OLITh HapyILeHO

Puc. 87.

OpY TIPOEKTHPOBAHHM, TaK KaK, NPOEKTHPYS OKPYKHOCTb, MOXKHO
NONYYUTb, HAMPHMEP, JJIHNC, U T. . TOYHO TaK xe MHOI'HE BeJH-
YHHbI, CBsI3aHHble C (Urypol, GyAyT NpPH MPOEKTHPOBAaHHH, BOOGIIE
roeops, MeHsiTbcsi. Tak, MPOEKTHPYS OTPE30K NaHHOH JUIMHBI @, MOXKHO.
NOJYYUTb OTPE3OK, JJIMHA KOTOPOro Kak YrOAHO BeJIHKa HIH
KaK YrojHO MaJjia; NPOEKTHPYys TPeyrolbHMK NaHHOH mwiowanu A,
MOXHO TIOJyYUTb TPEYTONbHHK, IMJOWAAL KOTOPOro 6y11er Gonbime
WM MeHblile BeJHYMHBL A.

C npyroil cropoHbl, (GUIypbl 0GMafalOT CBOACTBaMH, KOTOPHIE CO-
XPaHSIOTCS NpH JIOO0M TPOEKTHPOBAHMH, H C (UTypaMH MOTYT GBITh
CONOCTaBJeHbl BEJHYHHBl, TaKXKe COXpaHsIouecss IMpH J060M
npoekTHpoBaHWU. Takue CBONCTBA M BEJHUMHBI HAa3bIBAIOTCS UHEA-
PUAHMAMU  NPOEKIMUPOBAHUS.

ViMenHo 3Tu cBOHCTBa (Uryp, HHBApHaHTHbIE MO OTHOLIEHHIO
K 21060my TPOEKTHPOBaHHIO, TloHcene Has3Ban npoexmusHoimu csolicm-
samu, paccMaTpHBasi X KakK OOBEKTHl MCC/IENOBAHHA B NPOEKTHBHOI
reoverpun.. Kpome TOro, oObekTamMu NPOEKTHUBHOH  reoMeTpHM
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SIBNAIOTCSl  MHBapUaHTHbIE  OTHOCHTEIbHO  NPOEKTHPOBAaHHi  Be-
JIUUHHDL.

IIpumepso. Ecan toukn Py, P,, ... P, durypsl A Jjexar Ha
npsIMOH, TO NMPOEKUHH 3THX Touek Pj, P,, ..., P, Takxe Jexar Ha
Hekotopoil mpsimoit. CnejoBaTeabHo, CBOHCTBO Touek ¢urypsr, 3a-
KJIoYatouieeesi B IPSIMOIHHEHHOM HX pacno/oXeHUH, sIBJAseTCs Mpo-
eKTHBHBIM. HHaue elle MOXKHO CKasaTb, YTO NpsMas eCTh OGBEKT Mpo-
CKTHBIIOH T'eOMeTPHH.

Ecan toukn Qy, Qi ..., Q, durypsl A nexar Ha KakoM-HHOYIb
KOHHYECKOM CeueHud B, To mnpoekuud 3THX Touek Qy, Qi ..., Qn
Takke JIeXKaT Ha HeKOTOPOM KOHHYecKoM ceuenuu k'. Muaue I‘GBOpﬂ.
KOHHYECKoe ceueHHe eCTb OOBEKT NPOeKTHBHOI reomerpud. Ilpu stom
TOJIbKO HYXKHO HMeTb B BHAY, YTO CBOHCTBA, IIPHCYLIHE MHCKJIOYH-
TeJbHO OKPYMHOCTH, HJH HCKJ/IOUHTEILHO JIMNCY, HJIH HCKJIOYH-
TeJbHO 1apabosie, WIM HCKIIOUMTENbHO rHnepbose, He SBJSAIOTCA
IIPOEKTHBHBIMH CBOHCTBAMH, [I09TOMY B TIPOEKTHBHOIl TI'€OMeTPHH
He JieJlaeTcsi pas/iuudsl MeX1y KOHHUECKHMH CedeHUsIMH, KaK B 3Je-
MeHTapHoi reomerpuu. MHbIMM ciibBamu, XOTH KOHHUECKHE CeueHHs
CyTb OOBEKTHl NMpPOEKTHBHOH TIeOMETPHH, HO OTAeJbHble BHAbl HX —
OKDYIKHOCTH, 3JUNChl, napabosbl, runep6osbl, B MPOEKTHBHOH reo-
MeTPHH HE Pas3’iuyaioTC W MOPO3Hb HE HCCAELYIOTCS.

§ 79. 3apaua H3yyeHUss NPOEKTHBHHIX CBOWCTB (UTyp MNpHBJIEK/Ia
K ce6e BHMMaHHE MHOTHX IeOMETPOB, Cpead KOTOpbix nocje Ilowcene
mbl otmerim Hlana (1793—1880) u Wlrefinepa (1769—1863). MM npu-
HaJIeXUT pa3paboTka psjga OOLIHMX BOMPOCOB [POEKTHBHOA reomer-
pud, B kortopbix lreiinep, Wanb u conyTcTByloKME HM TeOMeTphI
BUZEAH BO3POMXJAEHHEe CHHTETHUECKOTO HalpaBleHHSs B TeOMETPHH.
PasBuBasi CcHHTeTHYECKHe MeTOAbl B IIPOTHBOBEC allaJUTHUYECKHM,
9TH TeOMETPbl JOCTHIAM H3BECTHBIX YCMEXOB B YCOBEpLIEHCTBOBAHHH
annaparta NpPOCKTHBHOH TeOMETPHM H B NPHMEHEHHH €ero K . pasquiu-
HbIM TEOMETPHUECKHM 3ajauaM.

O}Illdl\o NpHHUHIOHAaJbHOE 3ilayeHue npOEKTHBHOﬁ reoMeTpuu
B Pa3BHTHH T€OMETPHYECKHX HAEll onperessieTcs OTHIOAb HE KOJHYeCT-
BOM OTJEJNbHBIX CJyyaeB, IJe €e MeTOAsl OKa3blBaroTces yaofHee Me-
TOLOB auajuTHuecKoil reomerpuu. Ceiluac Mbl BHIHM 3TO 3HaAueHHe
B 10f1i OOUIHOCTH [IPOEKTHBHOH TIeOMeTpHil, KOTopas I03BOJISEeT
COeHHTh BOENHHO pasHble TreOMeTPHYECKHe CHCTEMbl, B YaCTHOCTH
BKJIOYHTE B .INPOCKTHBHYIO CXeMy MW  9JieMeHTapHYyl  reo-
METPHIO.

Mexny tem y Ilreiinepa n Ians npoekTHBHAs reOMCTPHS BHITJISA-
Jesla Kak yacTb 3jemeHtapHoii. IlpeBpauieHne nNpoeKTHBHOH TreomeT-
PHH BO BIOJNIHE CaMOCTOSITENbHYIO AMCLUHILVIMHY SIBHJOCH YXKe JeJIOM
Bropoil noseBuHel XI1X cronerus.

BaxHoil npennochiIKoi MJAs STOro mnpeBpauieHus 6bno  ynor-
peGieHse B IIPOEKTHBHOH  TeoMeTpHH  OCCROHEYHO  YAAJICHHBIX
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reoMeTpHyeckux assnemeHtoB. Ha atoM Bompoce MeI cefiyac crenuagbHO
OCTaHOBHMCH.

§ 80. Ilycts A — npoin3Bo/bHAs TOUKAa NPOCTPAHCTBA H @ — Mpsi-
Masi, He mpoxozsmas depe3 Touky A-(puc. 88). ITpomerem uepes A
H @ nJIoCKoCcTb o W GYAeM paccMaTpuBaTbh BCEBO3MOXKHBIE MpsiMble
IJIOCKOCTH @, MPOXO/ALLHe uepe3 TOUKY A. DTd npsiMbie COCTaBJSAIOT
ILIOCKKI NY4OK ¢ ueHTpoM A; Mbl OyAeM HasbiBaTh €ro:. ny4ox A.

Mexy JsiyuaMu 3TOTO Iyuka H TOYKAMH MPSMOIl @ Mbl YCTaHOBHM
COOTBETCTBHE, COMOCTaBSIA ¢ KaXA0H TOUKOIl M npsaMoO# a TOT Jyu m
nyuka A, KoTopblii nepecekaeT npsamyto a B Touke M (puc. 88). Jlyu m
HasblBAIOT  JIYYOM,  IPOEKTHPYIOLIHM

Touky M. ,\\\\\
OueBUAHO, 4TO KakK Obl HH ObLia a 7

pacnojioxkeHa Touka M Ha npsMmoil a,. /
el BCceria COOTBETCTBYeT OmNpefeseHHbI
ayu m. Ho Henb3sa yTBep»Kaartb, uTO

Jo6oMy Jydy nyuka A COOTBETCTBYET
ToYka npsmoit a. MmenHo, ayu o’ nyuka / a/ —

A, napannenpHblii npsAMoi @, He

nepecekaer ee H I09TOMY He MMeeT

cooTBeTCTBYloUlell cebe ToukH. TakuMm Puc. 88

06pascM, COOTBETCTBHE MeXAY JyyaMH T

nyyka A M TOUKaMH NPSMOIl @ He fBJAETCA B3aHMHO OJHO3HAYHBIM.
3T0 06CTOATENLCTBO TNPHU  MCC/AEIOBAHHH TNPOEKTHPOBAHHH  CHYXKHT
HCTOUHHKOM MHOTOUYHC/JEHHBIX Heyno6erB. UrTobbl n3bexarb MX, yC/IOB-
JIMBAIOTCSl pacCMaTpHBaTh NapasJesbHble NpPsiMble Kak IepeceKaro-
muecs Ha GeckoHeunoct. Torga Jayu a’ B nyuxe A, mapajesibHblil
npaMofi @, Kak ¥ BCAKMH Apyro#l syu nyuka, Oyfer uMeTb Ha nps-
MOIi @ COOTBETCTBYIOUYIO ce6e TOUKY, HO TONbKO He OObIKHOBEHHYIO
TOYKY, a8 HEKOTOPBIH HOBbIfi OGBEKT, Ha3blBaeMblil OECKOHEUHO yOareH-
HOUE mO4KoUd npsMo#l a.

BeckoHeyHo yaaneHHasi TOYKa TNpPsMOM CuuTaeTcs NpHHaL/Iexa-
el TakkKe KaKaoH NJIOCKOCTH, KOTopasi NPOXOIMT uepe3 3Ty mps-
myto. [asnee, nosaraior, yToO napaJJebHble MpsiMble HMEIOT OIHY
o0uLyl0 GECKOHEYHO YJaleHHYI0 TOUKY; COOTBETCTBEHHO 3TOMY CH-
cTeMy TnapasiieNbHbIX NPSIMBIX, PacloJOXKelHblX B ONHOH IVIOCKOCTH,
Ha3BIBAIOT NY4KOM C OECKOHEUHO YOAACHHbIM UEHMPOM.

3aMeTHM, YTO My4OK C GECKOHeYHO yJasJeHHBIM HEHTPOM MpPH Tpo-
€KTHPOBAHUH MOKET MepeiTH B oObiKHOBeHHbIH nyyoK. Tak, Ha puc. 89
NyyoK B TUIOCKOCTH ¢ ¢ GECKOHEYHO YyHaJeHHBIM LEeHTpoM S, mpo-
exTupyercsi u3 ueHtpa O Ha muockocTb fi B OOBIKHOBEHHBIA IMy4OK
¢ uenrpom S.

DeckoHeuHO yJajleHHble TOUYKH HenapaJelbHbiX TNPsSMBIX CYH-
TaloTC pasjMuHbIMH. Takum 06pa3oM, KaMaas IJIOCKOCTb CONEPIKHT
GecKOHEUHO  MHOIO  pas3/M4HbIX ~ OeCKOHEUHO Y/IQIEHHEIX TOYEK.
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CoBOKYNHOCTh BCeX GECKOHEUHO YIaJleHHBIX TOYEK TJIOCKOCTH Hasbl-
BaIOT ee GeCKOHe4HO YOaNeHHOU Npamol.

CoBOKYMHOCTh BCeX OECKOHEYHO YJaJleHHBIX TOYeK NPOCTPAHCTBa
Ha3bBaIOT OecKOHedHO yodareHHoU naockocmoto. Takasi TepMHHOMOTHS
OnpaB/blBaeTCs CIENYIOUIMMU JIBYMSI OGCTOSITENbCTBAMH:

1. lBe napasienbHble IJIOCKOCTH HMeIOT oOuIHMe GECKOHEYHO yia-
JieHHble TOYKH, BCJEACTBHE Yero COBOKYMHOCTb GEeCKOHEUHO yHaJieH-
HBIX TOYEK IIJIOCKOCTH MOXKHO paccMaTpuBaTh Kak o6pas, moayuyae-
MbIH [IDH [epeceyeHHH [BYX IIOCKOCTEl; MO3TOMY COBOKYMIIOCTb
GeCKOHEYHO YJasIeHHBIX TOYeK IIJIOCKOCTH eCTeCTBEHHO Ha3BaTh NPSIMOi,

{Puc. 89.

2. MHOXecTBO BceX GECKOHEUHO yIal€HHBIX TOYEK MNpPOCTPaHCTBa
NIPH TIepeceyeHHH C J000H OObIKHOBEHHOH MJIOCKOCTbIO ONpPeAessieT
GeCKOHeYHO YAajleHHyI0 npsaMylo. [lo3TomMy yKasaHHOe MHOXeCTBO
€CTeCTBEHHO Ha3BaTb IJIOCKOCTHIO. )

§ 81. Bce ussokeHHOe MOXXHO Pe3lOMHPOBATh CJIEAYIOMIUM 06pa3oM.

MHuoxecTBo 0OBEKTOB  €BKJHMJOBAa IPOCTPAHCTBA  JAOMOJHSETCS
HOBBIMH 3Ji€MEHTaMH, KOTODHIM JaeTcsi Ha3BaHHe «OeCKOHeYHo yja-
JIeHHasl TO4YKa», «OECKOHEUHO yjajeHHas npsMas», «6eCKOHeYyHO yja-
JIeHHasi TIOCKOCTb». [IpHcoenuHeHHe HOBBLIX 3/€MEHTOB NPOH3BOAHTCS
¢ cobmiofeHyeM OIpe/eNeHHbIX YCJIOBHH, HMEHHO:

1. K MHOXKecTBY ToueK KaxKIoH mpsAMoil npubGaBisieTcss oxHa Gec-
KOHEYHO yJa/leHHad TOYKa; K MHOXECTBY NPSMBIX KaxAOH MJIOCKOCTH
npubaBAsieTcss OfHa OEeCKOHEYHO YJa/jeHHas NpsMas; K MHOXECTBY
IVIOCKOCTEH TPOCTpaHCTBAa NpubOaBiasercs OfHa OeCKOHEUHO YyAaJeH-
Has IJIOCKOCTb,
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2. CpoiicTBa B3aHMHOH NMPHHAAJIEKHOCTH paclIHPEeHHOI0 MHOXKeCTBa
TEOMETPHUECKHUX 3JIeMEHTOB JOJXKHBl YIOBJIETBOPATL TpeGOBaHUAM
BCEX AKCHOM coueTaHHsa (T. €. mepBoH rpynnel akcuoMm [HibGepra).

3. CpofictBa B3aUMHOH NPHHAIJIEKHOCTH DAaCIIHPEHHOTO MHOXe-
CTBa Ie€OMETPHYECKHX 3JIEMEHTOB JOJIKHBI GbiTb TAaKOBBI, YTO Ka)able
JIBe TUVIOCKOCTH HMEIOT OOLIYIO NPSAMYI0, KaK]ble NpsiMasi U NJOCKOCTh
HMeIOT OOILYI0 TOYKY, @ TAKXEe MMEIOT OOILyl0 TOUKY KakKible ABe Ipsi-
Mble, pacroJioXKeHHble B OJHOH MJIOCKOCTH.

[IpaMas, nononHeHHass GeCKOHEUYHO VYAajJeHHOH TOUKoH, Hashl-
BaeTcs npoekmusHod npsamoti. IIpoeKTHBHYIO NpSAMYIO C/efyeT mpen-
CTaBJsATL ce6e B BHAE 3aMKHYTOM JHMHHH. IL10CKOCTb, J@MONHEHHasi
6GeCcKOHeYHO yJaJleHHOH NPSAMOH, Ha3bIBAETCA NPOEKmMUBHOL NAOCKOCMbIO.
IlpocTpaHcTBO, JOMOJHEHHOe OeCKOHEYHO YJaleHHOH MJIOCKOCThIO,
Ha3biBaeTCs NPOeKMUBHbIM NPOCMPAHCMEOM.

§ 82. bBeckoHeuHO yjajleHHblE 37€MEHTHl HEpeAKO BBOIATCHA B pac-
CMOTpeHHe W B ®jeMeHTapHOH reomerpud. Ho B 3jemeHTapHOM reo-
METPHH MCIIOJb30BaHue HX IO CYLIECTBY OrPaHHUYUBAETCS JIHIIb OCO-
060ii MaHepoOH CJIOBeCHOrO BhipaxKeHHsl reOMeTpHUeCKUX (akToB (BMECTO
TOTrO YTOGLI TOBOPHTb, YTO NpPSIMble NapaJjijiefbHbl, HX Ha3bIBAIOT CXO-
IAMMMHC B GECKOHEYHOCTH, LUMJHHADP PpacCMaTpPHBAOT KaK KOHYC
¢ GeCKOHEeUHO yJaaJeHHOH BEpLIMHOH H T. A.). B npoekTHBHOH reomer-
pHH, HanpoTHB, GECKOHEUHO yJa/eHHble 3/eMEHTHl MTPaloT TaKYIo Ke
poJib, KaK H OCHIKHOBEHHblE reoMeTpuyeckie ob6pasbl, H ABJAIOTCA Op-
raHWYecKOH YacTblO IPOEKTHBHOI'O IPOCTPAHCTBA.

IlpruvHa Takoro pasjguyMs CTaHET BMOJIHE SICHOH, €CJIH CPaBHHUTh
06bEKTHl HCCJIEJOBAHUS 3JeMEHTAPHOH TreoOMETPHH U NPOEKTHBHOM
reoMeTpuu. ODJieMeHTapHas TeoMeTpUsl B 3HAUUTEJNbHOH CTeleHH
NOCBSLLEHA H3YYeHHIO TaK Has3blBaeMblX METPHUYECKMX CBOHCTB (uUryp,
T. €. TaKHX CBOHCTB, KOTOpble CBsI3aHbl ¢ H3MepeHHeM TreoMeTpuhue-
CKMX BEJIMYHH (IJIHH, YIJIOB W miomanei). lamepenue Jso6oro or-
pe3ka AB c OGbIKHOBEHHBIMH KOHIIAMHM BCErja BO3MOXHO H IPHBO-
IUT B pe3ysbTaTe K ONpelesleHHOMY YHCJY, BblpaxawueMmy JIHHY
orpeska AB. Ho B ToM ciyuae, Korja OfMH KOHell OTpe3Ka SIBJISETCSA
6eCKOHEYHO YNaJeHHOH TOYKOH, MpOLECC H3MEPEHHs TepseT CMBICH,
TaK KaKk Ha TAaKOM OTpe3Ke JIHHeHHas eNUHHIIAa OTKJajbiBaercsi 6Gec-
KOHeyHo MHoro pa3. ToyHo Tak ke mnpouecc M3MepeHHsl YIJIOB He-
NpPYMEHHUM B TOM CJyuyae, KOTZa OJHAa CTOPOHA yIVIa eCThb GECKOHEUHO
ylaneHHasi npsMasi, ¥ «HauBHbIe» CIOCOOBI M3MEpPEHHS IJIoLlafel He-
NpUMEHHMBI K (UrypaMm, cofepKamuM OeCKOHEYHO YAaJleHHble 3Jjie-
MEHTHI.

Takum ofpa3oM, B 5/eMeHTapHOH reoMeTpuH OECKOHEUHO YyHa-
JIEHHbBIE 97IEMEHTHI 110 He06XOHUMOCTH HIPAIOT 0CO0YI0 POJb U 11O CBOACTBY
CBOMX OTHOLIEHHH K OOBLIKHOBEHHBIM TI€OMETPHUYECKHM 3JIeMeHTaM
CYIIECTBEHHO OT HHX OT/IMYalOTCA. B NpPOTHBOIIOJIOXKHOCTL STOMY,
B NPOEKTHBHOH TI€OMETPHM, NOCKOJbKY METPHYeCKHe CBOHCTBa ¢uryp
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He fBJAIOTCA €e OObeKTaMM, yKa3aHHble Bbille OOCTOATeNBbCTBA, OTJIH-
yarouye 6eCKOHEYHO yajleHHble 3JIeMeHThl OT OCTaTbHBIX, TEPSIOT CHIY.
Bonee toro, Tak kak MNpH MPOEKTHPOBAHHAX GECKOHEUHO YAaJeHHLIE
9JIeMEeHTbl MOTYT TEPeXOAHTb B OOLIKHOBEHHBIE, TO, CJIeJOBATeJqbHO,
OHH He 00JaJ210T HUKAKHMH NPOEKMUBHbIMU CBOLICMEAMI, KOTOPLIE
oranuaau 6bl HX OT OOBLIKHOBEHHBIX 3/eMeHTOB. [lostomy B mnpoek-
THBHOH TEOMETPHH Da3/HuHs Mex1y OObIKHOBEHHBIMH H OECKOHEYHO
ylaNeHHbIMH 3JeMEeHTaMH HeT. -

§ 83. Vnest 6eckoneuHo yaaneHHBIX 3/1€MEHTOB BO3HHKJA IOBOJILHO
masHo. Ho paBHOmpaBHe GecKOHEUNO YAANeHHBIX M OGbIKHOBEHHBIX
9JIeMEHTOB, €CTECTBEHHOE € TOYKY 3pEHHS] IPOEKTHBHOH FeOMeTpHH,
OCTaBa/OCh HJJIIO30PHBIM, MOKA MPOEKTHBHBbIE CBOMCTBA (Uryp Hccae-
JOBANNCh METOAAMH 3JIeMeHTapHOI. reOMeTPUH, TaK KaK 3TH MeTo/bl
OMupaloTCsl Ha H3MCPCHHE, a METpPUuka SJIEMGHTapHOf/‘I reomMerpuu o61-
8aTE/1bHO TPHUBOAUT K PA3JIHUHIO MeXAY KOHEUHBIMH H 0GECKOHEUHO
yraJeHHBIMH o6paszamu. UYroObl NpHUAATh TOHSTHIO NPOEKTHBHOIO
MPOCTPAHCTBA TOYUHBIH CMBICJ, OKa3aJoch HeOGXOAMMBIM MOJHOCThIO
H3THATb H3 IIPOSKTHBHOI TeOMETPHM BCE, YTO CBSI3aHO C H3MEpEeHHEeM.

3anaua ocBOGOXKIEHHS] IMPOEKTHBHOH TEOMETPHM OT HCIOJAbL30Ba-
HHsl W3MepeHHH B npuHUMNe ©bi1a petneda [lrayarom (1798—1867).

. TlpoextuBHas . reomeTpusi, OCBOOOKIEHHAs OT METPHKH, MpeBpa-
THJAaCh B JAUCLMIUIMHY, M3YUAIOUIYIO TOJIbKO CBOHCTBAa B3aHMHOTO pac-
TOJOKEHUsT TeOMETPHUECKHX 0GpasoB. Bnmecre ¢ TeM NPOeKTHBHAS
reoMeTpusi Cjesanach CaMOCTOATE/IBHOM TeOMeTPHYECKOH AHCLHILIH-
HON €O cBoeil_COOGCTBEHHOH aKCHOMaTHKOH # COOCTBEHHOH COBOKYN
HOCTBIO OGBEKTOB (KAKOBBIMHU $IBJSIOTCS MPOEKTHBHASA npamas, npo-
eKTHBHas IUIOCKOCTh M MPOEKTHBHOE NPOCTPAHCTBO).

2. Teopema [lesapra. [locTpoeHue rapMOHMYECKMX TPYNN 3JeMEHTOB

§ 84. IlpoekTHBHYIO reOMeTpHIO Mbl OyIeM CTPOHTb Ha OCHOBE He-
KOTOPOH CHCTEMBI &KCHOM, OTHOCAIIHXCS K B3aHMHBIM OTHOLUEHHSIM OC-
HOBHbIX 00BeKTOB. OCHOBHBIMH OGBEKTAMH SIBJSIOTCA TOUKH, NpAMbIE
U NJIOCKOCTH; WX B3aHMHbIE OTHOILEHHS, O KOTOPLIX HIAET peub B aKCHO-
Max, CyTb OTHOLIGHHMS CBSI3M M MOPSIKA. AKCHOMBI NpPOEKTHBHOI
reoMeTpHH, KakK M TojyyaeMple M3 HHX TEOPeMbl, BbIPAXKaloT H3DecT-
Hbie CBONCTBA E€BKJHMIOBA MPOCTPAHCTBA, HOMOJHEHHOTO GECKOHeuHO
yIaJeHHbIMH 3jeMeHTaMu. Ho, KOHeYHO, MNOA TOYKAMH, MPAMbIMU
H TUIOCKOCTSIMH B NPOEKTHBHOI TFeOMETPUH MOMKHO MOApasyMeBaTh /110-
Oble mpeAMeThl M B3aUMHBIC OTHOIUEHHS] MeXIy HHMH MOXKHO KCTO/IKO-
BaTh JIOOLIM 06pa3oM, JMIIL Obl ObLIO COGMIOLEHO TO, YTO TOBOPHTCS
B akcuoMax. TOraa BblBOABI, TIOJMyYeHHbIE H3 aKCHOM, G6YAYT BbIPaAXaTh
onpenesneHurie (GakThl, OTHOCSUMECS K BbiOpaHHbIM o0bekTaM. Coor-
BETCTBEHHO 3TOMY MPOEKTHBHBIM ~[POCTPAHCTBOM fIBJSieTCs J1H060e
MHOXKECTBO MpEeAMeTOB, Ha3blBaeMblX TOUKAMH, NpPSIMBIME M  IIO-
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CKOCTAAIMH, U1 KOTOPHIX OnpelejeHbl B3adMHBIE OTHOLUEHHA C CO6-
JiojieHHeM TpeGoBaHMIl HHKENPHUBOAUMBIX 2KCHOM.

AKcHOMBI TIPOEKTHBHOfI TEOMETPHH MOXKHO paclpeieluTb Ha TPH
TPYMIBIL, M3 KOTOPbIX

rpynna [ comep:KuT AeBATb aKCHOM CB3H,

rpynma Il conepuT uecTb akcHOM mopsijka,

rpynna 11 conepAKHuT ofHy aKCHOMY HenpepsIBHOCTH.

B nacrosiien pasjene PaccMaTpPUBAIOTCH aKCHOMbI I IpyImel H HX
BaXKHElILIMe CJelCTBHSA.

Fpynna [L—IlpoeKTHBHBE aKCHOMB CBS3H.

Mebl nonaraem, 4TO NpsiMble U NMJIOCKOCTH MOTYT HAXOQHMTLCS B H3-
BECTHBIX COMOCTAaB/JIEHHAX C TOUKAMH, KOTODble 0003HauaeMm CJAOBaMH:
«IIpAMAs MPOXOAMT uepe3 TOYKY» WJIH «TOUKA JEKHT Ha MPSAMOii»;
«TI1I0CKGCTb MPOXO/UT Uepe3 TOUYKY» WM «TOUKA JEXKHUT Ha NJIOCKOCTHY.
YcaoBus 3THX COMOCTaBjAeHHH BhIpaxaior akcuomel [,1—1,9.

1. Karosor Obt Hu Gbtau dge mouxku A u B, cyuecmeyem npamas a,
npo.‘(o:?ﬂzu,aﬂ yepes mouku A, B.

1,2. Karosgot 6bt Hu 6oy dse pasauuroie mouku A u B, cyuecm-
syem He 60aee 0OHOU npamod, npoxodawed 4epes, mouku A, B.

1,3. Ha kancOotl npamoii umeemca ne merce mpex medex. Cywecm-
eylom no  Kpalrell mepe mpu MO4KW, He jexmawyue Ha O00HOR
npsmot. ’ ' .

i,4. Yepes kaocdvte mpu mouxu A, B, C, He aewawue Ha 00HOL
npamoti, npoxodum Hexomopas naockocme .. Ha raxcdoiti naockocrmu
umeemess He MmeHee OOHOL IMOYKLL.

1,5. Hepes kaxcovie mpu mouku A, B, C, He sexcawyue Ha 0dHoli npsa-
soil, npoxodum wre 60aee O0OHOL NAOCKOCMU.

1,6. Ecau 0dse mouku A, B npamoud a aexcam Ha nAoCKOCHU &, 110
Kaoas mouka npamol a AexCum Ha NAOCKOCHU O.

1,7. Ecau 0dse naockocmu o, P umerom obuwyro mouxy A, mo oHu
unelom ewe no KpatHet mepe 00Ky obuyyo mouky B.

1,8. Hmeemca He meHee 4embipex mniouex, He acxKcaIUux Ha CcOHOW
nAOCKOCTIL.

1,9. Kaxooe 0se npsmole, pacnososxcersie 8 00HOL NAOCKOCHIL, UMEIOM

0bwy10 Mo4Ky.
. Ecanm conocraBurb TONBKO uTO CGOPMYJHMPOBaHHBIE aKCHOMBI
1,1—I,9 ¢ akcuomamu nepsoii rpynne! ['nmisbepra (em. r. II, § 12)
TO MOXHO IIpex/ie BCero 3aMeTUThb, YTO Bee TpeboBalus aKCHOM NepBoil
rpynnsl Iunpbepra copep:karcst TakKe M B IPOCKTHBHBIX aKCHOMAax
[,1—I1,9. Tloatomy 6ce meopemol saemermapHoLi eeomempun, OCHOBAH-
Hble AUWb HA QKCLUOMAX CB8A3U, CRPAcedausb. MaKice u 8 npoexkmus-
nod ceomempuu. TIpoeKTUBHBIE aKCHOMBI CBA3H OTIHYAIOTCA OT aK-
CHOM CBSI3M 3JIEMEHTADHOH reOMETPUH TOJMBKO B JBYX MYHKTAX:

1) B akcuome 1,3 mpoekTHBHO! cucTeMbl TpeOyeTcs, YTOObl HAa KaX-
JOH mpsAMOfl  CyllecTBOBaJO e MeHee TpeX TOueK, TOrAa Kak
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B coorBeTcTByMomeit akcuome 1,3 cucremer I'mab6epra crasurcs TpeGo-
BaHHe, 4TOObLI NpAMas cogepkaja XoTs Obl JBe TOYKH.

2) TlpoekTiBHEIE aKCHOMBI CBSI3H BKJOYalOT TpebGoBanue 1,9,
KOTOpOe He CTAaBHTCA H He BBLIMOJHAETCH B SJeMeHFTapHOH reoMeT-
pun. Bnaropaps axkcuome 1,9 B nmpoeKTHBHOII reoMeTpuH HeT mapalf-
JIeJIbHOCTH, TaK KaK BCAKHe JBe IpsiMble OJIHOH IJIOCKOCTH mepe-
CeKaloTcs.

Takum 06pa3oM, MPOEKTHBHbIE AKCHOMBI CBSI3M COLEPXKAT 00J/blLUe
TpeGOBAHHI, YeM aKCHOMBI CBfI3M 3JIeMEHTapHOH reoMeTpuH, 6/aro-
Jlapii ueMy M3 NPOEKTHBHBIX AKCHOM CBSI3H MOTYT ObiThb BbIBEAEHLI
TEOpeMBl, He BHITEKAIoIHe M3 akcHoM cBs3H [mabGepra.

B uacrHoctu, u3 akcuoMm [,1—I1,9 cnenyer, uto

1) npsimasi ¥ MJIOCKOCTb BCETAa HMEIOT OOLIYIO TOYKY}

2) IBe MJIOCKOCTH BCerja HMeIT OOUIYI0 NpsSMYIo;

3) TpU MJIOCKOCTH BCerja HMeIOT OOILLYI0 TOYKY.

§ 85. He ocranaBnuBasicb Ha TPUBHANBHBIX CJIEICTBHSIX AKCHOM
I,1—1,9, Mbt o6paTumcs cefiuac K JoKasaTesbCTBY Teopembl Jle3sapra,
KOTopasi fBJAseTCsl OCHOBOM IIPOEKTHBHO{l. FeOMeTPUHM Ha [OJo-
CKOCTH.

YcIoBUMCA  HAa3bIBATb  MIPEXBEPUIUHHUKOM COBOKYMHOCTb  Tpex
TOYeK, He JleXauluX Ha OXHOH NpsIMOi, M TpeX NPAMBIX, MOMNAapHO CO-
€IUHSIONMX STH TOYKH. TpH
TOYKH, O KOTOPBIX HJET peub,
fyZeM HasplBaTh BepILHHAMH,
COeNMHSOUIME WX MpsMble —
CTOPOHAMH  TPeXBepLIMHHHKA
(Mpl u36eraeM noaobHy© (H-
I'ypy Ha3bIBaTh TPEYTOJbHUKOM,
COXpaHfisi STOT TEepMHH A
o0o3HaueHust o6pasa HECKOIbKO
MHOrO  BHIA, O  KOTOPOM
Oyner peub jajblue, TocHe
TOro, KaK Mbl [O3HAKOMHUMCH
C TPOEKTHBHBIMH 8BKCHOMaMH

nopsaka).
PaccMotpum. Ba TpexBep-
Pic. 90. [UHHHKKA, BEPUIHHBI KOTOPBIX

o6osuauum Gykeamu A, B, C

u A’, B, C'. Mul 6yzeM Ha3blBaTh BepPUIMHbI, 0603HAYEHHbIE OJMHAKO-

BbIMM 6yKBamu, cooTBeTcTBeHHbIMH (A U A', B u B’, C u C'); Takxke

6yneM HasblBaTb COOTBETCTBEHHBIMH CTOPOHBI, TIPOXOAfLIUE 4Yepes
COOTBETCTBEHHEIE BEDILUHBI. :

Teopema | (mepBaf Teopema JJesapra—mnp -

s a ). Ecau coomsemcmeenHoie cmopoust mpexsepuiuinukos ABC u

A'B'C’ nepecexaiomes 8 moukax P, Q, R, aexauqux Ha o0Hoi npamoti,
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mo npsamole, COeOUHAIOULUE COOMBEMCMBEHHbIE BEPULLHbL, CX00AMCA 8 00-
Hoti mouke (puc. 90).

Teopema 2 (BTopass Teopema Jlesapra—oo6-
paTHas). Ecau npamvie, coeOuHarouje COOMBEMCMBEHHbIE BePULLHbL
mpexgepuwiunnukos ABC u A’'B'C’, cxodamcsa 8 00Hol mouke, mo coom-
8EIMCMBEHHbIe CMOPOHbL SMUX MPEX8ePULUHHUKO8 NepeceKaromcss 8 mou-
Kax, fexawyux Ha 00HOU npamoil *),

Puc. 91,

YcioBHMCA ‘Has3biBaTh MpPSAMYy0, HAa KOTOPOfl PacnoJIOKeHbl TOYKM
repeceueHnss COOTBETCTBEHHEIX CTOPOH  TPEXBEPLUMHHHUKOB, O0CbI0
nepcneKkmueol; TOUKY, B KOTOPOH CXOAATCA MNpsiMble, COEQUHSIOLIME
COOTBETCTBEHHbIE BepILHHbl,— yeHmpom nepcnexkmusst. Torga obe Teo-
pembl Jlesapra MOXKHO KOPOTKO BLIPAa3HTb CJEAVIOUMM OGpasoM:

Ecau 0sa mpexsepuiunnuka umerom oco -nepcnekmusol, 110 OHU
UMEIOM U YeHmp nepcnexmusst, u 06pamHo.

Joxaxem“nepsyio Teopemy Jlesapra. :

IMycte ABC u A’B’C’ — TpexBepLUHHHHKH, JeXaule B OXHOIl
U TOH e IVIOCKOCTH o, OG/ajaioliie Ocbio mepcrnekTuBbl u (pdc. 91).

*) JIast Hac CcyLieCTBeH JIHIWB TOT Cay4ail, Korga Tpexsepiuniiuky ABC n A B'C’
JeiKaT B OJHOM MJIOCKOCTH,
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Takum o6pasoM, npsiMasi u copepkut Touku P, Q, R, B KOTOPBIX
MepPeceKaroTCcs napbl COOTBETCTBeHHBIX ctopod AB u A’B’, BC u B'C’,
AC u A’C’. HyxHo nokasate, uto npsimsle AA’, BB u CC’ cxoustcs
B OJHO/ TOYKe, T. €. YTO JaHHble TPEXBEPLIMHHUKH HMEIOT LLeHTp mep-
CMEeKTHBLL *).

s nokasaTtesbcTBa BO3bMEM KaKylo-HHOYAb TOUKY, He Jlexaulyio
Ha MJIOCKOCTH «; 0003HauuM ee uepe3 B” (cylLiecTBOBaHHE TOUKH
B"” obecnieyeno axcuomoii 1,8). Touku P, Q u B” He jexar Ha OQHOM
npsIMOK; TMOSTOMY CYLIECTBYET eNUHCTBEHHas [JIocKocTb fB, mpo-
Xoafllas 4epe3 5TH TOYKH. B corsacuu c akcuomoit 1,3 MbI MoxieM
Ha npsMoil B”Q BmiGpaTe Hekoropyio Touky C”, oTinuHywo or B”

i Q. ITo akcuiome [,6 3Ta Touka JEXKHUT B MJOCKOCTH f, TaK Ke Kak
M Touka R. I"Ioncmy npsivas RC” pacnonoxena B niockoctd P. Tak
Kak npsample RC” u PB” nexar B OfHOM TJOCKOCTH, TO - 110
akcuoMe [,9 oin umeoT obuLylo Touky; oGo3Hauum ee yepes A”. Mol
NOJAYUMAH B TJCCKOCTH P TpexsepunuHuk A”B”C”, Haxomsuiuiics
B HEKOTOPOM CII€LHANbHOM PACMO/J0XKEHHH MO OTHOIUEHHIO K TPCX-
BepuwinnHukaM ABC u A'B’C’, wumenHo, TpexBepuiidHukn ABC,
A'B'C’ u A"B"C" wumeior o0uyio OCb MEpPCHEKTHBbI 4, TpHYEM
cooTBetcTBeHHble cTOponbl AB, A'B” u A”"B” 3TuX TpeXBepUIMHHH-
KOB CXOJSITCA B OJHOIl TouKke [*, M TOUHO TakK e CTOPOHE BC, B'C”
n B"C" cxoxdrca B oanoii Touke Q n cropoust AC, A'C"u A"C” cxo-
IsTcsl B O7lHOf Touke R.

[Tpu Takom pacnojoxennn Tpexsepurniukn ABC n A"B"C,
a TAKKe TPEXBEPUIHHHHKN A'B'C" u A"B"C" uMeloT UeHTp mnepc-
NeKTHUBbI. 3TO HETPYAHO A0Ka3aThb. XOTs 3IeCk HaM NPHXOAHTCH YC-
T4HAB/IHBATh 110 OTHOMICHHIO K TPeXBEPUIHIHHKAM ABC u A"B’C"
(u.rm A'B'C’ u A"B"C") ToT e (akT, Kakofl yTBepKIaeTcs Teope-
moit Jlesapra no oTHoweHnHo K Tpexsepuuunukam ABC n A'B'C
HO JIOKa3aTeJbCTBO Y]Ee3BbLIUAfHO YIIPOLIAeTcss TeM, UTO Tpexr?ep-
wiHHukd ABC u A"B"C”" (nan A’B’C’ u A"B"C") nexar B pasHblx
IJIOCKOCTSIX.. '

Paccmorpun naockoetn PAA", QBB" u RCC"; kak 6buio oTMe-
yeHo B KoHle § 84, Kaxjble TPH MJOCKOCTH HMeloT OCLIYI0 TOUKY.
ITyctb S — ofuwaf Touka yKkasaHHbIX MJocKocTell. 3aMeTdM, 4To
npsmag AA” ectb obutas npamas naockoctefi PAA” u RCC"; na-
Jee, BeChbMa CyUieCTBEHHO YyCTaHOBWTb, uTO maockoet PAA”
n RCC" PasHyHLL. B canowm geae, noockocts PAA” COLEPXMHT NpA-
Myto BB”. Ho B cuny Bei6opa Toukd B” mnpsimeie BB” u u ue umetor
obmeil Touxkn. Orcioga cJjejiyer, 4YTO TOouka R He MOXer la-
XouuThesi B miockocTH PAA" m, Takum o6pasom, ruiockoctH PAA”
¥ RCC" neiictButenniio pasnuudbl. [lostomy ofwmas npamas AA”

*) ByneMm cunTaTh, 41O NpsMas 4 He COZEPKMT BEpPUINH JaHHBIX TPeXBepuiMil-
HIIKOB (B TIPOTHBIIOM CAYYde Teopema Toxe Bepiia il yCMaTpHpaercs ¢ OUEBHAHOCTLIO).
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STHUX IJIOCKOCTEH CONEPKUT BCE HX OOLIME TOUKH, B TOM YHCJE H TOUKY S.
Huaue rosops, npsmaa AA” npoxomur uepes S. M3 rtakux xe
COo06paxKeHnil ciepyer, uto yepe3 Touky S npoxogsat npsimeie BB”
n CC". TeM caMbiM yCTaHaBJIHBAaeTcs HajJHyHe LEHTPA MepCHeKTHBBI
TpexBepwWHHHHKOB ABC u A"B”"C". AHaJOrMYHO MOXHO YCTaHOBHTb,
uro TpexBepwnHuuky A'B'C’ u A”"B”C” uMeloT UEHTP NepCcrexTH-
Bol S'. .
TpoBenem Temepb uepe3 Toukn S S’ npsMmylo s; 3Ta npsimas
BCTPETUT IJIOCKOCTb @ B HeKoTopoii Touke O. Jlerko yGemuTbecsi, uToO
Toyka O Kak pas u SBAsieTCA UEHTPOM MNEPCHEKTHBH TpPeXBep-
muHiukos ABC u A'B'C’. B camom gene, GyaeM NpOeKTHPOBATh
NPOCTPAHCTBEHHYIO  (PHTYPY,  COCTARJEHHYIO  TPeXBepUIHHHHKAMH
A'B’C’, A"B"C" u Touxkoét S’, u3 uenrpa S Ha mnaockoctb a. Oue-
BUJHO, npoekuneil TpexsepwiHHuKa A’'B’C’ okaxercss 3TOT ke
Tpexsepumnbuk, Ilpoekuueii 1pexBepuinHnuka. A"B"C" Gyner Tpex-
eepunHink ABC. Tlpambie A'A”, B’'B”, C'C" cnpeektupyorcs
coorBercTBeHHO B npsiveie AA’, BB’, CC’. A Tak Kak mpsiMble
A’A", B'B", C’'C" cxoastcst B #ouKke S’, TO MX NPOEKUHH, T. €. Nps-
mpie AA’, BB’, CC’, 6ynyT cxogutbcsi B MpoekuHu Touku S’, T.e.
B Touke O. TakuM o6pa3oM, Mbl 10Ka3aJju, 4TO MpsiMbie, COENHHSIONIHE
COOTBETCTBEeHHbIe Bepuiniibl Tpexsepwuninkos ABC w A’B'C’, cxo-
IATCS B OQHONH TOUYKE, YTO M HYMKHO GbLIO J0KA3aTh.,

-O6Gparumcs Terepb K JOKa3aTeJqbCTBY OGPATHOI TeOpeMbl.
~ Tlycrb panbi tpexseptuuninkn ABC u A'B’C’, pacnonoxeHHble
B OJ(HOH MJIOCKOCTH, OTHOCHTE/NbHO KOTOPbIX M3BECTHO, YTO OHH HMEIOT
LIeHTP MEepPCneKTHBbI, T. €. uto npsimsie AA’, BB’, CC’ cxonstcs B of-
Hoi touke 0. HyxHo nokasarb, YTO OHU HMEIOT OCh MEPCHEKTHBHI, T. €.
yro ToukH P, @, "R, B KOTOpbIX MNepeceKalTcsi COOTBETCTBEHHbIE
CTOPOHbI AB uw A'B’, BC u B'C’, AC u A’'C’, nexar Ha oJHOI
npsiMoit.

Jnst paapueiiuiero yao0Ho 3apanee HCKJIOUHTh H3 DPacCMOTpeHist
TOT HEHHTEpECHBI CJAyuail, KOraa TPeXBEPLUIMHHHKH HMEIT OfHy
o6L1ylo CTOpOHYy, Hanmpumep, Korga npsiveie BC u B’C’ cosnajator.
Torna Touka @ CTAHOBMTCS Heomnpeje/eHHOH M MOXHO CYUHTaThb, UTO
oHa pacnosioxeHa Ha OIHO# npsiMoii ¢ Toukamu P u R. B arom cay-
yae Teopema, CJeloBaTeJqbHOo, BepHa. [lajsee mnpeamoJaraercs,
YTO COOTBETCTBEHHLIE CTOpOoHLI TpexpBepuunuukos ABC u A’'B'C’
pasJIHYHbL,

JloxasaTeIbCTBO Mbl TPOBEJEM METOAOM «OT TMPOTHBHOTrO». [I1ped-
noaoxcum, umo AB u A'B’, BCu B'C’, AC u A’C’ nepecexaromes 8 mpex
mouxax P, Q, R, He aexcauyux Ha o0nout npsamod. TIpy 3TOM ycJI0OBUU
ToukH P n Q 06s3aTe/bHO pa3/jiM4YHBl M ONpEAeNsioT HEeKOTOpYio
npsimyio u, nepecekaiourytocsi ¢ npameivi AC 1 A'C' B pastibl X
Toukax R; W R, Tak uto R,, A’ u C’ He jexxar na oiHoii nps-
Moii (puc. 92). Ilosromy mnpsivass R,A’ Bcrpeuaer npsmyio B'C’
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B Hekoropo#t Toyke C”, omiuuHO# OT Touku C’. Touka C” He JIeKHUT Ha
npamoit C'CO. HeiicTBuTeNIBHO, ecid Obl Touka C” Jiekaja Ha nps-
moit C’'CO, To Ha 3TOH Ke npsiMOil Haxoxusack Gbl Touka B’, a cie-
JoBaTeibHO, H Touka B. Ho Torga coorBercTBeHHble cTOpOHBI BC
i B’C’ no/mxHbl Gpin Obl COBMAiaTh, a 3TOT CJAyYall HAMH HCKJIIOUEH,
Takum obpasomM, npsamass C’C He npoxoauT uepe3 Touky 0. Paccmor-
puM TpexBepwuHHHKY ABC u A’B’C”. CorsiacHO TO/MBKO YTO JAOKa-
3aHHOMY, Y HHX HeT LeHTpa
NepCNeKTHBB, OJHAKO  OHHU
HMEIOT OCb IE€PCIEeKTUBLI, HMEH-
HO MNpAMYIO U, Ha KOTOpOH
pacrnojioxkeHsl ToukH P, Q
U R,

[Tonyuusnoch nporuBopeune
¢ npsmoit teopemoii [lesapra,
H TeM caMbIM Jl0Ka3aHa obpart-
Hasi Teopema.

Teneps MBI nepeiigem
K BaXHeHllleMy B NPOEKTUBHOM
reOMETPHH ONpeJleeHHI0 H Mo-
CTPOEHHIO TapMOHHYECKHX SJle-
MeHTOB. Hammn paneueiiune
paccyxneHusi GYAYT OCHOBAHbI
Ha Teopeme J[le3apra.

Puc. 92. § 86. [Ilnockas ¢urypa,

COCTaBJIEHHAS] YETbIPbMS TOY-

KaMH, H3 KOTOPHIX HHKaKHe TPH He JieKaT Ha OfHOH NMpSIMOH, U LIECTbIO

NpAMBIMH, COEIHHSIOMUMMH IOMAapHO 3TH TOYKH, HA3BbIBAETCS MOAHbIM
4emblPexXBePUILHHIUKOM.

YkasaHHble TOYKH HAa3bIBAIOTCS GepUiUHAMU, TDPSMblE, KOTOpLIE
[omapHo HX COEAUHSIOT,— CMOPOHAML HeTbIpeXBepIUMHHHKA, Ha
puc. 93 usobpaxed uerbipexBepiuuHHHK ¢ BepuuHamu ABCD. Cro-
POHBbI, He HMeIolde OOIiell BepLIMHBLI, Ha3bIBAIOTCA APOMUBONOA0NHC
Homie. Taxk, yerbipexBepminHHUK ABCD o6najaeT napaMu NpOTHBOIO-
JOXHbIX cropod AB u CD, AC u BD, BC u AD. Touku nepeceueyus
IPOTHBONOIOKHBIX CTOPOH HOCAT Ha3BaHHE OUAROHANbHOLY  MOYeK
yeTblpeXBePIIHHHUKA. Ha"puc. 93 puaroHajibHble TOUKH CyTh P, Q, R.

Ilpn noMowy MNOJHOrO YeThIpeXBEPUIMHHHKA ONpCAESETCs MOHs-
THEe IapMOHHYECKOH TpYMIbl 3/JE€MEHTOB.

Iapy mouex S, T npoussosvroti npamold u mor 6ylem Ha3visamo
rapMOHHYECKH conpsxKeHHOIM ¢ napod mouek P, Q
amoul sce npamoid, ecaw P u Q cymb OUQ2OHQAbHbIC MOYKU HEKOMOPO2O
uembLpexsepuiuniuka, a mouxu S u T onpedeasromcs nepecederuem
npamol ¢ napod ezo0 NPOMUBONOAONCHBIX CMOPOH, NPOXOOAUUX 4eped
mpemoto Ouazonaabryo mouky (puc. 93).

S
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INo cmeicay sToro omnpeneneHus Toukd P 'u Q, cocraBisiomye
nepBYI0 napy, PaBHONPaBHbI MeX1y COGOH TaK e, KaK pPaBHOIPABHBI
Toukd S u T Bropoi mapbl (HO NOKa ele Mbl He HMeeM OCHO-
BaHHH yTBepxkIaTb paBHompasue nap P, Qu S, 7).

YcaoBuMcs HaspiBaTh TOUKY T 4emseepmol eapMmOHu4eckol K Tpem
ToukaM P, Q, S, ecau napa S, T rapMOHHYECKH COMpsiKEHA C Napoit
P, Q (B nopsike 3anucH TOYEK 3JeCh CYLIECTBEHHO TO, YTO Ha mep-
BbIX JABYX MECTaX 3aMHCBIBAIOTCA TOYKH, COCTaBJSIOUIUE [EPBYIO
napy rapMOHHYecKOil Tpymbl).
OueBuzHo, ecnu T ecThb ueTBepTas
rapMOHHYeCKass K TpeM TOUKaM
P, Q, S, to S sinserca uerBep-
TOH TrapMOHHYECKOH K TpeM ToY-
kam P, Q, T.

BrickasaHHOe HamH ornpegese-
HHE TapMOHHYECKHX [ap 3aKJio-
yaer B cefe TaKXe H CIocob
TIOCTPOEHHSI YeTBEpPTOil TapMOHHU-
UeCKOH K TpeM JHaHHbIM TOYKaM.
UTo6bl MOCTPOUTH YETBEPTYIO rap-
MOHHYECKYI0O K TpPeM IMPOH3BOJIb-
HO 3ajJaHHbIM ToukaMm, P, Q, S Puc. 93.
npsMoit u, HYXHO  BbIGpaTh
Ha IJIOCKOCTH BHe mNpsIMOH u KaKylo-HHOYAb TOYKy B u Ha npsamoi
PB — Hexkortopyio Touky A, orauuHyio or P u B (cyuiecTBosaHue
Touku A oGecneunBaetcs . akcuomoil (1,3)). Torma nepeceuenuem nps-
Meix BS n A Q onpepenutca Touka C, mocne yero nepeceueHueMm Mpsi-
Meix PC u BQ onpenenurcsi Touka D; nposenst npamyio AD, Mu Haii-
nem Touky T, Kotopas u OGYyAeT HCKOMOH.

B Bbicuell cTeneHH BaXKHO YCTAHOBHTb, YTO 1O 3aJ@HHBIM TOUKAM
P, Q, S nonoxenne yerBepToil rapMoHHueckoll T ompenessieTcss 0aio-
3HaAyHO, T. €. He 3aBUCHUT OT BhiGopa Touek B u A.

ITO HENOCPEACTBEHHO BLITEKAET H3 CJELYIOUEH TeOpeMbl.

Teopewma 3. llyemv ABCD u A'B'C'D’' — 0sa uemvipexsep-
WUHHUKG ¢ obwjumu Ouaconasvreimu moukamu P u Q (puc. 93).
Ecau cmoponst BC u B'C’' amux uembpipexsepuiuHHuK08 nepecekaromest
6 mouxe S npamot P Q, mo crmoponet ux AD u A’'D’ nepecexaromes 6 mouke
T wHa smoid xe npamod.

JlokazaTesibCTBO 3TOH  TeOpeMbl OCHOBAHO Ha MNpPENIOXKEHHH
Ilesapra. .

Paccmorpum TpexsepunHHuka ABC u A’B’C’. CoorBercrBenHble
CTOPOHEI HX NepecekalTcs B Tpex Toukax P, S, Q, nexamux ua
onHo#t npsimoit. Ilo mepBoit Teopeme J[lesapra orciona caenyeT, uTO
npameie AA’, BB’ n CC' cxomsitca B ogHoili Touke O. Coorer-
CTBEHHBIE CTOPOHBI TpexBepwMHHMKOB BCD u B'C'D' rakxke
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repecexaroTcs B TPeX TOYKax OJHOM npsiMoii — B Tex Ke Touyxax P, Q, S.
CHoBa npuMeHss nepByio Teopemy Jlezapra, HaxoauM, 4to npsivble BB,
CC’ u DD’ uwmeior obutyio touky O'. OueBuano, touku O u O’ cosna-
JaloT, TaK KaK Kaxjas u3 HUX onpejessiercs nepeceueineM npsamox BB’
u CC’. Takum oGpasom, Bce npsimpie AA’, BB’, CC’' u DD’ nepe-
cexaorcsi B Touke O. Tem caMbM Mbl YCTaHOBHJH, B YACTHOCTH, UTO
npsamele AA’, BB’ u DD’ cxoastcs B oaunoii Touke. Ilo BTOpOIl
Teopeme J[lesapra Torna COOTBETCTBEHHbBIE CTOPOHBI TPEXBepUIHH-
nukoB ABD w A'B’D’ nepecekaloTcs B TpeX TOYKaX OIHOI mApsi-
Mo#. 3HauuT,"Toyka T nepecedenus: npaseix AD u A'D’ pacnonoxeHa
Ha npsaMoit PQ, u Tcopema JoKa3aHa.

M3 onpenenenust rapMOHMYECKHX TpYNI TOY€K H H3 TOJALKO
4TO JI0Ka3aHHOH TeopeMbl HeNMOCPeACTBEHHO BBITEKAeT Clefylollee mpej-
JIO}KeHHe, BbLIpaXaioUlee OIHO3HAYHOCTb  Olpejeselius  ueTBepToll
‘TapMOHUYECKONl TOUYKH.

Teopewma 4. Ecau napa S, T eapmoruuecku conpaxcena ¢ na-
poi P, Q u ABCD — karoii-Hubyds uemotpexsepuiutiur ¢ Ouaeo-
HaaoHeLmu moukamu P, Q, cmo-
powa  BC  romopoco  npoxodum
uepes mouxky S, mo cmopona AD
e npoxodum uepes mouxy T.

IlokaxeM Tenepb C/eLYIOULYIO
BaXKHYIO TEOpeMy.

Teopema 5. Eciu napa
moves S, T npamoti u eapmonu-
vecky conpasicena ¢ napoid P, Q,
mo napa P, Q eapmoHuuecku co-
npaxcera ¢ napod S, T.

Ilna noxasare/bcTBa BO3bMeM
Kakofi-nuOyAb  ueTbIPEeXBEePIUHH-
unk ABCD, umetomuil quaronaiskbie Toukn P, Q u napy NPOTUBO-
NoJ0KHBEIX CTOpor BC u AD, nepecekawmux npsiMyio i B Toukax S
u T (puc. 94). OGosmaunm uepes R TpeTbio-AHarcHaNbHYIO TOUKY
uetpipexBepiunanixa ABCD u nposesem npsivbie PR u QR. 3tn nps-
Mble B TEPECEeYCHHH CO CTODOHAMH pPacCMaTPHBAEMOTO UETHIPEXBCP-
ILHHIHKA ONPEAENIST UTHIPE TOUKH, KOTOPhE Wbl TOMETHM OYKBAMH
X, Y,V, W, kak nokasano ua puc. 94.

Pacemorpum Tenepn uethipexsepumnnink AXRW. DroT ueTnipex-
BePUIMHHHK HMEET AuaroHalibible ToykH P, @ u cro cropona AR
NPOXOAUT ¥epes TOuKY T3 TaK Kak Touka S sIB/seTCS 4eTBepToil rap-
MONKUECKOR K Tpem Toukam P, Q, T, to no Teopeme 4 cropona X
veTsipexpepuiiinka AXRW nomxua npoiite uepes S. Takum 66-
pasom, Touku W, X, S sexar pa oaHod npamofi. Ms paccmor-
peHHa yerbipexpeprinnankor RWBY, YDVR, RVCX, aumanorauso
npefbinyieMy, Oyaer C/Ie10BaTb, YTO TOYKH Kaxaoli H3  cie-
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Rylomux tpoex: W, Y, T; Y, V,"S u X, V, T aexar Ha o1uoii
npsIMOii.

Orciona cnenyer, uro XVYW sBisercsi yerblpexBepliHHHUKOM
¢ auaronanbHeiMM Toukamu S, T H co cropoHamun XY, VW, npoxo-
AAmKMH yepe3 Toukd P, Q. A 3To u o3Hauaer, uto napa P, Q rapmoHu-
yeckyn conpsixkeHa ¢ napoit S, 7.

Teopema, KOTOpYIO Mbl ceituac YCTaHOBHJ/IH, OGHapVKUBaeT B3a-
MMHOCTb TapMOHHYECKOH cOnpsiKeHHocTH nap. Ilostomy B najibHef-
eM, paccMaTpuBas Ha NpsIMOfi JBE [1apbl TOYEK, M3 KOTOPbIX . OJHA
napa rapMOHHMYECKM COMpsxkeHa ¢ APYroil, Mbl He GyaeM OTMeYaTb,
KaKasi UMEHHO fIBJISIETCA COMpSIKEHHOH ¢ Apyroi napoii, u 6yaem Ha-
3bIBATb UX B63AUMHO 2APMOHUYECKUMLL. ‘

Onno W3 BaKHEHWMX CBOMCTB APMOHHUYECKHX TPYMIN TOUEK BbIpa-
)Kaer caelyouas

Teopema 6. [lyemo p, qu s, t — dse napet aydell HEKOMOPO2O
nyuka ¢ yenmpom O, Komopbie 8 nepecederue ¢ npamot u Onpedessom
COOMBEMCMEEHHO NAPbL MOHEK P, QusS, T, a s nepeceuenun ¢ npa-
moti u' — naper mouex P’ Q uS', T Toeda ecau P, QuS, T
ABASIOMCA  63AUMHO  2APMOHUME-
ckumu  napamu, mo P', Q
u S, T' 6yoym maxxce 63auMHO
2APMOHUMECKUMU RAPAMLL.

JlokaszarteabctBo. Cua-
yana Mbl JOKaXeM yTBepxie-
HHE B TOM YaCTHOM cCJydae, KOr-
Ja Kakue-HuGYAb JBEe M3 COOT-
BercTBYlomMXx Ttouek P, Q, S, T
u P, Q,S, T, nanpumep, Tou-
ku T u T’, cosnagawr (puc. 95).

IMposenem mpsimyio SQ" n ofosHauum GYKBOH R TOuKy ee mepe-
ceuenun ¢ npamoii OT. Tak kak mapel Touek P, Q u S, T B3aumno
rapMOHMWHbI, TO mo TeopeMme 4 mpsiMass RS’ HomkHa mnpolTH .uepes
TOYKY P (uro6bl yGemuTbCcsi B 3TOM, HYXKHO PAacCMOTPETb HEThblpex-
pepiwnHHUK ROS’ Q', umeromuit nuaroHanbHele Touku S, T). Iony-
yaercs yerbipexBepiunHHUK RPSO ¢ guaroHanbHbiMH Toukamu S’, T’
u co cropodamu OP u RS, npoxonsuumu uepes touku P’ u Q'. Or-
ciofa caenyer, yto napet P, Q' uS’, 7’ B3aHMHO rapMOHUYHBI, H, TAKHUM
o6pa3oM, B JaHHOM YacTHOM CJyyae TeopeMa JoKasaHa.

O6paruncst Tenepb K OOWEMY CJY4al0 pACHONOXEHHS MpSMBIX
u n u'. Tlocrpoum npsmyto P'T (puc. 96). Jlyuu p, ¢, s, t onpene-
astor Ha npsamoit P’'T touku P”, Q", 8", T". Tak kak Touku T u T’
COBMAJAIOT, TO U3 rapMOHHYECKOi compsikeHHoctd map P, Qu S, T
clenyeT MO MNpelblAyLIeMy FapMOHHUYEeCKasi CONpsiKeHHocTb nap P,
Q" u 8", T"; a rak Kak Touku P” nu P’ coBnanawor, TO H3 rapMOHHYe-
ckoii conpsikenHoctd nap P”, Q" u 8", T" BblTekaeT rapMoHuHyeckas
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conpsikenHocts nap P’, Q" u 8’, T'. Tem. cambiM Teopema JoKasaHa
MOJIHOCTBIO. ’ ,

CornacHO 3TOH Teopeme, eciu JABe mapbl JiyyeHd Hyuka MpH mepe-
CeUEeHHN ¢ KaKoii- Huéynb NpsIMOI OMpeAeNsioT JBe Napbl Touek, siB-
JSIOULMECS  FaDMOHHYECKH  COMpSKeH-
HbIMH, TO STHUM 2Ke CBOHCTBOM ‘06/aAaioT
napsl TOUEK, Ompele/semMble MepeceueHuem
paccMaTpHBaeMblX map JydyeH co BCSKOI
apyrofi npsmoit. Taxum o6pasoM, cBOii-
CTBO_JIBYX [ap Jydyel MNyyka onpelesisiTb
Ha INPAMONl TapMOHHYECKH COMNPsiKEHHbIE
naphl TOYEK He 3aBHCHT OT Bblbopa mpsi-
MOM, SIBJASISAICH CBOHCTBOM CaMHX Map Jy-
yeil. [lapel nyueill nyuka, objanatomue
3THM CBOWCTBOM, Has3LIBAOTCA 2aApPMOHU-
YECKU COMPANCEHHBIMLL,

Puc. 96. Bynem rosopurs, uto ayuu p, g, s, ...,
unywmue u3 Touku O B Touku P, Q, S, ...,
npoexmupyront TR Toukn' U3 Toukun O. IlocTpoeHue NPOEKTUPYIOUIMX

ayuyeit p, g, S, ... N0 NaHHBIM Toukam P, Q, S, ... mbl GyaeM Ha3sbi-
BaTb oOnepayueti npoeKmuposanus; mnocrpoeHue touek P, Q, S, ... no
JaHHBIM Jy4aM p, @, S, ...— onepayuel cederus.

‘Tlonb3ysicb BBeNeHHOH TepMHHOJIOTHEH, Mbl MOXXEM Telepb BBICKa-
3aTb C/eLylollee yTBepxkJAeHHe (KaK CNeACTBYUe TeopeMbl 6).

B pesyasmame onepayuii npoeKmuposarus Uil CedeHus 2apmoHuLe-
CKU CONpSANCEHHbIX Nap 3AeMeHmos (modek npamoll uau Ayqed nyuxa)
6cec0a NOAYHArOMC CHOBA 2APMOHUHECKU
CONPANCEHHbIE NAPLL INCMEHMOB.

Wau nnaue:

Cesoticmeo eapmoHuueckol COrlp‘Z.)lC(:‘H-
HOCMU  UHBAPUAHMHO — OMHOCUMEALHO
npoekmuposanutl u cedeHull.

Ynorpebasis TepMHIIONOTHIO, MOA06-
HYI0O TOH, Kakylo Mbl" ynorpebaseMm no
OTHOILEHHI0O K TFapMOHHUECKHM rpymnnam Puc. 97.

TOYeK MNpsAMOH, HasoBeM Jyuy { Tyuka

yeTBEPTHIM FaPMOHHUYECKHM K TPOHKe Jiyue# p, ¢, § 3TOro xe Iyuka,
ec/y napel p, ¢ U $, ! rapMOHHYECKH CONpsKelbl (B 3anuCy TPOHKHU
P, @, S Ha NepBbIX ABYX MeCTax MULIETCA mapa p, q). i

[ocTpoeHue yeTBepTOro rapMOHMYECKOTO Jiyya ! MO TPeM JaHHBIM
JydaMm p, g, S YnTaTeqb JIEFKO YACHUT ce0e M3 paccMoTpeHus puc. 97
(npu BoCCTaHOBJNeHHH GUrypbl, H3oOpaxeuHoit na puc. 97, cHauana
cJeflyeT NMpOH3BOJILHO IPOBECTH Uepe3 HEKOTOPYIO TOUKY Jyda p nps-
Mble a W b, 3aTeM MNpsIMyl0 ¢ H, HakKoHel, NpsAMYylo d; MOC/E 3TOro
NoJIO2KeHHe Jyya ! OAHO3HAUHO OIPELsIETCs). .

~
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§ 87. Bce TeopeMnbl, KOTOpble Mbl JOKa3biBa/lH B 3TOM pasjee,
OTHOCATCA K NPOEKTHBHOH TIeOMETPHH MJIOCKOCTH. MCTOUHMKOM 3THX
TeopeM siBJIsieTcst TeopeMa [lesapra, KOTOpast M0 CBOEMY CMBIC/Y TaKkKe
€CThb TeopeMa NJOCKOH reomerpuu. OJHAKO N0OKa3aTeNbCTBO €e IPO--
BOJAMJOCH HaMHM MNpPH TIOMOLIM DPACCYXACHHI, OTHOCSIIHXCS K reOMeT-
pHH npocrpaHcTBa. EcTecTBEHHO NOCTaBUTL BOMPOC, BO3MOXHO JIH
Jokasatbh TeopeMy [lesapra Tak, 4ToObl B /10Ka3aTeJLCTBE HE HCIOMAb-
30Ba/INCh HMKaKHe MNPOCTPAHCTBEHHbIC KOH(MHTYpaILUU.

ITono6Hble 10Ka3aTeqbCTBA HU3BECTHbI, HO BCE OHM HOCAT MeTpHUe-
CKHI XapakTep M IMO3TOMY HelnpHeMseMbl B NPOEKTHBHOI reOMeTpHH.
AHanu3 3TOrO BOMpoca, MpoBelleHHbIH [HiabfepToM, OGHAPYXKHJ, YTO
JlloKkasatb TeopeMy [lesapra cpeicTBamMH MPOEKTHBHOH TeOMETPHH
6e3 MPOCTPAHCTBEHHBIX NOCTPOEHHH Heb3s.

Tounee: ecau u3 crnucka akcuom [,1—1,9 Hck/I0UKRTD BCe yTBepKe-
HHsl, OTHOCSILIHECSl K [)OCTPAHCTBY, TO H3 OCTABLUUXCSH YTBEPMKIe-
HMI, KaKoOBbIMH OYAYT . TOMbKO akcuomsl I,1—I,3, Teopema [lesapra
He caenyer. HesaBucumocts teopembr [esapra or akcuom I,1—I,3
(n paxe ot akcHom 6oJjiee OOCLUMPHOrO CIIUCKA, COAEPKalLero, NOMHUMO-
akcuom I,1—I1,3, eine nmpoekTHBHbIE aKCHOMBI NMOPAJLKA U HEMpephiB-
HOCTH, KOTOpbI€ MbI NIpHBEIEM nos;u-lee) MOKCT OBbITh JOKasaHa B NpPHH-
LHIIe TeM Xe MPUeMOM, KaKoH NoApoGHO OMHCAH W MHOTOKPATHO TpH-
meHeH B 1. IV, ([loxkasatenbctBo I'mibGepra usnoxeno B ero «OcHo-
BaHUSX TeOMETPHUU».)

BBuay ykasaHHbIX 0OGCTOATENLCTB mNpefjoxkeHHe [lesapra MOMKHO
paccMaTpuBaTh  KaK aKCHOMY IJIOCKOH  IPOEKTHBHOH  reoMeT-
puH.

§ 88. B 3aksioueHne 3TOro pazjesna cienaeM JBa 3aMeyaHHs.
HepBoe 3aMedyaHue GYJIET OTHOCHTBCH K JOKasaTeJabCTBY TpeasoxKe-
HUsl 06 MHBAPUAHTHOCTH TapMOHHUECKHX TPYMN 3JIEMEHTOB OTHOCH-
TeJIbHO TPOEKTHUPOBaHUH. DTO mnpeisnoxeHue OblJIO J0Ka3aHO HaMH
CpeJCTBaMH TJIOCKOH reomerpuu. Ec/in He OTKasbiBAThCsi OT KCIIOJb-
30BAHUsl TPOCTPAHCTBEHHBLIX KOH(HUTYpaUMil, TO MOXHO JaTh €My
npyroe, Gosee Har/siAHOE JOKA3aTeJbCTBO. )

[lycte u u u' — pBe npsiMble miaockocTu ¢ (puc. 98); P, Q, S, T —
Toukd mpsaMoit u; P’y Q', S’, T’ — ux mpoekuuu Ha npsimyio u’ 43
uneHtpa O (TakXe pacroJIOKeHHOro B MAOCKOCTH o). [lpenmnosnexum,
yto napel P, Q u S, T rapmoHuuecku conpsikeHbl. [IpoBenem uepea
4 M 1’ COOTBETCTBEHHO TJIOCKOCTH f u P’, OT/IHUHBIE OT MJIOCKOCTH Q.
Tak kak napbl Touek P, Q u S, T rapMOHHYECKH COMpPSKeHbl, TO
B MJOCKOCTH [ -MOXKeT GbiThb IOCTPOEH YeThbIpeXBEPUIMHHUK €2, MMelo-
Ui AuaroHasnbHele TOYKM P, Q H mapy NpOTHBONOJOMHBIX CTOPOH,
npoxoaswux uepe3 S nm T. [lpoekTHpys ueTbipexBeplUMHHUK K u3
uentpa O Ha TockocTb B’ Kak Ha KpaH, Mbl OJYYHM B IJIOCKOCTH B’
YETHIPEXBEPIUMHHAK Q', pACMNONOXKEHHLIH MO OTHOLIEHHIO K INapam
P, Q uS', T tak xe, KaK UETHIPEXBEPIIHHHUK Q N0 OTHOLICHHIO



260 V. OCHOBH TPOEKTHBHOW TEOMETPHII [§ 88

k napam P, Q u S, T. Orciona HenocpejaCTBEHHO cJeyeT, UTO Maphl
P, Q u S’, T' rapMOHHUECKH COMPSKEHDI.

BTopoe 3ameuaHue Mbl clenaeM MO 1OBOAY BO3MOXHOCTH 0600-
IeHHs TeopeMbl 06 WHBAPHAHTHOCTH FapMOHHUECKHX TPYMNH 3/IeMEHTOB
OTHOCHTEJILHO NPOEKTHPOBAHHIA.

Ilo cux nop Mbl paccMaTpuBaiu NpoeKkTHpOBaHUe U3 uenrpa. Muorna
NPHXOIUTCA paccMaTpuBaTh (B NPOCTPAHNCTBEHHOH MNPOCKTHBHOH reo-
METpHH), KPOME LEeHTPa/bHOro, €lle 0CCBGES MMPOEKTHpPOBaHMe.

Tlycts 0 — Hekoropas npsmas, P, Q, S, ...— cucfema Toyek Ha
Apyroii mpsMOH u, He Jexauleil B OAHOH MJOCKOCTH C NpsIMOH o
(puc. 99). Cucrema nnockocteii 7, %, 0, ..., IPOXOAALIUX Yepe3 mps-
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Mylo 0 U uepe3 TOukH P, Q, S, ..., Ha3blBaeTcsl MYYKOM IJIOCKOCTEIl
C ocblo 0, npoekTHpytounm Toukn P, Q, S, ... Ecam u’ — kakas-<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>